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Consider the following system of difference equations: {x?, = x| (AiH;”:BIxSfJiH) +o), x0T = 5 X = AL = A
Qe = o1 61 = 1,2,...,m;n = 0,1,2,..., where m is a positive integer, A;,a;, i = 1,2,...,m, and the initial conditions a;,,
i, = 1,2,...,m, are positive real numbers. We obtain the expressions of the positive solutions of the system and then give a precise

description of the convergence of the positive solutions. Finally, we give some numerical results.

1. Introduction

Difference equation or system of difference equations is a
diverse field which impacts almost every branch of pure
and applied mathematics. Not only does it provide us with
some simple and useful mathematic models to help elucidate
interesting phenomena in applications, but also it can kind
of display some surprising complicated dynamics comparing
with its analogue differential equations. Hence, the systems of
difference equations and difference equations have attracted
alot of attention (see, e.g., the systems of difference equations
[1-16] and difference equations [17-29] and the references
therein). Among them, symmetric and close to symmetric
systems of difference equations have attracted a considerable
interest.

Papaschinnopoulos and Schinas [1] studied the oscilla-
tory behavior, the boundedness of the solutions, and the
global asymptotic stability of the positive equilibrium of the
system of the nonlinear difference equations:

xn+1 = A + i’
Xpep
X

Vo1 = A+ ~, @
Vg

n=20,1,2,....

In [2], they also investigated the boundedness, persistence,
the oscillatory behavior, and the asymptotic behavior of the
positive solutions of the system of difference equations:

k
A;
Xn+1 = ZT
i=0 Vi
k
B, )
Vo1 = ZT>
i=0 Xp—i
n=0,1,2,....

Clark et al. [3, 4] investigated the global asymptotic sta-
bility of the system of difference equations:

Xn
Xn+1 = a+cy >
Vn
yn+1:b+dx > (3)

n=20,1,2,....
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Camouzis and Papaschinopoulos [5] studied the global
asymptotic behavior of positive solutions of the system of
rational difference equations:

X =14 2n
1 — >
" Y-
Y1 = 1+ L’ (4)
n-m

n=0,1,2,....

Yang [6] studied the behavior of positive solutions of the
system of difference equations:

X, =A+ A,
xn—pyn—q

yn = A+ L) (5)
xnfrynfs

n=0,1,2,....

Zhang et al. [7] studied the boundedness, the persistence,
and global asymptotic stability of the positive solutions of the
system of difference equations:

Xn+1 =A+— Jr m
Xn
X,
Y1 = A+ =, (6)
Vn
n=0,1,2,....

Yal¢inkaya and Cinar [8] studied the global asymptotic
stability of the system of difference equations:

t,+ 2,
Zpy =
"tz +a
¢ _ Z, + tnfl (7)
Mzt va
n=0,1,2,....

Kurbanli et al. [9] studied the behavior of the positive
solutions of the following system of difference equations:

Xn-1
X =,
i ynxn—l +1
I (8)
Yn+1 X Vo1 + 1>

n=0,12,....
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Motivated by the above studies, in this note, we consider
the following system of difference equations:

@@

n-m+1

A. Hm 1 (z+1+1) ta

(z) X

Xnr1 = >

1

(m) _ ()

X X

n+1 n+12
§l+ll) - a, 9)
Aiym = A
Kiym = Ki>
i,l=1,2,...,m; n=0,12,...,
where m is a positive integer, A;, o, i = 1,2,...,m, and

the initial conditions a;;, i,] = 1,2,...,m, are positive real
numbers. We perfect and generalize the results in related
literature.

2. Main Results

Throughout this paper, let N and R stand for the set of natural
numbers and the set of real numbers, respectively.

