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The single level continuous sampling plan (CSP-1) is an in-line process control tool that has been commonly adopted in various
manufacturing industries. However, CSP-1 is designed for only satisfying the quality constraint. At the same time, CSP-1 has
disadvantages with the high probabilities of both Type I and Type II errors due to its inherent deficiency coming from the operating
procedure. In this work, an optimal scheme for process quality and cost control is proposed tomonitor the process cost and improve
the process quality. The CSP-1 and the process yield index (𝑆𝑝𝑘) are integrated in the present scheme, which work independently
and complementarily. The four parameters (clearance number, inspecting fraction, sample size, and critical value) are designed in
the proposed scheme under simultaneously considering the quality and cost constraints. The sole feasible inspection scheme in
CSP-1 under the two constraints is found and used for controlling the process quality. The probabilities of Type I and Type II errors
are concurrently controlled at the stipulated level with the risk control scheme, which is constructedwith two nonlinear inequation
based on the accurate distribution of the index 𝑆𝑝𝑘. A case study is illustrated to validate the effectiveness and practicality of the
proposed scheme.

1. Introduction

With the advances in manufacturing and control technology,
process quality can be constant at required level for the in-
control process. Multiple constraints, such as quality, cost,
risk, and environmental adaptability, are imposed on the pro-
cess control. The constraints are originated from the inten-
sifying market competition and the demand of sustainable
development. Many kinds of process control tools are devel-
oped to monitor and improve the process quality under vari-
ous constraints for the in-control process. As far as we know,
the process control tool is designed for satisfying only one
control constraint. For example, the continuous sampling
plan (CSP) is commonly adopted in process control; various
CSPs are presented for meeting only the quality constraint.
The process yield index (𝑆𝑝𝑘) is proposed to only express the
process capability. No process control tool is developed for
solving the optimal problem of multiple constraints.

Various CSPs are developed for satisfying the quality
requirement and used to improve and control the process

quality. The current literature on CSP can be generally
classified into three categories. Various CSPs with different
inspecting procedures were presented in the first kind of
literature. The single level CSP was designated as CSP-1 and
was widely adopted for process quality control in manufac-
turing [1]. To meet different demands in process control,
some reduced CSPs were presented with the objective of
decreasing the number of units inspected when the probabil-
ity of nonconformity for the processwas very low [2–5]. Some
tightened CSPs have been designed to guarantee that the
outgoing quality meets stringent quality requirements stip-
ulated by the customer [6–8]. Nevertheless, CSPs designed
under quality constraint have not taken other constraint, such
as cost and risk constraints, into account. The category II
literature has investigated the influence of the change of the
inspection scheme in CSPs on the inspection cost. From a
cost perspective, it was demonstrated that implementing a
CSP for a stable production process was inappropriate [9].
Considering the economic objective, the inspection scheme
in CSP-1 could work most effectively when the probability
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of nonconformity was roughly two-thirds of the value of the
average outgoing quality limit (AOQL) [10]. Moreover, the
different methods have been proposed for optimizing the
parameters of inspection schemes in CSP-1 in a view of cost
[11–14]. However, there is no agreed conclusion about how to
identify the inspection scheme in CSPs whose inspection cost
is the minimum. The third kind of literature has proposed
the integrated control scheme betweenCSP and other process
control tools, such as preventive maintenance and specifi-
cation limit [15–21]. The integrated schemes were designed
with the objective of minimizing the cost function. Never-
theless, no integrating process control scheme is presented
for simultaneously meeting the quality and cost constraints
by combining the CSP and other process control tools.

The in-control process is commonly regarded as stochas-
tic process. There are two kinds of risk when process con-
trol tools are adopted in process control. One risk is the
probability of making type I error that an in-control process
with good quality is rejected. The other is the probability
of making type II error that an in-control process with bad
quality is accepted. CSPs have an inherent deficiency that the
two risks are high [22–25]. The process yield index 𝑆𝑝𝑘 is an
effective performance measure for reflecting the influence of
the machining centre drift and process deviation fluctuation
on the probability of nonconformity. The index 𝑆𝑝𝑘 had a
one-to-one relationship with the probability of conformity
and nonconformity [26]. It has been demonstrated that the
natural estimator of 𝑆𝑝𝑘 was asymptotically normally dis-
tributed [27]. The accuracy of the natural estimator has been
investigated with a simulation technique [28]. The process
yields for some specified cases, such as the imprecise sample
data, circular profiles, autocorrelation between linear profiles,
and multiple stream processes, have been analyzed in some
literature [29–32]. In the above researches, the index 𝑆𝑝𝑘 was
used to only reflect the process capability. In recent years,
some variable sampling plans based on the process capability
indices have been proposed with the objective of building
the determination rules for the acceptance or rejection of
product lots [33–36]. Two risks are simultaneously taken into
consideration in the proposed variable sampling plans by
utilizing the inference property of the natural estimator 𝑆𝑝𝑘.
Nevertheless, no literature has been devoted to constructing
the risk control strategy with the index 𝑆𝑝𝑘 under quality and
cost constraints for in-line process control.

Distinguished from the objective of minimizing cost in
the sampling inspection for lot acceptance decision [34], the
in-line process control aims to reach the control goal of
minimizing total cost. The total cost constraint restricts the
in-constant process to keep constant at right capability level.
Thus, the reasonable inspection cost is permitted in process
control, which is called cost constraint.The integrated process
control scheme needs to be presented with simultaneously
considering the quality constraint and the inspection cost
constraint. The inspection cost constraint can be translated
into the maximum affordable inspected fraction for the in-
line process control. In this work, an optimal scheme for
process quality and cost control by combining CSP-1 and the
index 𝑆𝑝𝑘 is presented. CSP-1 is adopted in the integrated
scheme due to its simplicity and practicability in operation.

