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The aim of this paper is to study the numerical contour integral methods (NCIMs) for solving free-boundary partial differential
equations (PDEs) from American volatility options pricing. Firstly, the governing free-boundary PDEs are modified as a unified
form of PDEs on the fixed space region; then performing Laplace-Carson transform (LCT) leads to ordinary differential equations
(ODEs) which involve the unknown inverse functions of free boundaries. Secondly, the inverse free-boundary functions are
approximated and optimized by solving of the free-boundary values of the perpetual American volatility options. Finally, the ODEs
are solved by the finite difference methods (FDMs), and the results are restored via the numerical Laplace inversion. Numerical
results confirm that the NCIMs outperform the FDM:s for solving free-boundary PDEs in regard to the accuracy and computational

time.

1. Introduction

The pricing problems of European-style options written on
volatility are widely studied in the literature by deriving the
explicit formulas [1-6], by using the simulation approaches
[7, 8], by using the PDE approaches [5, 9-13], and by the
empirical analysis [14]. However, the valuation of American-
style volatility options is more challenging due to the early
exercise (free boundary) property. Detemple and Osakwe
[15] derive the early exercise premium (EEP) representa-
tions of American-style volatility options under the general
stochastic volatility models: geometric Brownian motion
process (GBMP), mean-reverting Gaussian process (MRGP),
mean-reverting square-root process (MRSRP), and the mean
reverting log process (MRLP). The EEP representations
result in complex integral equations; however the integral
equations cannot be analytically solved and the iterative
methods for finding the numerical solutions of the integral
equations somehow lack convincing accuracy and reliabil-

ity.

This paper studies the numerical contour integral meth-
ods (NCIMs) for solving free-boundary partial differential
equations (PDEs) from American volatility options written
on the volatility whose price follows four well-known models:
GBMP, MRGP, MRSRP, and MRLP. The original idea of
NCIMs is developed by Zhou, Ma, and Sun [16] for solving
free-boundary problems of space-fractional diffusion equa-
tions; then Ma and Zhu [8] prove the convergence rates of
such methods under the regime-switching European option
pricing, and it can be described as follows. By approximating
the inverse function of free boundary, the free-boundary PDE
could be written as a unified form of PDE defined on a fixed
space region; then applying Laplace transform to the unified
PDE with respect to time variable results in a boundary value
problem of ODE; finally the finite difference method (FDM)
is adopted for solving the aimed ODE, and the computational
results are restored via the numerical Laplace inversion. How-
ever, it should be pointed out that the original paper needs
another consumable iterative algorithm for approximating
and optimizing the inverse function of free boundary, and
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TaBLE 1: Volatility models and infinitesimal generators.
Model Volatility process APV, 1)
= o’P oP
GBMP dv, =V, [Qu+o*)dt + 20dZ, 2ozvzﬁ +Qu+ aZ)VW —rP
= o’ O°P oP

MRGP th = (oc—/\Vt)dt+0dZt TW + (OC—AV)W —rP

= o°P oP
MRSRP dv, = (6% - 2AV,)dt + 20+/V,dZ, ZUZVW + (0% - 2AV)W —-rP

= a’V? o’P oP
MRLP dIn(V,) = (a — An(V,)) dt + 0dZ, v +(a—Aan)VW —rP

this paper has no such procedure by means of solving of
the free-boundary values of the perpetual American volatility
options, which can optimize the approximated inverse free-
boundary functions.

The remaining parts of this paper are arranged as fol-
lows: In Section 2, the free-boundary PDEs governing the
American volatility option price are presented and some
accompanied properties are introduced. In Section 3, the
NCIMs are studied for solving the aimed free-boundary
PDEs and some essential theorems are studied. In Section 4,
numerical examples are carried out to verify the effectiveness
of NCIMs. Conclusions are given in the final section.

2. Model Descriptions

Let V, denote the volatility of the underlying asset. Then
we consider the following four stochastic volatility models
[15] listed in the second column of Table 1. Meanwhile the
infinitesimal generators are listed in the third column of
Table 1.

In Table 1, Z, denotes the Brownian motion process under
risk neutral measure P, g, &, A, v (risk-free interest rate) and
o (volatility of volatility) are constants.