Let {(xfll),x D . (m))} be a positive solution of
(9). If we set

n=-—m+1

i 1 .
Ypomil = G i=1,2,....m neN, (10)
n—-m+1
then (9) translates into
O _ . 0 A;
Yni1 = %iYp-me1 + m-2 l(i+j+1) >
Hj:O n—j
(i+m) _ (i)
yn+1 - yn+1’
7 = by, (11)
Ay = Ap
Kivm = i
Ll=1,2,....,m; n€N,

whereb,; = 1/a;;,i,1=1,2,...,m
For convenience, in the following we will investigate (11).
Set

m—1 @+0)
i+
= Hyn—l >
1=0

m—1
o = H“Hl’ 12
1=0
i=1,2,....,m; neN,
j-1 /-1
Q=) <Ho¢i+sAi+l>, i,ji=1,2...,m, (13)
1=0 \ s=0

where we appeal to the convention H o%iss = L.
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Combing (12) with (11), we get
I

i+km,n

By (11), (12), and (13), we get

=1, i=1,2,...,m; keN; neN. (14)

Qi+km,]' = Qi’j) 1)_] = 1) 2,...,1’}’1; k € N’ (15)
Qi jr1 = Qi+ Aj
(16)
i=1,2,....m j=12,....m-1,
Qmtad; =a,Q,,, +A; i=12,...,m. 17)
Lemma 1. Let {(yr(ll),yflz), e r(,m))}zz_wr1 be a positive solu-

tion of (11); then

Ii,?l+1 = (ini+1,Vl + Ai’ i = 1, 2,. ..,m; ne N. (18)

Proof. From (12) we know

—1 (1) -1 (@)
TT G+ _ Vo1 T (i+1+1) _ Vol

Ii,”*'l = Yoir1 = (i+m) n-1 (i) Ii+1,n’ (19)
1=0 n-m+1 1=0 n—m+1
from (11) we obtain
()
A.
A
VinZm+1 i+1n

and combining (19) with (20) we get the conclusion.

This completes the proof. O
Lemma 2. Let {(y,(ql), yff), ..
tion of (11); then

,yflm))};l“;mﬂ be a positive solu-

L nivymsjo1 = i jo1 + Qi
(21)

i,j=1,2,...,m neN.

Proof. Fori,j=1,2,..
have

.»m;n € N, by (18), (13), and (14), we

Ii,(n+1)m+j—1 = “i1i+1,(n+1)m+j—z + A

=0 (ai+11i+2,(n+1)m+j73 + Ai+1) +A4;

1
= H"‘i+11i+z,(n+1)m+ j-3 Qiz
1=0

—

= Kiyg (‘Xi+21i+3,(n+1)m+j—4 + Ai+2>

0 (22)

2
+Qp = H“i+11i+3,(n+1)m+ 4t Qi3
1=0

m—1
== H“i+11i+m,nm+j—1 + Qi
1=0

= “Ii,nm+j—1 + Qi,m‘

Hence, (21) holds. ]

Lemma 3. Let {(y", y,..., y")}® . bea positive solu-

n
tion of (11); then

n—1
n 1
Lipmejor =& Loy + <Z‘X )Qi,m’
1=0

ij=1,2...

(23)

,m; neN,

where we appeal to the convention Z,;lo o =0.

Proof. We will prove the conclusion by induction. For i, j =
1,2,...,m, n = 0, it is obvious that (23) holds. For i, j
1,2,...,m,n =1, from Lemma 2, we know that (23) holds.

Suppose that (23) holds for n = k, then for n = k + 1, by
Lemma 2 we have

L kymsjo1 = Mg j1 + Qim

k-1
_ k+1 1
=« Ii)j_1 + o ( ;(x > Qim + Qi (24)

k
k+1 1
=+ (Z(x )Qi,m.
1=0

Hence, (23) holds for n = k + 1, from which we get the
conclusion. O

In the following, set

r(n)
0, when n+ 1 mod m = 0;

(n+ 1 mod m)—m, whenn+1modm#0,

(25)
n+1
{ J—l, when n+ 1 mod m = 0;
Pn= T
[n J, when n+ 1 mod m # 0,
m

where | -] is floor function.

Lemma 4. Let {(yfll), ¥, ;vﬁlm))}zcz’_m+1 be a positive solu-

n
tion of (11); then

pﬂ
@ _ @
yn+1 - yr(n)H (061-
1=0

. A, ) (26)
I-1 ’
“lIiJrl,err(n)—l + (Zszo ‘xs) Qi+1,m

i=1,2,...,m; neN.