In the proposed plan, there are four parameters (the clearance
number, the sampling fraction, the sampling size, and the
critical value of the index 𝑆𝑝𝑘) under the quality and cost
constraints. The two parameters (the clearance number and
the sampling fraction) in CSP-1 are utilized to guarantee that
the average outgoing quality is conforming for the in-control
process. The index 𝑆𝑝𝑘 is used to construct the risk control
scheme. The two risks are concurrently controlled at the sti-
pulated level by constructing two nonlinear inequations with
the accurate distribution of the estimator 𝑆𝑝𝑘.

The rest of this paper is organized as follows. In Section 2,
the concept and estimator of the index 𝑆𝑝𝑘 are introduced.
In Section 3, the optimal scheme for process quality and cost
control and the operating procedure are presented.Themeth-
od of identifying the plan parameters is provided. In Sec-
tion 4, the values of the parameters of the optimal scheme for
three different quality constraints are tabulated for practical
purposes. Comparisons of the operating characteristic (OC)
curves between CSP-1 and the optimal scheme are given to
present the advantages of the integrated scheme. In Section 5,
an example of application is provided to validate the effective-
ness and practicality of the integrated control plan. Finally,
Section 6 concludes the paper.

2. Process Fraction Nonconforming and
Process Yield Index

The process fraction nonconforming, 𝑝, is a crucial per-
formance measure for in-line process quality control. For a
process that is well controlled, the value of 𝑝 can be taken as a
constant. However, the index of 𝑝 is an unknown variable and
needs to be estimated. Let 𝐹(⋅) be the cumulative distribution
function (CDF) of the quality characteristic interested, so𝑝 = 1 − [𝐹(𝑈𝑆𝐿) − 𝐹(𝐿𝑆𝐿)] for the in-control process with a
two-sided specification limits, where 𝑈𝑆𝐿 is the upper spec-
ification limit and 𝐿𝑆𝐿 is the lower specification limit. If the
quality characteristic follows a normal distribution, we get

𝑝 = 1 − {Φ(𝑈𝑆𝐿 − 𝜇𝜎 ) − Φ(𝐿𝑆𝐿 − 𝜇𝜎 )} (1)

where 𝜇 and 𝜎 are the process mean and the process
standard deviation, respectively, and Φ(⋅) is the CDF of the
standard normal distribution,𝑁(0, 1). Unfortunately, there is
no literature devoted to a study of the distribution properties
of the index of 𝑝.

Boyles [13] proposed the use of the process yield index,𝑆𝑝𝑘, to obtain an exact measure of the process yield for a
processwith a normal distribution.There is a one-to-one rela-
tionship between 𝑆𝑝𝑘 and the process yield. The proposed
index 𝑆𝑝𝑘 is defined as

𝑆𝑝𝑘 = 13Φ−1 {12Φ(𝑈𝑆𝐿 − 𝜇𝜎 ) + 12Φ(𝜇 − 𝐿𝑆𝐿𝜎 )} (2)

where Φ−1(⋅) is the inverse function of the CDF, Φ(⋅), of the
standard normal distribution. Let 𝐶𝑝 = (𝑈𝑆𝐿 − 𝐿𝑆𝐿)/(6𝜎)
and 𝐶𝑎 = 1 − |𝜇 − 𝑀|/𝑑, where𝑀 is the middle point of the
whole tolerance range,𝑀 = (𝑈𝑆𝐿 + 𝐿𝑆𝐿)/2, and 𝑑 is half the
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tolerance range, 𝑑 = (𝑈𝑆𝐿 − 𝐿𝑆𝐿)/2. Equation (2) can also be
expressed as

𝑆𝑝𝑘 = 13Φ−1 {12Φ (3𝐶𝑝𝐶𝑎) + 12Φ (3𝐶𝑝 (2 − 𝐶𝑎))} (3)

The formula for the relationship between 𝑝 and 𝑆𝑝𝑘 can
be obtained from (1) and (2):

𝑝 = 2 − 2Φ (3𝑆𝑝𝑘) , 𝑆𝑝𝑘 > 0 (4)

Table 1 shows the one-to-one correspondence between
process yield, process fraction nonconforming, and process
yield index.

The process mean 𝜇 and the process standard deviation𝜎 are usually unknown variables and need to be estimated
using the sample mean 𝑥 and the sample standard deviation 𝑠,
where 𝑥 = (1/𝑛)∑𝑛𝑖=1 𝑥𝑖 and 𝑠 = √(1/(𝑛 − 1))∑𝑛𝑖=1(𝑥𝑖 − 𝑥)2.
Thus, the estimator of 𝑆𝑝𝑘 can be written as follows:

𝑆𝑝𝑘 = 13Φ−1 [12Φ(𝑈𝑆𝐿 − 𝑥𝑠 ) + 12Φ(𝑥 − 𝐿𝑆𝐿𝑠 )]
= 13Φ−1 {12Φ (3𝐶𝑝𝐶𝑎) + 12Φ (3𝐶𝑝 (2 − 𝐶𝑎))}

(5)

The estimator 𝑆𝑝𝑘 is such a complicated function that it is
impossible to obtain its exact cumulative distribution func-
tion and probability density function. Lee et al. [14] furnished
a useful approximation to the distribution of 𝑆𝑝𝑘 under a
normal distribution as

