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To settle down the resolutional uncertainty in optimum portfolio strategy, this paper addresses an incremental-hybrid-Yager’s
entropy model to newly describe the relationship between return and risk. Different from the traditional multiperiod portfolio,
we design the ratio threshold to divide asset price into different time interval and use state instead of time point to model the
dynamic portfolio process. In addition, fuzzy variables are utilized to represent prices of assets, while historical data based on
Markov chain is exploited to estimate membership functions of fuzzy prices. At last, a compromised genetic algorithm is designed,
and the numerical example shows that the proposed model achieves solid returns compared against the mean-variance model and
Markov chain Monte Carlo method.

1. Introduction

Since the original work of Markowitz [1], researches on
mean-variance (MV) models for portfolio selection have
increased so as to provide financialmodelswithmore realistic
assumptions. Themain goal of the MVmodel is to maximize
the expected return for a given level of risk or minimize
the expected risk for a given level of return. Based on
the prior work of Markowitz, many extensions have been
proposed, such as Giove et al. [2], Gupta et al. [3], and
Zhang et al. [4]. For these models, investment horizon is a
single period. Because of the investors’ requirement for timely
wealth reallocation, a number of scholars have extended
the classical MV model to multiperiod portfolio selection,
in which the objective aims to select a set of intermediate
portfolios instead of just the one originally proposed [5–
9]. However, the precondition of multiperiod MV model is
that the return of each asset follows the jointly elliptically
(or spherically) distributed. This assumption appears to be
unrealistic because it rules out possible asymmetry in return
distribution, and only a small part of portfolio problem can
be addressed by using the MV model. To break down the
limitation of traditional methods in asset return distribution,

this paper constructs a multiperiod discrete portfolio scheme
based on entropy models to optimize portfolio strategy with
automatic investment ratio adjustment.

The precondition of maximizing portfolio return is to
recognize the systematical risk (uncertainty). An economic
system regularly consists of three uncertainties: random
uncertainty, fuzzy uncertainty, and resolutional uncertainty
[10]. Similar to the result of the dice throwing, price trend
has characteristic of randomness, which is called Probability
Uncertainty (PU). And plenty of prior studies focus on
PU, willing to predict the price process by proposing a
large number of models [11, 12]. However, these models are
always limitedly used because the price probability is always
unknown. Instead, the range [𝑢, 𝑢] of the price trend can
be easily obtained rather than the probability of each value
within this range. Under this circumstance, fuzzy uncertainty
(FU) is considered to describe the price trend, helping make
efficient policy to control market risk [13, 14]. Specifically,
scholars use the fuzzy set to emphasize the role of expert
experience in judging market environment. They conclude
that the fuzzy set is the core tool for simulating prior knowl-
edge by models, and it performs well during the process of
market decision [15, 16]. Currently, some researchers realized
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that combining PU and FU can better explain price volatility
and simulate price process [17]. However, an overlook factor
between PU and FU weakens the prediction accuracy of PU-
FUmodels, which is called the resolutional uncertainty (RU).
To better understand this uncertainty, we guess the result
number of a die has a high probability of 1 or 2; namely,
the top face is either 1 or 2 with belief of 0.9. And this
nonspecificity situation which specifies the exact solution by
ambiguity is called RU [18]. Since the decision process of asset
selection has the same characteristic as dice number guessing
that the long-term price prediction is hard to guarantee the
accuracy, investors always design a reasonable investment
strategy by combining both price historical regulation (PU)
and investment experience (FU). Accordingly, the RU is
divided into two uncertainties which are independent of each
other in optimization algorithm.

To maximize the portfolio return originated from
investors prior investment knowledge and minimize the
adverse impact of RU on investment decision, the contribu-
tion of this paper is to add the description of RU uncertainty
and propose a new dynamic strategy for portfolio adjustment
to better control the market risk. Specifically, we first use
the ratio threshold to divide asset price into different time
intervals, and reappraise the market risk according to the
time point which price surpass the range of threshold value.
Second, the price time point which exceeds the threshold
is defined as portfolio state. The investment strategy of
each state remains constant, while the algorithm readjusts
the asset investment proportion based on the historical
price information on state-change point. The ratio threshold
usage and the state algorithm design expand the adjustment
criterion of portfolio strategy from readjust the portfolio
strategy only on the basis of the historical return to refind
the optimal investment proportion with the combination of
historical income and investor experience, which fills the gap
of existing portfolio literatures that lack the description of
expert experience. In brief, the set of ratio threshold is the
result of historical price trend; meanwhile, it also includes
evaluation of subjective judgment for future economic cir-
cumstance, which fully describes the RU in real market.

When establishing portfolio models, previous work
points that entropy, which is a measurement for the chaos
of system, can be well used in simulating the uncertainty of
capital price shocked by information from different sources
(Rodder et al. [19]; Usta and Kantar [20]; Huang [21]; Xu
et al. [22]). Using the principle of maximum, Jana et al.
[23] and Zhou et al. [24] point that the entropy can derive
the PU of security returns for investors who have limited
information under different investment circumstances. In
addition, scholars further propose different kinds of entropies
to describe the systematic risk in economic system, such as
the hybrid entropy and fuzzy cross-entropy (Fang et al. [25]
and Jana et.al [23]). Since uncertainties are triggered by not
only the external shock but also the internal diversity, Yu et
al. [26] propose Yager’s entropy, which aims to minimize the
distance between assets portfolio ratio and equally propor-
tion can make a good performance in hedging unsystematic
risk (internal diversity). To maximize the investors’ return, in
this paper, we use the incremental entropy to describe the

value-added speed of asset and the cumulative income of
the return. To minimize the market risk, we choose hybrid
entropy which consists of PU and FU and Yager’s entropy
to simulate unsystematic and systematic risk, respectively.
Different from the traditional portfolio model that only
focuses on reducing the systemic risk, the model proposed
in this paper more comprehensively examines the impact of
nonsystemic risk on investment strategy, and the description
of nonsystemicmodel helps to further diversify the riskwhich
is brought by the centralization of portfolio strategy. In addi-
tion, the incremental entropy, which is used to characterize
the market return, better fits the actual return of asset price,
because the geometric mean return is a true reflection of the
capital appreciation.

The rest of the paper is organized as follows. In Section 2,
we briefly introduce the definitions for fuzzy random returns,
fuzzy expectations, incremental entropy, hybrid entropy, and
Yager’s entropy which are used inmodel construction. In Sec-
tion 3, after specifically introducing the usage of the threshold
and state interval, we formulate the possibilistic return and
the systematic and unsystematic risk of dynamic portfolio.
A state-change portfolio model is then built to minimize
the cumulative portfolio risk and maximize the return over
the whole trading period in Section 4. Section 5 gives a
compromised genetic algorithm to solve the proposedmodel.
In Section 6, we give the comparison analysis among our pro-
posed model, a MV portfolio selection model, and MCMC
method by using twonumerical examples to illustrate the idea
of our model and the effectiveness of the designed algorithm.
Finally, some conclusions are given in Section 7.

2. Preliminaries

Let us first review some basic concepts about fuzzy variable
and entropy, which we need in the following sections.

2.1. Fuzzy Variable. A fuzzy number 𝐴 is a fuzzy set on
real line R with a normal, fuzzy convex, and continuous
membership function of bounded support. A 𝛾-cut set of 𝐴
is defined by 𝐴𝛾 = {𝑥 ∈ R | 𝜇𝐴(𝑥) ≥ 𝛾} if 𝛾 > 0 and𝐴𝛾 = 𝑐𝑙{𝑥 ∈ R | 𝜇𝐴(𝑥) > 0} (the closure of the support of𝐴) if 𝛾 = 0. If 𝐴 is a fuzzy number then 𝐴𝛾 = [𝐴−

𝛾, 𝐴+
𝛾] is a

compact subset of R for all 𝛾 ∈ [0, 1].
The concept of a fuzzy random variable, as in the

following definitions and conclusions, applies to a situation
when randomness and fuzziness appear simultaneously.

Definition 1 (Liu and Liu [27]). Let 𝜉 be a fuzzy variable; then,
the expected value of 𝜉 is defined as

E [𝜉] = ∫+∞

0
𝐶𝑟 {𝜉 ≥ 𝑟} 𝑑𝑟 − ∫0

−∞
𝐶𝑟 {𝜉 ≥ 𝑟} d𝑟, (1)

provided that at least one of the two integrals is finite, where𝜉 is a fuzzy variable with membership function 𝜇. Further, for
any set 𝐵 of R, the credibility of 𝜉 ∈ 𝐵 is

𝐶𝑟 {𝜉 ∈ 𝐵} = 12 (sup𝑥∈𝐵
𝜇 (𝑥) + 1 − sup

𝑥∈𝐵𝐶
𝜇 (𝑥)) . (2)
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By Definition 1, a fuzzy variable 𝜉 can be characterized by
the crisp numbers (𝑎, 𝑏, 𝑐) with 𝑎 < 𝑏 < 𝑐. The membership
function of 𝜉 is given by

𝜇𝜉 (𝑥) =
{{{{{{{{{{{{{{{{{

𝑥 − 𝑎𝑏 − 𝑎 , 𝑎 ≤ 𝑥 < 𝑏,
1, 𝑥 = 𝑏,𝑐 − 𝑥𝑐 − 𝑏 , 𝑏 < 𝑥 < 𝑐,
0, otherwise.

