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This paper studies a damped Frenkel-Kontorova model with periodic boundary condition. By using Nash-Moser iteration scheme,
we prove that such model has a family of smooth traveling wave solutions.

1. Introduction

The present work concerns the existence of traveling wave
solutions for the following underdamped Frenkel-Kontorova
model:

!

| + Tyl +sin (y;) = F+ K [y, - 295+ v,
VjeZ,

@

with periodic boundary condition
Vi (1) =y, () + 2mm, Vje Z, )

where the parametersI' > 0, K > 0, F > 0,and m > 1.

In the last decades, there has been large growth in
the study of the existence and stability of traveling wave
solutions for lattice systems including Frenkel-Kontorova
model (discrete sine-Gordon equations), which arises from
many physical systems, such as circular arrays of Josephson
junctions, glassy materials, sliding friction, adsorbate layer
on the surface of a crystal, ionic conductors, and mechanical
interpretation as a model for a ring of pendula coupled by
torsional springs (see [1-4]). When I' = 0, system (4) is
conservative. Baesens and MacKay [5] proved the existence
and also global stability of traveling waves. When I' > 0,
system (4) is dissipative. Under the condition I' > 2v2K + 1
and e = 1, Baesens and MacKay [6] showed that the traveling
wave solution is globally stable if and only if (4) and (2) do
not have stationary solutions. Levi in [7] pointed out that

the local stability of traveling waves can be obtained by the
monotonicity method in [8]. Under the condition T' > 2v2K
and F > F, > 1, Qin et al. [9] investigated the stability of
single-wave-form for the underdamped Frenkel-Kontorova
model (4) by the monotonicity method.

Recently, by using Schauder fixed point theorem, Mirollo
and Rosen [10] and Katriel [11] have obtained a series of
results about the existence of traveling waves for (4) with
periodic boundary condition (2). Katriel [11] proved the
following:

(1) Fixing any I' > 0 and K > 0 and given any velocity
v > 0, there exists a traveling wave solution of (4) and (2)
with velocity v for an appropriate F > 0.

(2) For any F > 1 there exists a traveling wave solution of
(4) and (2).

(3) Assume that n does not divide m. Fixing any F > 0
and T > 0, for all K sufficiently large there exists a traveling
wave solution of (4) and (2) for any F > F>0andI'>T > 0.

(4) Fixing any F > 0 and T > 0, for all T > 0 sufficiently
small there exists a traveling wave solution of (4) and (2) for
anyF>F>0and0<K <K.

In the final of Katriel's paper, he gave several open
problems. One of them is the following: Is it true that, fixing
I' > 0and K > 0, for sufficiently small F > 0 and small
applied force, a traveling wave does exist? If n divides m, what
is the situation of the existence of traveling waves for (4) with
periodic boundary condition (2)? In fact, if n divides m, there
appears the “small divisor.” Then, the problem is difficult.
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Levi et al. [12] showed that, for fixing I' > 0, (4) possesses
a traveling wave only when F exceeds a positive critical value.

In this paper, we will construct a new Nash-Moser
iteration to answer the open problem mentioned above. This
method has been used in solving the existence of periodic
solutions for nonlinear elliptic equations [13], nonlinear wave
equations [14-18], and standing waves [19]. Here, we try to use
this method to study the existence of traveling wave solutions
for dissipative and conservative lattice systems.

Instead of looking for solutions of (1) in a shrinking
neighborhood of zero, it is a convenient device to perform
the rescaling

y—ey, €>0 3)

having

1//’.' + Ft// +¢ 'sin (61//])
L (4)
=€ F+K[1//j+1—21//j+1//j_1], VjeZ.

To overcome the “small divisor”
following nonresonance conditions:

problem, we need the

(NR1) 0, = {a) € Q: lkv(w) - 1|
4 4
> > TvkeZ,kqﬁo};&@
|k| Ik
(NR2) 6, = {we Q: kv (w) £ 1] 5)
|kT or |kv(w)+1\/l— '
iO} # 0,

where Q) ¢ R is a bounded region.
It is shown in [20] that if, for some [ > 0,

|v(l) (w)' >d>0 onwe, (6)
then the Lebesgue measure

love,.|=o0(") —o,

|Q \5%4 = O(yl/l) — 0 7)

asy — 0.
Now, we state our main result.