𝑆𝑝𝑘 ≈ 𝑆𝑝𝑘 + 16√𝑛 𝑊
𝜙 (3𝑆𝑝𝑘) (6)

where 𝜙 is the probability density function of the standard
normal distribution𝑁(0, 1) and
𝑊

=
{{{{{{{{{{{

√𝑛2 [𝑎 (𝑠2 − 𝜎2)
𝜎 ] − √𝑛𝑏 (𝑥 − 𝜇)

𝜎 for 𝜇 < 𝑀,
√𝑛2 [𝑎 (𝑠2 − 𝜎2)

𝜎 ] + √𝑛𝑏 (𝑥 − 𝜇)
𝜎 for 𝜇 > 𝑀,

(7)

where 𝑎 and 𝑏 are defined as functions of 𝜇 and 𝜎 (or 𝐶𝑝 and𝐶𝑎):
𝑎 = 1√2 {

𝑈𝑆𝐿 − 𝜇𝜎 𝜙 (𝑈𝑆𝐿 − 𝜇𝜎 )
+ 𝜇 − 𝐿𝑆𝐿𝜎 𝜙 (𝜇 − 𝐿𝑆𝐿𝜎 )}
= 1√2 {3𝐶𝑝 (2 − 𝐶𝑎) 𝜙 (3𝐶𝑝 (2 − 𝐶𝑎))
+ 3𝐶𝑝𝐶𝑎𝜙 (3𝐶𝑝𝐶𝑎)}

Table 1: The process yield, process fraction nonconforming, and
corresponding value of the process yield index 𝑆𝑝𝑘.
Yield (%) fraction nonconforming (%) 𝑆𝑝𝑘
99.3066052 0.6933948 0.90
99.5628077 0.4371923 0.95
99.7300204 0.2699796 1.00
99.8367295 0.1632705 1.05
99.9033152 0.0966848 1.10

𝑏 = 𝜙 (𝑈𝑆𝐿 − 𝜇𝜎 ) − 𝜙 (𝜇 − 𝐿𝑆𝐿𝜎 ) = 𝜙 [3𝐶𝑝 (2 − 𝐶𝑎)]
− 𝜙 (3𝐶𝑝𝐶𝑎)

(8)

The estimator 𝑆𝑝𝑘 approximately follows a normal distri-
bution𝑁(𝑆𝑝𝑘, (𝑎2 + 𝑏2)/36𝑛(𝜙(3𝑆𝑝𝑘))2). Thus, the probability
density function of 𝑆𝑝𝑘 can be obtained as

𝑓𝑆𝑝𝑘 (𝑥) = √18𝑛𝜋
⋅ 𝜙 (3𝑆𝑝𝑘)√𝑎2 + 𝑏2 exp[[

−18𝑛 (𝜙 (3𝑆𝑝𝑘))
2

𝑎2 + 𝑏2 (𝑥 − 𝑆𝑝𝑘)2]]
,

−∞ < 𝑥 < +∞

(9)

3. The Optimal Scheme for
Process Quality and Cost Control

3.1. Quality and Cost Constraints. Two constraints, the aver-
age outgoing quality limit (AOQL) and the inspection capa-
bility limit (𝐴𝐹𝐼𝐿), are predetermined by the practitioner.𝐴𝐹𝐼 is the average fraction inspected. 𝐴𝐹𝐼𝐿 is the cost
constraint and represents themaximumaffordable inspection
workload. The value of 𝐴𝐹𝐼𝐿 is converted from the planned
inspection cost. The value of AOQL is generally stipulated
by the product designer or the customer. For the in-control
process, the proportion of nonconformance 𝑝 can be taken
as constant. Obviously, there exists a specified in-control
process, named limit quality process with quality limit 𝑝𝐼𝑄𝐿,
for which conforming outgoing quality can be achieved only
under the inspection capability limit 𝐴𝐹𝐼𝐿. This means that𝐴𝐹𝐼𝐿 = 1 − AOQL/𝑝𝐼𝑄𝐿 for the limit quality process with
the quality limit 𝑝𝐼𝑄𝐿. It needs to be noted that generally𝑝𝐼𝑄𝐿 > AOQL.

3.2. Determination of Parameters for the Quality Control
Scheme in CSP-1. Thequality control scheme in CSP-1 should
guarantee that the two constraints, AOQL and 𝐴𝐹𝐼𝐿, are
simultaneously satisfied when 𝑝 ranges from 0 to 𝑝𝐼𝑄𝐿.
According to the performance formulas in CSP-1 proved by
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Figure 1: Comparisons of the curves of (a) 𝐴𝑂𝑄 and (b) 𝐴𝐹𝐼 between (𝑖𝐿, 𝑓𝐿) and other two types of the AOQL contour schemes.

Yang [37], the set of inequalities can be constructed as follows
for the quality and cost constraints, respectively,

(1 − 𝑓) 𝑝𝑞𝑖
(𝑓 + (1 − 𝑓) 𝑞𝑖) ≤ AOQL (10)

𝑓(𝑓 + (1 − 𝑓) 𝑞𝑖) ≤ 𝐴𝐹𝐼𝐿 (11)

where 𝑝 ≤ 𝑝𝐼𝑄𝐿, 𝑞 = 1 − 𝑝, 0 < 𝑓 < 1, 𝑖 is the clear-
ance number and only takes positive integer, and 𝑓 is the
inspection fraction.

