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We consider the asymptotic behaviors of stochastic fractional long-short equations driven by a random force. Under a priori
estimates in the sense of expectation, using Galerkin approximation by the stopping time and the Borel-Cantelli lemma, we prove
the existence and uniqueness of solutions. Then a global random attractor and the existence of a stationary measure are obtained

via the Birkhoff ergodic theorem and the Chebyshev inequality.

1. Introduction

Long-short wave resonance equations arise in the study of
the interaction of the surface waves with both gravity and
capillary modes presence and also in the analysis of internal
waves, as well as Rossby wave in [1]. In the plasma physics,
they describe the resonance of the high-frequency electron
plasma oscillation and associated low-frequency ion density
perturbation in [2]. Long wave and short wave equations with
periodic boundary condition have attracted considerable
attention as a result of their rich physical and mathematical
properties. Guo [3, 4] proved the existence of global solutions
for long-short wave equations and generalized long-short
wave equations. The existence of global attractor was studied
in [5-9].

The stochastic partial differential equation (SPDE) is
a kind of partial differential equation with random term
and random coefficients, which come from the random
environmental effects and the errors of measurement. SPDE
is used to describe better complex phenomenon, for example,
quantum field theory, statistical mechanics, and financial
mathematics; see [10-12] and so on. In [13-19], the authors
obtained the existence and uniqueness of the solution and of
attractors for SPDEs.

In this paper, we consider that the random environmental
effects and the errors of measurement are included into

the model of fractional long-short wave equations. More
specifically, we study the following equations:

iu, — (-AN)* u—nu+idu = f+W, (1)
no+ B+ lull = g+ W, (2)
with the initial condition

u(x,0) = u, (x),

(3)
n(x,0) = ny (x),
and periodic boundary condition
u(x,t) =u(x+2m,t),
(4)

n(x,t) =n(x+2m,t)=0,

where x € D = [0,27] inR';t > 7 € R; 5, B,a > 0.
The unknown complex valued function u(x, ) is short surface
wave packet and the unknown real valued function n(x, t) isa
long interfacial wave. W, and W, are independent L*(D) value
Wiener processes which are from the errors of measurement
or the random environmental effects and can be seen in detail
in the next section.
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Since the solution u(x,t), if it exists, is a 27-periodic
function, we have the Fourier expansion

ikx
u(x,t) = ke%ak (t)e™, (5)
where g, (t) : R* > R, x € R.
Hence,
o u = kezzikak t) ™, (©)
and (—A)%u is defined by
2 ik
(-A)*u = kezz |k|* a;. () ™. )
Since
eirx 2 _ 1’
J. e dx =0, (8)
D
Vr e R,

the following definitions make sense. Let

A= {u lu=Ya. t)e™, Y 1k*a t)

kezZ kez

< 00, z |ak (t)|2 < oo]» ,

keZ

and let H** be a complete distance space of the set A under
the norm

1/2
Joal e = (an k" a2 (t))

kez
(10)

12
+ <2”Z |a (t)|2> .

kez

It is easy to get it to be a Banach space, and that Vu € H**, uis
space-periodic with the period 277 and its 2 order derivatives
are in Lier(D). And Vu,v € HY,

d
EHV = MEV + VEM) (11)

((—a)*u,v) = ((-2)" u, (-8)*v),

whena, +a, = a, 0 < &, < . H** is a Hilbert space with
the inner product

(U, V) = ((2) % u, (=2)* V). (12)

The rest of this paper is arranged as follows. In Section 2,
we present some preliminaries results. In Section 3, we give a
series of time uniform a priori estimates in different energy
spaces which will be used to prove our main results; see
[20]. In Section 4, we show the existence and uniqueness of
solutions for (1)-(2). In Section 5, the random weak attractor
and the stationary measure are constructed.
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2. Preliminary

In this paper, we outline the variational framework for
studying problems (1)-(2) and list some preliminary lemmas
which will be used later.

We define a complete probability space (Q, F,{F,}120>
). E denotes the expectation operator with respect to
P. Stochastic terms W;(t) and W,(tf) are defined on
(Q, FAF }150,P) by

W, (t) = q1 (x) W ),
(13)
W, (t) = [%p) (x) wy ),

where w, (t) is a standard complex valued Wiener process,
w,(t) is a standard real valued Winer process independent of
w, (1), and g,(x), g,(x) are sufficiently smooth functions in a
manner. The different inner product spaces for the solution
(1, n) of (1)-(2) are defined as

V, = Hy (D) x L* (D),

V, = (H** (D) n Hy (D)) x Hy (D),
(14)
V, ={p e H**(D)n Hy (D) : (-A)* ¢ € Hy (D)}

x (H? (D) n Hy (D)).

Endow each V; (i = 0,1,2) with the usual norm, and satisfy
V, ¢V, ¢V, with compact embedding.

Let (2,1 ) < (.1 1%) < (Z,] - |Z) be three
Banach reflective spaces which satisfy 2" ¢ % with compact
and dense embedding. The Banach space can be defined as
follows:

@ = {v cvel? (O,T;Sl’),% el? (o,T;z)} (15)
endowed with the natural norm

T T 2
||v||;=j ||v||5rds+j Z Fds, vew. (6)
0

v
0 t

We obtain the following lemma with regard to compactness
result by [21].

Lemma 1. If K is bounded in &, then K is precompact in
L*(0,T; %).