In the following, we describe the free-boundary partial
differential equations from American volatility options. Due
to the limitation of length, the put options are considered in
this paper and the call options are studied similarly without
essential difficulties. Denote by

f(V,t)= sup E [e_r(f_t) max (K - V,,0) |V, = V] )

€T o1

the price of American-style put option with underlying
stochastic volatility V,, current time ¢, maturity T, and strike
price K, where 9 is the optimal stopping set with the
Brownian motion filtration for t € [0, T].

Using transformation of time variable T = T — ¢ (namely,
the time to maturity), then the option price and the early
exercise boundary (namely, the free-boundary function) are
denoted by P(V,1) = f(V,T - 1) = f(V,t) and V(1)
respectively. Then the valuation of American volatility put
option can be formulated as a free-boundary problem

oP (V, 1)
or

P(V,T)=K -V, OsVsz(T) (3)

=dP(V,1), V>Vf(T),T>0, (2)

TaBLE 2: The values of &/(K — V) and V(0).

Model dK-V) V,(0)
GBMP (r-2u-ad*)V-rK K
MRGP r+ MV -—a—rK min <K “”K>
A+r
2
MRSRP (r+20)V —o® 1K min <K ﬂ)
20+ 71
MRLP (r+AlnV -V -rK min (K, V™)
oP(V,.(1),T
M -1, (4)
ov
Jim P(V.7) =0, ®
P(V,0) = max (K - V,0), (6)
where we can verify that
o [P Vv, 1)1 {ngfm}] =d(K-V), @)

where 1y, represents the indicator function and the values of
o (K-V) for different models are listed in the second column
of Table 2. Moreover the early exercise boundaries at initial
Vf(O) are given in the third column of Table 2, where V* is
the unique positive root of the following nonlinear algebraic
equation:

(r+AInV-a)V -rK =0, (8)

It is proved by [17, 18] for GBMP model and [18] for
MRGP model, MRSRP model, and MRLP model that the
free-boundary functions V() are continuously differen-
tiable, strictly decreasing and convex on the interval V ¢
[0, +00), which are confirmed by the simulation results in
[19]. Moreover we note that the free-boundary functions
Vf(T) are bounded on the interval (V,V], where V. =
V¢(00) are the early exercise boundaries of the corresponding
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perpetual American volatility put options, whose values
satisfy the following ODEs:
AP® (V) =0, V>V,(c0), 9)

PP (V)=K-V, 0<V<Vs(c0) (10)

dP* (V; (c0)) . a
dv
Am PF (V) =0, (12)

where the differential operators & are listed in the third
column of Table 1 with replacement of P by P*.

3. Numerical Contour Integral Methods
for Free-Boundary PDEs from American
Volatility Options Pricing

The aim of this section is to study the numerical contour
integral methods (NCIMs) for solving the free-boundary
PDEs (2)-(6).

From the PDEs (2)-(6), if the volatility falls into the
exercise region V' € [0, Vf('r)] for T € [0,00), then the value
of American volatility put is given by P(V, 7) = K-V, and we
can verify that it is equivalent to the following PDE:

PUD _ bW, -at (K-V),
or (13)

OSVSVf(T), T>0.

Combining (2) and (13) gives a unified form of PDE:

oP (V, 1)
or

=dP (V1) = (K=V) Loy, o)) (14)

V>0 7>0.

Recall that V € [0, Vf(T)] for all T € [0, +00); the value
of American volatility put option equals K — V on the region
V' € [0,V]. Therefore it suffices to solve the PDE (14) with
conditions

P(V,1)=K-V, (15)
V) (16)
FY%
Aim P(V,7) =0, 17)
P(V,0) = max (K - V,0). (18)

Now we focus on the Laplace-Carson transform (LCT)
methods for solving the unified PDE (14). For any complex
value z, the LCT is defined as

+

P(V,z) = J OOP (V,1)ze dr = Lo [P (V,7)] (2), (19)

0

which is essentially the same as the Laplace transform (LT),
and the reason for using the LCT is to simplify the notations

in later analysis. The relationship between LCT and LT is
given by

Z¢ [P(V,D)](2) =2zZ [P(V,7)] (2). (20)