Obviously, all AOQL contour schemes can meet inequal-
ity (10) when 𝑝 ranges from 0 to 1. Figure 1 shows the
curves of the performance measures 𝐴𝑂𝑄 and 𝐴𝐹𝐼 for all
AOQL contour schemes under the given constraints AOQL
and 𝐴𝐹𝐼𝐿, and 𝐴𝑂𝑄 is the average outgoing quality. The
inspection schemes (𝑖2 , 𝑓2) represent the type of schemeswith𝑝𝐿 > 𝑝𝐼𝑄𝐿, (𝑖3, 𝑓3) with 𝑝𝐿 > 𝑝𝐼𝑄𝐿, (𝑖𝐿, 𝑓𝐿) with 𝑝𝐿 = 𝑝𝐼𝑄𝐿,𝑝𝐿 is the point where max(𝐴𝑂𝑄) = AOQL occurs. There
are infinite schemes, respectively, included in the two types
of the inspection schemes (𝑖2, 𝑓2) and (𝑖3, 𝑓3). The inspection
scheme (𝑖𝐿, 𝑓𝐿) with 𝑝𝐿 = 𝑝𝐼𝑄𝐿 has only one included.

It can be seen from Figure 1(b) that only the inspection
scheme (𝑖𝐿, 𝑓𝐿) can meet the inequality (11) when 𝑝 ≤ 𝑝𝐼𝑄𝐿.
Thus, the inspection scheme (𝑖𝐿, 𝑓𝐿) is the sole scheme which
can simultaneously satisfy the two inequalities (10) and (11),
named the optimal scheme.

It can be concluded from Figure 1 that the value of𝐴𝑂𝑄 increases gradually to the quality constraint AOQL
and the inspection workload also increases gradually to the
inspection capability limit 𝐴𝐹𝐼𝐿 when the process quality is
close to the quality limit 𝑝𝐼𝑄𝐿 for the optimal scheme (𝑖𝐿, 𝑓𝐿).

The scheme (𝑖𝐿, 𝑓𝐿) can achieve the conforming outgoing
quality 𝐴𝑂𝑄 < AOQL with a smaller inspection workload
than 𝐴𝐹𝐼𝐿 for an in-control process with 𝑝 < 𝑝𝐼𝑄𝐿 and𝐴𝑂𝑄 = AOQL under the inspection capability limit 𝐴𝐹𝐼𝐿
for an in-control process with 𝑝 = 𝑝𝐼𝑄𝐿.

The values of the parameters 𝑖𝐿 and 𝑓𝐿 cannot be easily
achieved with inequalities (10) and (11). Li et al. [38] proposed
the formulas to solve the parameters of the specified AOQL
contour scheme for the specified 𝑝. Thus, the parameters 𝑖𝐿
and 𝑓𝐿 can be obtained as follows:

𝑖𝐿 = 𝑞𝐼𝑄𝐿𝑝𝐼𝑄𝐿 − AOQL (12)

𝑓𝐿 = 𝑞𝑖𝐼𝑄𝐿𝑞𝑖𝐼𝑄𝐿 + 𝑝𝐼𝑄𝐿𝑖𝑞−1𝐼𝑄𝐿 − 1 (13)

where 𝑞𝐼𝑄𝐿 = 1 − 𝑝𝐼𝑄𝐿.
Table 2 shows various inspection schemes (𝑖𝐿, 𝑓𝐿) under

three quality constraints and various cost constraints. The
values of 𝑖𝐿 decrease and the values of 𝑓𝐿 increase when the
values of the quality limit 𝑝𝐼𝑄𝐿 become greater under the
given quality requirement AOQL.

In addition, it can be observed from Figure 1(b) that, for
the process with 𝑝 > 𝑝𝐼𝑄𝐿, the minimum inspection work-
load demanded formeeting the quality constraint exceeds the
inspection capability limit 𝐴𝐹𝐼𝐿; the production should be
stopped. Nevertheless, both the probabilities of making the
type I and II errors are high when the process is controlled
with the AOQL contour scheme in CSP-1. The risk control
scheme for controlling concurrently the two risks in the
optimal scheme should be redesigned under the quality and
cost constraints.
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3.3. Determination of Parameters for the Risk Control Scheme.
The in-control process with 𝑝 ≤ AOQL should be accepted
with a higher probability than 1 − 𝛼; 𝛼 is the probability of
making the type I error that the process with high quality
level is rejected. The in-control process with 𝑝 > 𝑝𝐼𝑄𝐿 should
be rejected with a higher probability than 1 − 𝛽; 𝛽 is the
probability of making the type II error that the process with
low quality level is accepted. However, the two types of risks
cannot be simultaneously controlled with the AOQL contour
schemes. Thus, the risk control scheme based on the index𝑆𝑝𝑘 is designed under the quality and cost constraints.

There are two key points, (AOQL, 𝛼) and (𝑝𝐼𝑄𝐿, 𝛽), that
need to be considered at the same time in the risk control
scheme. The OC curve should pass through the two desig-
nated points tomeet the two constraints AOQL and𝐴𝐹𝐼𝐿 . Let𝑆AOQL be the value of the process yield index corresponding
to the quality level 𝑝 = AOQL and let 𝑆𝐼𝑄𝐿 be the value
of the process yield index corresponding to the quality level𝑝 = 𝑝𝐼𝑄𝐿. Therefore, the two key points (AOQL, 𝛼) and(𝑝𝐼𝑄𝐿, 𝛽) for the OC function can be designated as (𝑆AOQL, 𝛼)
and (𝑆𝐼𝑄𝐿, 𝛽). It means that if the estimator of 𝑆𝑝𝑘 for the in-
control process is greater than the given value of 𝑆AOQL, the
probability of accepting the in-control process will be greater
than 1 − 𝛼, and if the estimator of 𝑆𝑝𝑘 for the in-control
process is lower than the fixed value of 𝑆𝐼𝑄𝐿, the probability
of accepting the in-control process will be less than the given
value of 𝛽.

