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This paper deals with feedback control systems on time scales. Firstly, we generalize the semicycle concept to time scales and then
establish some differential inequalities on time scales. Secondly, as applications of these inequalities, we study the uniform ultimate
boundedness of solutions of these systems. We give a new method to investigate the permanence of ecosystem on time scales. And
some known results have been generalized. Finally, an example is given to support the result.

1. Introduction

The theory of time scales was introduced by Hilger in his
Ph.D. thesis [1] in 1988. The study of dynamic equations on
time scales has recently attracted a lot of attention, because it
reveals many discrepancies and helps to avoid proving results
twice, for differential equations and difference equations,
respectively. The time scales calculus has wide applications in
various fields like biology, engineering, economics, physics,
neural networks, social sciences, and so on [2].

On the other hand, the permanence of a system is very
important. As we know, permanence is affected by such
factors as environment, food supplies, attack rates, and so on.
As an example, Schreiber and Patel [3] showed that ecoevo-
lutionary feedbacks can mediate permanence at intermediate
trade-offs in the attack rates. So it is worthwhile considering
the permanence of biological models. The permanence of
biological systems has been discussed by many authors [4-
17]. In the process of studying these problems, the compari-
son method plays a paramount role. Such as in [4, 6], some
sufficient conditions of permanence for biological systems
were established by the comparison method. Permanence
is also applied in physics, chemistry, physiology, diseases,
economics, and so on. Such as in [18], sufficient conditions
of the permanence for a SEIRS system were obtained.

To the best of our knowledge, the permanence of ecosys-
tem on time scales with feedback control was first investigated
in [13]. The authors considered the N-species cooperation
system with time delays and feedback control

X () =7 ()1

B exp {x; (t - 7;;)}
ki (t) + Xy, jui €3 () exp {xj (t - Tij)}

—g W expx; (t—1;) ¢ —d; () y; () = h; (t) y; (¢ 1)

= 1)
YR (t) = —a; (1) y; () + b () exp {x; (0)} + B; (£)
cexp{x; (t-a,)},
teTh,

wherei =1,2,...,n, with the initial condition

x;(0), y; (0) > 0 are all rd-continuous, 0 € [-1,t,) N T, x;(t,), 5 (t,) >0, i =1,2,...,n, (2)
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on time scales T (which is p-periodic; i.e., there exits p > 0

such that if t € T; thent + p € T), where A stands for the

delta-derivative and 1 — pu(t)a;(t) > 0,i = 1,2,...,n,as u(t) =

o(t) —t, o(t) is defined in the second section (Definition 8).
For system (1), they assumed the following:

(Hl) ri(t)7 ai(t)3 b;(t)3 Ci(t)7 dl(t)7 eij(t)a hl(t)) kl(t)) and
Bi(t) (i,j = 1,2,...,n) are all rd-continuous,
real-valued functions which are bounded above
apd. below by positive constants; 7;;,7,,0; € T,
(i,j = 1,2,...,n) are positive constants. T =
max{max ; j.,T;j» MaX, <<, 0 MaxX, ;c,1;} > 0, where
T, can be found in [13].

(H2) —rlc,,r(k )+c € R = {p e R1+ul)pi) >
0forallt € T} (i = 1,2,...,n) are all positively
regressive (£ is defined as in the second section

(Definition 12)), in which they used the notation

f*=sup f(t)

teT

I _ .
fr=inff®),

(3)

where f is a bounded function in T.

They first give the definition of the permanence of
ecosystem (1), and the definition of the permanence of other
ecosystems mentioned in this paper is similar.

Definition 1 (see [13]). System (1) is said to be permanent if
there exist n-dimensional positive constant vectors x,, x*, y,,
and y*, which are independent on the initial condition, such
that, for any solution (x;(#), yi(t))T, i=1,2,...,n

x, < tlill?oinfxi () < tllrlgosup x; () < x7,

Y, < tlirgomf y; (t) < tlg})losup yit) <y,

Then the main results in [13] can be rewritten as follows.

