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This paper is concerned with the existence and multiplicity of the positive solutions for a fractional boundary value problem with
multistrip Riemann-Stieltjes integral boundary conditions. Our results are based on the Leggett-Williams fixed point theorem. In
the end, two examples are worked out to illustrate our main work.

1. Introduction

Nowadays, differential equations with fractional order have
gained much attention and importance since they provided
valuable tools for their applications in various sciences,
such as gas dynamics, nuclear physics, electrodynamics of
complex medium, and polymer rheology. With this advan-
tage, fractional order models are regarded as more realistic
and practical. For more details about fractional differential
equations, we refer the readers to the monographs [1-4] and
papers [5-9].

Many scholars have studied the existence of nonlinear
fractional differential equations with a variety boundary con-
ditions. However, it is better to impose nonlocal conditions
because they can accurately describe the actual phenomenon.
Some authors studied multipoint boundary value problems;
for example, [10] discussed the infinite-point boundary value
problems

Dy,u(t)+ f(t,u(t) =0, te(0,1),

u(0) = Db u(0) =0, "

(]
D§+u(1) :ZEiDg+u(7]i)’
i=1
where2 <« <3,1< <2, 1<a-0<E&,n <1with

Yo Eiq;x_'g ~' < 1. Existence result of at least two positive

solutions is given via fixed point theorem in a cone.

Different from [10], some work focuses on the solvability
of the fractional differential equations with integral boundary
conditions. The details are found in [11-16] and the references
therein. In [17], Sun and Zhao investigated the following
fractional differential equation with integral boundary con-
ditions:

Dgu(t) +q(t) f(t,u(t) =0, te(0,1),

u(0)=u' (0) =0, 2)

1
u(l) = J g(s)u(s)ds,

0

where 2 < « < 3. By using the monotone iteration method
and some inequalities technique, the existence result of
positive solutions is obtained.

By the same method, Zhang [18] discussed the following
fractional differential equation with Riemann-Stieltjes inte-
gral boundary conditions:

DEu(t)+ f(tu(t) =0, te(01),

u(0) =u' (0)=0, 3)

DPu() = Ll DP u(t)dA (),

where2 < a <3, 0 < <1, A(t) is a bounded variation, and

_[01 Dg Lu(t)dA(t) denotes a Riemann-Stieltjes integral with
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a signed measure. This includes both the multipoint and a
Riemann integral in a single framework.

Motivated by the wide applications of nonlocal boundary
value problems and the results mentioned above, we consider
the following fractional differential equation with multistrip
Riemann-Stieltjes integral boundary conditions:

Diu(t)+ f(tu(t),Dfu®))=0, te(01), (4)

u(0) = Db u(0) =0,

m ©)

u(l) = ZaiJ u(t)dA(t),
=1

where2 < a <3,0< <1, c(0,1),i=1,2,...,m,and
Dy, is the standard Riemann-Liouville derivative; the nonlin-
ear term f is related to the lower derivative of the function u.
We emphasize that multistrip integral boundary conditions
in (5) state that the value of unknown function at the right
end point t = 1 of the given interval is equal to the linear
combination of the Riemann-Stieltjes integral values of the
unknown function on the subinterval I;, fori = 1,2,...,m.
The consideration of the fractional differential equation
together with multistrip Riemann-Stieltjes integral boundary
conditions makes problem (4) and (5) new. The proof of our
main results is based on the Leggett-Williams fixed point
theorem in a cone, which we present now.

Theorem 1 (Leggett—Williams fixed point theorem). Let P be
a cone in a real Banach space E, P, = {x € P | || x| < c}, ¥ bea
nonnegative continuous concave functional on P such that
Y(x) < x|l for all x € 1_3,:, and P(¥,b,d) = {x €e P | b £
¥(x), x|l < d}. Suppose that T : P, — P, is completely
continuous and there exist constants 0 < a < b < d < ¢ such
that

(S;) {x € P(¥,b,d) | ¥Y(x) > b} + @, and ¥(Tx) > b for
x € P(\Y,b,d);
(8) ITx|l < a for ||x|| < a;
(S3) Y(I'x) > b for x € P(¥,b,c), with |Tx| > d.
Then T has at least three fixed points x,, x,, and x,, which

satisfy

<] < a,

b<¥(x,), ©

a<|xs| with¥(x;) <b.