Proof. In fact, fori = 1,2,...
we have

,m; n € N by (11) and Lemma 3

A
(i) (i) (i)
yn+1 yn—m+1 <(X + I l ) yn 2m+1 ((X

o = =y o
Ii+1 n—m 1 Ii+ n r(n)l 0 l
| . 27)
+ ! =y o
I Vi) i
i+1,n—Im 1=0

Hence, (26) holds. O

In the following, set

0 < A,
Zln o +

1 1 I-1
1=0

= Nigm—j>
iy i+ (Zs -0 “5) Qis1m > (28)

ij=12,...,m

It is obvious that Mim—j € {—00} UR U {+00}.

Lemma 5. Fori = 1,2,...
true.

,m, the following statements are

(1) Suppose thatx = 1, oy = lorae > 1, o > Lora < 1,
(e, = 1)Q;,,, + (1 = x)A; > 0; then Nim—j = +0O.

(2) Suppose that a < 1, (&; — 1)Q;,,, + (1 = x)A; = 0 or
a> 105 =1; thenn;,, ; €R.

(3) Suppose thatax > 1, &; < Lor o < 1, (ot; —
a)A; < 0; then;,,_; = —00.

DQ;, + (1=

Proof. (1) Case 1. @ = 1, «; = 1. Note that

i Az
In{1+ ~ ,
Lirjo1 +1Qism Livnjo1 +1Qism
as | — 00, (29)
[oe)
A
1:011+1] 1 + le+1 m

It follows that #;,,,_; = +00.
Case 2.« > 1, «; > 1. Note that

A

lim In <oc +— T >
I=roo iy jg+ (ZS:o “s) Qirim (30)
=In(a;) > 0.

Hence, = +00.

Hijm-—j
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Case 3. < 1, (o; —
(17), we have

1)Q;,, + (1 —a)A; > 0. By (16) and

A(l-a) aQu,+A;—ad; Q.
o+ = = . (31)
Qi+1,m Qi+1,m Qi+1,m
m—-1 [ 1-1
Qim = Qivim = (H“l+p 1+l>
1=0 \ p=0
-1 /1-1
Z (H“z+p+1Ai+l+1>
=0 \p=0
(1 -2 4,
% (32)
m-2 [ 1-1
+ (‘xi - 1) Z <1—[‘xi+p+1Ai+l+1>
1=0 p=0
[0
= (1 - _)Ai + (o — I)Qi+1,m71
&;
1
= (& =1)Qy+ (1 - ) Al
That is,
1
Qi,m - Qi+1,m = (X_ [( 1) sz 06) Al] . (33)

1

When a < 1, (o; -
with (33) we get

DQ;,, + (1 -a)A; > 0, combining (31)

A.
lim In <oc +— T
I=roo Wliy o + (Zs=o 0‘5) Qirim

=ln(ai+w> > 0.
Qi+1,m

Hence, #; ,,_; = +00.
(2)Case La < 1,(q;—1)Q;,,, + (1 -a)A; = 0. In this case,
by (33) we know Q; ,, = Q;,,,, and

(34)

« A,
1 ‘xlIi+1,j—l + (Zi :)‘X )Qiﬂ,m
z (35)
(‘Xi - l)oc ((1 a)l; i+1,j-1 +Q1+1m)
(=) alyy ;g + (1= o) Quuypn
Hence,
A.
In (oci + ll 1 )
(XlIiJrl’j,l + (Z =0 as) Qi+1,m
((X~ — 1) ocl ((1 ) i+1,j-1 Qi+1 m) (36)

(1_0‘)0‘ i+1,j— 1'*'(1 (X)Ql+1m

as [ — oo.
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Notethattheserleszl o (o= ~Dd((1- a)l; i41,j-1 Qi1 (1=
a)a Lipja + 1 -

”lm ] € R
Case 2. > 1, o; = 1. Since

A;
In{ 1+ l I
Wlipy o + (Zs 0 “S) Qis1.m
A.

~ ! , asl— oo.

1 -1
Wiy + (Z -0 “5) Qisim

)Q,- +1,m)) is convergent, and we have

(37)

. - .
The series Z;’:O(A,»/(oclI,-Jrl,j,1 + (0 &)Qu,m) is conver-
gent, and we know that 7; ,,_; € R.