Theorem 1. Under the assumption (NRI), fixing any K > 0
and sufficient small F > 0, there exist I, > 0, ¢, > 0, and
0 <y <1 < 1, such that, for any { = vI € [0,[}], € €
[0,€], and w € O, ., (4) with periodic boundary condition (2)
possesses a unique traveling wave solution u(6;{) + 6, where
0eT:=R/2m
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WhenT =0, (4) is

‘//J/" +¢ 'sin (ewj) = 'F+K |y, - 2y;+ ¥ials

VjeZ.

(8)
The corresponding Hamiltonian of (8) is
1(dy;\’
_ J -1 —1
H= ZE (;) +€ (1 - coselpj) +e Fy;
j 9)
+ W ({w}),

where the nearest-neighbor coupling potential is

W (ly;}) =

We have the following result about the existence of
traveling waves for (8).

§ (V’j+1 - 1//]')2' (10)

Theorem 2. Under the assumption (NR2), fixing any K > 0,
there exist F, > 0,¢, > 0, and 0 < y < 1 < 1, such that, for any

€€ [0,e] andw € 5%,, (4) with periodic boundary condition

(2) possesses a unique traveling wave solution u(0; ) +6, where
0eT:=R/2m.

This paper is organized as follows. In Section 2, we first
establish a Nash—-Moser theorem for the case of T > 0. Then,
we apply this result to prove our main results. The case of I' =
0 is also considered.

2. Proof of the Main Results

2.1. The Case of T > 0. In numerical simulations or experi-
mental works on (4) with periodic boundary condition (2), it
is observed that solutions often converge to a traveling wave

.m
v () =go<t+];T>, (11)
where the waveform ¢ : R — R is a function satisfying
e(t+T)=¢ ) +2m, VteR. (12)

¢ is a waveform if and only if it satisfies (12) and

" (t)+T¢ (t) +¢

sin (eg (1))
=€ 'F (13)
+K[g0(t+ TT) —2(p(t)+(p<t— TT)].
n n
Hence, as in [11], we investigate the traveling wave of the type
@ (t) = u(vt) +vt, (14)
where the wave velocity v = 27/T = 27w and u satisfies

u@+2m)=u@, VOeR. (15)
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Inserting (14) into (13), we get
vu'' (0) + G’ () + €' sin (6 + eu (9))
:K{u(9+2nm>—2u@)+u<6—2ﬂm)] (16)
n n

+e'F-C.
Write
sin (€0 + eu (0)) = sin (e0) + 2ecos (O) u + g (u). (17)

We consider the following space:

X, = {u(@) — Z ukeik‘e | ””"(2; — Z |”k|2 ezalkl

kez? kez
- oo} ,

where 1. denotes the kthe Fourier coefficient.
Obviously, for a nested family of Banach spaces {X,, : 0 >
0}, there holds

(18)

Xo, € X5
el < lull,, (19)
V0 < 0, < 0,.

For o > 0, the space X is Banach algebra with respect
to multiplication of functions; that is, if u;,u, € X, then
u,u, € X, and there exists a positive constant C, such that

““1”2”0 <C ””1"0 ““2"0' (20)

Itis obviously that each function in X, has a bounded analytic
extension in the complex multistrip [Im 60| < o, where 0 €
C. By the definition of the space X, the following inequality
holds:

logul, < |o6u],, vh 1eN:n<L (21)

For uniqueness, we assume that u satisfies
R
(u) = J u(s)ds=0, T=—. (22)
T 2m
Now we define a function space with zero average by
P =

X0 ={ueX, st.u’ = =0}, (23)

as the closed subspace of X.

Let @ > o > 0. Then, we define

Y, denotes the set of functions u € C*(T x [0,T,]) such
that, for all { € [0,T,], 0 — u(6;Q) € Xg.

