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MiR-17-92 plays an important role in regulating the levels of the Myc/E2F protein. In this paper, we consider a coupling network
between Myc/E2F/miR-17-92 delayed negative feedback loop andMyc/E2F positive feedback loop described by a two-dimensional
delay differential equation. Based on linear stability analysis and bifurcation theory, sufficient conditions for stability of equilibria
and oscillatory behaviors viaHopf bifurcation are derived when choosing time delay as well as negative feedback strength associated
with oscillations as bifurcation parameters, respectively. Furthermore, direction and stability of Hopf bifurcation of time delay are
studied by using the normal form method and center manifold theorem. Finally, several numerical simulations are performed to
verify the results we obtained.

1. Introduction

Due to the development of large-scale experimental and
computational techniques, a posttranscriptional regulation
by small noncoding microRNAs (miRNAs) has been discov-
ered in many cellular processes, including cell growth, devel-
opment, differentiation, and apoptosis [1–4]. The miR-17-92
cluster as a polycistronic gene located in human chromosome
13 ORF 25 (c13orf25) is composed of 7 mature miRNAs [1].
MiRNAs play critical roles in biological processes, as post-
transcriptional regulators of gene expression [2]. MicroRNA-
based regulation has been simulated by specially designed
mathematical models [5–7]. The transcription factors E2F
and Myc act as tumor suppressors or oncogenes and par-
ticipate in the control of cell proliferation and apoptosis [1].
Aguda et al. proposed a simple model involving miR-17-92,
E2F, and Myc, which is composed of a positive feedback
(E2F/Myc) and a negative feedback (Myc/E2F/miR-17-92)
[1]. It presents a bistable switch behavior and a one-way
switch in the network, which corresponds to the bistability
and monostability, respectively [1, 2]. Subsequently, Li et al.
illustrated an abstract model of the network presented by

Aguda et al. and focused on the physiological significance
of miRNAs [2]. It was found that the existence of miRNAs
improves the ability of the bistable switches in the network
[2]. Zhang et al. further analyzed this abstract model and
suggested that the interlinked positive and negative feedback
loops buffer noise effects rather than only amplifying or
suppressing the noise [3].

Dynamical analysis of the system with time delay is
an essential topic in many fields, especially for the models
of gene expression (see [8–11]). Time delay is inevitable in
Myc/E2F/miR-17-92 network since feedback loops involve
many intermediate processes such as transcription, trans-
lation, and posttranslational modifications [12–14]. Time
delay influences the time-dependent dynamics even for the
simplest circuits with one and two gene elements, which can
give rise to rich dynamical behaviors such as periodic and
chaotic dynamics [15].

In this work, we consider the effect of time delay in the
delayed Myc/E2F /miR-17-92 network. As negative feedback
is often used in biochemistry to generate oscillations to
achieve homeostasis, the steady state may lose stability and
be replaced by oscillations [16]. So an inhibition efficiency
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Figure 1: An illustration of the network involving miR-17-92, E2F andMyc (a) and its abstractmodel (b), where P andM represent the protein
module (E2Fs and Myc) and miR-17-92 cluster, respectively.

parameter Γ2 in the network is incorporated into ordinary
differential equations to give rise to periodic solutions at
certain critical values.

Theorganization of the paper is as follows: we describe the
Myc/E2F/miR-17-92 network with time delay in Section 2. In
Section 3.1, we discuss local stability of the solution and Hopf
bifurcation of the network with respect to negative feedback
strength Γ2. Under different values of Γ2, local stability and
Hopf bifurcation of time delay are studied in Section 3.2. In
Section 3.3, a formula is given to determine the direction and
stability of theHopf bifurcation of the timedelay. In Section 4,
four examples on influence of time delay on different states of
negative feedback strength Γ2 are given to support our results.
Finally, the conclusions are drawn in Section 5.

2. Model Description

An illustration of network involving miR-17-92, E2F, andMyc
and abstract structure of this network are depicted in Figure 1,
where P is the protein module and M denotes the miRNA
cluster module.The positive feedback in module P (E2Fs and
Myc) as an autocatalytic process can lead to the transcription
of M but be inhibited by M.

AgudaBDet al. presented amodel of interaction between
miR-17-92, E2F and Myc, which is described by the following
differential equations [1]:

𝑑 [𝑃]𝑑𝑡 = 𝛼𝑝 + 𝑘𝑝 [𝑃]2Γ1 + [𝑃]2 + Γ2 [𝑀] − 𝛽𝑝 [𝑃] ,
𝑑 [𝑀]𝑑𝑡 = 𝛼𝑀 + 𝑘𝑀 [𝑃] − 𝛽𝑀 [𝑀] , (1)

where [P] and [M] represent the concentrations of P and
M, respectively. 𝛼𝑀 denotes the P-independent constitutive
transcription of M, and 𝛼𝑝 describes the constitutive protein
expression. Parameters 𝛽𝑝 and 𝛽𝑀 are the degradation rates
of P and M, respectively. Γ1 is the coefficient of protein
expression and Γ2 is the inhibition efficiency parameter. 𝑘𝑀
stands for the rate constant, and 𝑘𝑃 represents the constant of
protein expression.

For this model, we consider the inhibition efficiency
parameter Γ2 to explore stability of equilibria and oscillatory
behaviors via Hopf bifurcation through its critical value as
negative feedback usually leads to oscillation. Moreover, we
investigate the effect of the time delay in the network when

the concentrations of P and M are described by the following
delayed differential equations (DDEs):

𝑑 [𝑃]𝑑𝑡 = 𝛼𝑝 + 𝑘𝑝 [𝑃 (𝑡 − 𝜏)]2Γ1 + [𝑃 (𝑡 − 𝜏)]2 + Γ2 [𝑀 (𝑡 − 𝜏)]− 𝛽𝑝 [𝑃] ,
𝑑 [𝑀]𝑑𝑡 = 𝛼𝑀 + 𝑘𝑀 [𝑃] − 𝛽𝑀 [𝑀] .