(3) Case L.« > 1, «; < 1. Note that

A;
lim In| o; + l 1
I—+00 o Ii+1,j—1 + (ZS o0& )Qi+1,m (38)

=1In(a;) < 0.
Hence, 7;,,,_; = —00.

Case 2. < 1, (o; —
(31) with (33) we get

A.
lim In{ o; + l T
I=teo « iy g+ (ZS:O “S) Qisim

:ln<oc,»+ M) <0.
Qi+1,m

Hence, 7; ,,_; = —00. O

DQ;, + (1 = a)A; < 0. Combining

(39)

Theorem 6. Let {(y,(ll),yflz),...,yn Mo e be a positive

solution of (11). The following statements are true.

(1) Suppose thatx = 1, o; = lora > 1, o; > Lora < 1,
(e, = 1)Q;,,, + (1 -x)A; > 0; then limn_)ooyﬁgl = 400,
i=12,....,m

(2) Suppose that o« < 1, (o; —
a> 1, =1; then limk_,ooykm_fr1
i,j=1,2,...,m

(3) Supposethata 2 1, &; < 1ora < 1, (o; = 1)Q; ,, + (1~
a)A; < 0; then lim W -0,i=1,2,...,m

n%ooyn+1

DQ;,, +(1-a)A; = 0or
() (i)

y—]+lexp(7li,j—1 )

Proof. By Lemma 4 and (28) we know

lim I (y0 ) =In(y5,) +750- (40)
The conclusion follows by Lemma 5. O

Theorem 7. Let {(xﬁll), xﬁf), . qum))}zzfmﬂ be a positive
solution of (9). The following statements are true.

(1) Suppose thatx = 1, oy = lor e > 1, o; > 10roc <1,
(o, = DQ;,, + (1 = x)A; > 0; then lim =0,
i=12,....,m

Nn—00 n+1

(2) Suppose that o < 1, (a; —
L, oy = 1; then limy_,
ij=1,2...,m

(3) Suppose thatae 2 1, &; < 1ora < 1, (o; = 1)Q; ,, + (1~

a)A; < 0; then limnﬁooxfgl =+00,i=1,2,...,m.

DQ;,+(1-a)A; =00ra >
(i) ()]
xklm—j+1 = x—1j+1exp(_rli,j—1)’

Proof. The proof follows by Theorem 6 and (10). O

3. Numerical Results

In this section, we give some numerical simulations to illus-
trate our results. Consider the following system of difference
equations:

(1)

xilij—l = n,+2]+1 4

A; H] 0%n- j T &
Az = Ap (41)
Kz = K

i=1,2,3 n=3,4,5,....

For convenience, set @ = (&, x,,%3), B = (A}, A5, A3)
and A = (x(l),xgz),x(1 ),xgl),xg ), xf),xg ),xgz),xg )).
Example 1. In (41), we take ® = (1.5,1.3,1.8), E = (3,4,2),
A =1(1,4,7,3,6,9,2,5,8). From Table 1 and Figure 1(a) we
see that

lim x( ) =0,

n—o0

@)
Jimzx =0, (42)
i % =0

Example 2. In (41), we take ® = (1.2,1,1.1), E = (2,5,3),
A = (0.5,0.3,0.9,0.7,1,0.2,0.9,0.7,0.3). From Table 2 and
Figure 1(b) we see that

Limx -
n—00

gk)+ —x( exp( ’72,371‘)’

1—0

hmx
(43)
j = 1) 2) 3)

(3)
A % = 0.
Example 3. In (41), we take ® = (1,1,2), E = (3,4,6), A =
(1,4,5.5,2,5,8,3,6,7). From Table 3 and Figure 1(c) we see
that
0N 1)

Jim i, = e ().

lim x%2 . = x(.z)exp (—11 )
3k 23-j)>
k—oo Okt J (44)

hmx 1 =0.