If there holds d = ¢, then condition (S;) implies condition
(S;) of Theorem 1. Throughout this paper, we always make the
following assumptions:

(H;) f:10,1] x [0, +00) x R — [0, +00) is continuous;

(H)2<a<3,0<B<,1<a-B<2;

(Hy) ; € [0,400), I; ¢ (0,1),i = 1,2,...,m,and A :
[0,1] — R is an increasing function of bounded
variation;

(H,) 0 <6, <1,whered, = Y" o L_ t* TdA(t).
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2. Preliminaries

In this section, we will present several definitions and lemmas
that are necessary for the proof of our main results.

Definition 2 (see [1]). The Riemann-Liouville fractional inte-
gral of order &« > 0 of a function y : (0,00) — R is given

by

Iy () = ﬁ jo (t— 9" y(s)ds, %

provided the right side is pointwise defined on [0, c0).

Definition 3 (see [1]). The Riemann-Liouville fractional
derivative of order &« > 0 of a function y : (0,00) — R is
given by

1

Dy, y(t) = m

(%) L (t-" " y(9)ds, (8)

where n = [«] + 1, [«] denotes the integer part of number «,
provided the right side is pointwise defined on [0, 00).

From the definitions of Riemann-Liouville’s derivative,
we can obtain the following statement.

Lemma4. Let « > 0; if we assumeu € C(0,1)N L(0,1), then
the fractional differential equation

Dy,u(t) =0 9)

hasu(t) = Ct*  +Cyt* 24 -+ Cpt* N, forsome C, € R, i =
1,2,..., N, as a unique solution, where N is the smallest integer
greater than or equal to «.

Lemma 5. Let o > 0; if we assume u € C(0,1) N L(0, 1), then

DS u)=u()+Ct*  +Ct* 4o
(10)
+ Cyt* N,

for some C; € R, i = 1,2,...,N, where N is the smallest
integer greater than or equal to «.

Remark 6. The following properties are useful for our discus-
sion:

W 1815 y(6) = ISP y@), fora > 0, B > 0, y(t) €
L'(0,1);
(2) DS, IS, y(t) = y(t), fora > 0, y(t) € L'(0,1).

Lemma 7. Suppose that (H,) holds. For y € C(0, 1) nLY0,1),
the unique solution of

Dy,u(t)+y(t) =0, te(0,1),

u(0) = Db u(0) =0, W

u(l) =y a JI u(t) dA (t)
i=1

i
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isu(t) = fol G(t, s)y(s)ds, in which
toc—l m
G(0:9) = Gy (1,9) + ~— Zocij G, (t,s)dA (), (12)
— 01,0 I;
where
1
G, (t,s) =
’ T (a)
toc—l (1 _ S)zx—l _ (t _ S)zx—l , 0<s<t<]1, (13)
(1 - )%, 0<t<s<l1

Proof. In view of Lemma 5, we reduce problem (11) to an
equivalent integral equation

u(t) = —I5u(t) + Ct* " + Ct* >+ Cyt*>, (1)

where C,,C,,C; € R are arbitrary constants. Consequently
the general solution of the problem (11) can be written as
1

u(t)——mj (t -9 y(s)ds+Ct* " + Ct*?

+ C3 273,

(15)

By u(0) = u(O)
then

0,we findC, = C; = 0. Sett = 1in (15),

r(l)j(l 9%

Together with the boundary
Py zL u(t)dA(t), we have

u(l) = y(s)ds+C;. (16)

condition u(1)

< __L ! _ a—1
;ociLu(t)dA(t)— o L (1- 9" y(s)ds -

+C,.
Hence the unique solution of (11) is

u(t)=-— r(l )J (t—9)""y(s)ds

a-1

1
_ a—1
+ r@ L (1=9)""y(s)ds

m (18)
+7 Y o J u(t)dA ()
i=1 I;

1 m
= L G, (t,s) y (s)ds + ta_lizzl(x,- J u(t)dA(t).

II

Furthermore,

;(xi L u(t) dA ()

m 1
=Y JI L G, (t,5) y (s) ds dA (t) 19)
i=1 i

m . m
+ (;rxi L t*“ 7 dA (t)) (i—ZIOCi L u(t)dA (t)>.

i

3
Then
iai J u(t)dA(t)
i=1
(20)
1
1_81;a JJ G, (t,5) y (s)dsdA (t).
Hence, the solution of (11) is
1 t(x—l m
u(t) = L Gy (t,s) y(s)ds + 1—81;“i
1 1
. J J Gy (t,s) y(s)dsdA(t) = J Gy (t,s)
5 Jo 0
toz—l m
cy(s)ds+ s Zoci
Li=1 (21)
1
. L L Gy (t,s) y(s)dA(t)ds
1 a-1 m
_ L Go(6:9) + {5 ;ai L G, (t,5) dA (t)
-y (s)ds = jl G(t,s) y(s)ds.
0
O

Lemma 8. The function G(t,s) defined by (13) satisfies the
following inequality:
P TA-9*T1-1)s
I'(a)

s(1—s)*!
Ta-1)"~ (22)
fort,s €[0,1].