(3)

The 𝛾-level set of 𝐴 can be computed as

𝐴𝛾 = [𝐴𝐿
𝛾, 𝐴𝑅

𝛾] = [𝑎 − (1 − 𝛾) 𝐿, 𝑐 + (1 − 𝛾) 𝑅] ,
𝛾 ∈ [0, 1] , (4)

where𝐴𝐿
𝛾 and 𝐴𝑅

𝛾 are the left-endpoint and right-endpoint of
the close internal 𝐴𝛾 and [𝐿, 𝑅] is tolerance interval.
Definition 2 (Campos and Gonzalez [28]). Let 𝐴 be a fuzzy
number and its 𝛾-cut set be 𝐴𝛾 = [𝐴𝐿

𝛾, 𝐴𝑅
𝛾]. 𝐴’s 𝜃-mean is

defined as

𝑄𝜃 (𝐴) = ∫1

0
[𝜃𝐴𝑅

𝛾 + (1 − 𝜃) 𝐴𝐿
𝛾] d𝛾, (5)

where 𝜃 ∈ [0, 1] reflects the DM’s (decision maker’s)
subjective optimistic-pessimistic degree. Moreover, 𝑄𝜃(𝐴)
could be regarded as the crisp value of fuzzy number 𝐴.

Here, by changing the value of the parameter, the DM’s
optimistic-pessimistic degree can be expressed. Generally,𝜃 = 1 means that DM is wholly optimistic (expecting
maximal value), while 𝜃 = 0 reflects absolute pessimism
(minimal value). In this paper, we choose 𝜃 = 0.5 to reflect
neutrality.

2.2. Entropy Models. As discussed in introduction, compli-
cated financial instruments exhibit hybridized uncertainties
of both random and fuzzy types. This section introduces
incremental entropy to describe an optimal portfolio for a
given probability of returns and employs hybrid entropy to
measure financial risk caused by both randomness and fuzzi-
ness simultaneously. Yager’s entropy, which can minimize the
distance between the weight of assets and equal weight, is
used to describe unsystematic risks.

Definition 3 (Ou [29]). Consider the prices of𝑚 securities in
a portfolio as an 𝑚-dimensional vector, with the price of theℎth security having 𝑛ℎ values (ℎ = 1, 2, . . . , 𝑚). Thus, there
are𝑊 = 𝑛1 × 𝑛2 × ⋅ ⋅ ⋅ × 𝑛𝑚 price vectors. We assume that the𝑙th price vector is 𝑑𝑙 = (𝑑𝑙1, 𝑥𝑙2, ⋅ ⋅ ⋅ , 𝑑𝑙𝑚), 𝑙 = 1, 2, . . . ,𝑊, the
current price vector is𝑑0 = (𝑑01, 𝑑02, . . . , 𝑑0𝑚), the probability
of occurrence of 𝑑𝑙 is 𝑝(𝑑𝑙), and the return from the ℎth
security is𝑅ℎ𝑙 when the price vector is 𝑑𝑙. 𝛽ℎ is the proportion
of investment in the ℎth security. Then,

𝐻1 = 𝑊∑
𝑙=1

𝑝 (𝑑𝑙) ln[ 𝑚∑
ℎ=0

𝛽ℎ (1 + 𝑅ℎ𝑙)] (6)

is called incremental entropy. The essence value of incremen-
tal entropy is geometric mean return. Since the geometric
mean return is the real increment of asset return in the stock
market, we choose the incremental entropy as the criterion
for optimizing portfolio selection.

Definition 4 (Shang and Jiang [30]). Let 𝐷(𝑋) be the collec-
tivity of sets on a discrete universe of discourse 𝑋 = {𝑥𝑙 | 𝑙 =1, . . . ,𝑊}, 𝐴 ∈ 𝐷(𝑋), denoted as 𝐴 = ∑𝑊

𝑙=𝑙 𝜇𝑙/𝑥𝑙, ∀𝑥𝑙 ∈ 𝑋,
where 𝜇𝑙 = 𝜇(𝑥𝑙) is the membership of 𝑥𝑙 subjects to 𝐴, and
the probability distribution on the universe of discourse 𝑋
is 𝑃 = (𝑝1, 𝑝2, . . . , 𝑝𝑊), where 𝑝𝑙 is the frequency of 𝑥𝑙. We
define the hybrid set as 𝐴(𝑃,𝑀) = ∑𝑊

𝑙=1 𝑝𝑙𝜇𝑙/𝑥𝑙, ∀𝑥𝑙 ∈ 𝑋,
denoted by 𝐴(𝑃,𝑀) = 𝐴. Then, we call

𝐻2 = 𝐹 (𝐴)
= −𝑊∑

𝑙=1

{𝑝𝑙𝜇𝑙 ln𝑝𝑙𝜇𝑙 + 𝑝𝑙 (1 − 𝜇𝑙) ln [𝑝𝑙 (1 − 𝜇𝑙)]} , (7)

the hybrid entropy of hybrid set𝐴.The hybrid entropy, which
consists of stochastic uncertainty and fuzzy uncertainty, is an
effective tool to describe the systematical risk in real market.

Definition 5 (Yager [31]). Yager’s entropy is defined as

𝐻3 = ( 𝑛∑
𝑙=1

𝜔𝑙 − 1𝑚

𝑧)1/𝑍 , 𝑍 ≥ 1, (8)

where 𝑍 is a constant and 𝑍 ≥ 1, measuring the entropy of a
probability distribution 𝜔 as some measure of the distance of
its vector from the vector of maximal entropy; we denote the
probability distribution 𝜔𝑙 = 1/𝑚 by the vector [1/𝑚].
Remark 6. Definition 5 aims to minimize the distance
between the weight of the invested asset and 1/𝑚 in terms
of the portfolio selection; the budget allocates on securities
more equally while Yager’s entropy is larger.Therefore, Yager’s
entropy has the minimum value if 𝜔𝑙 = 1/𝑚. Yager’s
entropy, which is used to optimize the proportion of portfolio
capital allocation, effectively characterizes the uncertainty of
probability distribution and provide an effective tool to depict
the nonsystematic risk of assets [26, 32].

3. The Formulation of Dynamic Portfolio
Selection Problem

In this section, we first explain how to use the threshold and
state interval to describe the RU. Then we use the specific
incremental entropy, hybrid entropy, and Yager’s entropy
under each state interval to indicate the portfolio return,
systematical risk and unsystematical risk.

3.1. The Threshold Set and State Interval. Since the existence
of transaction cost, investors did not intend to frequently alter
the portfolio scheme unless volatilities of stock price exceed
their acceptable range. To describe this process, we assume
the acceptable volatility range (or threshold) is [𝑎, 𝑏], where 𝑎
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is a lower bound of price reduction ratio of any holding assets
while 𝑏 is an upper bound of price growth rate of any holding
assets. In addition, because investors maintain the portfolio
strategy when each asset is within the threshold, we assume
the unchanged period of investment strategy to be a state.The
time that each asset’s price is out of the threshold is defined
to be the state-change point; and portfolio strategy should be
recalculated at each state-change point.

Using multistate portfolio instead of multiperiod portfo-
lio, we can reduce risks and increase profits, achieving timely
loss cut in the decline environment of market price and boost
revenue in the boom environment of market price. In brief,
the price return, risk, and portfolio process are defined as the
state-based equations.

Consider a dynamic-selection-based portfolio selection
problem with m risky assets. The return rates of assets are
donated by fuzzy variables. Assume that an investor joins the
market at the beginning of period 0 with initial wealth 𝐺(0)
and, at each state 𝑖, would getwealth𝐺(𝑖).The investor intends
to allocate his/her wealth among 𝑚 risky assets for 𝐶 states.
Here, the simplest SDE model is used to describe and sim-
ulate the price evolvement process, because the adjustment
proportions of portfolio strategies are only controlled by the
returns including the current return, the historical return,
and the expected return and correlation among asset prices
has no effect on the results of optimal investment proportion.
In addition, since the Brownian motion is a main part of
the SDE model to express the random trend of asset price,
we use this model to describe the random uncertainty of the
portfolio return.

Here, 𝑆ℎ(𝑖) is used to express the price of risky asset ℎ at
state 𝑖, which is as follows:

d𝑆ℎ (𝑖) = 𝑟ℎ (𝑖) 𝑆ℎ (𝑖) d𝑡 + 𝜎ℎ (𝑖) 𝑆ℎ (𝑖) d𝐵 (𝑖) , (9)

where 𝐵(𝑖) is a Brownian motion, 𝑟ℎ(𝑖) is a drift process of
risky asset ℎ at state 𝑖, and 𝜎ℎ(𝑖) is a known volatility of risky
asset ℎ at state 𝑖. Assume that investors have wealth 𝑌(𝑖) at
state 𝑖; then, we get

d𝑌 (𝑖)𝑌 (𝑖) = 𝑚∑
ℎ=1

𝛽ℎ (𝑖) d𝑆ℎ (𝑖)𝑆ℎ (𝑖) , (10)

where 𝛽ℎ(𝑖) is the form investment proportion of risky assetℎ at state 𝑖, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐶, ℎ = 1 ⋅ ⋅ ⋅ , 𝑚, as discretization of (10)
yields

𝑌 (𝑖) − 𝑌 (𝑖 − 1)𝑌 (𝑖) = 𝑚∑
ℎ=1

𝛽ℎ (𝑖) 𝑆ℎ (𝑖) − 𝑆ℎ (𝑖 − 1)𝑆ℎ (𝑖) . (11)

Through (11), we see the return on portfolio under state 𝑖
based on the strategies under state 𝑖 − 1 and the returns on
assets under state 𝑖.