(2)

For the convenience of analysis, we define

𝑃 = [𝑃]
and 𝑀 = [𝑀] . (3)

With these substitutions, system (2) can be rewritten as

𝑑𝑃𝑑𝑡 = 𝛼𝑝 + 𝑘𝑝𝑃2 (𝑡 − 𝜏)Γ1 + 𝑃2 (𝑡 − 𝜏) + Γ2𝑀 (𝑡 − 𝜏) − 𝛽𝑝𝑃,
𝑑𝑀𝑑𝑡 = 𝛼𝑀 + 𝑘𝑀𝑃 − 𝛽𝑀𝑀. (4)

The initial values for system (4) take the form of

𝑃 (𝜃) = 𝜑1 (𝜃) ≥ 0,𝑀 (𝜃) = 𝜑2 (𝜃) ≥ 0,𝜃 ∈ [−𝜏, 0) ,𝜑1 (0) = 𝑃 (0) > 0,𝜑2 (0) = 𝑀 (0) > 0,
(5)

where (𝜑1, 𝜑2) ∈ 𝐶([−𝜏, 0], [0, +∞)2), and all the parameters
are positive.

3. Main Results

System (4) exhibits dynamics behaviors of the steady state and
periodic phenomenon in the different parameter regimes.
Here, we focus especially on theoretical analysis on the
stability and existence of Hopf bifurcation of system (4).

3.1. Local Stability and Hopf Bifurcation of the Negative Feed-
back Strength Γ2. Firstly, at the time delay 𝜏 = 0, we consider
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Hopf bifurcation of the negative feedback strength Γ2 as the
measure of the miRNA inhibition through the critical values
and local stability of equilibrium before the bifurcation in
system (4).

Let𝐸∗(𝑃∗, 𝑀∗) be the equilibrium of system (4), and then

𝛼𝑝 + 𝑘𝑝𝑃∗2Γ1 + 𝑃∗2 + Γ2𝑀∗ − 𝛽𝑝𝑃∗ = 0,
𝛼𝑀 + 𝑘𝑀𝑃∗ − 𝛽𝑀𝑀∗ = 0. (6)

Eliminating 𝑀∗ from above equations, we get the following
equation on 𝑃∗:

𝛽𝑀𝛽𝑝𝑃∗3 + (𝑘𝑀Γ2𝛽𝑝 − 𝛽𝑀 (𝛼𝑝 + 𝑘𝑝)) 𝑃∗2
+ (𝛽𝑀Γ1𝛽𝑝 + Γ2 (𝛼𝑀𝛽𝑝 − 𝑘𝑀𝛼𝑝)) 𝑃∗− 𝛼𝑝 (𝛽𝑀Γ1 + Γ2𝛼𝑀) = 0.

(7)

Obviously, the equation has at most three positive real roots.
Setting 𝐸∗(𝑃∗, 𝑀∗) is one of the three roots.

Secondly, we translate the equilibrium 𝐸∗ to the origin.
By the linear transform

𝑥 (𝑡) = 𝑃 (𝑡) − 𝑃∗𝑦 (𝑡) = 𝑀 (𝑡) − 𝑀∗ (8)

system (4) becomes

�̇� (𝑡) = 𝑚𝑥 (𝑡 − 𝜏) − 𝑛𝑦 (𝑡 − 𝜏) − 𝛽𝑝𝑥
+ ∑
𝑖+𝑗≥2

1𝑖!𝑗!𝑓(1)𝑖𝑗 𝑥𝑖 (𝑡 − 𝜏) 𝑦𝑗 (𝑡 − 𝜏) ,
̇𝑦 (𝑡) = 𝑘𝑀𝑥 (𝑡) − 𝛽𝑀𝑦 (𝑡) ,

(9)

where

𝑚 = 2𝑘𝑝𝑃∗ (Γ1 + Γ2𝑀∗)(Γ1 + 𝑃∗2 + Γ2𝑀∗)2 ,
𝑛 = 𝑘𝑝𝑃∗2Γ2(Γ1 + 𝑃∗2 + Γ2𝑀∗)2 ,

𝑓(1) = 𝛼𝑝 + 𝑘𝑝𝑃2 (𝑡 − 𝜏)Γ1 + 𝑃2 (𝑡 − 𝜏) + Γ2𝑀 (𝑡 − 𝜏) − 𝛽𝑝𝑃,
𝑓(2) = 𝛼𝑀 + 𝑘𝑀𝑃 − 𝛽𝑀𝑀,
𝑓(1)𝑖𝑗 = 𝜕𝑖+𝑗𝑓(1)𝜕𝑥𝑖𝜕𝑦𝑗 (𝑃∗,𝑀∗) , 𝑖, 𝑗 ≥ 0.

(10)

From (9), it is easy to get the following characteristic equa-
tion. That is, 

𝜆 − 𝑚 + 𝛽𝑝 𝑛−𝑘𝑀 𝜆 + 𝛽𝑀
 = 0; (11)

thus, the two degree polynomial equation is obtained𝜆2 + (𝛽𝑀 + 𝛽𝑝 − 𝑚) 𝜆 + 𝛽𝑀 (𝛽𝑝 − 𝑚) + 𝑛𝑘𝑀 = 0. (12)

If 𝛽𝑀 + 𝛽𝑝 − 𝑚 > 0, (H1)
𝛽𝑀 (𝛽𝑝 − 𝑚) + 𝑛𝑘𝑀 > 0, (H2)

then all the roots of (12) have negative real parts. So the
equilibrium 𝐸∗ of system (4) is locally stable.

On the other hand, we assume𝛽𝑀 + 𝛽𝑝 − 𝑚 = 0 (H3)
and 𝜆1,2(𝜇) = 𝛼(𝜇) ± 𝑖𝜔(𝜇) are the roots of (12).

Viewing the negative feedback strength Γ2 as a bifurcation
parameter, the sufficient conditions for the occurrence of the
Hopf bifurcation of system (4) are obtained in the following
results.

Theorem 1. If (H2) and (H3) hold, there exist Γ2 = Γ02 , such
that 𝛼 (Γ02) = 0,

𝜔 (Γ02) > 0,
𝑑𝛼 (Γ02)𝑑Γ2 ̸= 0,

(13)

then system (4) can exhibit Hopf bifurcation.

Time delay is inevitable and plays an important role in
negative feedback loop of the Myc/E2F/miR-17-92 network
due to the transcription and translation. So time delay on this
network is considered in the next sections.