Proof. For0 < s <t < 1,wehavel —s>1-t, and then

<Gy (ts) <

Go(t:8) = g [ 1=9" =t - 9]
B (OC 1) t—ts
= @ L_s x2dx
_ (=t [t~ ts) ~ (t = 9)]
- F(x-1)
(-9 P (1-1)s _s@ — )t
a [(ax-1) F(a-1)"

Gy (t,5) = m[t“ O e O (23)
“Te )[(t—ts)“ 2t —ts) - (t-9) T (t-9)]
r( )[(t—ts)“z(t ts) = (t— )" (t - )]
- Te )[t“ 1-9"2(1-1)s]

> [ -9 (1-1)s].



For0 <t <s<1,since2 <« < 3, we have

A=) (- D1 -9
Cob9) = =5 < I' (@)
o-2 a-1 a-1
<t s(1-ys) <s(l—s) ’ (24)
I'(x—-1) I'(e-1)
- - (1 -)s
Clbd="Tg * F @)
Then the proof is completed. O
For convenience, denote
5, = ij dA (),
2 21“ ,4A®
8, = ,.I t“"dA (1),
3 Zloc A
(1-6,+8,)s(1—s)*"
= > f Oal >
G (s) (=6 (@=-1) ors € [0,1]
(1-8,) (1= )" F 148, (1- 5" 25)
A(s) = s
T(a-p)(1-6)
fors € [0,1],
. 0%(1-8,)+6“" (8, - 9,)

>

(1-6,+8,)(ax—1)
where 0 € <0, %) is aconstant.

0, is introduced (H,). It is obvious that §, > §, > 85, A > 0
and G(s) > 0 for s € (0,1).

The following properties of the Green function G(t,s)
play an important role in this paper.

Lemma 9. The Green function G(t, s) defined by (12) satisfies
the following properties:

(1) G(t, s) is continuous on [0, 1] x [0, 1];

(2) G(t,s) = 0 fort,s € [0,1];

(3) G(t,s) < G(s) fort,s € [0,1];

(4) G(t,s) = AG(s) fors € [0,1], t € [0,1 - 0];

(5) IDE,G(t, s)| < As) for t, s € [0,1].

Proof. (1) and (2) hold obviously; we only show that (3)-(5)
are true.

(3) For any t,s € [0,1], by (12), (13), and the right
inequality of (22), we get

toc—l m
G(t,s) =G, (t,s) + 1——51;“" L G, (t,s) dA (t)
S (1-s)*!
T'(a-1)
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totfl m S(l_s)zx—l
t 1o 5, i:loci L Te-1 dA(t)
_s(1- ¥ s (1 -9,
S T(@-1  (1-6)T(a-1)

(1-6,+8,)s(1—s)*" B
S (1-6,)T(ax—1) =Gs).

(26)

(4) For any s € [0, 1], by (12), (13), and the left inequality
of (22), we get

min G(t,s) = min <G, (t,s
tc[6,1-0] () te[@,l@]{ 0 (t:9)

a-1 m

- Y, L G, (t,s)dA (t)}

i=1

] {toc—l (1 _
= min
te[6,1-6]

+

f)s(1-s)*"!
I'(x)

toc—l m J- t(x—l (1 _ t)S(l _ 5)06—1
i
I

27
+ o, T dA(t)]» (27)

i=1

i
9a—1 m

0°710s (1 — 5)*!
>
150

I'(x)

&;

li=1

j (tocfl _ t“)s(l _ S)ocfl
I

e dA (t)

6" (5, 85)
1-9,

_ s(1—s)*"!

I @) =AG(s).