Let Tf(V) be the inverse function of Vf(T). Since Tf(V)

is a strictly decreasing function on the interval (V, V] with
74(V+) = o0, Tf(V) = 0, then the LCT of Livev, () 1s given
by

+00
L [Lvevmn] =2 L e eyt

+00
—ZT
z L e’ Locr, (AT (21)

\%4
0

Applying LCT to PDE (14) with respect to the time
variable on the fixed region V' € [V, +00), we obtain that

AP (V,z)—zP(V,z) - (K-V) (1 _ e—zrf(V))

(22)
+zmax(K-V,0)=0, V>V,
and LCT to conditions (15)-(17) give that
P(V,z)=K-V, (23)
oPV,2) , (24)
oV
VlgnooP (V,z) = 0. (25)

The ODEs (22)-(25) cannot be solved directly as the unknown
V and the function 7,(V) are involved. In next paragraphs, we
derive the value V and design an approximation for 7,(V).
Assume that ¢(V) is a solution of (9) and satisfies
condition (12). Then P™°(V') = C¢(V) with C being a constant
is also the solution of (9) with (12). Using (10) and (11), we have

C¢ (V; (00)) = K =V (00), (26)
d¢ (V)
B =1 @)
This gives a nonlinear algebraic equation
dg (V)
#(Vy (00)) = (V} (00) =K) =5rlvryeop - (29)

with unknown Vf(oo). Solving (28), we get the value V =
Vf(oo). In the following, we aim to solve ¢(V) exactly that
allows us to avoid using the iterative procedure in [16] for
approximating 74(V) and optimizing NCIMs.

Theorem 1. Under GBMP model, the value of V(c0) is given
by

_ Ky
Vi o) = (29)

—(2u-a")- \/(2M—02)2+802r_ (30)

402

)}:
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Proof. The proof is provided by [20]. O
Theorem 2. Under MRGP model, the value of P (V) is given
by
o ro1 (a=AV)>?
PP (V) = — > 31
) C"’[uz Ao G1)

where y(-) is the degenerate hypergeometric function (see, e.g.,
[21]), and C is a constant to be determined.

Proof. Under MRGP model, the ODE (9) can be rewritten as

o? 9*pP® op®
9 _ 9 po 32
S o2 + (x = AV) v rP 0. (32)

Using the variable transformation y = « — AV, and the
function transformation P(y) = P®((a — y)/A), further
inserting

oP® opb
— ==, 33
oV dy 33)
o’P®  ,9°D
=)\ ==, 34
ov? oy? (34)

into (32) yields
Ay— —rP =0, (35)
y

whose basic solutions are just the degenerate hypergeomet-
ric functions ¢(r/2A,1/2, yz//laz) and y(r/2A,1/2, yz/)toz)
(see, e.g., [21]).

Thus the general solution of (32) can be expressed as

- 1 (a—AV)?
W= 30y
(36)
r 1 (oc—/\V)z]

rey [az 102

where C, and C, are constants to be determined.

Noting that limy,_,  ¢[r/2A,1/2, (e — AV)?/Ao?] = +00,
from condition (12), we obtain that C; = 0. Thus the general
solution of (32) is

2
w] , (37)

. r 1
P (V):Cz‘/’[ﬁi’ e

where we complete the proof. O

Theorem 3. Under MRSRP model, the value of P* (V') is given
by

X -1/4
P® (V) = CeM* <A—‘2/) Wi (A—‘;) , (38
g g

where Wy ,.(-) is the Whittaker function (see, e.g., [22]), and
k=1/4-r/2A,m = 1/4, C is a constant to be determined.
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Proof. Under MRSRP model, the ODE (9) can be rewritten
as

o*p® 5 op® -
aVZ + (O' - ZA,V) W —-rP7 =0. (39)

20°V

Using the variable transformation y = AV/o?, and
the function transformation P(y) = P (o? y/A), further
inserting

X2 (40)

oV o? oy

2po0 12325
orT _AMob (a1)

ov2 gt oy?

into (39) yields
o’P P =

2A\y— +A(1-2y) — -rP =0, 42
yayz +A( ) 5 r (42)
further using the function transformation P(y) =

y~*e’2W(y), and inserting

Py Dwiyew )], @

dy 2 4y

P y,zK 5 1 1)
- SRS | 74
0y? yoe 16y? 4y+4 ()