For the quality characteristic following a normal distri-
bution and having a lower specification limit 𝐿𝑆𝐿 and upper
specification limit𝑈𝑆𝐿, the OC function with 𝑆𝑝𝑘 = 𝑆 can be
given as

𝑃 (𝑆𝑝𝑘 ≥ 𝑠0 | 𝑆𝑝𝑘 = 𝑆) = ∫∞
𝑠0

√18𝑛𝜋

⋅ 𝜙 (3𝑆)
√𝑎2 + 𝑏2 exp[[

−18𝑛 (𝜙 (3𝑆))
2

𝑎2 + 𝑏2

× (𝑥 − 𝑆)2]
]
𝑑𝑥, −∞ < 𝑥 < +∞

(14)

Thus, the two nonlinear inequalities specified by the two
risks can be obtained as follows:

𝑃1 (𝑆𝑝𝑘 ≥ 𝑠0 | 𝑆𝑝𝑘 = 𝑆AOQL) = ∫∞
𝑠0

√18𝑛𝜋
⋅ 𝜙 (3𝑆AOQL)
√𝑎2AOQL + 𝑏2AOQL

exp[−18𝑛 (𝜙 (3𝑆AOQL))2𝑎2AOQL + 𝑏2AOQL

× (𝑥 − 𝑆AOQL)2]𝑑𝑥 ≥ 1 − 𝛼

(15)

𝑃2 (𝑆𝑝𝑘 ≥ 𝑠0 𝑆𝑝𝑘 = 𝑆𝐼𝑄𝐿 ) = ∫∞
𝑠0

√18𝑛𝜋
⋅ 𝜙 (3𝑆𝐼𝑄𝐿)
√𝑎2𝐼𝑄𝐿 + 𝑏2𝐼𝑄𝐿 exp[−

18𝑛 (𝜙 (3𝑆𝐼𝑄𝐿))2𝑎2𝐼𝑄𝐿 + 𝑏2𝐼𝑄𝐿
× (𝑥 − 𝑆𝐼𝑄𝐿)2]𝑑𝑥 ≤ 𝛽

(16)

The two parameters, the critical value 𝑠0 and the sample
size 𝑛, must simultaneously satisfy the two nonlinear inequal-
ities (15) and (16).There are infinite values of the combination(𝑛, 𝑠0)which can meet inequalities (15) and (16).The specified
value of (𝑛, 𝑠0) which can simultaneously satisfy (17) and (18)
is the boundary of all the feasible combinations (𝑛, 𝑠0). It
means that the combination of (𝑛, 𝑠0) meeting (17) and (18)
can satisfy inequalities (15) and (16).

∫∞
𝑠0

√18𝑛𝜋
⋅ 𝜙 (3𝑆AOQL)
√𝑎2AOQL + 𝑏2AOQL

exp[−18𝑛 (𝜙 (3𝑆AOQL))2𝑎2AOQL + 𝑏2AOQL

× (𝑥 − 𝑆AOQL)2]𝑑𝑥 = 1 − 𝛼

(17)

∫∞
𝑠0

√18𝑛𝜋
𝜙 (3𝑆𝐼𝑄𝐿)

√𝑎2𝐼𝑄𝐿 + 𝑏2𝐼𝑄𝐿 exp[−
18𝑛 (𝜙 (3𝑆𝐼𝑄𝐿))2𝑎2𝐼𝑄𝐿 + 𝑏2𝐼𝑄𝐿

× (𝑥 − 𝑆𝐼𝑄𝐿)2]𝑑𝑥 = 𝛽
(18)

The solution (𝑛, 𝑠0) for (17) and (18) is sole. For example,
under two constraints, AOQL = 0.00018(𝑆𝐴𝑂𝑄𝐿 = 1.2485)
and 𝑝𝐼𝑄𝐿 = 0.0009(𝑆𝐼𝑄𝐿 = 1.1067), and two given risks,𝛼 = 0.1 and 𝛽 = 0.1, the sole solution (𝑛, 𝑠0) = (225, 1.1730)
can be obtained from (17) and (18). It implies that the value
of the estimator 𝑆𝑝𝑘 is calculated with the 225 sample data. If
𝑆𝑝𝑘 ≥ 1.1730, the process is judged to be controllable with the
current inspection scheme (𝑖𝐿, 𝑓𝐿) under the quality and cost
constraints, and the current inspection scheme (𝑖𝐿, 𝑓𝐿) will
continue. If 𝑆𝑝𝑘 < 1.1730, the inspection with the inspection
scheme (𝑖𝐿, 𝑓𝐿) will become uneconomic under the given
constraints AOQL and 𝐴𝐹𝐼𝐿, and the production should be
stopped or the maintenance will be triggered.

3.4. Operation Procedure. The roles of CSP-1 and the index𝑆𝑝𝑘 in the optimal scheme are independent and complemen-
tary when considering simultaneously the two constraints
AOQL and 𝐴𝐹𝐼𝐿 for the process quality and cost control.
The objective of employing an inspection scheme (𝑖𝐿, 𝑓𝐿) is
to reduce the proportion of nonconformance and achieve the
conforming outgoing quality. The combination of (𝑛, 𝑠0) is
used to control simultaneously the two types of risks and can
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be regarded as a new stopping rule for CSP-1. The operating
procedure for the optimal scheme is as follows.

Step 1 (process quality control). Calculate the value of the
parameters (𝑖𝐿, 𝑓𝐿) under the given values of AOQL and𝐴𝐹𝐼𝐿. Implement the inspection scheme (𝑖𝐿, 𝑓𝐿) according
to the procedure in CSP-1 for the process with the quality
characteristics interested.