Theorem 2. Assume that (HI) and (HZ) hold r —(d}+h)u; >
AT+ (i=1,2,...,m) andr* =7l >0 (i=1,2,...,n),
where u; can be found in [13]. Then system (1) is permanent.

If T = R, one refers the readers to [14, 17]. Chen and Xie
[14] considered the following system:

dz; (t)
dt

zi(t) 1 (@) | 1

B z; (t)
ki () + Y e () J_OT,.j K, (s)z; (t + 5)ds
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-tz (1) | —d; (t) y; (t) — h; (1)

0
J H;(s)y;(t+s)ds ¢,

dy; () _ —a, (1) y; (1) + b, (1) z; () + B; () JO G; (s)
dt i
-z; (t+s)ds,
teR,

(5)
where K; (s) H;(s), and G;(s) are all nonnegative continuous
functions such that IT K; (s)ds = 1, j H(s)ds = 1,
andI Gi(s)zds = 1,4,j = 1,2,.
that the integrations have no influence on the permanence of

system (5). They cancelled the additional limitations of [17]
and obtained the following.

..,n. It is easy to see

Theorem 3. Assume that (H1) holds. Then system (5) is
permanent.

If T = Z, one refers the readers to [15, 16]. Let N;(t) =
exp{x;(t)}; they discussed the discrete form of cooperative
system (1):

N; (t+1) = N;(t) exp <|ri (t) |i1

N; (t - ;)
ki () + Y0, e N, (t-15)

-G ()N, (t - Tii)] —d; () y; (t) = h; (1) y, (¢t

_’71')} >

yit+1)=

(6)

(1-a;(®) y; (t) + b ®) N; (t) + B; (F) N; (¢
-0,),
te”Z.

In [16], Li and Zhang used the techniques in [11] instead of
the comparison theorem in [15] and obtained the following.

Theorem 4. Assume that (H1) holds. Then system (6) is
permanent.

Obviously, in Theorem 2, if T = R (or T = 2Z),
the conditions are stronger than that in Theorem 3 (or
Theorem 4).
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This paper deals with system (1) with the initial condition

x; (0) € R, y,(0) =0 are all rd — continuous,

and one assumes thatt —7;;, t-1;, t—o; € T,fort € T, which
implies that system (1) is valid; sup T = oo, which ensures
the ultimate boundedness of the solutions; and there exists a
positive constant / such that

u@) <k (8)

one can see that (8) includes the condition: T is p -periodic
(in [13]). In fact, if T is p-periodic, then sup{u(t) | t € T} < p.
Our aim is to unify Theorems 3 and 4 completely by
cancelling the additional limitations of Theorem 2.
For simplicity, one first considers a special case (logistic
system) of system (1)

0 =riofi- 2250 oy 0},
Y0 =-a () y(®) +b(e) exp {x (1)}, ©)
teTF,
with the initial condition
x(ty) € R,
y(t) 20, (10)
tyeT;

assume that 1 — u(t)a(t) > 0 and

(H3) a,c,k,1,b T - RY = {x | x > 0} are
all bounded, nonnegative, rd-continuous, and real-
valued functions.

Let z(t) = exp{x(£)}; if T = R, then system (9) reduces to
the continuous system

dz(t) _ 2 ()
ar T(t)z(t)<l - m —C(t)y(t)>,
d{z?) =-a)y®)+bt)z (), (11)

t € R.

In this continuous case, one refers the readers to [7, 19,
20]. They considered the system with feedback control in
periodic case or boundedness case and obtained permanence,
stability, and existence of periodic solutions for the system.

Oe[-1.t)NT, y(t,) >0, i=12,...,n, (7)

Let N(n) = exp{x(n)}; if T = Z, then system (9) is
reformulated as

N(n+1)

~ N (n)exp {r(n)<1 - IZ((:)) _c(l’l)y(ﬂ)>},

(12)
Ay(n)=-a(n)yn)+bmn)N (n),

nedcz;

this system or its other forms attracted much interest; one
refers the readers to [10-12, 21]. They also considered this
system in periodic case or boundedness case and obtained
permanence and existence of periodic solutions for this
system. Chen [10] discussed the permanence of system (12).
Using the comparison theorem, he obtained the following.