To obtain the optimal investment proportion in each time
period, we assume that the whole investment process is self-
financing; that is, the investor does not invest the additional
capital during portfolio selection. To increase profits with
low risk, investors should alter the scales of assets based on
market fluctuation, whichwedefined as states above. Tomake

it easier to follow our expositions, we list all the notations that
will be used hereafter:

𝛽ℎ(0) the initial investment proportion of risky assets
at states 0;Δ�̃�(0) the here-and-now decision variable, whereΔ�̃�(0) = (Δ𝛽1(0), Δ𝛽2(0), ⋅ ⋅ ⋅ , Δ𝛽𝑚(0));Δ�̃�(𝑖) the dynamic feedback adjustment proportion of
the portfolio at state 𝑖, where Δ�̃�(𝑖) = (Δ𝛽1(𝑖), Δ𝛽2(𝑖),⋅ ⋅ ⋅ , Δ𝛽𝑚(𝑖));Δ𝛽(𝑖) the nominal feedback adjustment proportion of
the portfolio at state 𝑖 where Δ𝛽(𝑖) = (Δ𝛽1(𝑖), Δ𝛽2(𝑖),⋅ ⋅ ⋅ , Δ𝛽𝑚(𝑖));Θ(𝑖) the market relation matrix at the state 𝑖;𝑅ℎ(𝑖) the return of risky asset ℎ at the state 𝑖;𝐶 the whole set of states and the frequency of state-
change during 𝑛 trading periods;𝑢ℎ(𝑖) the upper bound constraint of𝛽ℎ (𝑖), ℎ = 1, 2, . . . ,𝑚, 𝑖 = 1, 2, . . . , 𝐶.

Since the state decisions are actually conditional decision
rules, accordingly, the key issue in the stochastic program-
ming formulation is the choice of which action should be
taken in response to past outcomes.

In our approach, we postulate that control action Δ𝛽(𝑖) is
an affine, strictly causal function of the returns’ innovations
[7]. Then, the dynamic feedback adjustment based on the
deviation rate in the previous time period can be described
in the following proposition.

Proposition 7. The investment proportion of risky assets at
state 𝑖 is

𝛽ℎ (𝑖) = 𝛽ℎ (0)
+ 𝑖∑

𝑘=1

( 𝑚∑
𝑗=1

𝜃ℎ𝑗 (𝑘 − 1)E (R𝑗 (𝑘 − 1) − R𝑗 (𝑘 − 1))

+ Δ𝛽ℎ (𝑘)) ,
(12)

where (𝜃ℎ𝑗(𝑖))𝑚×𝑚 is the sensitivity of the control action in
row ℎ and column 𝑗 of Θ(𝑖), R(𝑖) = (𝑅1(𝑖), 𝑅2(𝑖), ⋅ ⋅ ⋅ , 𝑅𝑚(𝑖))
is the vector of the return of the portfolio at state 𝑖, andR(𝑖) = (𝑅1(𝑖), 𝑅2(𝑖), ⋅ ⋅ ⋅ , 𝑅𝑚(𝑖)) represents the vector of the
predetermined return of the portfolio at state 𝑖.
Proof. See Appendix A.

Using Proposition 7, we get that the direct ratio of
dynamic proportion is composed of fuzzy returns and nom-
inal proportion adjustments. Fuzzy returns are portrayed as
the Markov chain in the following section to overcome the
effectiveness of subjective factors by predicting experts’ expe-
rience. Thus, the dynamic portfolio selection problem can
be translated into optimal proportion problem of nominal
adjustments of each state.
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3.2. Possibilistic Return. The best nominal proportion is
the proportion that helps investors get more returns with
low risks. Assume that an investor joins the market at the
beginning of period 0 with initial investment proportion𝛽ℎ(0) to get ℎ assets. To obtain long optimization returns,
investors should employ an appropriate way to portray
ultimate returns.Thus, amore objective and testable criterion
for assessing portfolios, incremental entropy, is applied to
obtain the optimal investment ratios. As this kind of entropy
emphasizes the incremental speed of capital [24], incremental
entropy has contributed to achieve rapid-growth returns for
investors.

In this paper, incremental entropy is presented as the
description of asset income. Because the larger the incremen-
tal entropy is, the more the investors obtain, we maximize
the return function to guarantee profit maximization of each
state. Extending the incremental entropymethod to the state-
change circumstance for measuring the return in a dynamic-
feedback-adjustment-based portfolio selection problem, we
have

𝐻4 = 𝐶∑
𝑖=1

[𝑡 (𝑖) 𝑊∑
𝑙=1

𝑝 (𝑑𝑙 (𝑖)) ln 𝑚∑
ℎ=1

𝛽ℎ (𝑖) (1 + 𝑅ℎ𝑙 (𝑖))] , (13)

where ∑𝐶
𝑖=1 𝑡(𝑖) = 𝑇 represents the whole period of exchange

and 𝑡(𝑖) is the duration of time at state 𝑖.
To calculate values of 𝐻4, three variables 𝛽ℎ(𝑖), 𝑝(𝑑𝑙(𝑖)),

and 𝑅ℎ𝑙(𝑖) should be determined firstly. With the change of
state, it is easy to know the value of 𝛽ℎ(𝑖). However, the
value of 𝑝(𝑑𝑙(𝑖)), which represents the probability of price
combination under state 𝑖, is difficult to obtain directly. Thus,
to obtain the value of 𝑝(𝑑𝑙(𝑖)), we divide the interval into𝑛 equal parts. Then the frequency of the hth subinterval is
calculated as follows:

𝑝 (𝑑𝑙 (𝑖)) = ∑𝑚
ℎ=1 [𝛽ℎ (𝑖) 𝑝ℎ𝑙 (𝑖) 𝜆ℎ]∑𝑚

ℎ=1 𝜆ℎ𝛽ℎ (𝑖) , (14)

where 𝑝ℎ𝑙(𝑖) represents the frequency of the ℎth subinterval
price falling in the 𝑙th subinterval and 𝜆ℎ is the correlation
coefficient weight of asset ℎ in the portfolio:

𝜆ℎ = ∑𝑚−1
𝑘=1 𝜇𝑘∑𝑚

ℎ=1∑𝑚−1
𝑘=1 𝜇ℎ𝑘 , (15)

where 𝜇ℎ𝑘 represents the correlation coefficient between the
risky asset ℎ and risky asset 𝑘 with 𝑘 = ℎ + 1.

Given 𝑝(𝑑𝑙(𝑖)), we can obtain the value of fuzzy number𝑅ℎ𝑙(𝑖). As 𝑅ℎ𝑙(𝑖) is a fuzzy number random variable, the
membership function of 𝑅ℎ𝑙(𝑖) is given by Definition 1; that
is,

𝜇𝑅ℎ𝑙(𝑖) (𝑥 (𝑖))

=
{{{{{{{{{{{{{

𝑥 (𝑖) − 𝑎ℎ𝑙 (𝑖)𝑏ℎ𝑙 (𝑖) − 𝑎ℎ𝑙 (𝑖) , 𝑎ℎ𝑙 (𝑖) ≤ 𝑥 (𝑖) < 𝑏ℎ𝑙 (𝑖) ,
1, 𝑥 (𝑖) = 𝑏ℎ𝑙 (𝑖) ,𝑐ℎ𝑙 (𝑖) − 𝑥 (𝑖)𝑐ℎ𝑙 (𝑖) − 𝑏ℎ𝑙 (𝑖) , 𝑏ℎ𝑙 (𝑖) < 𝑥 (𝑖) ≤ 𝑐ℎ𝑙 (𝑖) ,

(16)

where the parameters 𝑎ℎ𝑙(𝑖), 𝑏ℎ𝑙(𝑖), 𝑐ℎ𝑙(𝑖) denote the low-
est return, the end return, and the highest return. Here,𝑎ℎ𝑙(𝑖), 𝑏ℎ𝑙(𝑖), 𝑐ℎ𝑙(𝑖) are estimated by historical data.

To estimate the parameters, aMarkov chain is established
using historical data. We select stock trading data during
trading period 𝑇 and record the lowest return 𝑎𝑒ℎ𝑙(𝑖), the end
return 𝑏𝑒ℎ𝑙(𝑖), and the highest return 𝑐𝑒ℎ𝑙(𝑖). The value range
of 𝑎𝑒ℎ𝑙(𝑖), 𝑏𝑒ℎ𝑙(𝑖), and 𝑐𝑒ℎ𝑙(𝑖) is divided into 𝑁 equal parts, so
that the 𝑗th subinterval’s middle, left, and right values can be
represented by 𝑎𝑗

ℎ𝑙
(𝑖), �̃�𝑗

ℎ𝑙
(𝑖), and 𝑐𝑗

ℎ𝑙
(𝑖), respectively. Construct

a times transitionmatrix𝐷 = (𝑑𝑗𝑘)𝑁×𝑁 based on each return’s
respective numbers, where 𝑑𝑗𝑘 is statistic transferred times
from 𝑗th state interval to 𝑘th state interval. Now, the state
transition matrix can be established as

𝑝 =
[[[[[[
[

𝑝11 𝑝12 ⋅ ⋅ ⋅ 𝑝1𝑁𝑝21 𝑝22 ⋅ ⋅ ⋅ 𝑝2𝑁... ... d ⋅ ⋅ ⋅
𝑝𝑁1 𝑝𝑁2 ⋅ ⋅ ⋅ 𝑝𝑁𝑁

]]]]]]
]
, (17)

where 𝑝𝑗𝑘 = 𝑑𝑗𝑘/∑𝑁
𝑘=1 𝑑𝑗𝑘.

Establishing the steady-state linear equations, we have

𝑘1 = 𝑝11𝑥1 + 𝑝12𝑥2 + ⋅ ⋅ ⋅ + 𝑝1𝑁𝑥𝑁,
𝑘2 = 𝑝21𝑥1 + 𝑝22𝑥2 + ⋅ ⋅ ⋅ + 𝑝2𝑁𝑥𝑁,

⋅ ⋅ ⋅
𝑘𝑁 = 𝑝𝑁1𝑥1 + 𝑝𝑁2𝑥2 + ⋅ ⋅ ⋅ + 𝑝𝑁𝑁𝑥𝑁,

𝑁∑
𝑗=1

𝑥𝑗 = 1.
(18)

where 𝑥𝑗 represents the probability that the return rate data
falls into the 𝑗th subinterval.