Step 2 (process risk control). Calculate the value of the
parameters (𝑛, 𝑠0) under the given values of AOQL and𝐴𝐹𝐼𝐿.
Keep the latest number 𝑛 of inspection data consecutively in
the order of production when the inspection scheme (𝑖𝐿, 𝑓𝐿)
in CSP-1 is performed. Calculate the value of 𝑆𝑝𝑘 with the
latest number 𝑛 of inspection data. The determination is
carried out as follows:

(i) continue Step 1 if 𝑆𝑝𝑘 ≥ 𝑠0,
(ii) stop production if 𝑆𝑝𝑘 < 𝑠0.

where 𝑠0 is the threshold used to guarantee that the two risks
are controlled at the stipulated level. 𝑛 is the number of the last
inspection data recorded consecutively during inspection,
including the screening inspection stage and the fraction
inspection stage in CSP-1. The number 𝑛 of inspection data
is used to calculate the value of 𝑆𝑝𝑘.
4. Analyses and Comparisons

In the proposed optimal scheme for process quality and cost
control, process quality control can be achieved by perform-
ing the inspection scheme (𝑖𝐿, 𝑓𝐿), and process risk control
can be attained with the combination of (𝑛, 𝑠0).The combina-
tion of (𝑛, 𝑠0) also plays the role of stopping rule in the
inspection scheme (𝑖𝐿, 𝑓𝐿).The values of 𝑛 and 𝑠0 are different
for various values of 𝛼 and 𝛽 for specified constraints AOQL
and 𝐴𝐹𝐼𝐿. Tables 3–5 show the values of the combination
of (𝑛, 𝑠0) for 𝛼 = 0.01, 0.05, and 0.1, and 𝛽 = 0.01, 0.05,
and 0.1 under three quality requirements, AOQL =0.00018, 0.00143 and 0.0122, and three inspection capabil-
ity limits, 𝐴𝐹𝐼𝐿 = 0.6667, 0.8 and 0.8571. According to the
one-to-one correspondence between 𝐴𝐹𝐼𝐿, 𝑝𝐼𝑄𝐿, and 𝑆𝐼𝑄𝐿,
three different process yield limits, 𝑆𝐼𝑄𝐿 = 1.1534, 1.1067
and 1.0750 (𝐴𝐹𝐼𝐿 = 0.6667, 0.8 and 0.8571) under 𝑆AOQL =1.2485 (AOQL = 0.00018,); 𝑆𝐼𝑄𝐿 = 0.9520, 0.8966 and 0.8585
(𝐴𝐹𝐼𝐿 = 0.6667, 0.8 and 0.8571) under 𝑆AOQL = 1.0628
(AOQL = 0.00143); and 𝑆𝐼𝑄𝐿 = 0.6967, 0.6245, and 0.5734
(𝐴𝐹𝐼𝐿 = 0.6667, 0.8 and 0.8571) under 𝑆AOQL = 0.8354
(AOQL = 0.0122), respectively, are considered to examine
the behavior of (𝑛, 𝑠0). It can be observed from Tables 3–5
that the value of the sample size 𝑛 becomes smaller as the 𝛼
or the 𝛽 becomes larger.This phenomenon can be interpreted
tomean that if the practitioner reduces the expected values at
which high quality processes are rejected and/or low quality
processes are accepted, the sample size for the judgement on
the quality and capability of the processes will reduce. For a
given 𝑆AOQL, 𝛼, and 𝛽, the sample size becomes smaller as
the process yield limit decreases (the value of 𝑆𝐼𝑄𝐿 becomes
smaller). For a fixed 𝛼, 𝛽, and 𝑆𝐼𝑄𝐿, the value of 𝑛 becomes

smaller when the value of AOQL becomes larger (the value
of 𝑆AOQL becomes smaller). We can explain these phenomena
by saying that the determination of the quality and capability
of the processes can be done easily using a smaller number
of inspection data when the difference between the quality
limit 𝑝𝐼𝑄𝐿 and the quality constraint AOQL becomes larger.
For example, for 𝑆AOQL = 1.2485, 𝛼 = 0.01, and 𝛽 = 0.01, the
required number of inspection data is 1688 for 𝑆𝐼𝑄𝐿 = 1.1534
and only 485 for 𝑆𝐼𝑄𝐿 = 1.0750.

Figures 2–4 show theOCcurves to depict a comparison of
the optimal schemewith other twoAOQL contour inspection
schemes in CSP-1. It can be seen from Figures 2–4 that, for
various given values of the quality constraint AOQL and
various values of the process quality limit 𝑝𝐼𝑄𝐿(𝑆𝐼𝑄𝐿) (which
represents the cost constraint), the OC curves for the pro-
posed integrated schemes are more ideal than the OC curves
for the other two schemes in CSP-1.When 𝛼 and 𝛽 take larger
values, for example, when 𝛼 = 0.1 and 𝛽 = 0.1, the OC curves
still have a more ideal shape than the curves for the other
two schemes in CSP-1 at a higher yield level of 𝑆𝐼𝑄𝐿. When𝛼 and 𝛽 are both given smaller values, for example, 𝛼 = 0.01
and 𝛽 = 0.01, the OC curves are more ideal than the curves
for CSP-1 at various quality limit levels of 𝑝𝐼𝑄𝐿(𝑆𝐼𝑄𝐿). TheOC
curves for the optimal schemes move towards the right when
the values of 𝑝𝐼𝑄𝐿 become bigger (the values of 𝑆𝐼𝑄𝐿 become
smaller), which shows that the risk control scheme can supply
themore rational probabilities of the acceptance and rejection
for the quality control scheme in the optimal scheme than the
AOQL contour scheme in CSP-1.