Theorem 5. Assume (H3) and

(H4) "M, < 1, where M, = b*M,/d" and M, =
(K" exp{r" — 1})/r"

hold. Then system (12) is permanent.

But for system (12) itself, (H4) may not be necessary.
Fan and Wang [11] used a method instead of the comparison
theorem and obtained the following.

Theorem 6. Assume (H3) holds. Then system (12) is perma-
nent.

One generalizes the method of semicycle [11] to time
scales instead of the comparison theorem. By establishing
some differential inequalities on time scales, one proves
that solutions of systems (1) and (9) are uniformly ultimate
bounded. Our result is a unification and extension of Theo-
rems 3 and 4.

The remainder of this paper is arranged as follows. In
Section 2, we give some basic properties about time scales
and generalize the semicycle concept to time scales. Two
differential inequalities on time scales are proved in Section 3.
Section 4 is devoted to uniform ultimate boundedness of
solutions of systems (1) and (9). An example is presented in
Section 5 to support the result. Conclusions are presented in
Section 6.

2. Preliminaries

First we give some properties about time scales before our
main result (see [1, 2]).

Definition 7 (see [1, 2]). A time scale T is an arbitrary
nonempty closed subset of the real number R.



Definition 8 (see [1,2]). Fort € T we define the forward jump
operator 0 : T — T and the backward jump operator p : T —
T, by

o(t)=inf{s e T:s>t},
(13)
p(t) =sup{seT:s<t},

respectively.

Throughout the paper we make an assumption thata < b,
a, b are points in T.

Definition 9 (see [2]). Define the interval [a,b] in T by
[a,b] ={teT:a<t<b}, (14)

and as usual, we assume t € T, forallt > T, T € T is a con-
stant.

We note that f7(t) = f(o(t)), for t € T, where f7, f :
T - R.

Lemma 10 (see [2]). If T = hZ = {hk : k € Z}, where h > 0,
then

[ b/h-1
Y f(k)h, if a<b,
b k=a/h
j f@at=140 ifa=b, (15
“ afh—1
=Y fk)h, if a>b.
| k=b/h

Lemma 11 ((existence of antiderivatives) (see [2])). Every rd-
continuous function has an antiderivative. In particular if t, €
T, then

F(t) = j: f(D) AT, forteT, (16)

is an antiderivative of f.

Definition 12 (see [2]). We say that a function p : T — R is
regressive provided

1+u()p(t)#0 forallteTF 17)

holds, where throughout the paper

T\ supT),supT|, if supT < oo,
T { (p(supT),supT] p )

T, if supT = 0.

The set of all regressive and rd-continuous functions f: T —
R will be denoted in this paper by

R=R(T)=2R(T,R). (19)
Definition 13 (see [2]). If p € R, we define the exponential

function by

€, (t,s) = exp “tfu(f) (p (r))Ar}, for s,t € T, (20)

S
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where the cylinder transformation &,(z) = (1/h)log(1 + zh),
for h > 0.

For h = 0, we define §(z) = z. In this case, T = R, p(t) =
0, and ep(t, s) = exp{f: p(T)AT}.

When T = hZ = {hk : k € Z}, we know that u(hk) =
h(k + 1) — hk = h > 0; then for s < t,

t1
e, (t,s) = exp {L Eloge (1 - ha (1)) AT}

t/h-1
= exp { Z log, (1 - ha (hk))} (21)

k=s/h
t/h-1

=[] {1 - ha(hk)}.
k=s/h

Definition 14 (see [2]). If p € &, the function o(p) is defined
by

p ()

k
—m, forteT . (22)

e(p)®) =

Lemma 15 (see [2]). Suppose p € RK; then

@) e(e(p)) = p;
(2) e, (a(t),s) = (1 + p(®) p(t))e, (t, );
(3) 1/e,(t,s) = eg,(t,s);

(4) (1ep(29)* = ~p()/e (- 5)
(5) (ep('> s))A = P(')ep(" S)'

Similar to the definition of semicycle in discrete case [22],
one gives the following.