3.2. Local Stability andHopf Bifurcation of TimeDelay. In this
section, we take the time delay 𝜏 as a bifurcating parameter to
investigate the stability and existence of Hopf bifurcation of
time delay in system (4). For convenience, let 𝑘1 = 𝑘𝑝, 𝑘2 =𝛽𝑝, 𝑘3 = 𝑘𝑀, 𝑘4 = 𝛽𝑀, then system (9) becomes�̇� (𝑡) = 𝑚𝑥 (𝑡 − 𝜏) − 𝑛𝑦 (𝑡 − 𝜏) − 𝑘2𝑥

+ ∑
𝑖+𝑗≥2

1𝑖!𝑗!𝑓(1)𝑖𝑗 𝑥𝑖 (𝑡 − 𝜏) 𝑦𝑗 (𝑡 − 𝜏) ,
̇𝑦 (𝑡) = 𝑘3𝑥 − 𝑘4𝑦,

(14)

where 𝑚 = 𝑘1𝑛1,𝑛 = 𝑘1𝑛2,
𝑛1 = 2𝑥∗ (Γ1 + Γ2𝑦∗)(Γ1 + 𝑥∗2 + Γ2𝑦∗)2 ,
𝑛2 = Γ2𝑥∗2(Γ1 + 𝑥∗2 + Γ2𝑦∗)2 .

(15)
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Then we obtain the characteristic equation of system (14).
That is,

𝜆2 + (𝑘2 + 𝑘4) 𝜆 − 𝑘1𝑛1𝑒−𝜆𝜏𝜆 + 𝑘2𝑘4
+ (𝑘1𝑘3𝑛2 − 𝑘1𝑘4𝑛1) 𝑒−𝜆𝜏 = 0. (16)

When 𝜏 = 0, it becomes

𝜆2 + (𝑘2 + 𝑘4 − 𝑘1𝑛1) 𝜆 + 𝑘2𝑘4 + 𝑘1𝑘3𝑛2 − 𝑘1𝑘4𝑛1= 0. (17)

𝑖𝜔 (𝜔 > 0) is the root of (16) if and only if 𝑖𝜔 satisfies

− 𝜔2 + (𝑘2 + 𝑘4) (𝑖𝜔)− 𝑘1𝑛1 (cos (𝜔𝜏) − 𝑖 sin (𝜔𝜏)) (𝑖𝜔) + 𝑘2𝑘4+ (𝑘1𝑘3𝑛2 − 𝑘1𝑘4𝑛1) (cos (𝜔𝜏) − 𝑖 sin (𝜔𝜏)) = 0.
(18)

Separating the real and imaginary parts, we get

(𝑘2 + 𝑘4) 𝜔 = 𝑘1𝑛1𝜔 cos (𝜔𝜏)
+ (𝑘1𝑘3𝑛2 − 𝑘1𝑘4𝑛1) sin (𝜔𝜏) ,

𝑘2𝑘4 − 𝜔2 = 𝑘1𝑛1𝜔 sin (𝜔𝜏)
− (𝑘1𝑘3𝑛2 − 𝑘1𝑘4𝑛1) cos (𝜔𝜏) .

(19)

which is equivalent to

𝜔4 − (𝑘21𝑛21 − 𝑘22 − 𝑘24) 𝜔2 + 𝑘22𝑘24 − 𝑘21 (𝑘3𝑛2 − 𝑘4𝑛1)2= 0. (20)

Let 𝑧 = 𝜔2, then it is transformed to be

𝑧2 − 𝑝𝑧 + 𝑞 = 0 (21)

where 𝑝 = 𝑘21𝑛21 − 𝑘22 − 𝑘24,𝑞 = 𝑘22𝑘24 − 𝑘21 (𝑘3𝑛2 − 𝑘4𝑛1)2 . (22)

Assume (H4) equation (21) has at least one positive real
root.

From (21), we can obtain

𝑧1,2 = 12𝑝 ± 12√𝑝2 − 4𝑞. (23)

Thus, if 𝑝 < 0,𝑞 > 0
or 𝑝2 − 4𝑞 < 0

(H5)
then none of 𝑧1, 𝑧2 is positive. So (21) has no positive roots.
It means that there are no imaginary roots in characteristic
equation (16).

From those discussed above, we obtain

cos (𝜔𝜏) = 𝑘2𝑘24𝑛1 + (𝑘3𝑛2 + 𝑘2𝑛1) 𝜔2 − 𝑘2𝑘3𝑘4𝑛2𝑘1 ((𝑘3𝑛2 − 𝑘4𝑛1)2 + 𝑛21𝜔2) ,
sin (𝜔𝜏) = 𝜔 (𝑘2𝑘3𝑛2 + 𝑘3𝑛2𝑘4 − 𝑛1𝜔2 − 𝑛1𝑘24)𝑘1 ((𝑘3𝑛2 − 𝑘4𝑛1)2 + 𝑛21𝜔2) . (24)

Without loss of generality, (21) is assumed to have twopositive
roots, defined by 𝑧1, 𝑧2, respectively. Thus, (20) has two
positive roots 𝜔1 = √𝑧1, 𝜔2 = √𝑧2.
So we have

cos (𝜔𝑘𝜏𝑘) = 𝑘2𝑘24𝑛1 + (𝑘3𝑛2 + 𝑘2𝑛1) 𝜔2𝑘 − 𝑘2𝑘3𝑘4𝑛2𝑘1 ((𝑘3𝑛2 − 𝑘4𝑛1)2 + 𝑛21𝜔2𝑘) . (25)

It follows that

𝜏𝑗
𝑘

= 1𝜔𝑘
⋅ arccos(𝑘2𝑘24𝑛1 + (𝑘3𝑛2 + 𝑘2𝑛1) 𝜔2𝑘 − 𝑘2𝑘3𝑘4𝑛2𝑘1 ((𝑘3𝑛2 − 𝑘4𝑛1)2 + 𝑛21𝜔2𝑘) )
+ 2𝑗𝜋𝜔𝑘 ,

(26)

where 𝑘 = 1, 2, 𝑗 = 0, 1, 2, . . ..
Define 𝜏0 = min {𝜏01 , 𝜏02} . (27)