Solving the equation above, we can obtain the unique
solution

𝑘1 = 𝑞1,
𝑘2 = 𝑞2,
⋅ ⋅ ⋅

𝑘𝑁 = 𝑞𝑁.
(19)

Thus, the probability of assets’ returns in each state 1, 2,. . . , 𝑁 can be described as 𝑞1, 𝑞2, . . . , 𝑞𝑁, and
𝑎ℎ𝑙 (𝑖) = 𝑞1𝑎1ℎ𝑙 (𝑖) + 𝑞2𝑎2ℎ𝑙 (𝑖) + ⋅ ⋅ ⋅ + 𝑞𝑁𝑎𝑁ℎ𝑙 (𝑖) ,
𝑏ℎ𝑙 (𝑖) = 𝑞1�̃�1ℎ𝑙 (𝑖)1 + 𝑞2�̃�2ℎ𝑙 (𝑖) + ⋅ ⋅ ⋅ + 𝑞𝑁�̃�𝑁ℎ𝑙 (𝑖) ,
𝑐ℎ𝑙 (𝑖) = 𝑞1𝑐1ℎ𝑙 (𝑖) + 𝑞2𝑐2ℎ𝑙 (𝑖) + ⋅ ⋅ ⋅ + 𝑞𝑁𝑐𝑁ℎ𝑙 (𝑖) .

(20)

Based on the transition probability matrix, returns 𝑎ℎ𝑙(𝑖),𝑏ℎ𝑙(𝑖), and 𝑐ℎ𝑙(𝑖) can be solved such that 𝜇𝑅ℎ𝑙(𝑖)(𝑥(𝑖)) can be
calculated.
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Contributing to the Markov chain, a more reliable return
exists in𝐻4 that is not influenced by subjective factors.

We want to obtain the maximum of the multiple of
investment benefits. However, incremental entropy 𝐻4 is
a fuzzy random variable that cannot yield the true value
of 𝐻4. Accordingly, the following proposition gives the
maximization of the expectation of𝐻4.

Proposition 8. The expectation of𝐻1 is

E (𝐻4) = 𝐾1( 𝑚∑
ℎ=1

𝑐ℎ𝑙 (𝑖) − 𝑎ℎ𝑙 (𝑖)2 𝛽ℎ (0)
+ 𝑚∑

ℎ=1

𝑐ℎ𝑙 (𝑖) − 𝑎ℎ𝑙 (𝑖)2 𝐾2 (𝑖)
+ 𝑚∑

ℎ=1

𝑐ℎ𝑙 (𝑖) − 𝑎ℎ𝑙 (𝑖)2 𝐾3 (𝑖)) ,
(21)

where 𝐾1 = ∑𝐶
𝑖=1 𝐺(𝑖), 𝐾2(𝑖) = ∑𝑖

𝑘=1∑𝑚
𝑗=1 𝜋ℎ𝑗(𝑘 − 1)E(𝑅ℎ(𝑖) −𝑅ℎ(𝑖)), and 𝐾3(𝑖) = ∑𝑖

𝑘=1 Δ𝛽ℎ(𝑘).
Proof. See Appendix B.

In a realistic portfolio, given the existence of costs,
investors may still not obtain their returns even after
achieving 𝐻4 in Proposition 8. Thus, a V-shaped func-
tion of differences between the 𝑖th state portfolio 𝛽(𝑖) =(𝛽1(𝑖), 𝛽2(𝑖), ⋅ ⋅ ⋅ , 𝛽𝑚(𝑖)) and the (𝑖 − 1)th state portfolio 𝛽(𝑖 −1) = (𝛽1(𝑖 −1), 𝛽2(𝑖 −1), ⋅ ⋅ ⋅ , 𝛽𝑚(𝑖 −1)) is assumed to describe
the transaction cost for each asset under each state. Then,
the total transaction cost of the portfolio under state 𝑖 can be
expressed as

𝐶 (𝑖) = 𝑚∑
ℎ=1

𝑐ℎ (𝑖) 𝛽ℎ (𝑖) − 𝛽ℎ (𝑖 − 1) , (22)

where 𝑐ℎ(𝑖) represents the unit transaction cost for risky assetℎ at state 𝑖.
In this dynamic feedback optimization setting, the con-

straint of self-financing is represented by

E[ 𝑚∑
ℎ=1

Δ𝛽ℎ (𝑖)] = 0. (23)

That is, for all 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝐶, we have
𝑚∑
ℎ=1

( 𝑚∑
𝑗=1

𝜃ℎ𝑗 (𝑘 − 1)E [𝑅𝑗 (𝑖 − 1) − 𝑅𝑗 (𝑖 − 1)]

+ Δ𝛽ℎ (𝑖)) = 0.
(24)

The expected transaction costs of the portfolio at state 𝑖 can
be expressed as

𝐶 (𝑖) = 𝑚∑
ℎ=1

𝑐ℎ (𝑖) 𝐸 [Δ𝛽ℎ (𝑖)] =
𝑚∑
ℎ=1

𝑐ℎ (𝑖)

⋅ 
𝑚∑
𝑗=1

𝜃ℎ𝑗 (𝑘 − 1) E [𝑅𝑗 (𝑖 − 1) − 𝑅𝑗 (𝑖 − 1)]

+ Δ𝛽ℎ (𝑖)
 .

(25)

Consequently, from Proposition 8 and (21) the expecta-
tion of incremental entropy𝐻4 under state 𝑖 can be expressed
as

max{E (𝐻4) − 𝐶∑
𝑖=1

𝑚∑
ℎ=1

𝑐ℎ (𝑖) 𝐸 [Δ𝛽ℎ (𝑖)]} . (26)

3.3. Hybrid Entropy for Systematic Risk. Traditionally, vari-
ance is usually used to measure portfolio risk. However, the
shortcomings of variance, such as the normal distribution
of securities’ return rates, positive and negative deviations,
and large computation efforts (which are usually unfeasible
in a real security market), require us to use hybrid entropy to
describe systematic risks.

Proposition 9. If the return on security 𝐴 is a discrete fuzzy
random variable, then the risk of 𝐴 is

𝐹 (𝐴) = 𝑝 (𝑅ℎ (𝑖)) 𝜇 (𝑅ℎ (𝑖)) ln [𝑝 (𝑅ℎ (𝑖)) 𝜇 (𝑅ℎ (𝑖))]
+ 𝑝 (𝑅ℎ (𝑖)) [1 − 𝜇 (𝑅ℎ (𝑖))]
⋅ ln {𝑝 (𝑅ℎ (𝑖)) [1 − 𝜇 (𝑅ℎ (𝑖))]} ,

(27)

where 0 < 𝑝(𝑅ℎ(𝑖)) ≤ 1, ∑𝐶
𝑖=1 𝑅ℎ(𝑖) = 1, and 𝜇(𝑅ℎ(𝑖)) ∈ (0, 1).

Given Definition 1, the expression for 𝑝ℎ𝑙(𝑖), 𝑝(𝑅ℎ(𝑖)) can
be written such that the expansion of risk modeling is clear.
Further, 𝐹(𝐴) denotes the average information value of the
security and a large value of 𝐹(𝐴) implies a greater degree of
uncertainty in the obtaining of returns (i.e., the risk is higher).
When 𝐹(𝐴) = 0, the risk is the lowest. Let F denote the
distance between 𝐹(𝐴) and 0; it is obvious that a large value
of F indicates a higher risk, and vice versa.

Suppose investors input their capital in𝑚 securities, with
the weight of the ℎth security being 𝛽ℎ(𝑖) in each state. Then,
the risk of a portfolio of these securities is

𝑓 (F,𝛽) = 𝐶∑
𝑖=1

𝑚∑
ℎ=1

𝛽ℎ (𝑖) 𝐹ℎ (𝑖) , (28)

where 𝐹ℎ(𝑖) is the investment risk of the ℎth security under
state 𝑖.

An old English proverb—“One should not put all eggs
into one basket”—cautions against risk concentration. The
diversification degree of a portfolio too is important for an
investor to make decisions. Many researches have investi-
gated this problem, such as Fang et al. [25] and Jana et.
[23]. Diversification can also be termed as unsystematic risks
that can be dispersed through suitable portfolio proportion
adjustments. The next section discusses the characterization
of these risks.
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3.4. Yager’s Entropy for Unsystematic Risk. Yager’s entropy,
which aims tominimize the distance between assets’ portfolio
ratio and equally proportion, makes a good performance in
assets’ diversity. Recent researches have shown that Yager’s
entropy yield has higher portfolio value than those with
Shannon’s entropy and those with the minimax disparity
model. This is because the models of Yager’s entropy reflect
the change in market by reallocating assets in the portfolio
more effectively, which enhance the diversity of portfolios.

Proposition 10. Yager’s entropy of diversity proportion of
portfolio is

min𝑌 (𝛽ℎ (𝑖))
= min[[(1 −

1𝑚)1/2 − ( 𝑚∑
ℎ=1

𝛽2
ℎ − 1𝑚)1/2]

] , (29)

where 𝑚 indicates an equal proportion strategy.

Proof. See Appendix C.