Definition 16. Let m be a constant and : T — R; a positive
semicycle relative to m of f is defined as follows: it consists of
a “string” of terms

{f@), telst], s,teT} (23)

all greater than or equal to 71; and a negative semicycle relative
tom of f is defined as follows: it is a “string” of terms

{f@®), telpq], pqeT} (24)

all less than or equal to m.

3. Differential Inequalities

By using the semicycle concept and the comparison theorem,
we give some differential inequalities as follows.

Lemma 17. Assume that A,B > 0 and x,(0) = x, > 0, and
further suppose that x,(t) satisfies the following:
(i)

X0 (t) < B-Aexpix, (t)}, fort=>0; (25)
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then
. B
limsup x; (f) < Bl +In—. (26)
t—0o A
(ii)
Xt () = B- Aexp{x, (t)}, fort=>0, (27)

and there exists a constant M, such thatlim,_, . sup x,(¢) < M;
then

tlim infx, (t) > (B- Aexp{M})] + lng. (28)

Proof. (i) According to the oscillating property of x;(t), we
divided the proof into two cases. Firstly we assume that x, (t)
does not oscillate ultimately about In B/A. If there exists a
constant T} > 0, such that x; (t) < In B/A, for t > T}, then

B B
t)<Iln— < Bl+In—; 29
xl()_nA_ +nA (29)

thus (26) holds true. If there exists a constant T; > 0, such that
x,(t) > InB/A, for t > T}, then xf(t) < 0, which means that
x,(t) is eventually decreasing; therefore, lim, ,  x,(f) exists.
Then (25) yields lim,_,  x,(¢) = In B/ A, which leads to

. .. B B
tlirgosup x, (1) = an <Bl+ an' (30)

Finally, we assume that x, (t) oscillates about In B/ A, by
(25), we know that x,(t) > In B/A implies xlA(t) < 0. Thus,
by semicycle concept, we assume that x, (t) > In B/A, for t €
[spote], & € &, where £ is an index set, and the interval
[s. t,] satisfies the following:

(a) Foranya, B e Z,ifa + B, [spt,] N [sﬁ,tﬁ] =g.

(b) If s, is left-scattered, then x, (p(s,)) < In B/A.

(c) It s, is left-dense, then there exists a hollow left
neighbourhood Lo], (s4) of s, such that x,(¢) < In B/A,
fort € (0]_(sa).

(d) If t,, is right-scattered, then x, (o(¢,)) < In B/A.

(e) If t,, is right-dense, then there exists a hollow right
neighbourhood LO] +(t,) of t, such that x, (t) < In B/A,
fort € U, (t,).

Notice that lim,_,  sup x, (t) = lim,_, sup x,(s,). If s, is

left-scattered, by integrating (25) over the set [p(s,), s, ], we
have

f(s) - () = [ (B A fn ] A

o

5 31
[ o
p(sa)
by (b), it follows that
B Sa
x;(s,) <In—+ J BAt, (32)
A psa)

and from (8), we know s, — p(s,) < [; then x,(s,) < Bl +
In B/ A.