Taking the derivative of 𝜆 with respect to 𝜏, we can get

[𝑑𝜆𝑑𝜏 ]−1 = 2𝜆 + (𝑘2 + 𝑘4) − 𝑘1𝑛1𝑒−𝜆𝜏𝑘1𝜆𝑒−𝜆𝜏 (𝑘3𝑛2 − 𝑘4𝑛1 − 𝑛1𝜆) − 𝜏𝜆 . (28)

Then,

Re [𝑑𝜆𝑑𝜏 ]−1
𝜏=𝜏0

= 𝑐 + 𝑑𝑎2 + 𝑏2 , (29)

where𝑎 = 𝑘1𝑘3𝑛2 − 𝑘1𝑘4𝑛1,
b = 𝑘1𝑛1𝜔0,𝑐 = 2 (cos (𝜔0𝜏0) 𝑎 − sin (𝜔0𝜏0) 𝑏) − 𝑘12𝑛12,
𝑑 = (𝑘2 + 𝑘4) [𝑘1𝑛1 cos (𝜔0𝜏0) + 1𝜔0 𝑎 sin (𝜔0𝜏0)] .

(30)

If the condition 𝑐 + 𝑑 ̸= 0 (H6)
holds, then

Re [𝑑𝜆𝑑𝜏 ]−1
𝜏=𝜏0

̸= 0. (31)

That is, the transversality condition is satisfied.
Based on the analysis above, the following results are

obtained.
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Theorem 2. Let 𝜏 = 𝜏𝑗
𝑘
be defined by (26); one has

(i) if (H1), (H2), and (H5) hold, then the equilibrium 𝐸∗
of system (4) is asymptotically stable for all 𝜏 ≥ 0;

(ii) if (H1), (H2), and (H4) hold, then the equilibrium 𝐸∗
is locally asymptotically stable for 0 ≤ 𝜏 < 𝜏0 and unstable for𝜏 > 𝜏0; moreover, if 𝑐+𝑑 ̸= 0, then system (4) undergoes a Hopf
bifurcation at the equilibrium 𝐸∗ when 𝜏 = 𝜏𝑗

𝑘
(𝑘 = 1, 2, 𝑗 =0, 1, 2, . . .).

3.3. Direction and Stability of the Hopf Bifurcation at Time
Delay 𝜏 = 𝜏0. In this section, we further consider direction
and stability of Hopf bifurcation assuming at 𝜏 = 𝜏0 by using
the methods in Hassard et al. [17]. For convenience, let 𝜏 =𝜏0 + 𝜇, 𝜇 ∈ 𝑅, 𝑠 = 𝑡/𝜏 and denote 𝑠 = 𝑡, then system (14)
becomes

�̇� (𝑡) = (𝜏0 + 𝜇) {{{𝑚𝑥 (𝑡 − 1) − 𝑛𝑦 (𝑡 − 1) − 𝑘2𝑥
+ ∑
𝑖+𝑗≥2

1𝑖!𝑗!𝑓(1)𝑖𝑗 𝑥𝑖 (𝑡 − 1) 𝑦𝑗 (𝑡 − 1)}}} ,
̇𝑦 (𝑡) = (𝜏0 + 𝜇) {𝑘3𝑥 (𝑡) − 𝑘4𝑦 (𝑡)} .

(32)

Clearly, 𝜇 = 0 is a Hopf bifurcation value of system (32).
Its linear part is given by

�̇� (𝑡) = (𝜏0 + 𝜇) {𝑚𝑥 (𝑡 − 1) − 𝑛𝑦 (𝑡 − 1) − 𝑘2𝑥 (𝑡)} ,
̇𝑦 (𝑡) = (𝜏0 + 𝜇) {𝑘3𝑥 (𝑡) − 𝑘4𝑦 (𝑡)} . (33)

and nonlinear part is

𝑓 (𝜇, 𝑢𝑡)
= (𝜏0 + 𝜇) [[

∑
𝑖+𝑗≥2

1𝑖!𝑗!𝑓(1)𝑖𝑗 𝑥𝑖 (𝑡 − 1) 𝑦𝑗 (𝑡 − 1) ]
0 ]] . (34)

For convenience of studying the problems of Hopf bifurca-
tion, we rewrite system (32) as

�̇� (𝑡) = 𝐿𝜇𝑢𝑡 + 𝑓 (𝜇, 𝑢𝑡) , (35)

where 𝑢(𝑡) = (𝑥(𝑡), 𝑦(𝑡))𝑇 and 𝑢𝑡(𝜃) = 𝑢(𝑡+ 𝜃) for 𝜃 ∈ [−𝜏, 0];𝐿𝜇 : 𝐶 → 𝑅, 𝑓 : 𝑅 × 𝐶 → 𝑅 are given, respectively, by

𝐿𝜇 (𝜑) = (𝜏0 + 𝜇) [−𝑘2 0𝑘3 −𝑘4] [𝜑1 (0)𝜑2 (0)] + (𝜏0 + 𝜇) [𝑚 −𝑛0 0 ] [𝜑1 (−1)𝜑2 (−1)] ,
𝑓 (𝜇, 𝑢𝑡) = (𝜏0 + 𝜇) [[

∑
𝑖+𝑗≥2

1𝑖!𝑗!𝑓(1)𝑖𝑗 𝑥𝑖 (𝑡 − 1) 𝑦𝑗 (𝑡 − 1) ]
0 ]]

= (𝜏0 + 𝜇) [[
12𝑓(1)20 𝜑21 (−1) + 𝑓(1)11 𝜑1 (−1) 𝜑2 (−1) + 12𝑓(1)02 𝜑22 (−1) + ℎ.𝑜.𝑡.0 ]] .