4. Construction of State-Change
Portfolio Model

Because of the existence of uncertainty in portfolio selection,
investors may lose their profits or capital due to market risks.
Usually, investment risks are composed of two parts: system-
atic risk and unsystematic risk. In Section 3, hybrid entropy
and Yager’s entropy are applied to describe systematic and
unsystematic risk. However, under the complex uncertainty
environment, it is difficult for investors to select the best
restriction of each asset. Accordingly, in this section, a new
portfolio selection method is proposed to find the optimal
investment strategy according to both asset price changes and
market periodic waves.

Assume that investors’ objective is to minimize the
cumulative portfolio risk and maximize the return over all 𝑇
periods, which are expressed as 𝐶 state-change investments.
The portfolio return at each state must achieve or exceed the
given minimum expected level. Thus, the state-change port-
folio selection problem can be formulated as the following
programming problem denoted by (𝑃1):

max E (𝐻4) − 𝐶∑
𝑖=1

𝑚∑
ℎ=1

𝑐ℎ (𝑖) 𝐸 [Δ𝛽ℎ (𝑖)] ,
min

𝐶∑
𝑖=1

𝑚∑
ℎ=1

𝛽ℎ (𝑖) 𝐹ℎ (𝑖) ,
min

𝐶∑
𝑖=1

𝑚∑
ℎ=1

𝑌 (𝛽ℎ (𝑖)) ,
𝑠.𝑡. 𝑄𝜃 (E𝐻4) − 𝑚∑

ℎ=1

𝑐ℎ (𝑖) 𝐸 [Δ𝛽ℎ (𝑖)] ≥ 𝑅 (𝑖) ,
0 ≤ 𝛽ℎ (𝑖) ≤ 𝑢ℎ (𝑖) ,

𝑚∑
ℎ=1

𝛽ℎ = 1, 𝛽ℎ (𝑖) ≥ 0,
𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝐶; ℎ = 1, 2, ⋅ ⋅ ⋅ , 𝑚, (𝑃1)

where (𝑃1) represents the given minimum expected return
rate of the portfolio at state 𝑖. For convenience, we denote the
feasible region of problem (𝑃1) as 𝛽 ∈ D.

Note that problem (𝑃1) has two competing objectives:
maximizing the expected returns on the portfolio over the
whole investment horizon while minimizing the system and
unsystematic risks in the portfolio in each state. To solve
the proposed two objectives, we combine the two problems
and use the constrained method to solve the single-objective
programming model:

max 𝜔1 [E (𝐻4) − 𝐶∑
𝑖=1

𝑚∑
ℎ=1

𝑐ℎ (𝑖) 𝐸 [Δ𝛽ℎ (𝑖)]]
− 𝜔2 [ 𝐶∑

𝑖=1

𝑚∑
ℎ=1

𝛽ℎ (𝑖) 𝐹ℎ (𝑖)]
− 𝜔3 [ 𝐶∑

𝑖=1

𝑚∑
ℎ=1

𝑌 (𝛽ℎ (𝑖))] ,
𝑠.𝑡. 𝛽 ∈ D,

(𝑃2)

where 𝜔1, 𝜔2, and 𝜔3 denote the coefficients of an investor’s
preference and 𝜔1, 𝜔2, 𝜔3 ∈ [0, 1], 𝜔1 + 𝜔2 + 𝜔3 = 1.
On the one hand, different expectations lead to different
investment strategies. On the other hand, model (𝑃2) is a
complex nonlinear programming problem, which is difficult
to find an optimal solution using traditional method.

5. Compromised Genetic Algorithm

The solution set of optimal proportion in this paper might
contain a large number of effective solutions. Longtime
calculation caused by too complex searching process and
the difficulty of choosing the optimal investment portion
among enormous solutions place an almost unendurable
strain for investors. Accordingly, to solve the problem (𝑃2),
the compromise genetic algorithm (GA) is designed to find
compromise solutions to help decision-makers quickly and
accurately obtain the optimal portfolio proportion.

GA was originally proposed by simulating a natural
evolution research optimal method. To represent the tar-
get research behavior of distance functions, a compromise
approach-based algorithm is used in this paper. According to
a certain distance measure between the anti-ideal and ideal
points, approximating solutions rely on investors’ preference.
Further, the definition of ideal point 𝑧∗ = (𝑧∗1 , 𝑧∗2 , . . . , 𝑧∗𝑞 ) is

𝑧∗𝑗 = sup {𝑓𝑗 (𝑥) | 𝑥 ∈ 𝑋} , 𝑗 = 1, 2, . . . , 𝑞, (30)

where𝑋 is the feasible region in the multiobjective program-
ming problem.
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Given the difficulty in approaching 𝑧∗, we define anti-
ideal points 𝑧 ∈ 𝑍 to utilize distance function 𝑑𝑖𝑠(𝑧) to
approximate the optimal solutions

𝑑𝑖𝑠 (𝑧, 𝑝) = 𝑧 − 𝑧∗𝑝 = [
[

𝑞∑
𝑗=1

𝑧𝑗 − 𝑧∗𝑗 𝑝]]
1/𝑝

, 𝑝 ≥ 1, (31)

where 𝑍 = (𝑅, 𝑉, 𝑌) denotes the optimal value of (𝑃2) and𝑍∗ = (𝑅∗, 𝑉∗, 𝑌∗) represents the anti-ideal point. Then, for
each feasible solution 𝛽 ∈ 𝛽𝑝, regret function 𝑟(𝛽, 𝑝, 𝜔)(𝑝 ≥1) is defined by the weighted 𝐿𝑝-norm

𝑟 (𝛽, 𝑝, 𝜔) = 𝑍 (𝛽) − 𝑍∗𝑝𝜔
= 𝜔𝑝

1


E (𝐻4) − ∑𝐶

𝑖=1 ∑𝑚
ℎ=1 𝑐ℎ (𝑖) 𝐸 [Δ𝛽ℎ (𝑖)]𝑅∗ − 𝑅


𝑝

+ 𝜔𝑝
2


∑𝐶

𝑖=1∑𝑚
ℎ=1 𝛽ℎ (𝑖) 𝐹ℎ (𝑖)𝑉∗ − 𝑉


𝑝

+ 𝜔𝑝
3


∑𝐶

𝑖=1∑𝑚
ℎ=1 𝑌 (𝛽ℎ (𝑖))𝑌∗ − 𝑌


𝑝 ,

(32)

where𝑝 ≥ 1,𝜔1, 𝜔2, 𝜔3 > 0, and 𝜔1+𝜔2+𝜔3 = 1.The weights
of 𝜔1, 𝜔2, and 𝜔3 are provided by decision-makers who use
their experience to assign different degrees of importance to
the two objective functions in (𝑃1).

Thus, (𝑃2) is converted into a single-objective program-
ming problem (𝑃3):

min 𝑟 (𝛽, 𝑝, 𝜔) ,
𝑠.𝑡. 𝛽 ∈ D. (𝑃3)

Therefore, we have replaced the difficult linear/nonlinear
mixed integer programming models (𝑃3) with a model based
on proxy ideal points that is easier to evaluate and that selects
the best puts for investors.

5.1. Representation and Initialization. The way in which a
solution is encoded into a chromosome is a key issue in
using GAs. Although solutions to the proposed model are
fuzzy numbers, this study opts to use the true number by
establishing a Markov chain in a real market to obtain a
more proximate result. Given the scope of interval (𝑎, 𝑏]
based on historical data, we can get the state-change time
point in 𝑛 trading periods. To achieve optimal solution in
the whole investment time horizon, each state proportion
selection should be optimum. Thus, we first deal with the
constraint to the initialization of the representation structure.

Problem (𝑃1) is a multiobjective programming problem
pertaining to feasible region 𝛽 ∈ D. The match between
the solution and the chromosome is through 𝛽ℎ(𝑖) =𝛽ℎ(𝑖)/∑𝑚

ℎ=1 𝛽ℎ(𝑖) to ensure that the randompoints satisfy con-
straint∑𝑚

ℎ=1 𝛽ℎ(𝑖) = 1. If it satisfies the constraints of problem(𝑃1), we accept it as a chromosome. Otherwise, we repeat the
above processes until we get a feasible chromosome. Thus, a

chromosome vector K = (𝛽1(𝑖), 𝛽2(𝑖), ⋅ ⋅ ⋅ , 𝛽𝑚(𝑖)) satisfying
the constraint is randomly chosen to describe a solution
𝛽(𝑖) = (𝛽1(𝑖), 𝛽2(𝑖), ⋅ ⋅ ⋅ , 𝛽𝑚(𝑖)) to optimize the problem in
state 𝑖. Further, genes (𝛽1(𝑖), 𝛽2(𝑖), ⋅ ⋅ ⋅ , 𝛽𝑚(𝑖)) are restricted
in the interval [0, 1]. Thus, randomly generating a point
from hypercube [0, 1]𝑚 and testing its feasibility, we set an
integer 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒 as the number of chromosomes. Repeat
this operation 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒 times; then 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒 chromosomes,
K1,K2, ⋅ ⋅ ⋅ ,K𝑝𝑜𝑝 𝑠𝑖𝑧𝑒, can be obtained.