In order to get maximal estimates on stochastic integrals,
we need another lemma. U and H are Hilbert spaces which
are separable and W is a Q-Wiener process on U, with U; =
Q2. Let Lg = Lg(UO,H) be the space of Hilbert-Schmidt
operators from U, to H. For such operators, we obtain the
following lemma by [22].
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Lemma 2. For any r > 1 and any L%-valued predictable
process O(t), t € [0,T], we get

T

E J D (s)dW (s) = 0, 17)
0
s 2r
E (sup J D (o) dW (o) )
0
s 2r
<csupk ( J ® (o) dW (o) ) (18)
0

<ci([ o),

where ¢, and C, are some positive constants dependent on r.

3. Uniform A Priori Estimates in Time

3.1. A Priori Estimates in 'V,

Lemma 3. Provided that uy, f,q, € L*(D), then for any T >
0 and p > 1, we obtain u € L**(Q; L°([0,T];L*(D))) N
L% ([0, 00); L*P(€; L*(D))).

Proof. Taking the inner product of (1) with 2u, we get
(iu, — (=A)" v — nu + idu, 2u) = (f + Wy, 2u) . 19)

Taking the imaginary part of (19) and applying the It6 formula
to ||u]|%, one gets

4 lull> = =268 |lull* + ZImJ fudx
dt D
(20)
+20m | @dx+ fal
D

By (20), using Hoélder’s and Young’s inequalities, we can
obtain

d 1 .
— Nuall® + 8 ull® < < | f||2+||q1||2+zxmj aw,dx. (21)
dt 5 b

On the one hand, multiplying by e® and integrating from 0
to t on both sides of (21), we get

E lul® < e *'F |lu, |

1 1
¢ AP+ S bl <

(22)
t>0,

where C is independent of T..

On the other hand, integrating from 0 to t and taking the
supremum and the expectation on both sides of (21), we can
obtain

1
£ sup ful” < E ol + (5 L1 + il T
<t<T

, @

+ E sup + 1.

0<t<T

t
J Im I uW,dx ds
D

0

By Lemma 2, for any positive constant C, we obtain

2

t
J J uW,dx ds

E sup < Cllq|f [EJ lul® ds. (24)

0<t<T

From (24), for any T' > 0, there exists a positive constant C;.
such that

1
€ sup ul’ < E ] + (5 1A + il ) 7

0<t<

T
25
+C “‘11"2 E Jo lull® ds + 1 (25)

4 4 4
< Cr (Efjuol + 171" + lau]" + 1)

On the basis of the above estimates, we can further give an

estimate of IIu(t)llé‘D for any p > 1. Applying the Ité formula
and Holder’s inequality, we obtain

d 0
S0ul? <=L gt + e (L7 + )
(26)
+2p ||u||2(p71) Im J uW,dx.
D

On the one hand, multiplying by e©®?/?", integrating from 0

to t, and taking the expectation on both sides of (26), we can
have

Eflul® < e E ug |+ (| £ + o) <

(27)
t>0,
where C is independent of T
On the other hand, by (26), we have
d 2p 2p 2p
o 1 < e (A1 + laul™)
(28)

+2p ul?? 1 L)HWldx.

Integrating from 0 to ¢ and taking the supremum and the
expectation on both sides of (28), we get

E sup ||u||2p
0<t<T
< Elluw @I +c (£ + lau|*) T +1 (29)
¢ 2
+E sup J p||u||2‘P*” Imj uW,dx ds
o<t<T |1Jo D

By Lemma 2, for any positive constant C, we have

t
2 _—
|| Pl
0

<cplal'E [ s

2

m J uW,dx ds
D

E sup

0<t<T
== (30)



where 2p — 1 > 1. Then inserting (30) into (29), and by (27),
for any T' > 0, we obtain

[EOSUPT [PIRES Cr (up, frq1) (31)
<t<

where Cr(uy, f,q,) is a positive constant depending on
Uy, g, and T

Lemma 4. Provided that (uy,n,) € Vy, q; € Hy(D), q, €
L*(D), f,g € L*(D), then forany T > 0 and p > 1, we have
(u,n) € L*((0,00); L*P(Q3 V) N L*(Q; L°(0, T; Vy)).

Proof. Taking the inner product of (2) with 2#, we have

(n, +pn+ |u|i,2n) = (g+W2,2n). (32)
Applying the It6 formula to ||n||?, since n, = —|ul> — Bn +
g+ Wz, we get

d
- Inl® = g + 2 J nlul dx + 28 |n|)*
t D
(33)
—ZJ gndx—ZJ nWdx = 0.
D D

From (1), we get that

J n |u|i dx = 2ReJ u, (un)dx
D D

= -2Re J u, (—iut + (=N u—-idu+ f - Wl) dx
} (34)
= J i (u,u — uu)dx — 2Re J uf dx
D D

—-2Re J uWIde.
D

Notice that

4 J i(uu—uu,)dx
dt Jp
(35)

=2 J i(uu, —uu,)dx +2Im J 419, 9x.
D D

From (33), (34), and (35), we can have

Ay + j i (4,7 - i) dx ) + 2
dt D

=- J i (u,u—u,u)dx +4Re J uf dx
D D
(36)
+2Im J q19;,4% + ||qz||2 +4Re J uW, dx
D D