It can be noted that the inspection workload has not
increased in the proposed integrated scheme because the
number of inspection data 𝑛 used to calculate the estimator
of 𝑆𝑝𝑘 is recorded during the CSP-1.

5. Example Application

In order to present the way in which the proposed optimal
scheme can be applied in practice, the following example
taken from a compressor manufacturing enterprise is con-
sidered. A cylinder is the key functioning part of an air con-
ditioning compressor. Cylinder thickness is an important di-
mension for ensuring compressor performance. Based on
the quality requirements given by the designer, the tolerance
range of the cylinder thickness is set to 27.784 ± 0.002 and
the quality requirement AOQL is set to 0.00018. The current
inspection scheme, (𝑖, 𝑓) = (1540, 0.5), is adopted in CSP-1 to
control the outgoing quality. For using the optimal scheme,
the values of the four constraints are specified as AOQL =0.00018 (𝑆AOQL = 1.2485), 𝐴𝐹𝐼𝐿 = 0.8571 (𝑆𝐼𝑄𝐿 = 1.0750),𝛼 = 0.05, and 𝛽 = 0.05. From Table 3, the optimal scheme
can be found as (𝑖𝐿, 𝑓𝐿, 𝑛, 𝑠0) = (925, 0.6515, 242, 1.1553).
Using the proposed control scheme, the probability of accept-
ing an in-control processwith high quality level (e.g., the non-
conforming fraction of the in-control process is lower than
the value of AOQL = 0.00018) is greater than 1−𝛼 = 0.95.The
probability of accepting an in-control process with low qual-
ity level (e.g., the value of the index 𝑆𝑝𝑘 is lower than the value
of 𝑆𝐼𝑄𝐿 = 1.0750) is less than the value of 𝛽 = 0.05. Per-
forming the quality control scheme (𝑖𝐿, 𝑓𝐿) = (925, 0.6515),
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Table 3: The values of (𝑛, 𝑠0) at 𝑆AOQL = 1.2485 (AOQL = 0.00018) and three levels of 𝑆𝐼𝑄𝐿(𝐴𝐹𝐼𝐿) for 𝛼 = 0.01, 0.05, and 0.1 and 𝛽 =0.01, 0.05, and 0.1.
𝛼 𝛽 𝑆𝐼𝑄𝐿 = 1.1534 𝑆𝐼𝑄𝐿 = 1.1067 𝑆𝐼𝑄𝐿 = 1.0750

(𝐴𝐹𝐼𝐿 = 0.6667) (𝐴𝐹𝐼𝐿 = 0.8) (𝐴𝐹𝐼𝐿 = 0.8571)
(𝑖𝐿, 𝑓𝐿) = (2776, 0.3086) (𝑖𝐿, 𝑓𝐿) = (1388, 0.5342) (𝑖𝐿, 𝑓𝐿) = (925, 0.6515)

𝑛 𝑠0 𝑛 𝑠0 𝑛 𝑠0
0.01 0.01 1688 1.1985 740 1.1730 485 1.1553

0.05 1271 1.1895 551 1.1610 362 1.1406
0.10 1046 1.1850 459 1.1520 305 1.1308

0.05 0.01 1229 1.2060 523 1.1850 345 1.1702
0.05 843 1.1985 370 1.1730 242 1.1553
0.10 673 1.1925 296 1.1640 195 1.1446

0.1 0.01 996 1.2120 431 1.1940 279 1.1808
0.05 661 1.2045 290 1.1820 188 1.1661
0.10 512 1.1985 225 1.1730 147 1.1553

Table 4: The values of (𝑛, 𝑠0) at 𝑆AOQL = 1.2485 (AOQL = 0.00018) and three levels of 𝑆𝐼𝑄𝐿(𝐴𝐹𝐼𝐿) for 𝛼 = 0.01, 0.05, and 0.1 and 𝛽 =0.01, 0.05, and 0.1.
𝛼 𝛽 𝑆𝐼𝑄𝐿 = 0.9520 𝑆𝐼𝑄𝐿 = 0.8966 𝑆𝐼𝑄𝐿 = 0.8585

(𝐴𝐹𝐼𝐿 = 0.6667) (𝐴𝐹𝐼𝐿 = 0.8) (𝐴𝐹𝐼𝐿 = 0.8571)
(𝑖𝐿, 𝑓𝐿) = (348, 0.3092) (𝑖𝐿, 𝑓𝐿) = (174, 0.5351) (𝑖𝐿, 𝑓𝐿) = (115, 0.6527)
𝑛 𝑠0 𝑛 𝑠0 𝑛 𝑠0

0.01 0.01 874 1.0035 371 0.9720 239 0.9498
0.05 655 0.9945 281 0.9585 181 0.9327
0.10 554 0.9885 236 0.9480 153 0.9214

0.05 0.01 639 1.0125 266 0.9870 168 0.9674
0.05 437 1.0035 186 0.9720 120 0.9498
0.10 358 0.9975 150 0.9615 97 0.9373

0. 1 0.01 508 1.0200 214 0.9960 135 0.9799
0.05 346 1.0110 144 0.9825 92 0.9624
0.10 265 1.0035 113 0.9720 73 0.9498