If s, is left-dense, we choose t; € l},(sa), such that s, —
t, < I. By integrating (25) over the set [¢,, s, ], we have

51 () =3 () < [ (B-Aexplx, (0]

t

. (33)
< J BAt,
tl
notice that x,(¢,) < In B/A, and it follows that
B Sa B
<In— BAt < Bl +In—.
x; (s4) n-+ L +ln— (34)
Then
I - i <Bl+lnl, ()
Jim sup x, (t) = lim sup x, (so) <Bl+ n
which completes the proof of (i).
(ii) The proof is similar to (i) of Lemma 17. O

Lemma 18. Assume that C(t), D(t) > 0 are bounded and rd-
continuous functions, 1 — C(t)u(t) > 0, and c s o; further
suppose that y, (t) satisfies the following:

(iii)

YRR +C(t) y, (1) <D (), fort =Ty (36)

then there exists a constant T, > T, such that, fort > T,, one

has

D(t)
-

¥ () <y, (T3) €c) (t,T,) + (37)

Particularly, if D(t) is bounded above ultimately with
respect to K,, then

t&gsup y (t) < % (38)
(iv)
YR +C )y, (1) =D (t), fort =Ty (39)

there exists a constant Ty > T, such that for, t > T, one has

D(T)

Cu

D(T)

)e(c) (t, T3) + 7 (40)

» @)= (J’l (T5) -

Particularly, if D(t) is bounded below ultimately with
respect to k,, then

- k
}L‘&mf ¥ (1) = C—lu (41)

Proof. (iii) From 1 — C(t)u(t) > 0, we have -C € 2. Note
that 0 < e‘(’fc)(t, Ty) < e_¢)(t, Ty) — 0, when t — co. Hence,



there exists a T, > T}, such that e?_c)(t, T,) < l,ast > T,. We
use the product rule to calculate

[Mies-c) (& Tz)]A (t)
=y (D€l ¢ (1.T)
+ 71 (1) (©(=0) (t) eg(c) (1. T>)

= ylA (f) €o(-0) (U (t) > TZ) (42)

eE0)®)
1+ (o (t)-1t)(e(-0)) (t)ee c)( Tz)

= [y ) - (e -CN) 1)y O] c (tT2)

=i +COn O] o (tT),

+ (1)

noticing that D(t) is rd-continuous, from Lemma 11,
t
D(t) = J d(t)Ar, forteT, (43)
T2

and by integrating both sides over the set [T}, t], we have

» (1) €s(-C) (t’ Tz) - (Tz)

J A (0 +C@ (0] € oy (1,13) At
t
< JTZ D (1) ey (1. T,) AT
! 1
_ JTZ D) ey
_ Jf DO _C@ .
1, C(1) el_o) (1. T,)
i " D(1)C (1) (44)
e JZ el o (T,TZ)AT
1[ pbw | (¢ dw
< | =2 - | A
C! |: e—o) (t, Tz) T, JTZ e((T_C) (T, T2) T
_1|_bB®__ [t d@
- c [e( o (tT,) DIL:) JTz Lo (™ Tz)AT]
1(_DbB N
= ! ( e o (t, Tz) D (Tz) JTZ d (1) AT)
1 D(t) ) 1 D()
=— | ———-D(t < ——
c (e(—C) ey PV)=a eo) (6T5)
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then
» @) <y (Th) e e (t.T,)
1 ( D@
+e g (t.T,) = Cl <—e( o (t T)) (45)
D
= 1 (T e (6T) + o2,
Thus
K
tli)nolosup y () < E; (46)

(iv) From (iii) of Lemma 18, we know that there exists
a constant T; > T, such that D(T;) = k, and D(t) =

_[;3 d(t)At; then for t > T5,

y1 (t) eg(c) (f’ T3) -N (T3)
froa (47)
_ L (72 (@) +C (@) 31 (D] € oy (1.T3) At

then

y1(8) 2y (Ty) ey (. T5) + ey (£, T5)

t
. J; D(7) eg(,c) (r.T;) At = y, (T3)

“ec) (6T5) +ec) (t.Ts)
' J't D(r) C(7)

T, C (1) el o (1. Ty)
+ 6(_C) (t, T3)

ijt D (1)C (1)
C* el ) (7.T3)

At >y, (Ts) e (1, T5)

At =y, (Ts)

1 t

Cu

D(t)
eco (t.Ts) T

e( C)(tT)+e C)(tT)