+ZJ gndx + ZJ nW,dx.
D D

Applying the It6 formula to [|u,||* and taking the inner
product of (1) with (u, + du), we obtain

(iu, — (=A)* u — nu + idu, (u, + 6u))
(37)
:2(f+W1,(ut+6u)).
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Taking the real part of (37), we get
d af2 2 af2 2 —
Slearul s 28| oy uf +2ve [ i
D
+26 J nlul® dx + 2 Re J (@, + 6u) Wydx (38)
D D

+2ReJ. fﬁtdx+26ReJ fﬁdxzuqlx"Z.
D D

It is easy to check that

i J nlul*dx = J n, [ul* dx + 2ReJ nuudx
dt Jp D D
(39)

+2 J q, Im (q,u) dx.
D

Otherwise, by (2), we can have n, = —|u|fc - Bn+g+ W,
So

J n, [ul* dx = J (— |u|i -pPn+g+ Wz) lul* dx
D D
= —‘BJ nlul® dx + J g|u|2 dx + J W, [ul* dx,
D D D

—-2Re J (4, + 6u) Wydx
D

2Im J (iw, +i6u) Wydx (40)
D

2Tm J (7 + Wl +(-AN)"u+ nﬁ) W,dx
D
=2Im J (—A)(X/2 u (—A)O‘/2 W,dx
D
+2Im J (nﬁ + 7) W dx.
D
From (2), we can obtain
d “ al2 |2 2
— [ I(-A) u" +2Re | fudx+ | nlu|"dx
dt D D
w2 12
+28 |(-8)*" u|
=-26 J nlul® dx — 28 Re J fudx+ |qu|’
D D
(41)

+2Im j (=0 1 (-A)** W, dx
D

+21mI

(nﬁ + 7) Widx +2 J' ¢ Im (q,u) dx
D D

—ﬁj n|u|2dx+J g|u|2dx+J Wzlulzdx.
D D D

Using Holder’s inequality, the Gagliardo-Nirenberg inequal-
ity, and Young’s inequality, we can estimate each term. Now,
let Hy = [(-8)"ul® + 2Re [, fudx + [ nlul’dx + |n]* +
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ID i(u,u — uu,)dx and take # = min{d, 3}. Putting (36) and
(41) into the result, we get

d

Ho+nHy < (£, ,q1,02) + ¢ Jull

+ J |ul* Wydx + 2 J nW,dx

D D

- ZImJ (A u(-A) P Wdx  (42)
D

-2Im J (nﬁ + T) W,dx
D

+4Re J quxdx.
D

Multiplying by e, integrating from 0 to t, and taking
expectation on both sides of (42) yield

EH, < e "EH,(0) +c¢ (f9-91-9)

t (43)
+cE J e 9 u)® ds.
0
From (27), we can estimate (43) and obtain
EH, (1) < e EH, (0) +¢ (£, 9. 41421 1) "
<c(f,9:9191) <C, t>0,
where C is independent of T
Since
1 a2 |2 2
Hy () 2 3 (00wl + 1n?)
(45)
—c(lul® + g’ + 1ul®),
for any t > 0, we obtain
w2 12
E (-0 uf + In?)
(46)

< cE (lull® + g|* + 1ul®) + cEH, (1) < C,

where C is independent of T'.

Besides, we estimate H (t) for p > 1. Firstly, applying the
1t6 formula to Hg (t), we have

d

%Hg () <-

np

7H£’ () +c(ul? + )+ pHY ™ (1)

. (JD |ul? W,dx +2 JD andx) + pHé)_1 () )
) (-2 Im j (=D 1 (—A)** W,dx
D

- ZImJ (nﬁ+7) W,dx + 4Rej quxdx).
D

Multiplying by e””/?", integrating from 0 to t, and taking
expectation on both sides of (47) yield

EH? (t) < e PPEHE (0) + ¢

(48)

t
+cE J P 167 g,
0

From (27) and (48), we obtain
E(H? (1) < eP'EHE (0)+c<C, t>0,  (49)

where C is independent of T'.
Consequently, from (45), we obtain

E(Jcaul +1n?) s, t>0. (50)

On the one side, integrating from 0 to ¢ on both sides of (42),
we can deduce

t
Hy(t) <Hy(0)+c(f, 9.9, q)t +¢ L lull® ds

t
+ J <J [ul* W,dx + 2 J nWde> ds
o \Jp D

t
+j <—2 Imj (=N 4 (~A)** W,dx (51)
0 D
- ZImI (ni + f) Wydx
D
+4Re J quxdx> ds.
D

Taking the supremum and expectation on both sides of (51)
yields

E sup Hy (t) <EH, (0) +c(f,9.91-9,) T + cE

0<t<T

2

t
J J |ul? W,dx ds
D

t
- sup J lull® ds + E sup
0

0<t<T JO 0<t<T

2

+ E sup +[E

0<t<T

t
J J nW,dx ds
D

0

2 (52)

- sup
0<t<T

t
J ImJ- Imj (=0 4 (-A)** W, dx ds
D D

0

2

Jtlmj (nﬁ+7) Wydxds| +E
D

0

+ E sup
0<t<T

2

t
J Rej uW,, dx ds
D

0

- sup
0<t<T

And then by estimating each term of the right hand side of
(52), we obtain

E sup H, (t) < Cr (Eo» £, 9-91>95) - (53)