(44)
+ <1 — %)W' (y) +W" (y)]

into (42) yields

a*w (y) 1 k 1/4-m’
a7 +<——+—+ 5 )W(y):o, (45)
where
1
mzz,
(46)
_1or
42X

whose basic solutions are just Whittaker functions M,_,,(y)
and W;,.(y) (see, e.g., [22]). Therefore the basic solutions of
equation (39) are

AV e AV
¢>(V)=( ) e Wk,m(g)

o?
) (47)
AV i/ /\V/Z(Tz AV
=) M (),
and the general solution of (39) can be expressed as
PP (V) =Cip (V) +Cuy (V), (48)

where C, and C, are constants to be determined.
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Noting that limy,_,  w(V) = +00, from condition (12),
we obtain that C, = 0. Thus the general solution of (39) is

5 -1/4
P® (V) =C MV (%) Wk,m<%), (49)

where we complete the proof. O

Theorem 4. Under MRLP model, the value of P* (V') is given
by

r 1 (AnV-a+d?2)
2072 Ao?

, (50

P® (V) =Cy [
where y(-) is the degenerate hypergeometric function, and C is
a constant to be determined.

Proof. Under MRLP model, the ODE (9) can be rewritten as

o?v? 9*p® op®
_ P> = 51
S v + (- AInV)V v rP 0. (51)

Using the variable transformation y = A InV — & + ¢%/2,

and the function transformation P(y) = P ~o*/2+a)/ Y,

further inserting

o _
LR (52)
oV e(y—a [2+a)/A a)/

o*p® B A2 az_ﬁ A @ (53)

V2 T py-o*/ata)/) 0y? 200?24/ oy’

into (51) yields
a’)\* 9*P oP

—— _)\y— —rP =0, 54
s VS, (54)

whose basic solutions are just the degenerate hypergeomet-
ric functions ¢(r/2A,1/2, yz/)toz) and y(r/2A, 1/2,)/2//\02).
Thus the general solution of (51) can be expressed as

- ro1 ()Lan—oc+02/2)2
=G [ﬁz i }
(55)
ro1 (Aan —a+ (72/2)2
Ty T e ’
where C, and C, are constants to be determined.
Noting that lim,_, ¢[r/24,1/2,(AlnV - o +

?/2)*/A?] = +oo, from condition (12), we obtain
that C; = 0. Thus the general solution of equation (51) is

r 1 (AlnV-a+d?2)
ﬁ)ia AO’Z > (56)

P® (V) =Gy [

where we complete the proof. O

TaBLE 3: Difference operators.

Model dP(z)
P, —2P+P D, -P _
GBMP 202V2 i+l i i-1 + (2/4 + 0_2)\/1 i+l i-1 T'Pi
' AV? 20V
MRGP 0_2Pi+1_2Pi+Pi—1 +(¢x—/\\/,-)Pi+l_Pi_l P,
2 AV? 2AV
P, -2P +P b, -P R
MRSRP ZOZ\GM +(02_2Wl_)u -rP,
AV? 2AV
272 = = —~ P
oc’V: P, , —2P. + P, P.,-P =~
MRLP Pl “ L (- A V)V, L P

2 AV? 2AV

Recall again that 7,(V') is the strictly decreasing function

on the interval (V, V] with Tf(z+) = 00, Tf(V) = 0. Thusitis
similar to [16], and we construct an approximation of Tf(V)

0, V>V,
£
_ v-v\~? _
7 (V) = €1<—ln_ —) , vev<y, ©7)
V-V
+00, V=YV,

where ¢, k = 1,2 are positive numbers to be determined by
the following optimization.

Now we adopt the finite difference method (FDM) to
solve the ODE (22) with boundary conditions (23)-(25). We
define uniform mesh V; = V+iAV, i =0,1,..., N with V =
Ve Where V. is a sufliciently larger number such that
P(V,.0» 2) = 0. Let P, be the approximation of P(V;, z) at mesh
point V = V, for any complex value z, i.e., P(z) = P(V,, 2);
then the ODE (22) can be discretized as, fori = 1,2,...,N—1,

P, (z) - 2P, (2) = o (K - V;) (1 -5 ™)

(58)
- zmax (K - V,,0),
with boundary conditions
Py=K-V,
_ (59)
Py =0,

where the difference operators < are defined in the second
column of Table 3.