5.2. Fitness Function. A fitness function is a particular type
of objective function that is used to summarize. As a single
figure of merit, this function is to evaluate how close a given
design solution in achieving the set aims. It is known that the
chromosome with a higher fitness will have more chances of
generate an offspring. Specifically, the regret value of (𝑃1) is
given by (32). The fitness function to calculate the fitness of a
chromosome is

𝑒V𝑎𝑙 (𝛽ℎ (𝑖))
= 𝑟max (𝛽ℎ (𝑖) , 𝑝, 𝜔) − 𝑟 (𝛽ℎ (𝑖) , 𝑝, 𝜔) + 𝜀𝑟max (𝛽ℎ (𝑖) , 𝑝, 𝜔) − 𝑟min (𝛽ℎ (𝑖) , 𝑝, 𝜔) + 𝜀 ,

(33)

where 𝜀 is a random number 𝜀 ∈ (0, 1), 𝑟max(𝛽ℎ(𝑖), 𝑝, 𝜔),
and 𝑟min(𝛽ℎ(𝑖), 𝑝, 𝜔) are the maximum and minimum regret
values in the current generation, respectively. Then, the
fitness function with 𝐿2-norm can be expressed as

𝑟 (𝛽ℎ (𝑖) , 𝑝, 𝜔)
= min√𝜔2

1 × E𝐻1 − 𝑅∗2 + 𝜔2
2 × |𝑉 − 𝑉∗|2 + 𝜔2

3 × |𝑌 − 𝑌∗|2. (34)

5.3. Evaluation Function. To prevent the populations from
degenerating during iteration, both parents and their imme-
diate offspring are candidates for the new generation. We
compare the parents with their offspring by evaluating their
fitness values to select the fitter ones to store in a mating
pool. After the comparison operation, we can obtain𝑝𝑜𝑝 𝑠𝑖𝑧𝑒
chromosomes with higher fitness values. Then, we perform
the proportional selection operation. The chromosome 𝑛 is
selected for a new population by the following probability𝑃(𝛽𝑛

ℎ(𝑖)):
𝑃 (𝛽𝑛

ℎ (𝑖)) = 𝑒V𝑎𝑙 (𝛽𝑛
ℎ (𝑖))∑𝑝𝑜𝑝 𝑠𝑖𝑧𝑒

𝑛=1 𝑒V𝑎𝑙 (𝛽𝑛
ℎ (𝑖)) ,
𝑛 = 1, 2, ⋅ ⋅ ⋅ , 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒.

(35)

In this process, the chromosomes of the current popu-
lation with higher fitness values have higher chance as the
parents to reproduce the offspring.

5.4. Crossover Operation. The crossover process is based on
arithmetic crossover. We first denote the crossover probabil-
ity of the genetic algorithm as 𝑃𝑘. The crossover operation
performs as follows. Generate a random number from inter-
val (0, 1) and the chromosome K𝑛 (𝑛 = 1, 2, ⋅ ⋅ ⋅ , 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒)
is selected as a parent provided that V < 𝑃𝑘. Repeat this
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process 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒 times and 𝑃𝑘 ⋅ 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒 chromosomes are
expected to be selected to perform the crossover operation.
The crossover operation on 𝐾1 and 𝐾2 will generate two
offspring K

1 and K
2 as follows:

K
1 = VK1 + (1 − V)K2,

K
2 = (1 − V)K1 + VK2. (36)

The procedure of the designed genetic algorithm can be
summarized as follows.

Step 1. Input parameters 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒 and 𝑃𝑘.
Step 2. Initialize the randomly generated 𝑝𝑜𝑝 𝑠𝑖𝑧𝑒 chromo-
somes.

Step 3. Calculate the evaluation function values for all chro-
mosomes.

Step 4. Perform the selection operation by proportional
selection.

Step 5. Update the chromosomes by crossover operations.

Step 6. Repeat the third to fifth steps for given number of
cycles.

Step 7. Report the best chromosome as the optimal solution.

6. Numerical Example

Anumerical example is given to express the idea of ourmodel
and the effectiveness of the designed algorithm.

Assume that an investor chooses 8 stocks from the Shang-
hai Stock Exchange for investment. Shown from Figures 1
and 2, the average volatility and return trend of the 8 stocks
are similar to the average volatility and return trend in the
same period of Shanghai Stock Exchange. Accordingly, we
can conclude that the selected stocks have generality and
representability to study the portfolio optimization model
proposed in this paper. Based on historical five-minutes data
from January 1, 2018, to April 30, 2018, state changes can be
seen with a given value of (𝑎, 𝑏]. Future securities’ return
rates are triangular fuzzy random variances, where 𝑅ℎ𝑙(𝑖) =(𝑎ℎ𝑙(𝑖), 𝑏ℎ𝑙(𝑖), 𝑐ℎ𝑙(𝑖)), and can be calculated by Markov chain
mentioned in Section 3. In a real market, the values of stocks
and assets change frequently and, as such, increasing and
decreasing equity holdings blindly may be a huge risk. As
such, longtime statistical data are used to anticipate the fuzzy
return. When the return rates in state 𝑖 fluctuate out of
interval [𝑎, 𝑏], the fuzzy returns on each asset will be adjusted
according to 40 historical data before state 𝑖. Following the
above calculation steps, there are 33 state changes under the
selection of interval value [−0.8%, 0.8%]. Table 1 shows the
first 10 state-change values and anticipates the return on each
asset.

Suppose that an investor’s initial wealth is Y(0) = 10,000
Yuan and the transaction cost rates of stocks at each state
are 𝑐ℎ(𝑖) = 0.002 (𝑖 = 1, 2, . . . , 10; ℎ = 1, 2, . . . , 8), and the
anticipated returns at each time on each asset are constantly
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1.0

0.5

0.0

−0.5

−1.0
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Figure 1: Volatility from the entire stock market and from the 8
selected stocks for 400 time periods.
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Figure 2: Average returns from the entire stock market and from
the 8 selected stocks under different states.

0.05%. Further, we consider that a GA is convergent when the
mean regret value is below 0.5%. To show the advantages of
the IHYE model, the MCMCmethod, wherein fuzzy average
returns are considered to be a priori estimates, and the
classical MVmodel are used for comparison. Then, based on
the values of Table 1 and a priori estimates, the best proportion
in each state as given by three methods is shown in Table 2.

Under the compromise genetic algorithm, the average
return convergence speed of 8 stocks shown in Figure 3 is
fast, and the proportion of the portfolio tends to be stable
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Table 1: The expectation rate and the right/left widths of 8 stocks under different states (%).

No. Stock 1 Stock 2 Stock 3 Stock 4 Stock 5 Stock 6 Stock 7 Stock 8
E(𝑎ℎ) 0.33 0.91 0.19 0.42 0.2 0.32 1.66 2.14

State 1 𝛼ℎ 0.12 0.19 0.10 0.06 0.35 0.01 0.26 0.14𝛾ℎ 0.19 0.27 0.17 0.12 0.09 0.28 0.24 0.26
E(𝑎ℎ) 0.89 0.38 -0.011 0.01 0.10 0.40 0.17 1.80

State 2 𝛼ℎ 0.17 0.05 0.14 0.09 0.06 -0.01 0.14 0.32𝛾ℎ 0.21 0.14 0.23 0.11 0.18 0.77 0.17 0.27
E(𝑎ℎ) 3.12 2.58 2.15 -0.89 0.24 -0.20 1.05 0.58

State 3 𝛼ℎ 0.19 0.09 0.14 0.06 0.02 0.17 0.19 0.42𝛾ℎ 0.61 0.51 0.26 0.12 0.55 0.23 0.19 0.81
E(𝑎ℎ) 3.32 0.98 1.17 0.82 0.21 2.44 1.18 -0.30

State 4 𝛼ℎ 0.29 0.25 0.14 0.06 0.14 0.08 0.24 0.77𝛾ℎ 0.61 0.35 0.23 0.12 0.49 0.33 0.60 0.95
E(𝑎ℎ) 3.61 2.41 0.60 0.67 0.35 0.03 0.45 1.10

State 5 𝛼ℎ 0.10 0.09 0.21 0.08 0.06 0.22 0.38 0.21𝛾ℎ 0.30 0.51 0.27 0.19 0.76 0.56 0.61 0.45
E(𝑎ℎ) 2.87 1.89 0.57 0.42 1.10 0.23 -0.20 1.70

State 6 𝛼ℎ 0.21 0.17 0.21 0.09 0.32 0.19 0.07 0.32𝛾ℎ 0.31 0.53 0.32 0.17 0.68 0.33 0.30 0.27
E(𝑎ℎ) 1.71 1.29 0.14 0.41 0.89 3.19 2.21 -0.47

State 7 𝛼ℎ 0.09 0.19 0.02 0.09 0.21 0.07 0.27 0.25𝛾ℎ 0.21 0.71 0.09 0.19 0.42 0.56 0.68 0.44
E(𝑎ℎ) 0.28 1.30 0.47 -0.35 -0.03 0.17 0.22 0.91

State 8 𝛼ℎ 0.04 0.18 0.15 0.11 0.27 0.19 0.29 0.21𝛾ℎ 0.18 0.67 0.15 0.17 0.52 0.22 0.47 0.99
E(𝑎ℎ) 0.71 1.40 0.31 -0.47 -0.02 1.21 1.45 0.20

State 9 𝛼ℎ 0.11 0.11 0.10 0.21 0.29 0.14 0.49 0.11𝛾ℎ 0.19 0.39 0.17 0.25 0.34 0.44 0.32 0.35
E(𝑎ℎ) 1.49 1.29 0.28 -0.68 -0.01 2.11 0.90 0.30

State 10 𝛼ℎ 0.08 0.10 0.11 0.16 0.21 0.11 0.66 0.27𝛾ℎ 0.22 0.39 0.24 0.21 0.75 0.38 0.34 0.56
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Figure 3: The average convergent speed of IHYE algorithm under
each state.

after 50 generations, which greatly reduces the running time
in practice.