(36)

Here, h.o.t. denotes higher order terms.
For convenience analysis, let

𝐿20 = 12𝑓(1)20 ,
𝐿11 = 𝑓(1)11 ,
𝐿02 = 12𝑓(1)02 ,

(37)

where𝑓(1)20 = 2𝑘1(Γ1+Γ2𝑦∗)(Γ1−3𝑥2∗+Γ2𝑦∗)/(Γ1+𝑥2∗+Γ2𝑦∗)3;𝑓(1)11 = −2𝑘1𝑥∗Γ2(Γ1 − 𝑥2∗ + Γ2𝑦∗)/(Γ1 + 𝑥2∗ + Γ2𝑦∗)3, 𝑓(1)02 =2𝑘1𝑥2∗Γ22 /(Γ1 + 𝑥2∗ + Γ2𝑦∗)3.
Then,

𝑓 (𝜇, 𝑢𝑡) = (𝜏0 + 𝜇)
⋅ [𝐿20𝜑21 (−1) + 𝐿11𝜑1 (−1) 𝜑2 (−1) + 𝐿02𝜑22 (−1) + ℎ.𝑜.𝑡.0 ] . (38)

According to the Riesz representation theorem, there
exists a 2 × 2 matrix function 𝜂(𝜃, 𝜇), 𝜃 ∈ [−1, 0], such that

𝐿𝜇 (𝜑) = ∫0
−1

𝑑𝜂 (𝜃, 𝜇) 𝜑 (𝜃) , 𝜑 ∈ 𝐶1 ([−1, 0] , 𝑅2) . (39)

Here, we choose

𝜂 (𝜃, 𝜇) = (𝜏0 + 𝜇) [−𝑘2 0𝑘3 −𝑘4] 𝛿 (𝜃)
− (𝜏0 + 𝜇) [𝑚 −𝑛0 0 ] 𝛿 (𝜃 + 1) , (40)

where 𝛿(𝜃) is defined by

𝛿 (𝜃) = {{{
0, 𝜃 ̸= 01, 𝜃 = 0. (41)
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For 𝜑 ∈ 𝐶1([−1, 0], 𝑅2), define
𝐴 (𝜇) 𝜑 = {{{{{{{

𝑑𝜑 (𝜃)𝑑𝜃 , −1 ≤ 𝜃 < 0,
∫0
−1

𝑑𝜂 (𝜃, 𝜇) 𝜑 (𝜃) , 𝜃 = 0, (42)

and𝑅 (𝜇) 𝜑

=
{{{{{{{{{{{{{{{

(00) , −1 ≤ 𝜃 < 0,
(𝜏0 + 𝜇) ( ∑

𝑖+𝑗≥2

1𝑖!𝑗!𝑓(1)𝑖𝑗 𝑥𝑖 (𝑡 − 1) 𝑦𝑗 (𝑡 − 1)
0 ) , 𝜃 = 0.

(43)

For 𝜓 ∈ 𝐶1([0, 1], (𝑅2)∗), the adjoint operator 𝐴∗ of 𝐴 is
defined by

𝐴∗𝜓 (𝑠) = {{{{{{{
−𝑑𝜓 (𝑠)𝑑𝑠 , 0 < 𝑠 ≤ 1,
∫0
−1

𝑑𝜂𝑇 (𝑠, 𝜇) 𝜓 (−𝑠) , 𝑠 = 0. (44)

And define a bilinear inner product as follows:⟨𝜓 (𝑠) , 𝜑 (𝜃)⟩ = 𝜓 (0) 𝜑 (0)
− ∫0
−1

∫𝜃
𝜉=0

𝜓 (𝜉 − 𝜃) 𝑑𝜂 (𝜃) 𝜑 (𝜉) 𝑑𝜉, (45)

where 𝜂(𝜃) = 𝜂(𝜃, 0).
From the discussion in Section 3.2, we obtain that ±𝑖𝜏0𝜔0

are eigenvalues of 𝐴(0). At the same time, they are also
eigenvalues of 𝐴∗ since 𝐴 and 𝐴∗ are adjoint operator. In the
following, we calculate the eigenvectors of 𝐴(0) and 𝐴∗ cor-
responding to 𝑖𝜏0𝜔0 and −𝑖𝜏0𝜔0, respectively. Suppose 𝑞(𝜃) =(1, 𝛽)Τ𝑒𝑖𝜏0𝜔0𝜃, 𝜃 ∈ [−1, 0] is eigenvector of 𝐴(0). Through the
discussion above, we have𝐴 (0) 𝑞 (0) = 𝑖𝜏0𝜔0𝑞 (0) . (46)

That is,

𝜏0 [𝑖𝜔0 + 𝑘2 − 𝑚𝑒−𝑖𝜏0𝜔0 𝑛𝑒−𝑖𝜏0𝜔0−𝑘3 𝑖𝜔0 + 𝑘4] 𝑞 (0) = [00] . (47)

We can obtain

𝛽 = 𝑘3𝑖𝜔0 + 𝑘4
or 𝛽 = 𝑚𝑒−𝑖𝜏0𝜔0 − 𝑖𝜔0 − 𝑘2𝑛𝑒−𝑖𝜏0𝜔0 . (48)

Thus, 𝑞(0) = (1, 𝛽)Τ = (1, 𝑘3/(𝑖𝜔0 + 𝑘4))Τ or 𝑞(0) = (1,(𝑚𝑒−𝑖𝜏0𝜔0 − 𝑖𝜔0 − 𝑘2)/𝑛𝑒−𝑖𝜏0𝜔0)Τ.
On the other hand, we assume 𝑞∗(𝑠) = 𝐷(1, 𝛽∗)Τ𝑒𝑖𝜏0𝜔0𝑠,𝑠 ∈ [0, 1] is the eigenvector of 𝐴∗ and then obtain

𝜏0 [−𝑖𝜔0 + 𝑘2 − 𝑚𝑒−𝑖𝜏0𝜔0 −𝑘3𝑛𝑒−𝑖𝜏0𝜔0 −𝑖𝜔0 + 𝑘4] 𝑞∗ (0) = [00] . (49)

and

𝑞∗ (𝑠) = 𝐷 (1, 𝛽∗)Τ = 𝐷 (1, 𝑛𝑒−𝑖𝜏0𝜔0(𝑖𝜔0 − 𝑘4))
or 𝑞∗ (𝑠) = 𝐷 (1, (𝑘2 − 𝑖𝜔0 − 𝑚𝑒−𝑖𝜏0𝜔0)𝑘3 ) . (50)

Then, normalize 𝑞 and 𝑞∗ by the following conditions:
⟨𝑞∗, 𝑞⟩ = 1,
⟨𝑞∗, 𝑞⟩ = 0. (51)

In order to get ⟨𝑞∗(𝑠), 𝑞(𝜃)⟩ = 1, we need to determine the
value of 𝐷.