0<t<T



On the other side, for H(‘f (t) (p = 1), integrating from 0 to ¢
and taking the supremum and the expectation on both sides
of (47) yield

E sup HY (t) < EHE (0) + ¢ (q,,9,) T + cE

0<t<T
t t .
- sup J (l4|®? ds+c+p2[E sup J Hé)_ (s)
0<t<T JO 0<t<T 1J0
. 2 t
. J |ul? W,dxds| + pz[E sup J ZH(‘?_1 (s)
o<t<T 1Jo
2 t
. JnWde ds| + p2[E sup J Hg_l (s)4 (54)
0<t<T 1J0
2
-Re J (D) u (-A)** W dxds| + p*E
D
t o 2
- sup J 2H! (s) ImJ uW, dxds| +p’E
o<t<T 1Jo D
t _ 2
- sup J 2H! (s) ImJ‘ (ni + f) Wydx ds
o<t<T [Jo

Now we estimate each term of (54). For the third term on the
right hand of (54),

t T
E sup J ||u||6pds§c[EJ Wl ds<Cp. (55)
0<t<T JO 0

For the fifth and sixth terms on the right hand of (54), we have

2

t
p2[E sup J HéH (s) J- ul* W,dxds| + pz[E
o<t=T 1 Jo
t 2
- sup J 2H£H (s)JnWdeds < c||q2||2
ost<T |Jo (56)

T
E | (H 6+ PP+ 1t + |17 ds

S CT.

For the seventh and eight terms on the right hand of (54),
using a similar method, we estimate

pZ[E sup

0<t<T

Jt H ™ (s)4
0

2

‘Rej (—A)“/Zu(—A)“/ZWIdxds +p’E
D

: (57)
- sup
0<t<T

t J—
J 2H£’_1 (s) Im J uW, dxds
0 D

T
sl a €[ (1 @+ bl + 1l

+ ||f||2p)ds <Cry.
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For the last term on the right hand of (54), we estimate

t 2
J- 2H£’71 (s) Im J (nﬁ + 7) Wy dx ds
0

p2 E sup

0<t<T

sclear®af o

T
E [ (@ 1l 1l + | 7177) ds

S CT.
By the above estimates, we clearly obtain

E sup H(])J () < [EHE? (0) + Cr (q1> 92> Egs 115 119)
0<t<T (59)

< Cr (a9 Egs 1y 10) .
In addition, by (46), we can get

Esup (|- uf” + 1)

0<t<T

< cE sup H(‘f () (60)
0<t<T

+cEsup (Jul®® + ul® + | £|*f) < Cr.

0<t<T

Then we obtain

Esup )i < Cr(f.9.q1du0m) - (61)

0<t<T

Then the proof is complete. O

3.2. A Priori Estimates in V,

Lemma 5. Provided that f,g € H' (D), (ug,n,) € V,, q; €
H>*, q, € HY(D), then for any T > 0 and p > 1, we have
(m,u) € L®((0, 00); L*P(Q; V})) N L*(Q; L™ (0, T; V).

Proof. Taking the inner product of (1) with (-A)%u,, we get

(i, — (=A)" v — nu + idu, (-A)* u,)

) (62)
= (f+ W, (-0)"u,).
Applying the It6 formula to [|(—=A)*ul|?, we have
d a2 " o —
LA uff = 2Re j (~A)* ut (~A)* Tyl
dt D (63)
+ (=) ‘11"2 :
Since u, = i(—(=A)*u — nu + idu — f - W;) and
4 Re J nu (-A)*udx = Re J (mu (-A)*u
dt D
(64)

+nu, (—A)" u+nu (-A)* 4, + g, (-A)* g,

+i(q, (-0)*qu - q,q, (-A)" 1)) dx,
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we obtain

d )
2 (1-a
= (0wl

—2Re J nu(-A)*ndx + 2Re J f (—A)“ﬁdx)

D D
o 2 (04 2 2
+ 20 [ (=A) ul” = [(-A) g + 2 [lqu]” + 2
Re JD i(qoqy (-0)*u—q, (-A)* qu)dx -2

(65)
-Re J nu, (—A)* udx + 286 Re J nu (=A)* udx
D D

- 28Rej f(=A) " udx-2
D
-Re J W, ((=A)* 1, + 8 (-A)*u) dx - 2
D
-Re J nu (-N)*udx.
D

According to the above inequality, we can estimate each
term on the right hand side of (65) using Hoder’s inequality,
the Gagliardo-Nirenberg, and Young’s inequality. So, by (65),
we get

% <||(—A)a u"2 —-2Re j nu (—A)* udx + 2
D
Re J f (=0 ﬁdx) + 2a|[(-A)" u||2

1) 2 2
S ul” + ||”x|| + ¢ (gl + gl

(66)

gl + 1A+ iy, + 1m0™2) -2

-Re J W, (-A)* 4,y — 2Re J u (-A)* uW,dx
D D

+2Re j in(-A)* uW,dx.
D

Otherwise, applying the Ité formula to IInXIIZ, we have

Sl =2 ndx el @)

Since n, = g + W, — fn — |ul? and

%1 JD (e (-0 U — (-A)* uni,) dx

=2i J (g (=AU =1y, (A)* 1) dx (68)
D

+2iRe J Grx (-0 q,dx,
D

we obtain
(Il [ o - ) )
+ 26 .|
= g oy ul+ § [N (69)