B L: %AT] =7 (T)eco (6T5)
teco (6T5) éu % ~D(T;)
_ J; e(g_jé—gn)m} >y, (Ty) eco (8.T5)
.\ DC 0 _ <o C(t ) p 1y - ci

J; %d (0 A7 2y (Ty) ey (1T5)
- e(_oé,f’ By - L j; d(7) At
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D(t)

cH (cu

-8 by - 29 ((r)

>y, (Ts) ey (6 T5) +

CM
D(T) D(T)
_ C”3 )e(_c) (t, T3) + C”3 .
(48)
Thus,
ky 49
llm 1nfy1 (t) = a (49)
Then the proof of Lemma 18 is completed. O
4. Applications

Before giving our main result, we list the definition of uniform
ultimate boundedness.

Definition 19. 'The solution (x, (¢), xz(t)fT of system (9) is said
to be uniformly ultimate bounded if there exist two constants
A, and A, such that, for any initial condition (x, (0), x, )T e
R2
Ay < liminf x; (f) < limsupx; (t) <A,, i=12, (50)
t—00 t—00
where A, and A, are independent on (x,(0), x,(0))".

The definition of the uniform ultimate boundedness of
solutions of N-species system is similar.

Then we give the applications of these differential inequal-
ities in this section.

Theorem 20. Assume that (H3) holds, a', k', > 0. Then the
solutions for system (9) are uniformly ultimate bounded.

Proof. From 1 — u(t)a(t) > 0, we have —a € Z. From (9) and
y(ty) = 0, we can see

y ()
=y (to) eay (t:10)
t (51)
+ey (1)) Jt b (1) exp {x (1)} €g_, (1. 15) AT
> 0;
then
x® t)y<sr() - % exp {x ()}
(52)
u rl
<r - k—uexp{x(t)};
from Lemma 17, we have
Jim sup x (£) < rI+1In r”rllc” = M,. (53)

From (9) and (53), there exists a constant T, > ¢, such
that, for t > T,,

YR +a(t) y(t) =b(t)exp {x ()} < b exp {M,}; (54)
from Lemma 18, we have
b* M
tlim sup y (t) < w = M,. (55)

From (9) and Lemma 18,

yA O +at)yt)=b(t)exp{x ()} <b"exp{x()}; (56)

then

b* exp {x (t)
y () < y(T,) ey (tT,) + %. (57)
Note that 0 < y(T,)e_,(t,T,) — 0, whent — co. Hence,
there exists T}, such that ¢ y(T,)e_,(T,, T,) < 1/2, for t >
T,. Then we get

y (1) < y(Ts) ea (Ty, T,) + w) (58)

fort > T,.
Note that y(T,)e(_,)(Ty, T) = K, from (9) and (58), when
t>1T,,

() =7 () {1 - ﬁ exp {x ()}

b exp{x()}]] _
gL ” —r(t)<1

exp {x (t)}) —r(t)c(t) {K

—c(t) [K

1
0
N b" exp ;{x )} }
a

(59)
r(t)

=r(t){l- C(t)K}_(k(t)

M

r(t)c(t)b”
" a ) K!

Xp{x(t)}>r {1-c"K} - (

rc“b"

+

>6XP {x (®)};

noticing that T /2 > 0, from Lemma 17, we have

tlim inf x (t)

u u u ubu
z[rl(l—c K)—<%+r;l )exp{Ml}]l (60)

di'r' (1 - ¢“K)

+ ln—l ;
a'rt + kirtc*b*

= ml‘

From (9) and (60), there exists a constant Ts > T, such
that, for t > T5,

YR +a(t) y(t) =b(t)exp {x(t)} = b exp {m}; (61)



from Lemma 18, we have

1
bexpim} m,. (62)
au

tlim inf y (t) >
From (53), (55), (60), and (62), we obtain

m; < liminf x () < limsup x (t) < M,,
t—00 t—00

(63)
m, < tlim inf y (¢) < tlim sup y () < M,;

then the solutions for system (9) are uniformly ultimately
bounded.
This completes the proof of Theorem 20. O

Theorem 21. Assume the assumption

(H5) r;(t), a;(t), b(t), (1), d;t), e;(t), h(t), k;(t), and
Bit) (i,j = 1,2,...,n) are all bounded, non-
negative, rd-continuous, and real-valued functions;
T M 0; (5 j = 1,2,...,n) are positive constants. T =
max{max,; j, z]’maxlsiSnai’maxlsiSn’li} >0

holds; rl l,al kl > 0. Then the solutions of system (1) are uni-
formly ultimate bounded.