W, denotes the set Y, x C*°([0, [, ]).

Denote operator </ :='. Then (16) can be written as

Va1 (0) + {lu (0) + sin (0 + u (0))

=F-¢ (24)

+K[u<6+27‘[%)—2u(9)+u(0—2n%>].

We define an operator & : X, — X, by
Zu
= V2l u (0) + {Au (6)
—K{u<9+2ﬂm>—2uW)+u<9—2nm>] =
n n
+(1-1i).
Then, (24) can be written as
F W) =ZLu+esin(@+u0)+ G -1)u@) +
-F=0.
We have the following properties about operator Z.

Lemma 3. Fix the followingT > 0 and K > 0. The “diagonal”
operator & (on Fourier spaces) satisfies the following:
(1) VYu € Xg,

Su=% < Zaleike) = Z)mleike, (27)
kez kez

where

A=(kv—1)GT -1-kv)

_2K<am<zifﬂ>—l>. )

(2)Let0 <o <oandv € O, .. The operator & is bounded
and invertible, and &~ maps X" onto X2,

L u=2" (Zakeiw) = Z)flakeike € Xg. (29)

kez keZ

Ifn divides m, that is, m/n € Z, then,
| 27|, < 4o -3 lull,, (30)

where

u (o) = p(o;v,T)

31
= sup (Jvk— 17" |if - 1-vk[" e M). 1)
kez\{0}
Ifn does not divide m, then
|27 |, < w0 -3 lull,, (32)

where

u(o)=pu(o;v,I):= sup (F_l |vk — 1|_1 e_glkl). (33)
kez\{0}

Furthermore,

(34)




Proof. By the definition of operator &, we can easily get (1)
and (29). Now we prove (30), (32), and (34).

If n divides m, that is, m/n € Z and 2K(cos(2mkm/n) —
1) = 0, then we have

|74,
= Y (k-1 -1 -k e T ) g | (35
keZ\{0}
M7 < (o= 6) ull,
Since
T —1— vk| > |1+ vk| > %
y (36)
k—1| > ,
Ml
and sup,.(x"e™™) = (a/e)?, Va > 0, we obtain
1 /21\*¥
<——(— . 37
u(@) a2Ty? < e ) (37)

If n does not divide m, that is, 2K (cos(2mkm/n) — 1) # 0,
then operator Z is invertible and no “small divisor” appears.
We have

"3_114"5 = > <I1T (vk — 1) + 1 — vk
keZ\{0}

- 2K <cos < 2mk7‘r> - 1)‘_1 g 7O |¢Z l elklo
n , (38)

< Z (IF(vk— ™ e’(°’5)|k|)|ak|elk|a <H(o
keZ\(0}

= 0) llull, -

By sup,.,(x"e¢™*) = (a/e)?, Va > 0, and (36), we obtain

o

This completes the proof. O

Remark 4. By the estimate (39), we have that I' # 0 in our
Nash-Moser algorithm. However, when w = 0, we have v = 0
and ¢ == = 0.

Our method of finding traveling waves comes from the
idea of Newton scheme, which is an approximation method.
If we choose first step (i, {,) suitable, by finding a “quadrat-
ically better approximation,” we can move forward a single
step to our target. Hence, the critical point is to construct
“second step,” that is, to get (u,(;); then, the method of
making “next step” is the same. Finally, our solution of (26)
can be written as

u, Q) = (uo + Zus,% + ZCS) . (40)
s=1 s=1
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For convenience, we define
T (ug,Go) = (ug +up, o + 1), for (ug, o) € 7y, (41)
E =% (u5, )
Ey = F (g +up, G + 1) = F (T (40, 4)) -

Now, we construct the “first step approximation” to find

(U1>(1)~

Lemma 5. Fix any K > 0, F > 0, and I;; > 0. Assume that
w € O, .. Then, for any { € [0,T;], one obtains the “first step
approximation”:

(42)

u; = ~-#'E+ <3’1E> ,
(43)
{=@r-1)(Z'E).