Using (59), the linear system (58) can be expressed as in
the matrix form

(A-2DP(2) =g (2), (60)

where the coeflicient matrix A is defined as

b g 0 - 0
0 ... ayy byy cones
0 ... 0 an by,
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TABLE 4: Coeflicients.
Model a; b, ¢
GBMP 20°V) Qu+a?)V, 40°V} 20°V} L Cur )V,
- - -r
AV? 2AV AV? AV? 2AV
MRGP a’ a—-AV; a’ a’ L% AV,
v _ - 2 2T
2AV? 2AV AV? 2AV? 2AV
MRSRP 20°V, o -2V, 40*V, 20°V, . o’ =21V,
_Z e _ —r ]
AV? 2AV AV? AV? 2AV
MRLP V7 (a-AlnV)V, a*V? a’v;? , [@-Aln V)V,
2AV? 2AV AV? 2AV? 2AV

moreover the solution vector P(z) and the constant vector
g(z) are defined as, respectively,

P@)=(P @), B, -\ Py,(2), Py, (@), (62)
g(2)

_ _ . (63)
:(91 (2)—a1Py, 9,(2), -+ gn-2(2), Gna (Z)*CI\HPN) >

where elements in the matrix A are listed in Table 4, and

9 (2) = (K-V;) (1-e*7™)
(64)
- zmax (K - V,,0).

Let a(z) be the first row of (A — zI)™}; then a(z) is given
by the following linear system:

a(z) (A -2zI) =[1,0,0,...,0]. (65)
Thus the first element in the solution vector is given by
P (2) =a(2)g(z:6,6), (66)

where g(z;¢,,¢,) = g(z), and the approximation of 7,(V;)
involved in g(z), fori = 1,2,..., N — 1, is given by (57).

We find the parameters {£;}, k = 1,2 such that the
condition (24) holds for all real values of z > 0. A practicable
way given by Zhou, Ma, and Sun [16] is to consider a sequence
of z,,2,,...,2, (m > 2) and find the values of unknown
{¢,}, k = 1,2 that minimize the sum of residue

(67)

Inserting (66) into (67), we can find the values of
parameters {¢}, k = 1,2 by solving the following dis-
crete optimization problem, for given real positive numbers

215295052, (M22),
m z; z50,6,)—(K-V
min (=))8(=;6.6) - _)+1, (68)
el,ezzojzl AV

for approximation formula (57). After carrying out the opti-
mization procedure (68), then we can find the approximation
of the early exercise boundary V,(7) as the inverse of the
function Tf(V).

After solving the linear system (60) and only by recog-
nizing the relationship between LCT and LT (20), we can
use Laplace inversion to recover the nodal values, for i =
0,1,...,N,

P(V,1)=2" [@] (69)
and apply the cubic spline interpolation to obtain the option
value function P(V, 7).

In the following, the hyperbolic contour integral methods
for Laplace inversion are studied to restore the option prices.
Denote

V=(V,Vp..., Vi) (70)

P(r)=(P(V,,7),P(Vy,7),....P (V7)) , (7D

P(2)=(P(V1,2),P(Vy2),...P(Vy2)) . (72)
And the term g(z) can be rewritten as two parts
g(z) =g, (2)+g(2), (73)
With
g (2) = (91,1 (2)
- alﬁO’gl,z ()5 91n-2 (2) > g1, n-1 (2) (74)
~ !
- CN—1PN) >
8(2) = (021 (2), 922 (2) -2 022 (@), o1 (@) 5 (75)
where
9 (Z) =-d (K - \/z) e_ZTf(Vi)l{T>Tf(Vi)}
(76)
+9 (K-V;) - zmax (K - V;,0),
and
9, (2) = o (K - Vz) e_zrf(‘/i)l{rsrf(‘/i)}’ (77)

fori=1,2,...,N—1.
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Imz

Rez

FIGURE 1: An example of Hankel contours.