n—o00
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TaBLE 1 TABLE 4
n 95 96 97 98 99 100 no 195 196 197 198 199 200
x”0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 x’ 00551 0258  0.0801 0.055 02586  0.0801
x? 0.0006 0.0009 0.0000 0.0005 0.0007 0.0000 x? 150.6878 359.6003 566.9402 1674252 399.5398 629.9081
x® 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 x® 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000
TABLE 5
TABLE 2
n 95 96 97 98 99 100
n 95 96 97 98 99 100 o
o % 00035 00315 00006 0.003  0.0280 0.0005
x”0.0020 0.0022  0.0011  0.0017  0.0018  0.0009 b
o x? 5703772 418.8940 35.3935 710.9386 5221435 44.1177
x? 02396 04081 01478 02396  0.4081  0.1478 o
) x? 00112 00233 0.001 0.0098 0.0204 0.0001
x? 0.0073 00118  0.0085 0.0066 0.0108  0.0077
TABLE 6
TaBLE 3 n 95 96 97 98 99 100
n 95 96 97 98 99 100 %« 01805 18961 0.0333 01783 18737  0.0329
% 09344 20000 0.0052 0.9344  2.0000  0.0052 x? 460.0534 1871326 24.3153 574.7237 233.7778 30.3762
x? 24481 38536  0.0132 24481 3.8536  0.0132 % 0.0010  0.0014 0.0000 0.0008  0.0011  0.0000
x® 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000
TABLE 7
n 75 76 77 78 79 80
Example 4. In (41), we take © = (1,0.9,1.2), E = (4,04,0.3),  x’ 01590 0.0000 0.9893  0.387  0.0000 0.8631
A = (1,05,0.6,08,0.8,0.3,0.6,0.2,0.5). From Table 4 and  +® 4325695 0.0031 1959576 4914949 0.0036 2279814
Figure 1(d) we see that x® 66679 00007 54747 65355 00007 53663
L)) -
,}ngox3k+j = X; exp ("11,37]')’ j=123, TaBLE 8
n 45 46 47 48 49 50
. 2
,}Lrgoxi+)1=+00, (45) %" 0.0000  0.0000 0.0000 0.0000 0.0000  0.0000
x? 06839 01089 10899  0.6839 01089 10899
. 3
Jim X =o. xP 33410 4620 33100 69610 9620 68960

Example 5. In (41), we take ® = (10/9,0.8,9/8), E =
(5,1,7), A = (7,0.4,10,2,0.9,5,5,0.6,9). From Table 5 and
Figure 2(a) we see that

1 (1)

,}LTOx3k+j = X; exXp (_’11,3—1‘) » j=123,
Jim ey = +oo, (46)
lim x® = 0.

n=co” Ml

Example 6. In (41), we take ® = (1,0.8,1.25), E = (2,0.1,4),
A = (20,0.8,30,15,0.5,18,10,0.2,25). From Table 6 and
Figure 2(b) we see that

: 1 _
Jlim x,,, =0,

(2)

A Xy = 400, (47)
: (3 _
A % = 0.

Example 7. In (41), we take ® = (1.1,0.8,1),E = (2,3,1), A =
(20, 50, 20, 80, 58, 18, 10, 60, 16). From Table 7 and Figure 3(a)

we see that

lim x\Y. =0,

nooo ntl

n—oco Mt

lim xiz)l = +00,

lim . = 0.

n—ooo  htl

(48)

Example 8. In (41), we take ® = (2,0.5,0.4), 8 = (1,6,2), A =
(0.3,3,1,0.7,5,1.2,0.5, 2, 1.4). From Table 8 and Figure 3(b)

we see that

; ()
A

lim x2 .
k—>oox3k+]

; 3)
g %

0>

(

xexp (~a5)

j=1,2,3,

+00.

(49)
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S = N W kR 1NN 0O

(6]
n

—o x@
(3)

n

—o— X

—o— X

(®)

()
n
S = N W R U1 NN

(@)
n

n n
—— xf,l) —— Ll)
(2) (2)
n n
x,f) xf)
(c) (d)
FIGURE l: ¢ > 1.
9 T T T T T 18 T T T T T T
8t b 16
7t b 14
6 f b 12
S= >r i = 10
2 41 i Vx: 8
3t \ 6
2t 4
1t 2
O 1 1 O
10 15 20 25 30 35 40 2
n n
—— Xﬁll) —— xsll)
—— xE'IZ) —— xilz)
—o— xf) —o— x;s)
(a) (b)

FIGURE 2: & = 1.
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