[9“ +
(5) By the definition of G, (¢, s) and D€+t“ = ([(p + 1)/
T(p — B+ 1)t P(u > ~1), we have

B 1
DS G, (t,s) = ——
0+ 0( ) F(oc—ﬁ)
28
{t“_ﬂ_l(l—s)“l—(t—s)“ﬁl, 0<s<t<l, (28)

Pl (1 — )% 0<t<s<l.
Therefore,

‘D&Ge (t, s)| = ﬁ

{|tv¢—ﬁ—l (1 _ s)ocfl —(t- S)ocfﬁfl

ta—ﬁ—l (1- S)ot—l ,

<1
CEY)

{max {EFra-st @-9FY,

(1-s9)*",

0$S<t<1,

0st<s<l1
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1

S [ —
T (a-p)
max{(1-5)*",(1-9)F"}, o<s<t<,
(1-9"1, 0<t<s<l1
1 _ Bl
F ((x ) 1-39) .
(29)
From (13), it is evident that
_ 1 el
|Gy (t,5)| = Gy (8, ) < T (1-9)"". (30)
It follows from (29) and (30) that
‘D Gt s)’
‘D G, (b, s)’
[Pt =
+ mZ(x Ji GO (t, S) dA (t)
SO M (31)
T(a-p)
I () J s)“ !
—r @ Z . ——_dA(t)
_ _ep-1 el
_ (1-6,)1-5) +8,(1-35) A
[(a-p)(1-6))
The proof of the Lemma is completed. O

3. Existence Result

Define the space E = {u(t) | u(t) € C[0,1] and Dg+u(t)
C[0,1]} is endowed with the ordering u < v if u(t)
v(t), for all t € [0,1], and endowed with the norm |u||

max{|[ul|y, ||D0ﬁ+u||0}, where [lull, = maxte[o)l]lu(t)l.

/A m

Lemma 10. (E, | - ||) is a Banach space.

Proof. Let {u,},
Then clearly {u

be a Cauchy sequence in the space (E, | - ||).
Y seq P
ooy and {Dg L u,}o2 | are Cauchy sequences in

the space C[0, 1]. Therefore, {u,},, and {Dé; U, )02 converge
to some v and w on [0, 1] umformly and v,w € C[0,1]. We

need to proof that w = Dl3

Note that
0+D§+un (t) - Iéiw (t)|
1 -1
< mj (t—3s) lD u, (s) - w(5)|ds (32)

) mse[o 1] |D0+ n(S) u}(s)|

By the convergence of {Df U, )2, we have
lim Db u,(t)= 1P w(t) (33)

uniformly for t € [0, 1]. On the other hand, by Lemma 5 one
has Ilg Dl3 u,(t) = u,(t) + Cltﬁ_l, for t € [0,1] and some
C, € R Further we can obtain

Jim 16, Df,u, (6 = limu, () + e
(34)
=v(t)+C P
From (33) and (34), we have
Pw)=ve)+C P!, fortef0,1]. (35
Taking the 3-order derivative on both sides of (35) yields
DS 1P w(t) =

Di, [r0+ ], forteo1]. (36)

In view of Remark 6 and Lemma 4, we find that

w(t) = Dg+v(t), fort €[0,1]. (37)

This completes the proof. O
Define the cone P  E by

P={ucE|u() =0}. (38)

Let the nonnegative continuous concave functional ¥ on
the cone P be defined by

Y (u) = esm<ine|u(t)|‘ (39)

Lemma11. Assume conditions (H,)-(H,) hold. For anyu € E,
define the operator T by

1

(Tu) (t) = L G(t,s) f (s, u(s) ,D€+u (s)) ds, (40)

and then T : P — P is completely continuous.

Proof. First, we prove that T : P — P. In view of the nonneg-
ativeness and continuity of G(t,s) and f(t, u(t),D0ﬁ+u(t)), T
is continuous and (Tu)(t) > 0 for u € P. Hence TP C P.

Next, we show T is uniformly bounded. Let QO ¢ P be
bounded; that is, there exists a positive constant M > 0
such that |ull < M, forallu € Q.Let L = 1 + max{f(t,
u(t),DE u(t) |0<t<1,0<us<M -M< Db u) <
M}; then for u € Q, from the Lemma 9, we have

1
() (@)= | 669 f (5.0, D) s

1
L Jo G (s)ds,



|D§+ (Tw) (t)|

“|[

<LJ ‘D G (t, s)’ds<LJ. A (s)ds.