Proof. By similar analysis as that in Theorem 20 and the initial
condition (7), we have y,(t) > 0. From (1), we can see xA (t) <
r;(t) < r}', by integrating both sides over the set [t — 7, t]
t t
x; () —x; (t—1;) = J X (1) At < J ri'At
t-1, t-1, (64)

Tzzrz >

s0 exp{x;(t —
of (1) implies

7;)} = exp{x;(t) — 7;7!'}; then the first equation

() <) =1 () G () exp {x; (£ - 7))}

<r —rcexp{ ((t—1,)} (65)
d

<1 -

J
pony JZ }exp {x; ()}

from Lemma 17, we have

u

r!
limsup x; (t) < 1}l + 7,1 In— = M;. (66)
t—00 rzcz

From (1) and (66), there exists a constant T, > t,, such
that, fort > T,,

= b, (t) exp {x; (t)}

+ B () exp {x; (t - 0;)} (67)
< (b + B') exp {M;, };
from Lemma 18, we have

(b + B exp {My}
1

a;

Y () +a; (t) y; (t)

tlil})losup y; (t) < = M,,. (68)
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From (1), (66), and (68), we have

)z r - M —ri'c exp {M; }
ki (69)
—(d} + B )M, =

by integrating both sides over the set [t —0;, t], we have x;(¢) -
x;(t — 0;) = 0;k;5; thus from (1) and Lemma 18,

Y (6) +a; (1) y; (t)
= b, (t) exp {x; (1)} + B; (t) exp {x; (t — o)}

(70)
< (b.” + ﬁ—’bt) exp {x; (1)}
S\ exp {Gikiz} l )
then
y; () < y;(Ty) €(-a) (t.T,)
(71)

u B
' (bl ' exp {Gikiz} ) op {xi (t)}.

Note that 0 < y;(T;)e(_,,)(t, T,) — 0, whent — oo. Hence,
there exists Ty such that

S

(i + ) 3 (1) e (T To) < 2, 72)
for t > Tg. Then we get

yi (t) <y, (T) €(-a,) (T T,)

" B )
b’ + exp {x; ,
’ ( ' exp{ 12} p{ l (t)}

(73)

fort > Tg.

Let K; = yi(T))e(,)(Ts, T,) and k;3 = b* + B [explo;k, };
noticing that x;(t) — x;(t — ;) = n;k;, and x;(¢) — x;(t — 7;;) >
T;;k;, from (1) and (73), when t > T,

X () =7, (t) {1

_ exp {x; (t - 7;;)}
ki () + X0, e ,J(t)eXP{ ( T')}

-G (t)exp {x; (t - Tii)}} —d; (t) y; (8) = by (1) y; (¢

exp {x; (t - 7;)}

—n;) = 1;(f) {1 - e

- (t)exp {x; (t - Tii)}]’ -d; (t) (K;
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+ ki exp {x; (0}) = h; (1) (K;
+kigexp {x; (t = 1;)}) 2 7; (1) “1

_expx; (t - 7))

k(0 - (t) exp {x; (t - Tii)}}

—d; (t) (K; + k3 exp {x; (t)}) — h; () (K,»

L S <t>}) > (@ 4 HY)K,
exXp {ﬂikiz}

u u ki
- (df +hy) (kiS + ﬁ) exp {x; (1)}

1ikin}
L S O > - (d VK.
exp (k] exp {x; ()} 2 r; = (d + ) K,

k.
e (ks )
[ ’ exp {ﬂikiz}

u -1 u
r; (ki +¢ )