From (76) and (77), we can see that ¢*"|g,(z)/z] — 0
as Re(z) — —oo and €**|g,(2)/z] — 0 as Re(z) — +o0,
which guarantee that the following Laplace inversion formula
is feasible (see [16]):

P(7) =P, (1) + P, (1)

_ LJ ez‘fisl (Z)dz_l_L.J‘ eZTf)z (z)dz,
2mi Jr, z 2mi Jr, z

(78)

_ L J TA-2)"g @),
2mi Jr, z

ZT _ -1
RS J A g @),
2mi T, z

where the contours I'; and I, should be chosen as two special
Hankel contours as in Figure 1 which enclose all singularities
of 131(2)/2 and 131(2)/2, respectively. From expression (78),
we can see that e*"P,(z)/z — 0 as Re(z) — —oo and
ezrlA’z(z) /z — 0 as Re(z) — +o0o provided that all
singularities of (A — zI)_lg1 (2)/z and (A - zI)_lgz(z)/z lie
in the left-half plane of the contour I or equivalently the
spectrum A(A) lies in a sectorial region X that will be proved
in the following.

Following [16, 23], the parameterized hyperbolic contour
I on the left-hand side is selected as

[:z()=v[1+sin(i{-0)], -oco<{<oco, (79)
where parameters » > 0 and 6 set the width and the
asymptotic angle of the hyperbolic contour, respectively.

Substituting the contour (79) into (78) gives

P, (1) = i i e1C) (Z)dz
! 2mi Jr, z

1 J+°° CLOREE y g

" 27 ) z(0)
h e ()P (2())
oomi, & z(¢,) ’

where {,, = mh for the trapezoidal rule and L is the number
of quadrature nodes. The parameters h, v are given by (see,
e.g., [23])

b PO
L

3 4n6—n2+2n6£

O @D

_ 20
6 - h 1( )’
p(9) = cos (40 — 71+ 26) sin O

which ensure that all singularities of the integrand in (80) lie
in a sectorial region

5= {z €C:larg(-2)| < 8,8 ¢ <o, g)} (82)

where 0 is a free parameter. The choice of the parameters (81)
leads to the following predicted convergence rate:

p (-t 3 EE )Py E) H
T) -5
1 27 m—L zZ ((m) (83)
< 0(OL)
where
n° =210 — 218
R(O)= ———F, (84)
p(0)

and || - || is some vector norm. According to expressions

(81)-(84), after the semiangle § of the sectorial region (82)
is given, then we can get the optimal 0 by maximizing the
function R(6), and thus the optimal parameters 4 and » can
be computed from the formulas (81).

The parameterized hyperbolic contour I, on the right-
hand side is selected as

L:z(@)=v[1+sin(i{ +0)], —-oc0o<{<oco0, (85)

where parameters h and v are given by formulas (81) with
setting § = 0 and

2 (2,) P, (2(2,))
() '

To analyze the spectrum of the coefficient matrix (61), we
follow the idea in [24] and construct a Toeplitz matrix A to
replace analyzing (61)

(86)

h L
P,(0)=5— )

m=—L

bt 0 0
ab ¢ 0
A= , (87)
0 a bc
0 0 ab



where the elements in the matrix A are defined as

_ a b
a= _—,
AVZ  2AV
- 2a
b = _W -1, (88)
_ a b
= — +——,
AVZ  2AV

where a and b are the mean values of the coefficients of
diffusion term and convection term of the studied PDEs
on the truncated domain [V, V], respectively. With the
constructed Toeplitz matrix, we can analyze the spectrum
A(A) and estimate the parameters of hyperbolic contour
roughly.

Theorem 5. The numerical range W (A) of A defined by (87)
lies in a sectorial region L5 such that

“W(K) cSs={zeC:arg(-2)| <&}, (89)
with
B |b|
d= arctan(zﬁ). (90)
And
A(R) cw' (A) < 3. (91)

Proof. Denote f(17) the generating function of A and
Q(f(n) ={f(n) | n € (—m,m)}. We shall use the following
two conclusions (see, e.g., [8,16]): the numerical range V'(A)
is a subset of the closure of convex hull of Q(f(#)), ie.,

W(A) € conv(Q(f)); let A,D € C™" and suppose that D
is positive definite; then the spectrum A(DA) is a subset of
the angular numerical range of A, i.e., A(DA) ¢ v (A).
The generating function can be written as
£ (1) =be™ +ce ™ + @
_ (92)
=b+(@+c)cosy+i(a—c)siny,

inserting (88) into (92) yields

f)

= 2—a(cos - 1)—r—iisin
~ayz Ay (93)

n € (-m,0)U(0,m),

further using (93), we have

Im (f (1))
Re(f (1))

_ (|bl /AV) |25sin (1/2) cos (1/2)]

~ r+2sin?(5/2) (2a/AV?)