Proof. We define
R:=-¢€sin(0+uy+u;)—esin(0+uy) + (T —1)u;. (44)
Then we have
F (ug+u, o +8) =L (ug +uy)
+esin (0 +ug + uy)
+ (T = 1) (g + 1) + o + 8
= Luy +esin (0 + uy)
(45)
+ (T = 1) uy + ¢ + Luy
+esin (0 +uy + uy)
—esin (6 +uy) + (T — 1)y,
+{ =E+Zu; +{; +R.

Based on our approximation method, we need to solve the
following equation:

E+Zu; +¢ =0. (46)

If n divides m, that is, m/n € Z, operator £ is not invert-
ible, the “small divisor” appears. Therefore, the removing of a
“small set” (in Lebesgue measure sense) is needed; that is, we
require w € O, .. Then, we construct

u =-L"E+(Z7E),
(47)
{=@r-1)(Z'E).

If n dose not divide m, operator & is invertible. Then we
can also construct (¢, {;) as the same form.

It is easy to verify that (1, ;) is the solution of (46) and
satisfies condition (22). This completes the proof. O

Remark 6. In fact, to obtain sth step approximation (u,,
{,) (s = 1), we need to solve

E,+ZLu +{,=0, (48)
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where
E,=F (T (uy,(y)) - (49)

By the method in Lemma 3, we can construct sth step
solution for (48) as

ug=-%'E,+ (Z7'E,),
(50)
(=G -1)(ZL7E,).

Now, in order to prove the convergence of our algorithm,
we need the following KAM estimates.

Lemma 7 (KAM estimates). Assume that (u,(,) € W ,. Then
there exist == B(1) > 1 and C, = Cy(Iyy, 7) > 1 such that,
forany 0 < a < o and any T € [0,1,], the following estimates
hold:

lorll,— a3y 161] 5 IEn g < Coa PIIE], - (51)

Proof. We first estimate the case that n divides m. It follows
from (30) that

sup |27E| < |2 7'E|, < () IEI, - (52)
By the definition of (1, ;) and (52), we have

lsllo-cayma < "3_16”0,(2/3)“ ty (%) IEN,

(53)
o —6T

<2(5 ) 1EI, < Co B,

|Cll < Cyo " ||E|l, < Cya " |E]l, - (54)
By (53) and the definition E, in (42), we get
“El”(rﬂx = ”R”U*UC

< esin (0 + uy + uy) — sin (6 + )|, _,,

(55)

RUERSY 7 TN T

-6
< Cs0 " |El, -

By (52), (53), and (55), there exist 8 :== 3(7) > 1 and C, =
Cy (L, 7) > 1 such that

lorll,— a3y 16115 IE g < Coa PIIE], - (56)

For the case of n not dividing m, we can also get the
estimate (51). The method is the same. So we omit it. This
completes the proof. O

Now, we will give a sufficient condition on the conver-
gence of our algorithm. For s > 0and 0 < 0 < 0 < G, we
set

_ 0-0
0, =0+ ,
25

(57)

Koy = 05 = Ogyy = F
Then, we have the following result about the convergence of

Nash-Moser algorithm.

Lemma 8. Assume that C, > C04ﬁ(0 - c_r)fﬁ and C,|IE|, <
1 < 1. Then, (u,{) € W5 defined in (40) is a solution of (26);
that is, F(u; ) = 0, V¢ € [0,T,].

Proof. We claim that, for s > 1,
(us’cs) = 'c/rs (uO)CO) € WO'S’

E (0) =F (T (uy,(y)) € Xop (58)

< G IEl,)"
o) — Zﬁ :

max {||us

o, 16:[ - 1B

In fact, if (58) holds, then by the decay of (C4||E||U)25, we
obtain that

T (up,§o) — W0) € W,
uniformly, as s — 00, (59)
F ) = im F (T (1)) = im E, = 0.

In the following, we will prove (58) by induction. Firstly,
we check (58) for the case of s = 1. Let o == wand 0, = 0 —«.
By (51), we have

- C
e, €11 Bl < Coe™ 1N, = S5 1EN,. (60)

which implies that (1, ;) € W 4, 50, (58) holds for s = 1.