" exp {Tiikiz} ] P {Xi (t)} ’
(74)

noticing that rf - (d! + KHK; = rf/z > 0, denote (d} +
W) (ki3 + ki3 /expink;,}) + rl.”(ki_l +¢')/exp{t;k;} = kyy; from
Lemma 17, we have

liminfx, ()3 |0~k {M}llrf

minf x; (£) > | = - k; ; +In——

tiool xz 2 i4 eXp il 2ki4 (75)
=My

From (1) and (75), there exists a constant T, > T, such
that, fort > T,

v () +a; (1) y; (8) = b () exp {x, (1)}
+ B expix; (t-0;)}  (76)
> (b + B) exp {mi};
from Lemma 18, we have

b+ B exp {m
tlim inf y; (£) > ( : /51) - pima} = m,,. (77)
—00 ai

From (66), (68), (75), and (77), we obtain

m;; < tlim inf x; (t) < tlim sup x; (t) < M;,,
(78)
my, < tlgglomf y; (t) < tlirglosup y; (t) < My

then the solutions for system (1) are uniformly ultimate
bounded.
Therefore, the proof of Theorem 21 is completed. O

Noticing the differences of Definitions 1 and 19, due to the
exponential transformations in Section 1, when solutions of
system (1) or (9) are uniformly ultimate bounded, systems (5)
and (6) or (11) and (12) are permanent, and the contrary also
holds true. Then we have the following remarks.

Remark 22. If T = Z, then Theorems 20 and 21 reduce to
Theorems 6 and 4, respectively.

If T = R, we could get a new method to solve the
continuous result from Theorem 20. Thus, our result is a well
unification of continuous and discrete cases.

Remark 23. If T = R, then the result implies Theorem 3.

It is obvious that the conditions of Theorem 21 are weaker
than that in Theorem 2, and it includes the known results of
[14, 16] on R or Z, respectively. Thus, Theorem 21 is a well
unification of Theorems 3 and 4. And our result shows that
the additional conditions in [15, 17] are not necessary.

5. An Example

In this section, we give a numerical example to support our
main result. Let T = U;ZO[IZk + 3,12k + 11]; we assume

x%(t) = (0.6 + 0.4 cos (1))

Jio ek

" 1+0.5co0s (t) - 00Ly (t)} ’

(79)
Y2 (1) = =03y (t) + (0.8 + 0.2 sin (£)) exp {x (1)},
teT;

itis easy to see that the conditions in Theorem 20 are verified.
In this case, we know that

x(12k+3):x(12k—1)+4><r(12k—1){1

_exp {x(12k - 1)}

Fk-T) —c(12k-1) y (12k - 1)}, (80)

y(12k+3) = y(12k-1) -4 xa(12k-1) y (12k
-1)+b(12k - 1)exp {x (12k — 1)};

here k = 1,2,3,.... By applying numerical analysis from
Matlab, we obtain Figure 1. It is obvious that the solutions for
system (79) are uniformly ultimate bounded. Our numerical
simulation supports our theoretical findings (see Figure 1).

6. Conclusion

In this paper, we consider two systems with feedback control
on time scales. It is shown that these systems contain
the differential and difference systems as special cases. By
constructing some differential inequalities on time scales, the
uniform ultimate boundedness of solutions for these systems
is obtained. Compared with some previous relative results,
our results could unify the continuous and discrete cases
sufficiently (see Theorems 3 and 4). This provides a new
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x(8), y(£)

Y W
o\ﬁ}};ﬁﬁﬁﬁ\&\ﬁ})}l

t

—— x(t)
— ¥(6)

« »

FIGURE I: For the initial condition x(0) = 3 and y(0) = 4. “x

« »

presents x(t) and “=” presents y(t).

method to get the permanence of ecosystems. Our results
generalize and extend some known results. And a numerical
example shows the verification of our main results.
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