2 2 2 2
e (lgell” + 107 + lanlizee + laaxl”)
+2 J n W, dx + 4Re J (=A)* uW,  dx.
D D
Thus, by (66) and (69), taking # = min{J, f}, and letting
H, (t) = [[(-0)" u||2 + ||nx||2 -2 ReJ nu (-A)* udx
D
+2Re J F (A adx (70)
D
+i J (e (0 U = (-A)* uni,) dx,
D
we get
d
—H, (6) + qH, () < ¢ (lullgp + Inl™ + s

dt

gl + lgllen + 1 +1) -2

-Re J W, (-A)* 4,y — 2Re J u (=A)* uW,dx (71)
D D
+2Re J in (-A)* uW,dx + 2 J n W, dx + 4
D D
Re J (-A)* uW,, dx.
D

Multiplying by e, integrating from 0 to t, and taking
expecting on both sides of (71), by (46), we obtain

EH, (1) < e "EH, (0) + ¢ (f, 9. 91 d» t)

(72)
<c(£.9:919»1) <C, >0,
where C is independent of T Since
1 «
H 0> L (JCoruff + )
(73)
= (el + el + 1+ 1)
for any t > 0, we obtain
E(JC2)ul + )
(74)

< cE (Jue|® + Inl* + 1+ || f*) + cEH, (1) < C.

where C is independent of T



Next step, we estimate H. f (t) for p > 1. On the one hand,
applying the It6 formula to HY (), we obtain

EH? (t)

< e(f'ﬂ/z)t[EHf7 (0) + ¢ (75)

t
p: J e (| CA) ul + ) %P + 1) s
0

By (45), we obtain
EHE (1) < e "PP'EHE (0) +c<C, t>0,  (76)

where C is independent of T Thus, from (73), for any t > 0,
we get

E(|-0)% u|” + | ) < C. (77)

Integrating from 0 to t and taking the supremum and
expectation on both sides of (71), as with the estimates in
Lemma 4 for each term, we deduce

E sup H, (t) < Cr (f, 9, 91> 42> o) - (78)

0<t<T

On the other hand, for Hg (t) (p = 1), integrating from 0 to ¢
and taking the supremum and the expectation on both sides
of (71), and estimating each term, we get

E sup Hf () < [EHf (0) + Cr (. 9 41> 92> o> o)
0<t<T (79)

< Cr (£, 991> @2> v 1) -

Therefore, from (73), it is inferred that for p > 1

Esup (-2 ul” + .| *)
0<t<T (80)

< Cr(f,9- 91> @2 v 1) -

So then, we have

Esup [wmly <Cr(f.9.9190t0m)>  (81)

0<t<T

and the proof is complete. O

3.3. A Priori Estimates in V,. By using the similar method
and idea as Sections 3.1 and 3.2, we can achieve a priori
estimates in V,. For simplicity, we only provide the idea of the
proof. Using (1)-(2) and applying the It6 formula to || (=A)*n|?
and ||(—A)‘Xux||2, respectively, we can get some inequalities
by Hoder’s inequality, the Gagliardo-Nirenberg, and Young’s
inequality. After that, taking the supremum and expectation
for inequalities and estimating on [|(=A)*#||* and [|(~A)*u,|*
by Gronwall-type, we can deduce the following lemma.

Lemma 6. Provided that (uy,n,) € V,, q, € H*(D), q, €
H**(D), and f, g € H*(D), then for any T > 0 and p > 1, we
have (u,n) € L*(0, 00; L*?(Q; V,)) N L*2(Q; L*°(0, T; V).
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4. Proofs of Theorems 7 and 8

Based on the prior estimate, we acquire the existence and
uniqueness of a solution for the stochastic fractional long-
short wave equations (1)-(2) in spaces V.

Theorem 7. If (uy,n,) € V,, q, € H'(D), q, € H*(D),
and f,g € HY(D), then there exists a unique solution (u,n) €
(R*; V), almost surely satisfying (1)-(2). In addition, (u,n) is
continuous from R* to V.

Proof. First, we know that (1, u,) € V;. Let {e;(x)}°, be an
orthonormal basis of eigenvectors of the Laplace operator on
D, which is an orthonormal basis of L?(D). Consider P as
the projection from L*(D) onto the space spanned by {e; : i =
1,2,...,k}. Then the approximation solution (1, #") solves
the approximation problem

iuf — (=AU - PF (nkuk) +idu" = Wlk + 15,
5 (82)
nf + Pk (|uk| ) + ﬂnk = gk + W,
X

where P* is the projector onto the first k vectors e;, Wlk =
Py, Wzk = P"W,, and P* commutes with the operator
(=A)%. We will treat the above equations pathwise by intro-
ducing the following random processes solving

iEF — () EF 1 isEF = W,
&+ prt =Wy,

with periodic boundary conditions and initial conditions

(83)

C(x,t) =n(x+2m,t),

E(x,t) =& (x+2m,t) =0,

G (x,0) = 0,

{(x,0) =0, (84)
£(0,1) =0,
x €D,

where § >0, $> 0.