⟨𝑞∗ (𝑠) , 𝑞 (𝜃)⟩ = 𝑞∗ (0) ⋅ 𝑞 (0) − ∫0
𝜃=−1

∫𝜃
𝜉=0

𝑞∗Τ (𝜉
− 𝜃) 𝑑𝜂 (𝜃) 𝑞 (𝜉) 𝑑𝜉
= 𝐷 (1, 𝛽∗) (1, 𝛽)Τ − ∫0

−1
∫𝜃
𝜉=0

𝐷 (1, 𝛽∗)
⋅ 𝑒−𝑖(𝜉−𝜃)𝜏0𝜔0𝑑𝜂 (𝜃) (1, 𝛽)Τ 𝑒−𝑖𝜉𝜏0𝜔0𝑑𝜉 = 𝐷 {1 + 𝛽𝛽∗
− ∫0
−1

(1, 𝛽∗) 𝜃𝑒𝑖𝜃𝜏0𝜔0𝑑𝜂 (𝜃) (1, 𝛽)Τ} = 𝐷 {1
+ 𝛽𝛽∗ − 𝜏0 (𝑛𝛽 − 𝑚) 𝑒−𝑖𝜏0𝜔0} = 1.

(52)

Thus, we choose 𝐷 as

𝐷 = 1(1 + 𝛽𝛽∗ − 𝜏0 (𝑛𝛽 − 𝑚) 𝑒𝑖𝜏0𝜔0) (53)

such that ⟨𝑞∗, 𝑞⟩ = 1, ⟨𝑞∗, 𝑞⟩ = 0.
Next, we employ the algorithms in [17] and a computa-

tion process similar to [18–20] to calculate some important
coefficients as follows:

𝑔20 = 2𝜏0𝐷 {𝐿20 [𝑞(1) (−1)]2 + 𝐿02 [𝑞(2) (−1)]2
+ 𝐿11𝑞(1) (−1) 𝑞(2) (−1)} ,

𝑔11 = 𝜏0𝐷 {2𝐿20𝑞(1) (−1) 𝑞(1) (−1) + 2𝐿02𝑞(2) (−1)
⋅ 𝑞(2) (−1) + 𝐿11𝐴11} ,

𝑔02 = 2𝜏0𝐷 {𝐿20 [𝑞(1) (−1)]2 + 𝐿02 [𝑞(2) (−1)]2
+ 𝐿11𝑞(1) (−1) 𝑞(2) (−1)} ,

𝑔21 = 𝜏0𝐷 {2 [𝐿20 (𝑊(1)20 (−1) 𝑞(1) (−1)
+ 2𝑞(1) (−1) 𝑊(1)11 (−1)) + 𝐿02𝐴02] + 𝐿11𝑎11} ,

(54)
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where

𝐴11 = 𝑞(1) (−1) 𝑞(2) (−1) + 𝑞(1) (−1) 𝑞(2) (−1) ,
𝐴02 = 𝑊(2)20 (−1) 𝑞(2) (−1) + 2𝑞(2) (−1) 𝑊(2)11 (−1) ,
𝑎11 = 𝑊(1)20 (−1) 𝑞(2) (−1) + 2𝑊(1)11 (−1) 𝑞(2) (−1)

+ 2𝑞(1) (−1) 𝑊(2)11 (−1)
+ 𝑊(2)20 (−1) 𝑞(1) (−1) ,

𝑞 (𝜃) = (𝑞(1) (𝜃) , 𝑞(2) (𝜃))T ,
𝑞(1) (−1) = 𝑒−𝑖𝜏0𝜔0 ,
𝑞(2) (−1) = 𝛽𝑒−𝑖𝜏0𝜔0 .

(55)

The coefficients 𝑔20, 𝑔11, and 𝑔02 can be obtained if the
parameters in system (4) are given, while the coefficient 𝑔21
needs to compute 𝑊11(𝜃) and 𝑊20(𝜃) by a calculation process
similar to [18–20] as follows:

𝑊20 (𝜃) = 𝑖𝑔20𝜏0𝜔0 𝑞 (0) 𝑒𝑖𝜏0𝜔0𝜃 + 𝑖𝑔023𝜏0𝜔0 𝑞 (0) 𝑒−𝑖𝜏0𝜔0𝜃
+ 𝐸1𝑒2𝑖𝜏0𝜔0𝜃, (56)

and

𝑊11 (𝜃) = −𝑖𝑔11𝜏0𝜔0 𝑞 (0) 𝑒𝑖𝜏0𝜔0𝜃 + 𝑖𝑔11𝜏0𝜔0 𝑞 (0) 𝑒−𝑖𝜏0𝜔0𝜃 + 𝐸2, (57)

where 𝐸1 = (𝐸(1)1 , 𝐸(2)1 )Τ, 𝐸2 = (𝐸(1)2 , 𝐸(2)2 )Τ are determined by
the following equations, respectively:

[2𝑖𝜔0 + 𝑘2 − 𝑚𝑒−2𝑖𝜏0𝜔0 𝑛𝑒−2𝑖𝜏0𝜔0−𝑘3 2𝑖𝜔0 + 𝑘4] 𝐸1 = [ℎ10 ] ,
[𝑘2 − 𝑚 𝑛−𝑘3 𝑘4] 𝐸2 = [ℎ20 ] , (58)

where

ℎ1 = 2 {𝐿20 [𝑞(1) (−1)]2 + 𝐿02 [𝑞(2) (−1)]2
+ 𝐿11𝑞(1) (−1) 𝑞(2) (−1)} ,

ℎ2 = 2𝐿20𝑞(1) (−1) 𝑞(1) (−1) + 2𝐿02𝑞(2) (−1) 𝑞(2) (−1)
+ 𝐿11 (𝑞(1) (−1) 𝑞(2) (−1) + 𝑞(1) (−1) 𝑞(2) (−1)) .