~ (1bl /AV) |cos (17/2)]

v/ |2sin (n/2)] + [2sin (3/2)| (a/AV?)

. _lol
= 2+Jar’

(|6] /AV) |sin71|
~ r+(1-cosn) (2a/AV?)

(94)
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which shows that Q(f(#)) < Z;. Apparently the sectorial
region X is a closed convex hull; thus we have

V/A (K) c conv (Q(f)) € Zs. (95)

Since 7' (A) is also a sectorial region whose angle is just the
angular opening of the smallest angular sector that includes
W (A), thus we have

AR) 7' (A) €3 (96)
where we complete the proof. O

With Theorem 5, the Laplace inversion formulas (80) and
(86) can be properly used.

4. Numerical Examples

In this section, we use NCIMs for solving the free-boundary
PDEs (2)-(6) under four stochastic volatility processes:
GBMP, MRGP, MRSRP, and MRLP. The results are compared
with that by the FDMs [25]; moreover the relative error (RE)
criterion is adopted to measure the computational accuracy.
Relative error is defined by (see, e.g., [26])

P - P
RE = | NCI? FDMl’ (97)
FDM

In the test, we set V., = 4K and T' = 2, the space mesh
partition number N = 4000 for FDMs and NCIMs. Moreover
the FDMs, when time mesh sizes equal 7'/2000, are taken as
the benchmark methods. The positive values z;, = k (k =
1,2,...,m) with m = 4 (see expression (68)). The Matlab
command “fminsearch” is used to search the approximate
parameters £}, k = 1,2, with initial values ¢, = 1, k = 1,2,
besides we use the technique in [16] to get the optimal V for
MRGP and MRLP models since it achieves more accurate
results. Moreover we compute the option prices in one Table,
plot one figure including two subfigures, i.e., the early exercise
boundaries (left), NCIMs errors versus L (right) in the sense
of L*-norm, for the given volatility model. The L*-norm is
defined as

1/2

- |7 26 %)
r N+1&"

The codes are run in MATLAB R2014a on a PC with
the configuration: AMD, CPU A10-9600P@2.40 GHz, and
24.0 GB RAM.

4.1. Implementations for GBMP Model. In this test, the model
parameters are taken as 4 = 0.4, 0 = 0.5, r = 0.05, and
K = 1. The numerics in Table 5 show that the prices obtained
by NCIM and FDM benchmark are very close and the relative
errors are less than 0.25% in most cases, whereas the CPU
time for NCIM is less than the FDM, and the reasons for
NCIM achieving good performance have two aspects: on the
one hand, the NCIM has the exponential-order convergence
rate with respect to the number of the quadrature nodes L
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TaBLE 5: Comparison results (option values, relative errors and CPU time).
FDM NCIM
Vo T/250 T/500 T/1000 T/2000 L=14
value value RE (%)
0.5 0.50000 0.50000 0.50000 0.50000 0.50000 0.00000
1 0.19484 0.19489 0.19491 0.19493 0.19441 0.26676
1.5 0.10127 0.10132 0.10135 0.10136 0.10113 0.22691
CPU times (s) 315 453 732 1335 186 -
TAaBLE 6: Comparison results (option values, relative errors and CPU time).
FDM NCIM
Vo T/250 T/500 T/1000 T/2000 L=6
value value RE (%)
0.5 0.69600 0.69624 0.69636 0.69642 0.69152 0.70217
1 0.58613 0.58649 0.58668 0.58677 0.58206 0.80270
15 0.52618 0.52663 0.52685 0.52696 0.52280 0.78755
CPU times (s) 613 785 1141 1808 87 -
TABLE 7: Comparison results (option values, relative errors and CPU time).
FDM NCIM
Vo T/250 T/500 T/1000 T/2000 L=10
value value RE (%)
4 2.46906 2.46997 2.47044 2.47068 2.45192 0.75931
5 215034 2.15138 2.15189 2.15216 2.13482 0.80570
6 1.87964 1.88074 1.88129 1.88158 1.86568 0.84503
CPU times (s) 551 716 1045 1729 95 -