In accordance with the same method as in Section 3, for
any T > 0 and almost all w € Q, we have

{eC(0,T;Hy (D)),

(85)
£ e C(0,T; H* (D) n Hy (D)).
Therefore, we can get the following estimate:
E(lnl” + -2 ¢) <, (86)

where a positive constant C is independent of T. Moreover,
forany T > 0,

Esup (.l + |01 &) < r (87)
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holds for a positive constant C;- dependent on T Set B =

(Uk’M , N*M) as the solution of the following equations:

iUZc,M —(=A)" UM _ Yot ("Bk,M"Vl) pF (nk,Muk,M) )
+idUM = fF,

NS (5

V1>Pk (.uk,M'2>x +ﬁNk’M _ gk) (89)

NEM (x,0) = Pkno,
(90)
ykM (x,0) = Pkuo.

Let oM = NoM g pke oM = oM 4 pRE and xum € CoY(R)
satisfy x,.(r) = 1 for |r] < M and y,,(r) = 0 for |[r| > 2M. It
is easy to see that (88)-(89) are random differential equations
with Lipschitz nonlinearity in finite dimension. Afterwards,
for almost all w € (), we have a unique solution (URM NFM)
for (88)-(89). We define the stopping time as follows:

7y = inf {t > 0 [BI™ > M}, (o1

if the set {||B||§;IM > M} is nonempty, or else 7,; = 00. Because
Ty Is increasing in M, let 7, = lim,,_, 75, almost surely. For
t < Ty, we obtain

(URM, NMM) + (PRE, YY), (92)

satisfying (82). On the basis of the estimates given in Sec-
tion 3.2 and (86)-(87), for any t > 0, we obtain

E "(Uk’M’ Nk’M)“\z/l < C(f’ 9 ‘Z1"12>”0)”0)’ (93)

where the positive constant C(f, g,4;,q,, 1y, t4y), which is
dependent on T and M. And for T > 0, we obtain

kM kM |2
IEOStSSI’}P/)\TM H (U N )"Vl (94)

< Cr (£, 991> 92> 1o t) »

with the positive constant C(f, g,4;,q,> 1> 4y), which is
dependent on T but independent of M. Let T A 1), =
min{T, 7,;}. On the other side, we get

E “U"’M (T ATy, N®M (T A TM)“;

>E [I (ty <T)
(95)

. |(Uk’M (T ATy, N®M (T A TM))';] > M°P (t
<T),

where I(ty; < T) = 1 for 7y, < T and I(ty; < T) = 0 for
Ty > T. Then, by (93), we get

1
P(ry<T)< Wc(f’ 9> 1> 2> Mg» Up) - (96)

In the light of the above estimate and the Borel-Cantelli
lemma, for any T' > 0, we obtain

P(r,>T)=1 (97)
So we know that
koak) _ s kM A7k M
(U"NF) = lim (UM, N®Y) (98)
satisfies the following random differential equations:
iUf = (-A)*U* = P* (", u*) +i6U* = f*, (99)
NE+PE([)) 4 pNE= g5 a00)
with initial conditions
U*(0) = Pru,,
(101)
N* (0) = Pkn,.

Then (Uk,Nk) satisfies the estimates (93) and (94), and for
any t > 0, we find that W*, n*) = (U*, N) + (P*E, PXO) is the
unique global solution of (82).

And then, we will investigate (99)-(100) for fixed w.
Firstly, by (94), for any T' > 0, we can know that

P <fj ﬁn;‘;l { sup ||(U’<,Nk)||f, > L}> =0. (102)

I=1]=1 0<t<T

o= 0 s JowE <o) ooy

0<t<T

Then P(Q \ Q) = 0. Thus, for any fixed w € Q, there exists
r(w) with 0 < r(w) < oo such that

2
osslgT "(Uk’ Nk)"V1 <r(@).

(104)

Then we can extract a subsequence of (U*, N*), which are still
denoted by (U, N*), such that

U*SU  in L% (0,T; H** (D) n Hj (D)),
. (105)
NN in L (0,T; Hy (D)).

These convergences are sufficient to pass the limit k — co in
linear terms; however, in fact, for nonlinear terms, we need a
strong convergence of U*. From (100) and the estimate (104),
it is easy to get Uf € L0, T; L*(D)). Further, we can extract
a subsequence of U* which is still denoted by U* such that

U* — U strongly in L* (0,T; Hy (D). (106)

For the nonlinear term, we can pass the limit k — oo
by a standard procedure. Thus, we prove that (U,N) €
L(0, T; V) is a weak solution of

iU, = (-A)*U - nu +idU = f,

(107)
N, + (|u|2)x +BN=g



10

with initial conditions
U (0) = uo,

N (0) = n,, (108)

x € D.

Then (u,n) = (U,N) + (&,0) is a solution of (1)-(2) and
satisfies the estimates given in Section 3.2. The continuity
of the solution can be proved in the following. For any
w e Q, (ul*), € L*(0, T;H?(D)), it is obvious that N, =
—(Iulz)x -BN +g € HS(D). Then, we obtain that there is
N € C(0, T; Hé (D)) for almost all w € O by Lemma 3 in [23].
Noticing U, € L®(0,T;L*(D)) almost surely and applying
similar methods, we can get U € C(0,T; H**(D) N Hy (D))
according to [21]. So we get (u,n) € C(0,T;V;) almost
surely by definition of U and N. Thus, the solution (u,n) is
continuous from [0, T'] to V; almost surely.