Analyzing the difference return results among the IHYE
model, the traditional MV model, and the MCMC method,
we can see that the IHYE model has a strong ability to resist
risks and gain the biggest long-term benefits. On the one
hand, with similar risks, the optimal portfolio of each asset is
in direct proportion to the fuzzy expectation of returns seen
in Table 2. In each state of the MCMC method, the optimal
performance in terms of the expected return leads to higher
investment in the next state. In the IHYE model; however,
because of the existence of hybrid entropy that measures
portfolio risk, the rate of investment in higher risk assets will
decrease in spite of the higher expect return. As an example,
consider that, in state 2, the proportion of stock 4 increases
although the expected return on stock 1 is higher than that on
stock 4. The reason for the IHYE model performing in this
situation is that the expectation is just one aspect of choice
making: the membership function that calculates the result of
hybrid entropy is another aspect of portfolio selection. On the
other hand, even with the same GA, the proportion for each
stock given by theMVmodel donot changemuch: the biggest
fluctuation in the IHYE model is seen in state 4, 10.97%,



Discrete Dynamics in Nature and Society 11

Ta
bl
e
2:
Be

st
pr
op

or
tio

ns
un

de
rt
he

IH
YE

m
od

el
,M

V
m
od

el
,a
nd

M
CM

C
m
et
ho

d
un

de
re

ac
h
sta

te
(%

).

St
at
e

St
oc
k
1

St
oc
k
2

St
oc
k
3

St
oc
k
4

IH
YE

M
V

M
CM

C
IH

YE
M
V

M
CM

C
IH

YE
M
V

M
CM

C
IH

YE
M
V

M
CM

C
1

0.
12
35

0.
10
26

0.
05
70

0.
07
09

0.
14
93

0.
14
58

0.
12
30

0.
14
97

0.
03
10

0.
18
89

0.
07
66

0.
07
30

2
0.
13
15

0.
13
93

0.
23
80

0.
15
22

0.
08
81

0.
10
17

0.
12
59

0.
10
38

0.
01
90

0.
13
18

0.
12
25

0.
02
60

3
0.
118

3
0.
14
14

0.
30
17

0.
22
31

0.
119

9
0.
27
43

0.
113

3
0.
09
79

0.
17
44

0.
06

88
0.
12
64

0.
01
72

4
0.
10
16

0.
19
13

0.
28
71

0.
08
01

0.
09
85

0.
10
52

0.
14
11

0.
14
58

0.
10
26

0.
15
72

0.
13
67

0.
04

67
5

0.
12
66

0.
16
54

0.
20
24

0.
10
75

0.
13
38

0.
12
27

0.
13
67

0.
06
23

0.
09
89

0.
14
62

0.
09
58

0.
14
05

6
0.
16
96

0.
13
59

0.
22
13

0.
09
57

0.
16
55

0.
13
22

0.
12
88

0.
10
86

0.
09

91
0.
11
69

0.
12
85

0.
11
28

7
0.
14
65

0.
13
39

0.
11
73

0.
12
92

0.
09
59

0.
15
23

0.
17
55

0.
17
79

0.
07
21

0.
118

3
0.
09
63

0.
07
89

8
0.
11
54

0.
09
39

0.
09
34

0.
15
53

0.
13
78

0.
23
15

0.
10
83

0.
06
98

0.
15
66

0.
12
81

0.
13
44

0.
116

5
9

0.
17
26

0.
14
74

0.
12
13

0.
11
31

0.
12
09

0.
21
98

0.
09
79

0.
13
65

0.
09
23

0.
12
61

0.
14
24

0.
08
92

10
0.
10
57

0.
09
88

0.
10
34

0.
112

5
0.
118

8
0.
17
05

0.
16
54

0.
15
09

0.
16
92

0.
116

3
0.
119

0
0.
09
81

St
at
e

St
oc
k
5

St
oc
k
6

St
oc
k
7

St
oc
k
8

IH
YE

M
V

M
CM

C
IH

YE
M
V

M
CM

C
IH

YE
M
V

M
CM

C
IH

YE
M
V

M
CM

C
1

0.
111

7
0.
12
25

0.
03
00

0.
06
14

0.
08
27

0.
04
90

0.
15
22

0.
15
69

0.
20
20

0.
16
84

0.
15
97

0.
41
22

2
0.
12
38

0.
14
04

0.
08
70

0.
12
89

0.
16
66

0.
05
20

0.
11
63

0.
15
38

0.
10
11

0.
08
96

0.
08
55

0.
37
52

3
0.
119

5
0.
12
13

0.
02
23

0.
12
91

0.
11
31

0.
02
95

0.
16
61

0.
15
59

0.
11
21

0.
06
18

0.
12
41

0.
06

85
4

0.
15
51

0.
09
66

0.
05
21

0.
13
42

0.
13
85

0.
22
34

0.
08
99

0.
111

0
0.
10
23

0.
14
08

0.
08
16

0.
08
06

5
0.
12
53

0.
04

20
0.
11
73

0.
10
75

0.
16
17

0.
08
29

0.
15
21

0.
16
01

0.
07
25

0.
09
81

0.
17
89

0.
16
28

6
0.
116

9
0.
13
73

0.
13
12

0.
14
49

0.
09
99

0.
08
35

0.
13
58

0.
08
47

0.
08
11

0.
110

7
0.
13
96

0.
13
88

7
0.
112

9
0.
115

6
0.
10
23

0.
09
39

0.
15
38

0.
23
25

0.
113

3
0.
12
85

0.
15
54

0.
110

4
0.
09
81

0.
08
92

8
0.
12
57

0.
12
35

0.
09

92
0.
10
54

0.
15
83

0.
05
68

0.
16
16

0.
14
97

0.
07
33

0.
10
02

0.
13
26

0.
17
27

9
0.
09
31

0.
12
30

0.
08
72

0.
13
42

0.
08
90

0.
11
23

0.
18
97

0.
09
13

0.
18
93

0.
08
23

0.
14
95

0.
08
86

10
0.
12
56

0.
13
63

0.
08
92

0.
114

1
0.
13
04

0.
19
38

0.
14
60

0.
12
53

0.
09
24

0.
114

4
0.
12
05

0.
08
34



12 Discrete Dynamics in Nature and Society

Table 3: Longtime portfolio returns on the IHYE and MV models, and the MCMCmethod.

State 1 2 3 4 5 6 7 8 9 10 Sum
IHYE 107.63 70.57 2.91 23.26 14.39 17.86 -59.73 -23.00 -11.85 21.86 163.90
MV 62.65 66.30 -8.90 15.24 -0.45 32.15 -101.58 -15.5 -15.96 18.23 52.18
MCMC 60.58 50.05 -8.52 10.03 -5.25 22.01 -91.93 -17.60 -15.49 22.74 26.62

Different state
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100
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Figure 4: Comparing the returns from the 3models under different
states.

which is far lower than the corresponding figures of 22.93%
and 24.04% for the MVmodel and the MCMCmethod.

Based on the return shown in Figure 1, the results for
each state and the longtime profits for different methods are
given in Table 3 (see also Figure 4). Obviously, the IHYE
model has higher longtime profits. There are possibly two
reasons contributing to this phenomenon. First, incremental
entropy increases returns rapidly. Second, the IHYE model
performs best when average returns fall seriously, as shown
in Figure 4, which means that hybrid entropy overcomes
the shortcomings of using variance and Yager’s entropy: it
suitably disperses unsystematic risks. Thus, in a longtime
trade market, IHYE holds many advantages for investors to
earn huge profits at low risks.

Compared with other multiobjective portfolio models,
the IHYE model proposed in this paper has the following
two advantages, that is, maximizing investors’ returns and
improving algorithm effectiveness. For investors return, the
proposedmodel ensures the maximization of investors’ long-
term profits. Compared with the classical MV model and
MCMC method from the same period, the empirical results
show that the model proposed in this paper performs better
in antirisk and profit increasing to guarantee the optimal
investment return under each state. Meanwhile, the proposed
model assumes that the return rate of securities is a fuzzy
random variable where the historical asset return, experts’
trading experience, and investors’ future expectation are all

taken into account. Therefore, it not only considers the fuzzy
random uncertainty in the stock market, but also establishes
different fuzzy stochastic multiobjective portfolio selection
models for different investors to satisfy their different require-
ments.

For algorithm optimization, Steuer et al. [33] gave a
general description to the multiobjective portfolio selection
problem. In their research, the effective frontier surface of
solutions is obtained by using parametric quadratic program-
ming. However, the requirement of investors in real market
is to find a satisfactory portfolio strategy on the effective
frontier surface, and traditional methods cannot directly rec-
ommend a proper investment ratio for the decision-makers.
The algorithm advantage of this paper is to design the com-
promise genetic algorithm for multiobjective programming
problem, providing investors optimal investment strategy
among a large number of effective solutions on the efficient
frontier surface according to investors preferences. That is,
this algorithm reduces the investors difficulty in judging
effective solutions. In addition, the proposed algorithm can
directly provide a compromise investment strategy in any
case, which can effectively handle complex constraints in the
model and has a strong advantage in solving multiobjective(>= 3) portfolio selection problem.

7. Conclusion

In this paper, we firstly construct an incremental-hybrid-
Yager’s entropy model based on the state-change rule to help
select the dynamic portfolio strategy. To obtain longtime
profits, feedback effects are used to maximize long-term
returns. Fuzzy variables calculated by using Markov chain
are built to obtain accurate profit estimates. Furthermore,
the proposed model is computed by establishing a compro-
mised GA and obtaining the feasible-investment proportion.
Finally, a numerical example is given to show the advantages
of this model as compared to the mean-variance model
and the MCMC method. In future studies, more complex
constraints would be used to avoid correlation ignorance and
more closely resemble a real market.