(59)

It follows that

𝐸(1)1 = 1𝐸
ℎ1 𝑛𝑒−2𝑖𝜏0𝜔00 2𝑖𝜔0 + 𝑘4

 ,
𝐸(2)1 = 1𝐸

2𝑖𝜔0 + 𝑘2 − 𝑚𝑒−2𝑖𝜏0𝜔0 ℎ1−𝑘3 0
 , (60)

where

𝐸 = 2𝑖𝜔0 + 𝑘2 − 𝑚𝑒−2𝑖𝜏0𝜔0 𝑛𝑒−2𝑖𝜏0𝜔0−𝑘3 2𝑖𝜔0 + 𝑘4
 . (61)

Similarly, we can get

𝐸(1)2 = 1𝐹

ℎ2 𝑛0 𝑘4

 ,
𝐸(2)2 = 1𝐹

𝑘2 − 𝑚 ℎ2−𝑘3 0
 , (62)

where

𝐹 = 
𝑘2 − 𝑚 𝑛−𝑘3 𝑘4

 . (63)

From (56), (57), and (58), we can get 𝑔21. Furthermore,
we can obtain the following values:

𝑐1 (0) = 𝑖2𝜏0𝜔0 (𝑔11𝑔20 − 2 𝑔112 − 𝑔0223 ) + 𝑔212 ,
𝜇2 = − Re {𝑐1 (0)}

Re {𝜆 (𝜏0)} ,
𝛽2 = 2Re {𝑐1 (0)} ,
𝑇2 = − Im {𝑐1 (0)} + 𝜇2 Im {𝜆 (𝜏0)}𝜏0𝜔0 .

(64)

Through the discussion above, we obtain the following
result.

Theorem 3. For system (4), the coefficient 𝜇2 determines the
direction of Hopf bifurcation; it is supercritical (subcritical) if𝜇2 > 0 (𝜇2 < 0); the periodic solutions are stable (unstable)
on the manifold if 𝛽2 < 0 (𝛽2 > 0); and the period increases
(decreases) if 𝑇2 > 0 (𝑇2 < 0).
4. Numerical Simulations

In this section, we present four examples to verify our
theoretical results. At same time, the effect of time delay at
different situations of negative feedback strength Γ2 is also
investigated.

Example 1. By increasing the negative feedback strength Γ2,
system (4) undergoes a transition from monostability to
oscillation and then back to monostability. That is, Hopf
bifurcation occurs when the parameter Γ2 increases to
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Figure 2: (a) Bifurcation diagram of [P] with Γ2 as a bifurcation parameter.The red solid lines depict stable steady states and the black dashed
line depicts unstable steady states. The maxima and minima are depicted by the blue dots and green dots for the stable and unstable limit
cycle, respectively.The bifurcation points of the subcritical Hopf bifurcation are marked as sub and LPC as fold limit cycle bifurcation points.
(b), (c), and (d) are time courses diagram of 𝑃 and 𝑀 for the parameter Γ2=0.01(b), 0.05(c), and 0.09 (d), respectively. The initial conditions:𝑃(0) = 0.1, 𝑀(0) = 0.1.
the critical values. Here, we give an example when some
important parameters are taken as follows [1, 2]:𝛼𝑝 = 0.01,𝛼𝑀 = 0.01,𝑘𝑝 = 0.4,Γ1 = 0.1,𝛽𝑝 = 0.25,𝑘𝑀 = 0.4,𝛽𝑀 = 0.02.

(65)

Then, system (4) becomes the following ordinary differential
equations:

�̇� = 0.01 + 0.4𝑥20.1 + 𝑥2 + Γ2𝑦 − 0.25𝑥,
̇𝑦 = 0.01 + 0.4𝑥 − 0.02𝑦. (66)

Through bifurcation analysis of system (66) in
Figure 2(a), we obtain two Hopf bifurcations at Γ2 = 0.04011
and 0.06554when (H2) and (H3) hold, respectively, as well as
limit cycles for 0.04011 < Γ2 < 0.06554 between the twoHopf
bifurcations when 𝛽𝑀 + 𝛽𝑝 − 𝑚 < 0. Also, the equilibrium𝐸∗ is asymptotically stable for Γ2 < 0.04011 or Γ2 > 0.06554.
The equilibrium of system (66) at Γ2 = 0.01 is stable (see
Figure 2(b)) and oscillations of limit cycles at Γ2 = 0.05 are
presented in Figure 2(c), and then the oscillation behavior
vanishes and the equilibrium tends to be stable again atΓ2 = 0.09 (see Figure 2(d)).

Example 2. We consider dynamic changes induced by time
delay 𝜏 ≥ 0 for the negative feedback strength Γ2 = 0.01when
system (4) has a positive equilibrium 𝐸1(1.37151, 27.93015)
at a high steady state in Example 1 in Figure 2. Other
parameters are same as Example 1.

In Theorem 2, we get 𝑛1 = 0.20364, 𝑛2 = 0.00368, 𝛽𝑀 +𝛽𝑝 − 𝑚 = 𝑘2 + 𝑘4 − 𝑘1𝑛1 = 0.18854 > 0, 𝛽𝑀(𝛽𝑝 − 𝑚) + 𝑛𝑘𝑀 =𝑘2𝑘4 + 𝑘1𝑘3𝑛2 − 𝑘1𝑘4𝑛1 = 0.00396 > 0, 𝑝 = 𝑘21𝑛21 − 𝑘22 − 𝑘24 =
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Figure 3: (a) Bifurcation diagram of [P] with time delay 𝜏 as the bifurcating parameter when fixing the negative feedback strength Γ2 = 0.01.
(b), (c), and (d) are time courses diagramof [𝑃] for the parameter 𝜏=1 (b), 40 (c), and 60 (d), respectively. Initial conditions:𝑃(0) = 0.1, 𝑀(0) =0.1.

−0.05626, and 𝑞 = 𝑘22𝑘24 − 𝑘21(𝑘3𝑛2 − 𝑘4𝑛1)2 = 0.00002. Then
conditions (H1), (H2), and (H5) hold. Therefore, we obtain
that the steady state of system (4) is stable for all 𝜏 ≥ 0 (see
Figures 3(a), 3(b), 3(c), and 3(d)).

Example 3. A limit cycle and an equilibrium can coexist in
system (4) for 𝜏 = 0 at the negative feedback strength Γ2 =0.04 in Figure 2. So system (4) appears to be periodic solution
or steady state depending on different initial conditions.