for the hyperbolic contour integral (see formula (83)); on the
other hand, there is no iterative procedure for numerical find-
ing the free-boundary value of the corresponding perpetual
American volatility put; thus it is not like [16]. In Figure 2
(left), we can see the boundary obtained by NCIM is very
close to that by FDM. Moreover in Figure 2 (right), we can
see that the error of the NCIM with respect to L roughly
behaves proportional to the theoretical ones exp(—0.2313L),
which means that the error exponentially decays with respect
to L.

4.2. Implementations for MRGP Model. In this test, the model
parameters are taken asa = 1.6,0 = 1, A = 2, r = 0.05, and
K = 1. The numerics in Table 6 show that the prices obtained
by NCIM and FDM benchmark are very close and the relative
errors are less than 0.8% in most cases, whereas the CPU time
for NCIM is much less than the FDM. In Figure 3 (left), we
can see the boundary obtained by NCIM almost matches that
by FDM; moreover the realized convergence rate of NCIM
roughly behaves proportional to the theoretical ones from the
right subfigure.

4.3. Implementations for MRSRP Model. In this test, the
model parameters are taken as o = 1.4, A = 0.001, » = 0.05,
and K = 5. The numerics in Table 7 show that the prices
obtained by NCIM and FDM benchmark are very close and

the relative errors are less than 0.8% in most cases, whereas
the CPU time for NCIM is less than the FDM. In Figure 4
(left), we can see the boundary obtained by NCIM is very
close to that by FDM; moreover the realized convergence
rate of NCIM roughly behaves proportional to the theoretical
ones from the right subfigure.

4.4. Implementations for MRLP Model. In this test, the model
parameters are taken as @ = 0.6, A = 0.1, 0 = 1,7 = 0.05, and
K = 5. The numerics in Table 8 show that the prices obtained
by NCIM and FDM benchmark are very close and the relative
errors are less than 0.9% in most cases, whereas the CPU
time for NCIM is less than the FDM. In Figure 5 (left), we
can see the boundary obtained by NCIM is very close to that
by FDM; moreover the realized convergence rate of NCIM
roughly behaves proportional to the theoretical ones from the
right subfigure.

5. Conclusions

This paper studied the NCIMs for solving free-boundary
PDEs from American volatility options pricing. The free-
boundary PDEs could be written as a unified form of PDEs
on a fixed space region, and performing the Laplace trans-
form gave the parameterized ODEs with unknown inverse
function of free boundary, then the value of early exercise
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FIGURE 2: Early exercise boundaries (left) under GBMP model with T/2000 for FDM and L = 14 for NCIM, NCIM errors in log-scale versus
L (right).
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FIGURE 3: Early exercise boundaries (left) under MRGP model with T//2000 for FDM and L = 6 for NCIM, NCIM errors in log-scale versus
L (right).
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FIGURE 4: Early exercise boundaries (left) under MRSRP model with 7//2000 for FDM and L = 10 for NCIM, NCIM errors in log-scale versus
L (right).
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TaBLE 8: Comparison results (option values, relative errors and CPU time).

FDM NCIM
Vo T/250 T/500 T/1000 T/2000 L=14

value value RE (%)
4 1.94291 1.94363 1.94399 1.94418 1.93598 0.42177
5 1.63948 1.64031 1.64073 1.64095 1.62844 0.76236
6 1.40529 1.40617 1.40662 1.40684 1.39302 0.98234
CPU times (s) 431 582 1519 128 -

5

Early exercise boundary (V¢(7))

Time to maturity (1)

Error

FIGURE 5: Early exercise boundaries (left) under MRLP model with T//2000 for FDM and L = 14 for NCIM, NCIM errors in log-scale versus

L (right).

boundary of the perpetual American volatility put was solved
which enabled the inverse function of free boundary to be
well approximated, finally the FDM was adopted to solve the
ODEs, and the results were restored via numerical Laplace
inversion. Numerical comparisons of the NCIMs with the
FDMs were conducted to verify the effectiveness of the
method.
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