Table 5: The values of (𝑛, 𝑠0) at 𝑆AOQL = 1.2485 (AOQL = 0.00018) and three levels of 𝑆𝐼𝑄𝐿(𝐴𝐹𝐼𝐿) for 𝛼 = 0.01, 0.05, and 0.1 and 𝛽 =0.01, 0.05, and 0.1.
𝛼 𝛽 𝑆𝐼𝑄𝐿 = 0.6967 𝑆𝐼𝑄𝐿 = 0.6245 𝑆𝐼𝑄𝐿 = 0.5734

(𝐴𝐹𝐼𝐿 = 0.6667) (𝐴𝐹𝐼𝐿 = 0.8) (𝐴𝐹𝐼𝐿 = 0.8571)
(𝑖𝐿, 𝑓𝐿) = (39, 0.3145) (𝑖𝐿, 𝑓𝐿) = (19, 0.5437) (𝑖𝐿, 𝑓𝐿) = (12, 0.6629)
𝑛 𝑠0 𝑛 𝑠0 𝑛 𝑠0

0.01 0.01 324 0.7590 129 0.7140 78 0.6800
0.05 246 0.7470 99 0.6960 61 0.6590
0.10 206 0.7395 85 0.6855 52 0.6452

0.05 0.01 229 0.7710 89 0.7320 53 0.7026
0.05 163 0.7590 65 0.7140 39 0.6800
0.10 133 0.7500 53 0.7012 32 0.6647

0. 1 0.01 187 0.7800 71 0.7455 42 0.7188
0.05 127 0.7680 49 0.7267 29 0.6961
0.10 100 0.7590 39 0.7140 24 0.6800
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Figure 2: Comparisons of OC curves for the optimal schemes and inspection schemes in CSP-1 under AOQL = 0.00018 (a) at𝐴𝐹𝐼𝐿 = 0.6667,
(b) at 𝐴𝐹𝐼𝐿 = 0.8, and (c) at 𝐴𝐹𝐼𝐿 = 0.8571.

242 sample items are recorded consecutively, as shown in
Table 6. The normal probability plot of the 242 sample items
is displayed in Figure 5. Figure 6 shows the histogram of the242 observed data with the lower and upper specification
limits. Obviously, based on the normality test in Figures 5
and 6, the in-control process is shown to be close to a normal
distribution.

Carrying out the calculation with the 242 inspection data,
we get 𝑥 = 27.7842, 𝑠 = 0.000517, 𝑆𝑝𝑘 = 1.2144. Obviously,
the estimator of 𝑆𝑝𝑘 = 1.2144 is greater than the value of𝑠0 = 1.1553. The optimal scheme which can simultaneously
meet the two constraints AOQL = 0.00018 and 𝐴𝐹𝐼𝐿 =0.8571 will be continued. Table 7 shows a comparison of the
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Figure 3: Comparisons of OC curves for the optimal schemes and inspection schemes in CSP-1 under AOQL = 0.00143 (a) at𝐴𝐹𝐼𝐿 = 0.6667,
(b) at 𝐴𝐹𝐼𝐿 = 0.8, and (c) at 𝐴𝐹𝐼𝐿 = 0.8571.

performances between the original inspection scheme and
the optimal scheme, where 𝐿(𝑝) represents the probability of
acceptance. It can be seen from Table 7 that the performance𝐴𝐹𝐼 increases by 0.103172, 𝐴𝑂𝑄 decreases by 0.000028,
and the value of the probability of acceptance increases by0.062855.

6. Conclusions

An optimal scheme for the process quality and cost control is
proposed to monitor the process capability and improve pro-
cess quality. The CSP-1 and 𝑆𝑝𝑘, which play independent and
complimentary roles, are integrated in the optimal scheme.
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Figure 4: Comparisons of OC curves for the optimal schemes and inspection schemes in CSP-1 under AOQL = 0.0122 (a) at𝐴𝐹𝐼𝐿 = 0.6667,
(b) at𝐴𝐹𝐼𝐿 = 0.8, and (c) at 𝐴𝐹𝐼𝐿 = 0.8571.

The sole feasible inspection scheme in CSP-1 for meeting
concurrently the quality and cost constraints is one of the
AOQL contour schemes in CSP-1, which occurs at the point
of 𝑝𝐿 = 𝑝𝐼𝑄𝐿. Two types of risk under quality and cost
constraints are simultaneously controlled at the stipulated
level with the risk control scheme. The risk control scheme
is constructed with two nonlinear inequalities based on

the accurate distribution of the natural estimator 𝑆𝑝𝑘. The
combination of the two risk control parameters (𝑛, 𝑠0) plays
the role of the stopping rule in the inspection scheme (𝑖𝐿, 𝑓𝐿).
There is a one-to-one correspondence between the values
of the four parameters (𝑖𝐿, 𝑓𝐿, 𝑛, 𝑠0) and the given values of
the four constraints (quality, cost, and the two risks). The
proposed optimal scheme shows the advantages over the
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Figure 5: The normal probability plot of the 242 observations.
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Figure 6: The histogram of the 242 observations with double specification limits.

Table 7: Comparison of the performances of 𝐴𝐹𝐼, 𝐴𝑂𝑄, and 𝐿(𝑝).
(𝑖, 𝑓) = (1540, 0.5) (𝑖𝐿, 𝑓𝐿, 𝑛, 𝑠0) =(925, 0.6515, 242, 1.1553)

𝐴𝐹𝐼 0.602509 0.705681
𝐴𝑂𝑄 0.000107 0.000079
𝐿(𝑝) 0.794982 0.857837

original process control tools in the measures of 𝐴𝐹𝐼, 𝐴𝑂𝑄,
and the probability of acceptance.
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The data used to support the findings of this study are avail-
able from the corresponding author upon request.
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