G(t, s)f(s u( D0+u (s))

(41)

Hence, T(Q)) is bounded.
Finally, we show T is equicontinuous. Indeed, for any u €
Q, t,t, € [0,1], t; < t,, we have

(@) () - T )] < [ 16 (29) - G 19)

f(su(s),Dh,u(s))ds < L J: Gy (t5»5)

-Gy (ty,8)

v %ia L Gy (t,5) dA (1)) ds

g0

sl ) (42)
(ta kil I)Za J'.GO (t,5)dA (1)| ds

L

" 1)(1—5)“ 1|ds+r( )

L (Y e
< ) 1057

| (b, =) = (t, —5)* | ds +
0

1
. J |t;‘_1
0

Note that, applying the mean value theorem, we arrive at
57— < a1ty — ) and (£, — )% = (£, —5)* 7 <
(a — 1)(t, — t,), which implies that

L
1-9,

- ti‘_ll Z(xz‘ L G, (t,s)dA (t)ds.
i=1 i

2
[(Tw) (t,) = (Tw) (t,)] < L(a—1) [m

0<s<1 {Z(X J G, (t,s)dA (t)]» (tz _ tl)

as t, — t;.

—0,

Moreover,

|D§+ (Tu) (t,) - DE_(Tw) (t, | j |D0+G t),s)

O+ tl’s)’f Su D0+u (S))
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D([);+G0 (tl’ 5)

<LJ

T (57 - )
T pa-8) &%

i=1

D0+G0 (tz’ )

J G, (t,s)dA(t)|ds
Ii
1
1| ey 5 e
el ]
(57" -

_ﬁ_l)m
Ta-pa-8) &%

i=1

- J Gy (65 dA (1) ds <
Ii

_ L
T'(a=p)
. Jl (tg_ﬁ_l - t'lx_'g_l) (1- s)“_l‘ ds

0

e ol e s

LT (&)
"T(a- )(1_5)J

taﬁl_taﬁ1|za

L
.Lco(t,s)dA(t)ds< e _1)[

1“(06)
1—6 fos {Z‘x J G, (t, S)dA(t)} (t,—t,)
— 0, ast, — 1.
(44)
Therefore, (43) and (44) imply that T : P — P is

equicontinuous for all u € Q. By means of the Arzela-Ascoli
theorem, T': P — P is completely continuous. O

For convenience, we denote
1
max {_[01 A(s)ds, Iol G(s) ds} ’

(45)
1

N=— -
AL G ds

Theorem 12. Assume that conditions (H;)-(H,) hold, there
exist nonnegative numbers 0 < a < b < ¢0, and f(t,u,v)
satisfies the following conditions:

(Hs) f(t,u,v) < Mc, for (t,u,v) € [0,1] x [0,¢] x [—¢, c];
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(Hg) f(t,u,v) < Ma, for (t,u,v) € [0,1] x [0,a] X [-a, a];

(H;) f(t,u,v) = Nb, for (t,u,v) € [0,1-0]x[b,c]x[-c,c].
Then BVP (4) and (5) has at least three positive solutions u,
u,, and u; such that

Jiur]] < a.
b<¥(u,)<|u <c (46)

a<|lus| <c with¥ (uz) <b.

Proof. We will verity that the conditions (S;)-(S;) of
Theorem 1 are satisfied.

Let P = {u € E | u(t) 2 0 and [lul| < c}. We first prove
that T : P, — P, is completely continuous. From Lemma 11,
we only need to prove that TP, ¢ P,. Foranyu € P, we have
0<u(t) <c, —c< D€+u(t) < ¢ forallt € [0, 1]. The assump-
tion (H,) implies f(t, u(t), DE,u(t)) < Mcfor 0 < t < 1.
Consequently, for ¢ € [0, 1],

1
[(Tw) (£)| = L G(t,s) f(s,u(s),D§+u(s))ds

1
$MCJ G(s)ds<ec,
0

D, (7w o) (47)

Jl DE.G (t,5) f (5,1(5), DE,u (5)) ds
0

1 1
< Mcj lD§+G(t, s)‘ ds < Mcj A(s)ds <c.
0 0

Thus, |Tull < c and further to get TP, c P.. Therefore
T : P, — P, is completely continuous.

Similarly, the conditions (S,) of Theorem1 can be
obtained by the assumption (H,). Here we do not do more
explanation.

Finally, in order to verity {u € P(¥,b,¢) | ¥Y(u) > b} + @,
we make u(t) = (b/@)tﬁ, 0 <t < 1. Itis easy to find that

b

-_— 3
= 9 > — R
Y (u) Gsntjgllne th 6f > b

]l = max{max |u ()], max ’D€+u (t)'} (48)
te[0,1] te[0,1]

= max{g,l"(ﬂ+ l)g} = g <c.
Ifu e P(W,b,c),wehave b < u(t) <c, —c < D0‘8+u(t) < ¢, for
0<t<1-6.Then
Y (Tu) = min |[(Tu)(t)|
f<t<1-0

1
> L AG (s)f(s,u(s),Déiu(s))ds (49)

1-6
. ij AG (s)ds = b;

0

that is, ¥(Tu) > b for all u € P(¥,b,c). This shows that
condition (S;) of Theorem 1 is also satisfied.