Lets’ > 1. Assume that (58) holds true for 1 < s < s’. Now
we will prove that it also holds for s = s’ + 1. Let & := «,, and
o0 = 0. Note that Caf = (C/2P)2%E, By (51), we get

s+1

””sﬂ Ogi1 ’|(5+1| > "ES+1 041 = C4“s_f1 “Esuas
2 (61)
Cy sB (C4 ”ES as)
- Suprypy, <)
2P % 2P
which shows that (ug,,(s,;) € %, . Hence, our claim
holds. This completes the proof. O

Remark 9. In this lemma, we do not care whether n divides
m or not. Because the convergence of Nash-Moser algorithm
is the same.

Lemma 10 (uniqueness). Assume that (u, Z) and (1, E ) are
solutions of (26) in the domain C54ﬁ1(_f*l31||u||3 < 1. Then, (u,
0) = (u, Z); that is, the solution of (26) is unique.
Proof. Letu :=u—iand (= { - 7i. Then

9(u+ﬁ,(+f> =Zu+u)+esin(@+u+u)

+ (M =-Dw+a)+(+
=Ztu+esin@+u)+ Gl - 1)u
(62)
+C+ Pu+esin(0+u+1i)

—esin(@+u)+ (@' -1Du+(

=E+Zu+{+R,



where
R=esin(@+u+i)—esin(@+u)+ G- Du.  (63)
Note that F(u, Z) = 0. Therefore, by (62), we have
Pu+{+R=0. (64)
It follows from condition (22) that
{=@r-1)(Z 'Ry, (65)
u=-2"R+(Z'R). (66)
Note that |R]|, < Cyllull,, so we have that
2] < Cra* ul, 67)

Next we will estimate (66). By (63) and the similar
estimates in (53), for 0 < a < 0 < 7, we have

lily-o = [~ R+ (£ 7R)],, < Coa™™[R],
(68)

< Cya P ull, .

If we take 0, = 0/2° and a, = /2°"" (s > 0). Then, it
follows from (68) that

- — 1
lull,,, < Csex; pr lull,, = Cso B o Br(s+1) el

69)
< ab’ |ul,, ,
where a := C;2P"6 " and b := 2P".
By (69), we have
ab™ Jull,, b < (ab™")’ ull,, = ab™" (ab Jul,, b)
< (ab*') (ab®) (ab"" |lull,_ b) < -
(70)
< (ab*") (ab®) -+~ (ab) llully
_ as+1b(s+1)2 "u"E>
which shows that
lull,, < a'b™" " ull;. (71)
There exists y = y(s) € C'(1, ) such that
¥ (s) >0,
¥ (s) =0, (72)

for s> 1, SILI&X (s) = oo.
Then, it follows from (71) that

2
1/x(s) s5+s—1
lualy < < (ab el X)) (73)
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Note our assumption C54ﬁ15_ﬁfllullg < 1 and |lull, =
Y ez lul. Therefore, by (73), we obtain

lleellp = 0, (74)
which implies that

u=0,
(75)
that is., u = .

This together with (65) means the uniqueness of solutions for
(26). This completes the proof. O

The following result can be seen as a Nash-Moser theo-
rem for dissipative lattice systems.

Theorem 11. Let0 < y < 1 < 7,0 <0 <0 < 1l,w €
Oy and { € [0,Ty] for some Ty > 0. Assume that “initial
approximate solution” (uy, (,) € C(T x [0,T,]) x C*[0,T,]
and 0 — uy(6,T) € Xg, ollEl, < 1, V¢ € [0,T;], and ¢ >
1. Then, (26) possesses solutions (u,{) € C™(T x [0,[,]) x
C([0,T,]) and u € X%. Moreover, if (u,{) € C®(Tx[0,T,])x
C*([0,T,]) is also the solution of (26) and satisfies ollu—1ullz <
1, then, (u,{) = (w,{); that is, the solution of (26) is unique.