As timedelay 𝜏 passes through the critical value 𝜏0 ≈ 2.23,
the periodic solution transits to steady-state solution viaHopf
bifurcation when the initial point is chosen near the limit
cycle (see Figure 4). Next, we calculate the values of 𝛽2 and𝜇2 to determine the stability of periodic solutions bifurcating
from equilibrium 𝐸2(0.72821, 15.06414) and direction of the
Hopf bifurcation at the critical point 𝜏0. When 𝜏 = 𝜏0 ≈ 2.23,
we can compute Re(𝑐1(0)) ≈ −0.20118, 𝛽2 ≈ −0.40236 and𝑐 + 𝑑 ≈ 0.01847 > 0 by means of software Maple. Further,
we can get Re(𝜆(𝜏0)) ≈ 17.96347 > 0, 𝜇2 ≈ 0.0112 > 0. By
Theorem 3, we know that the direction of Hopf bifurcation
is supercritical, and the periodic solutions are stable on the
manifold (see Figures 4(a), 4(b), and 4(c)).

Example 4. Fixing the negative feedback strength Γ2 = 0.07,
system (4) has a positive equilibrium 𝐸3(0.08174, 2.13478)

at a low steady state in Figure 2. The periodic solutions
bifurcate from the equilibrium via Hopf bifurcation when
time delay 𝜏 increases to the critical value 𝜏0 ≈ 35(see
Figure 5).

For the arbitrary negative feedback strength Γ2 ∈ (0, 0.04)
and the parameters given in Example 1, system (4) is always
stable. For example, at Γ2 = 0.02, we have 𝑛1 = 0.36029,𝑛2 = 0.00728, 𝛽𝑀 + 𝛽𝑝 − 𝑚 = 𝑘2 + 𝑘4 − 𝑘1𝑛1 = 0.12588 > 0,𝛽𝑀(𝛽𝑝 − 𝑚) + 𝑛𝑘𝑀 = 0.00328 > 0, 𝑝 = 𝑘21𝑛21 − 𝑘22 − 𝑘24 =−0.04213, and 𝑞 = 𝑘22𝑘24 − 𝑘21(𝑘3𝑛2 − 𝑘4𝑛1)2 = 0.000022.
It means that conditions (H1), (H2), and (H5) hold. By the
Theorem 2, we know that system (4) is stable for all 𝜏 ≥0. It can explain that delayed negative feedback could not
lead to oscillations in the high state in Figure 2. In a word,
the time delay leads to oscillation behaviors when system
(4) is at the low steady state but not at the high one in
Figure 2.

5. Conclusions and Discussions

In this paper, the Myc/E2F/miR-17-92 network with time
delay is considered. Occurrence of Hopf bifurcations associ-
ated with oscillation of the inhibition efficiency parameter Γ2
and further the time delay 𝜏, respectively, are investigated by
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Figure 4: (a) Bifurcation diagram of [P] with time delay 𝜏 as the bifurcating parameter when fixing the negative feedback strength Γ2 =0.04. The stable steady state is depicted by the red solid line, and the maxima and minima are depicted by the blue dots for the stable limit
cycle. (b) and (c) are time courses diagram of [𝑃] for the parameter 𝜏 = 1 (b) and 4.5 (c), respectively. Initial conditions: 𝑃(0) = 0.1, 𝑀(0) =0.1.

combined local stability and bifurcation theory with numer-
ical simulations. Furthermore, the direction and stability
of Hopf bifurcation are also studied by the center manifold
theorem and normal form method as well as a numerical
example supporting the results.

We find that the time delay has a destabilizing role by
choosing appropriate parameters in this network. Besides
that, initial condition is important as periodic solution and
steady state coexist under some circumstances (see Figure 2).
If the initial values are chosen near the positive equilibrium,
the steady state of system (4) remains unchanged when the
parameter 𝜏 less than the critical value 𝜏0. However, if the ini-
tial values are chosen near the limit cycle, system (4) appears
to be periodic solution and then transits to steady-state
solution via Hopf bifurcation of time delay 𝜏 (see Figure 4).
With the negative feedback strength Γ2 increasing, system (4)
undergoes a transition from the high steady state to oscilla-
tions and then to low steady state (see Figure 2(a)). We con-
sider the effect of time delay on the dynamics of the network
at every different state. When the negative feedback strengthΓ2 is chosen at the high steady states, there will be no periodic
oscillations with increasing time delay 𝜏 (see Figure 3).
However, when the negative feedback strength Γ2 is chosen

between the two Hopf bifurcation points in Figure 2(a), the
periodic solutions transit to steady-state solutions via Hopf
bifurcation with increasing time delay (see Figure 4). The
periodic solutions bifurcate from the equilibrium of system
(4) with increasing time delay 𝜏 when the negative feedback
strength Γ2 is chosen at the low steady states (see Figure 5).
The values of the parameters are chosen in the special way
above or they need to satisfy the conditions in Theorem 2. If(H1), (H2), and (H5) hold, then the equilibrium of system
(4) is asymptotically stable for all 𝜏 ≥ 0; if (H1), (H2), and(H4) hold, the equilibrium is locally asymptotically stable for0 ≤ 𝜏 < 𝜏0; moreover, if 𝑐+𝑑 ̸= 0, system (4) undergoes aHopf
bifurcation at the equilibrium when 𝜏 = 𝜏0. At the same time,
the direction and stability of Hopf bifurcation can be deter-
mined by Theorem 3. This work can further provide a theo-
retic instruction for exploring the dynamics of the network.

Noise is inevitable in gene regulatory networks and
plays important roles in circuits’ dynamics. It may induce
bistability, oscillations, and bifurcationswhich are not present
in the deterministic model [7, 21, 22]. How does stochastic
noise affect dynamics of the network with time delay? This is
a very valuable and worth exploring problem. We leave it as
the future work.
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Figure 5: (a) Bifurcation diagram of [P] with time delay 𝜏 as the bifurcating parameter when fixing the negative feedback strength Γ2 = 0.07.
The red solid line depicts stable steady states and the blue dots depict the maxima and minima for the stable limit cycle. (b) and (c) are time
courses diagram of [𝑃] for the parameter 𝜏 = 1 (b) and 40 (c), respectively. Initial conditions: 𝑃(0) = 0.1, 𝑀(0) = 0.1.
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