Because the noise is additive, we can use the same
approach as [7]. Therefore, the solution (1, n) is unique almost
surely in L(0, T; V). O

Theorem 8. If (uy,n,) € V,, q, € HXD), q, € H*™*(D),
and f,g € H*(D), then there exists a unique solution
(u,n) € (R™;V,) almost surely satisfy (1)-(2). Moreover, (u,n)
is continuous from R to V.

As a matter of fact, from Theorems 7 and 8, a continuous
random dynamical system can be defined in V, and V,,
respectively. Then we can, respectively, construct a random
attractor endowed with the weak topology for the continuous
random dynamical system in V; and V,,.

The proof of Theorem 8 is similar to that of Theorem 7.
Here we omit the detail of the proof.

5. Proofs of Theorems 10 and 11

In this section, the asymptotic behavior of solution for
the corresponding problem is studied. We will construct a
random attractor for stochastic fractional long-short wave
equations in v, equipped with the weak topology. In [13-
16], we can obtain some basic concepts related to random
attractors for random dynamical systems.

Motivated by [13, 14], we can find the following existence
result for a random attractor for a continuous RDS. It is a
sufficient condition for the existence of random attractors.

Theorem 9 (see [13,14]). Assume @ is a RDS on a Polish space
(E,d) and there exists a random compact set K(w) absorbing
every bounded deterministic set D C E. Then we define a global
random attractor for RDS © by

d ()= Jo (t6_0,K (6_0)).

>0 27

(109)

Next step, according to Theorem 9 and the priori esti-
mates in Section 3, we research the random attractors for the
stochastic long-short wave equations in V; and V.
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Theorem 10. If (uy,1,) € V,, q, € H(D), q, € H**(D),
and f,g € HY(D), then (1)-(2) have a global random weak
attractor 9 (w) which is a random tempered compact set in V,
endowed with the weak topology.

Proof. On the basis of the former analysis, we can consider
the properties of solution a (U, N) of the system and it (107)
has a unique solution (U,N) € C(0,T;V;) for almost all
w € Q. Noticing that system (107) has coefficients driven by
0,, a random dynamical system can be defined by (U, N) on
V,. Thus, (u,n) = (U + &, N + () also defines a continuous
random dynamical system on V;, which is denoted by (¢, w),
and ®(t, w) is weakly continuous almost surely on V. B(0, r)
denotes the ball center at 0 with radius r in V;. Using estimates
made in accordance with Section 3, there is a random variable
R(w) such that, for any r > 0, (u,n) € B(0, r). Therefore, there
exists a random time ¢, (w) > 0, such that, forallt > t,(w) and
almost all w € Q,

[@ (2, 6_w) (uo, ”o)“v1 <R(w). (110)

We define the random attractor &/(w) as follows:

AV

o @ =Jo "o ,wK@O ©) .

720 27

where the closure is taken with respect to the weak topology
of V;. Next we prove that &/ (w) is tempered. According to the
estimates obtained in Section 3, we obtain

E sup R* (A,w) < co. (112)

0<t<1

Then, from Birkhoff’s ergodic Theorem [24],

su R*(6,..w
lim Pte[o,l] ( t+s ) -0 (113)

s—+00 s

on a f-invariant subset of () with full probability measure;
that is, R(w) is tempered. So we get that &/(w) is tempered.
The proof is completed. O

Theorem 11. If (uy,ny) € V,, q, € HXD), q, € H*(D),
and f,g € H*(D), then (1)-(2) have a global random weak
attractor & (w) which is a random tempered compact set in V,
endowed with the weak topology.

Based on Theorem 10, we can prove Theorem 11 using
the same methods and ideas of proof. More precisely, there
exists a random attractor for the stochastic fractional long-
short wave equations in V.

Theorem 12. If (uy,n,) € V,, q, € HX(D), q, € H*(D),
then (1)-(2) have one stationary measure on Vy and V.

Proof. If (uy, ny) € V,, (1)-(2) hasa unique solution (u, n) with
(1(0),n(0)) = (uy, ny) by the results given in Sections 3 and 4,
which, for any t > 0, satisfies

E (o nl + -2 u]*) < C, (114)

for a positive constant C > 0 which is independent of t > 0.
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Let p, be the distribution of (1, n, E) for t > 0. According
to the classical Bogolyubov-Krylov argument [22], we define

l t
-4 [[we s
t Jo
as
1 t
u, () = n J u, (T ds (116)
0

for any Borel set I' of V}: namely, I' € B(V,). From (114), we
obtain

t
[, bl @) = 3 | N ).n o), ds
v, t Jo 17)

<C.

According to Chebyshev’s inequality and the fact that V, hasa
compact embedding into Vi, {1, };5, is tight in V,. Then there
exists a sequence {g,; } with t; — ocoask — coanda
probability measure ¢ on V; such that {g,,} — u weakly as
k — oo. Thus, using the standard argument as in [24], u
is a stationary measure for stochastic fractional long-short
wave equations on V;. In addition, from (114), p is in fact
supported on V,; that is to say, y is a stationary measure for
stochastic fractional long-short wave equations on V,. The
proof is completed. O

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this article.

Acknowledgments

This work was supported by the This work was supported by
the NSF of China (no. 11371183) and the NSF of Shandong
Province (no. ZR2013AMO004).

References

[1] R. H. J. Grimshaw, “Modulation of an internal gravity-wave
packet, and the resonance with the mean motion,” Studies in
Applied Mathematics, vol. 56, no. 3, pp. 241-266, 1977.