Proof. This result is the conclusion of Lemmas 5-14. Let 3(7)
and C, be defined in Lemma 7. We choose ¢ such that
Co4P(0 - 3 < p < min{C,,C;4""G F"}. Then, by our
assumption, Lemmas 8 and 10, we can get the existence and
uniqueness of solutions of (26). This completes the proof. [

Remark 12. In fact, in this abstract result, we do not need
any assumption on € > 0 in the case of € = 1. Then,
the problem of finding traveling wave solutions for (4) with
periodic boundary condition (2) is another open problem
in [11]. By Theorem 11, we can see that, for fixing K > 0,
I' > 0 and sufficient small F > 0, there is a unique traveling
wave solution for (4). However, it is difficult to find the initial
approximation solution (4, {,) which must make the error
function E satistying o[ Ell, < 1 (¢ > 1).

Now, we will use Theorem 11 to prove our main result.

Proof of Theorem 1. Let 0 < & < 0, Va,0 € R*. We choose
the initial approximation solution

(19 Gp) = (0,0). (76)

Lete, < 1/o— Fand e € [0,¢,] (¢ > 1). Then, the error
function E defined in (42) is given by

E:=%(0,0) =€sin(0) - F,

1 (77)
|El, <e+F < —.
4

Here, we require that F > 0 be sufficiently small so that 1/o -
F>0.

It follows from Theorem 11 that our result holds. This
completes the proof. O
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Remark 13. By the proof of Theorem 1, we can see that our
result also holds for the case of F = 0. It suffices to take ¢, <
1/pand € € [0,¢,].

2.2. The Case of T = 0. We now focus on the proof of
Theorem 2 by the same method.

By strong monotonicity arguments, Baesens and MacKay
have obtained the existence and stability of traveling waves for
(8) with periodic boundary condition (2). Here, we will use
Nash-Moser iteration to study the existence and uniqueness
of traveling wave solutions for (8) with periodic boundary
condition (2).

Note that a waveform ¢ satisfies the following equation:

o' @)K o1+ T) 20049 (1~ 1) 78)

+esin(p(t)) =F.
Hence, as in [11], we investigate the traveling wave of the type
@ (t) = u(vt) + vt, (79)
where the wave velocity v = 271/T = 27w and u satisfies
u@+2m)=u(@, VOeR. (80)
Inserting (79) into (78), we get
vu'' (0)
-K [u (6 + 271%) —2u) +u (6 - 271%)] (81)
+esin (0 +u(0)) =F.
Define the operator # : X, — X, as
M= v u (0)
-K [u (0 + 271%) -2u(0) + u(@ - 271%)] (82)

+ 1.
Then, (81) can be written as
Eu,F)=Mu+esin(@+u(d)-u@) -F=0. (83)

We will also use the idea of Newton scheme to obtain the
solution of (83). Firstly, we need to give some notations:

JF(”O’FO) = (up +up, Fy + Fy),
for (uy, Fy) € ¥ s
Fem @ (ug, Fy), (84)

g< zp,.> -9 (F (),

i=0

E,

where (u,, F;) denotes the sth step approximation solution.
Next, the spectrum analysis of operator . is essential.

Lemmal4. FixK > 0. The “diagonal” operator M (on Fourier
spaces) satisfies the following:
()Vu e XY,

) = < Zaleike) _ Zxaleike) (85)

kez kez

where

A= -2 +1-2K <cos<2mk”> - 1) . (86)

n

(2)Let0 <G <oandv € 5%7. The operator M is bounded
and invertible, and M~ maps X° onto X,

M u=a <Zakeik9> = Zx_lakeike € Xg.. (87)
kezZ kez
Ifn divides m, that is, m/n € Z, then
|7 4], < 9@~ &)l (88)
where

9(0) = sup (Ivk+1" vk —1""e™™). (89)
kez\{0}

Ifn does not divide m, then

|2, <90~ lull,. (90)
where

9(0) = sup <|vk—i\/1—4K|_1 e_‘flkl). 1)

keZ\{0}

Furthermore,
5 1 (21\*"
90), V<o (2) (92)
o%"y? \ e

Proof. The idea of this proof is similar to the proof of
Lemma 3. Here, we only need to verify (88), (90), and (92).
Note that sup,..,(x"e™*) = (a/e)®, Va > 0, and
kv (w) + 1],
o (@) i1 =4K] = o, (93)