Appendix

A. Proof of Proposition 7

We assume that the adjustment policies of portfolios are
affine functions about their one-period backwards return
deviations, where the coefficients of these functions become
the decision variables of the problem. That is to say, the
adjustment amount of the portfolio at state 𝑖 depends on the
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return deviation of the portfolio at state 𝑖 − 1. Under this
hypothesis, the dynamic feedback adjustment policies can be
expressed as the following causal functions:

Δ�̃� (0) = Δ𝛽 (0)
Δ�̃� (𝑖) = Δ𝛽 (𝑖) + Θ (𝑖 − 1) [R (𝑖 − 1) − R (𝑖 − 1)] . (A.1)

Then the iterative dynamic equation of the investment
proportion of the portfolio at period 𝑖 + 1 can be expressed
by

�̃� (𝑖 + 1) = �̃� (𝑖) + Δ�̃� (𝑖 + 1)
= �̃� (𝑖) + Δ𝛽 (𝑖 + 1) + Θ (𝑖) [R (𝑖) − R (𝑖)] , (A.2)

where R(𝑖) − R(𝑖) is the vector of the fuzzy deviation of the
portfolio at period 𝑖. Then we can obtain the general formula
of the portfolio at period 𝑖 as follows:
�̃� (𝑖) = �̃� (0)

+ 𝑖∑
𝑘=1

{Θ (𝑘 − 1) [R (𝑘 − 1) − R (𝑘 − 1)] + Δ𝛽 (𝑘)} , (A.3)

where �̃�(0) = 𝛽(0) is the investment proportion of the
portfolio at the beginning of period 1.

As asset returns under each state are fuzzy variables, from
Definition 1 and the above formulation, we know that

𝛽 (𝑖) = E (�̃� (𝑖 − 1) + Δ�̃� (𝑖)) = E (�̃� (𝑖 − 1)
+ Θ (𝑖 − 1) (R (𝑖 − 1) − R (𝑖 − 1)) + Δ𝛽 (𝑖))
= 𝛽 (0) + 𝑖∑

𝑘=1

(Θ (𝑘 − 1)E (R (𝑘 − 1) − R (𝑘 − 1))
+ Δ𝛽 (𝑘)) .

(A.4)

Thus, the investment proportion of risky asset ℎ at period𝑖 can be expressed by

𝛽ℎ (𝑖) = 𝛽ℎ (0)
+ 𝑖∑

𝑘=1

( 𝑚∑
𝑗=1

𝜃ℎ𝑗 (𝑘 − 1) E (𝑅𝑗 (𝑘 − 1) − 𝑅𝑗 (𝑘 − 1))

+ Δ𝛽ℎ (𝑘)) .
(A.5)

The proof is thus complete.

B. Proof of Proposition 8

In the short term, we have

𝐻4 = 𝐶∑
𝑖=1

[𝐺 (𝑖) ln( 𝑚∑
ℎ=1

𝛽ℎ (𝑖) (1 + 𝑅ℎ𝑙 (𝑖)))]
= 𝐶∑

𝑖=1

[𝐺 (𝑖) ln(1 + 𝑚∑
ℎ=1

𝛽ℎ (𝑖) 𝑅ℎ𝑙 (𝑖))] ,
(B.1)

Further,∑𝑚
ℎ=1 𝛽ℎ(𝑖)𝑅ℎ𝑙(𝑖) → 0, so ln(1+∑𝑚

ℎ=1 𝛽ℎ(𝑖)𝑅ℎ𝑙(𝑖)) →0, and based on Taylor’s expansion, we have

𝐻4 = 𝐶∑
𝑖=1

{𝐺 (𝑖)
⋅ ( 𝑚∑

ℎ=1

𝛽ℎ (𝑖) 𝑅ℎ𝑙 (𝑖) + 𝑜( 𝑚∑
ℎ=1

𝛽ℎ (𝑖) 𝑅ℎ𝑙 (𝑖)))} ,
(B.2)

where

𝛽ℎ (𝑖) = 𝛽ℎ (0)
+ 𝑖∑

𝑘=1

( 𝑚∑
𝑗=1

𝜃ℎ𝑗 (𝑘 − 1) E (𝑅𝑗 (𝑘 − 1) − 𝑅𝑗 (𝑘 − 1))

+ Δ𝛽ℎ (𝑘)) .
(B.3)

Taking the expectation of (B.2) yields

E (𝐻4) = E
{{{

𝐶∑
𝑖=1

𝐺 (𝑖) 𝑚∑
ℎ=1

[
[𝛽ℎ (0) 𝑅ℎ𝑙 (𝑖) + 𝑖∑

𝑘=1

𝑚∑
𝑗=1

𝜃ℎ𝑗 (𝑘 − 1)E (𝑅ℎ𝑙 (𝑖 − 1) − 𝑅ℎ𝑙 (𝑖 − 1)) 𝑅ℎ𝑙 (𝑖) + 𝑖∑
𝑘=1

Δ𝛽ℎ (𝑘) 𝑅ℎ𝑙 (𝑖)]]
}}}

= 𝐶∑
𝑖=0

𝐺 (𝑖){ 𝑚∑
ℎ=1

𝛽ℎ (0) E (𝑅ℎ𝑙 (𝑖)) + 𝑚∑
ℎ=1

𝑖∑
𝑘=1

Δ𝛽ℎ (𝑘)E (𝑅ℎ𝑙 (𝑖))

+ 𝑚∑
ℎ=1

𝑖∑
𝑘=1

𝑚∑
𝑗=1

𝜃ℎ𝑗 (𝑘 − 1)E (𝑅ℎ𝑙 (𝑖 − 1) − 𝑅ℎ𝑙 (𝑖 − 1))E (𝑅ℎ𝑙 (𝑖))}}} ,

(B.4)
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Let𝐾1 = ∑𝐶
𝑖=0 𝐺(𝑖),𝐾2(𝑖) = ∑𝑖

𝑘=1∑𝑚
𝑗=1 𝜃ℎ𝑗(𝑘 − 1)E(𝑅ℎ𝑙(𝑖 − 1) −𝑅ℎ𝑙(𝑖 − 1)), and 𝐾3(𝑖) = ∑𝑖

𝑘=1 Δ𝛽ℎ(𝑘).
Then, from Definition 2 and (16), we have

E [𝑅ℎ𝑙 (𝑖)] = E [𝜇𝑅ℎ𝑙(𝑖) (𝑥 (𝑖))]
= ∫𝑏ℎ𝑙(𝑖)

𝑎ℎ𝑙(𝑖)

𝑥 (𝑖) − 𝑎ℎ𝑙 (𝑖)𝑏ℎ𝑙 (𝑖) − 𝑎ℎ𝑙 (𝑖)d𝑥 (𝑖)
+ ∫𝑏ℎ𝑙(𝑖)

𝑏ℎ𝑙(𝑖)
1 d𝑥 (𝑖)

+ ∫𝑐ℎ𝑙(𝑖)

𝑏ℎ𝑙(𝑖)

𝑐ℎ𝑙 (𝑖) − 𝑥 (𝑖)𝑐ℎ𝑙 (𝑖) − 𝑏ℎ𝑙 (𝑖)d𝑥 (𝑖)
= 𝑐ℎ𝑙 (𝑖) − 𝑎ℎ𝑙 (𝑖)2 ,

(B.5)

Substituting E[𝑅ℎ𝑙(𝑖)] into E(𝐻4), we can obtain equation (4).
The proof is thus complete.

C. Proof of Proposition 10

Consider a function 𝑄(𝑃) that measures the distance in 𝑛
space of a probability distribution P from the vector [1/𝑚]. In
some sense this distance can be seen as a measure of certainty
associated with the probability distribution. We shall refer
to 𝑄(𝑃) as a measure of neg-entropy since the further an
element is from [1/𝑚], the more certain and the lower its
entropy.

Yager [31] developed ameasure of neg-entropy as follows:

𝑄 (𝛽ℎ) = 𝐷(𝑃, [ 1𝑚]) = ( 𝑚∑
ℎ=1

𝛽ℎ − 1𝑚

Z)1/𝑍 , (C.1)

It is easy to see the symmetry and continuity of this measure.
Furthermore, we note that 𝑄(𝐼𝑖) = 𝑄(𝐼𝑗) = 𝑄(𝐼ℎ) and the
distance to any singleton is the same. It can be shown that the
maximal value for 𝑄(𝑃) occurs when 𝑃 = [𝐼ℎ]. In this case,
where 𝑃 = [𝐼ℎ], we get

𝑄 ([𝐼ℎ]) = [(𝑚 − 1𝑚 )𝑧 + (𝑚 − 1) ( 1𝑚)𝑧]1/𝑧

= 1𝑚 [(𝑚 − 1)𝑧 + 𝑚 − 1]1/𝑧
= 𝑚 − 1𝑚 [1 + 1(𝑚 − 1)𝑧−1 ]

1/𝑧 ,
(C.2)

Yager’s entropy consists of themaximumdistance𝑄([𝐼ℎ]) and
the normal distance 𝑄(𝛽ℎ). Thus, the value of this entropy is

𝑌 (𝛽ℎ) = 𝑄 ([𝐼ℎ]) − 𝑄 (𝛽ℎ) , (C.3)

Consistent with Section 3, 𝑍 = 2 and
𝑄 ([𝐼ℎ]) = (1 − 1𝑚)1/2 ,
𝑄 (𝛽ℎ) = ( 𝑚∑

ℎ=1

𝛽2
ℎ − 1𝑚)1/2 (C.4)

and

𝑌 (𝛽ℎ) = (1 − 1𝑚)1/2 − ( 𝑚∑
ℎ=1

𝛽2
ℎ − 1𝑚)1/2

(C.5)

As Yager’s entropy is only related to the portfolio proportion,
the measure of asset diversity under state changes is given as

𝑌 (𝛽ℎ (𝑖)) = (1 − 1𝑚)1/2 − ( 𝑚∑
ℎ=1

𝛽2
ℎ − 1𝑚)1/2 . (C.6)

To characterize the approximate degree of the real proportion
to the equal proportion, Yager’s entropy should beminimized.
The proof is thus complete.
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