[2] D. R. Nicholson and M. V. Goldman, “Damped nonlinear
Schrédinger equation,” The Physics of Fluids, vol. 19, no. 10, pp.
1621-1625, 1976.

[3] B. Guo, “The global solution for one class of the system of LS
nonlinear wave interaction,” Journal of Mathematical Research
and Exposition, vol. 7, no. 1, pp. 69-76, 1987.

[4] B.L.Guo, “The periodic initial value problems and initial value
problems for class of generalized long-short type equations,” J.
Engineering Math, vol. 8, pp. 47-53, 1991.

[5] X. Y. Du and B. L. Guo, “The global attracttor for LS type
equation in R1) Acta Mathematicae Applicatae Sinica, vol. 28,
pp. 723-734, 2005.

[6] B. Guo and L. Chen, “Orbital stability of solitary waves of
the long wave-short wave resonance equations,” Mathematical
Methods in the Applied Sciences, vol. 21, no. 10, pp. 883-894,
1998.

1

[7] B. Guo and B. Wang, “Attractors for the long-short wave
equations,” Journal of Partial Differential Equations, vol. 11, no.
4, pp. 361-383,1998.

[8] Y. Li, “Long time behavior for the weakly damped driven long-
wave-short-wave resonance equations,” Journal of Differential
Equations, vol. 223, no. 2, pp. 261-289, 2006.

[9] R.-E Zhang, “Existence of global attractor for LS type equa-
tions,” Journal of Mathematical Research and Exposition, vol. 26,
no. 4, pp. 708-714, 2006.

[10] E.Weinan, X. Li, and E. Vanden-Eijnden, “Some recent progress
in multiscale modeling,” in Multiscale Modelling and Simula-
tion, P. Koumoutsakos and S. Attiner, Eds., vol. 39 of Lecture
Notes in Computational Science and Engineering, pp. 3-21,
Springer, Berlin, Germany, 2004.

[11] P.Imkeller and A. H. Monahan, “Conceptual stochastic climate
models,” Stochastics and Dynamics, vol. 2, pp. 311-326, 2002.

[12] Y. Wang, L. Liu, and Y. Wu, “Positive solutions for a nonlocal
fractional differential equation,” Nonlinear Analysis. Theory,
Methods & Applications, vol. 74, no. 11, pp. 3599-3605, 2011.

[13] H. Crauel and E Flandoli, “Attractors for random dynamical
systems,” Probability Theory and Related Fields, vol. 100, no. 3,
pp. 365-393,1994.

[14] H. Crauel, A. Debussche, and E Flandoli, “Random attractors,”
Journal of Dynamics and Differential Equations, vol. 9, no. 2, pp.
307-341, 1997.

[15] B. Wang, “Random attractors for the stochastic Benjamin-
BONa-Mahony equation on unbounded domains,” Journal of
Differential Equations, vol. 246, no. 6, pp. 2506-2537, 2009.

[16] B. Wang, “Random attractors for the stochastic FitzHugh-
Nagumo system on unbounded domains,” Nonlinear Analysis.
Theory, Methods & Applications, vol. 71, no. 7-8, pp. 2811-2828,
2009.

(17] D. Li, Y. Guo, and B. Guo, “Random attractor and stationary
measure for stochastic long-short wave equations,” Communi-
cations in Mathematical Sciences, vol. 13, no. 2, pp. 539-555, 2015.

[18] H. Lu and J. Xin, “The existence of a global attractor for the
(2+1)-dimensional long wave-short wave resonance interaction
equation,” Nonlinear Analysis. Theory, Methods & Applications,
vol. 73, no. 12, pp. 3767-3778, 2010.

[19] B. Zhu, L. Liu, and Y. Wu, “Existence and uniqueness of global
mild solutions for a class of nonlinear fractional reaction-
diffusion equations with delay,” Computers ¢~ Mathematics with
Applications, 2016.

[20] J. U. Kim, “On the stochastic porous medium equation,” Journal
of Differential Equations, vol. 220, no. 1, pp. 163-194, 2006.

[21] J.-L. Lions and E. Magenes, Problems aux Limites Non Homo-
genes et Applications, Dunod, Paris, France, 1968.

[22] G. da Prato and J. Zabczyk, Stochastic Equations in Infinite

Dimensions, vol. 44, Cambridge University Press, Cambridge,

UK, 1992.

R. Temam, Infinite-Dimensional Dynamical Systems in Mechan-

ics and Physics, vol. 68 of Applied Mathematical Sciences,

Springer, New York, NY, USA, 2nd edition, 1997.

[24] G. Da Prato and J. Zabczyk, Ergodicity for Infinite Dimensional
System, vol. 229, Cambridge University Press, Cambridge, UK,
1996.

[23



Advances in
Op ranons Research

Advances in

DeC|5|on SC|ences

Journal of

Ap ||ed Mathemancs

Algebra

Journal of
bability and Statistics

The Scientific
Wo‘rld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
https://www.hindawi.com

Journal of

Mathematics

Journal of

clﬂhMbhemahcs

in Engmeermg

Mathematical Problems

Journal of

tion Spaces

Abstract and
Applied Analysis

International Journal of

Stochastic Analysis

International Journal of
D|fferent|a| Equations

Discrete Dynamics in
ure and Society

Optimization