Vk € Z.
Hence, in the case that n divides m,
|1 u]

= Z (|vk + 17 k-1 ef(ofg)lkl) || elklo (94)
keZ\{0}

<9(0-0) lull,;



in the case that n does not divide m,
27w,

= Z < K2 +1 —2K<cos<2mkn> - 1)
keZ\{0} n

~e‘(“‘5)'k')|ak|e'k"’s y (|Vk_im|‘1 (95)

-1

keZ\{o}
'vk+z\/1——' (o= o)lkl) | |elkla <9(0-3d)
Nully »
where
= 1 [(21\*
90, 3@ <—(T) . (96)
o%"y? \ e
This completes the proof. O

Lemma 15. Fix any K > 0 and Fy > 0. Assume that w € EW
Then, for any F € [0, Fy], one obtains the “first step approxi-
mation”:

i, =-M"E+(M'E),
(97)
F, = <.%71E>.
Proof. Define
Ri=esin(0+uy+u;) —esin (0 +uy) +uy (0).  (98)
Then we have
G (ug + 1y, Gy +§y) = M (ug +uy)
+esin(0+uy +uy) +uy+uy
+F,+ F
= Muy +esin (0 +uy) +uy+ Fy (99)
+ Muy +esin (0 +uy +uy)
—esin(0+uy) +u; + F,
=E+Mlu, +F +R
For getting (u,, F, ), we need to solve the following equation:
E+ Mu, +F, =0. (100)

By condition (22), we can construct “the first approximation
solution™
i, =—M"E+(M'E),
B (101)
= (M'E).

This completes the proof. O
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Remark 16. In fact, we can construct the sth step approxima-
tion solution as

i, =-M"E,+ (M'E,),

B (102)
F.:= (M'E,),
by solving the following equation:
E + Mu,+F, = 0. (103)

Lemma 17 (KAM estimates). Assume that (uy, F,) € W ,,.
Then, there exist 5 == 5 > 1 and Cqy = Co(F,,T,y) > 1 such

that, for any 0 < « < o and any F € [0,F,], the following
estimates hold:
leil-cropa IEal- (Bl = oo P[], 00

Proof. The proof is the same as Lemma 7, so we omitted it.
O

Lemma 18. Assume that C,, > C94ﬁ(0 E)fﬁ and C ol Ell, <
1t < L Then, (u,F) = (Y2 tty» Yocp Fs) € W' is a solution of
(83); that is, #(u; F) = 0, VF € [0,F,]. Furthermore, in the
domain

. F) e c® (T x[0,F.])

x C* ([0,F,]) | C,, 477 " Jully < 1},

(105)

(83) admits a unique solution (u, F).

Proof. This proof is also similar to Lemmas 8 and 10, so we
omitted it. O

Based on Lemma 18, we show the following Nash-Moser
theorem for the conservative lattice systems.

Theorem19. Let0 <y <1<7,0<0<0<1l,w 65%? and
F € [0,F,] for some F, > 0. Assume that “initial approximate
solution” (uy, Fy) € C®(T x [0,T,]) x C*[0,F,] and 6 —
uy(0,F) € X°, 0llEll, < 1, VF € [0,F,], and g > 1. Then, (83)
possesses solutions (u, F) € C*°(T x [0, F,]) x C*°([0, F,]) and
u € X2 Moreover, the solution of (83) is unique in the domain
{(u, F) € C®(Tx[0,F, 1) xC([0, F,]) | ollull, < 1, Vo > 1}

Proof of Theorem 2. Let 0 < & < 0, V0,0 € R*. We choose
the initial approximation solution

(ug, Fy) = (0,0). (106)

Lete, < 1/pand € € [0,¢)] (o > 1). Then, the error
function E defined in (84) is given by

E = 2(0,0) = esin (0),

ol <<= "

It follows from Theorem 19 that our result holds. This
completes the proof. O
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