From the above, BVP (4) and (5) has at least three positive
solutions u,, u,, and u; such that

ler] < a,
b<¥(u,)<|u]<ec (50)
a < |us| <c with¥ (u;) <b.

The proof is completed. O

4. Example

Here we provide two cases to verify the feasibility and breadth
of the conclusion, where the strip intervals in boundary con-
dition (5) satisty intersection relation and inclusion relation
in Examples 1 and 2, respectively.

Example 1. Consider the boundary value problem of nonlin-
ear fractional differential equations as follows:

Dylu(®) + f (tu(t),Dyiu()) =0, te(0,1),

+ +

_ 05 —
u(0) = Dy7u (0) =0, (51)

2
u(l) = Zaij u(®)dA (),
i=1 I;
where oy = 1/2, «, = 3/5, I; = [1/8,5/8], and I, =
[3/8,7/8] satisfy I, N I, # @ and I, I, do not contain each
other. Let A(t) = t> + t for t € [0,1] and

t lv|  5u’

,  u<3,
T T (52)
— 4+ — + 1215, u > 3.
10 100

It is easy to see that f(t,u, v) satisfies condition (H,).
Take & = 1/10. By a simple calculation, we obtain &,

05202 < 1,8, = L1125 8, = 03257, [ G(s)ds
04827, [ A(s)ds = 13431, A = 0.0059, M = 0.7445, N
366.23.

Seta=1,b=3,c=2000suchthat0 < a < b < c0, and,
in addition,

(Hs) f(t,u,v) < 1235.1 < 1489 = Mc, for (t,u,v) € [0, 1]x
[0,2000] x [-2000, 2000];
<

]
(Hg) f(t,u,v) 0.6656 < 0.7445 = Ma, for (t,u,v) €
[0> 1] X [0’ 1] X [_1) 1])

(Hy) f(t,u,v) > 1215.01 > 1098.69 = Nb, for (t,u,v) €
[0.1,0.9] x [3,2000] x [-2000, 2000].

Thus, all the conditions are satisfied. According to
Theorem 12, BVP (51) has at least three positive solutions
Uy, Uy, and uy such that [luyl| < 1,3 < minggg; 99t (f) <
[, ]l < 2000, and 1 < [lus || < 2000 with min,¢(g; 99)45(t) < 3.



Example 2. Consider the boundary value problem of nonlin-
ear fractional differential equations as follows:

Dglu(®)+ f (tu(t),Dyu(t)) =0, te(0,1),

+

_ 05 _
u(0) = DyYu(0) =0, (53)

i

2
u(l) = Z(xij u(t)dA(t),
i=1 YL

where a; = 1/2, o, =
and I, D I,. Let A(t)

3/5, 1, = [1/8,7/8], I, = [3/8,5/8],
2 +tfort e[0,1],

t v 9wt
—+—+—, u<i4,
fluvn =92 3 16 (54)
— + — +2304, u=4.
20 50

It is easy to see that f(t,u, v) satisfies condition (H,).
Take 6 = 1/10. By a simple calculation, we obtain §; =

0.4768 < 1,6, = 1.05, §; = 0.2929, Iol G(s)ds = 0.4414,

[ A(s)ds = 1.5333, A = 0.0058, M = 0.6522, N = 411.18,
Seta=1,b =4, c =4000 such that 0 < a < b < ¢, and,
in addition,

(Hs) f(t,u,v) < 2384.05 < 2608.8 = Mg, for (t,u,v) €
[0, 1] x [0,4000] x [-4000, 4000];

(Hg) f(t,u,v) < 0.6325 < 0.6522 = Ma, for (t,u,v) €
[0) 1] X [03 1] X [_1) 1]7

(H;) f(t,u,v) = 2304.005 > 1644.72 = Nb, for (t,u,v) €
[0.1,0.9] x [4, 4000] x [~4000, 4000].

Thus, all the conditions are satisfied. According to
Theorem 12, BVP (53) has at least three positive solutions
uy, Uy, and uy such that [lu|| < 1,4 < min,gg; 094 (f) <
llu, |l < 4000, and 1 < [lu; ]| < 4000 with min,¢(y 1 g.9jt45(f) < 4.
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