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Let X = {X,,i > 1} be a sequence of real valued random variables, S, = 0 and S, = Zle X, (k> 1). Leto = {o(x),x € Z} be
a sequence of real valued random variables which are independent of Xs. Denote by K,, = Y, 0(|S,]) (n > 0) Kesten-Spitzer
random walk in random scenery, where |a] means the unique integer satisfying |a] < a < [a] + 1. It is assumed that ¢’s belong
to the domain of attraction of a stable law with index 0 < f3 < 2. In this paper, by employing conditional argument, we investigate
large deviation inequalities, some sufficient conditions for Chover-type laws of the iterated logarithm and the cluster set for random
walk in random scenery K,,. The obtained results supplement to some corresponding results in the literature.

1. Introduction

Let X = {X,,i > 1} be a sequence of real valued random
variables, S, = 0 and S, = Zle X; (k>1).Leto = {o(x),x €
Z} be a sequence of R-valued random variables which are
independent of X’s. We refer to S = {S;,k > 0} as the
random walk and o as the random scenery. Then the process
K = {K,,,n € N} is defined by

n

K,=Yo(S]), neN, 1)
k=0
where N = {0,1,2,...} and |a] means the unique integer

satistying |a| < a < |a] + 1, called a random walk in random
scenery (RWRS, in short), sometimes also referred to as the
Kesten-Spitzer random walk in random scenery; see Kesten
and Spitzer [1]. An interpretation is as follows. If a random
walker has to pay o(x) units at any time he/she visits the site
x, then K, is the total amount he/she pays by time n.

RWRS was first introduced by Kesten and Spitzer [1]
and Borodin [2, 3] in order to construct new self-similar
stochastic processes. Kesten and Spitzer [1] proved that when

the random walk and the random scenery belong to the
domains of attraction of different stable laws of indices 1 <
a < 2and 0 < 3 < 2, respectively, then there exists § > 1/2
such that {n"SKW »t = 0} converges weakly asn — oo toa
continuous §-self-similar process with stationary increments,
8 being related to « and B by & = 1 - &' + (af)”".
The limiting process can be seen as a mixture of S-stable
processes, but it is not a stable process. When 0 < a < 1
and for arbitrary 8, the sequence {n"/ K lnt)» £ = 0} converges
weakly, as n — 00, to a stable process with index 3 (see
Castell et al. [4]). Bolthausen [5] (see also Deligiannidis and
Utev [6]) gave a method to solve the case « = 1 and § = 2
and, especially, he proved that when S is a recurrent Z>-
random walk, the sequence {(nlog n)_l/ ZKW |»t > 0} satisfies
a functional central limit theorem. More recently, the case S
one- or two-dimensional random walks and 3 € (0,2) was
solved in Castell et al. [4]; the authors prove that the sequence
{n"P(log n)l/[HKWJ,t > 0} converges weakly to a stable
process with index f. Finally for any arbitrary transient ran-
dom walk, it can be shown that the sequence {n"/?K,,n € N}
is asymptotically normal (see for instance Spitzer [7] page 53).
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Among others, we can cite strong approximation results
[8-10], laws of the iterated logarithm [11-13], limit theorems
for correlated sceneries or walks [14-17], large and moderate
deviations results [18-22], and ergodic and mixing properties
(see the survey [23]).

The problem we investigate in the present paper has
already been studied in Lewis [24] in the case that random
sceneries o’s satisfy E[o(0)] = 0 and E[o?(0)] = 1, and the
random walk S (which can be Z%-valued) satisfies some mild
conditions. Lewis [24] established the following LIL:

lim sup———— ' ' =1 as, 2

n—o00 2loglogn
V<4 loglog

where &, (x) is the number of visits of the random walk to the
point x € Z in the time interval [0, n], i.e.,

E,(x) =#{0<k<n:|S]=x}

I{{S] =x
Z{ IE o

n>0, xeZ.

Here and in the sequel, the following notation is used: fora >
Oandn >0,

1/a
=<ZERW@Q : (4)

x€Z

It is therefore natural to investigate limit behavior of
RWRS K,, when the sceneries ¢’s do not have finite second
moment. For the sake of convenience, we are summarizing
here the main assumptions we are making on the sceneries
o’s. Assume that the sceneries o’s belong to the domain of
attraction of a stable law Gz (0 < B < 2); that is, o7 satisty
that

lim P (n_l/ﬁia (k) < x> =Gy (%), ()
k=1

where Gﬁ is a stable distribution of index 0 < 8 < 2, with
characteristic function

exp {-10/F (A, +iA, sgn6)} (6)

for some 0 < A, < 09, IAIIAZI < tan(r/2)B. From the
known characterization of the domain of attraction of a stable
law Gg (Feller [25], II, Chap. 17) it follows that, for 0 < 3 < 2,
(5) and (6) are equivalent to

€1
P(G(O) ZX) ~ x—,
(7)
G2
P(o(0) <-x) ~ )
X

as x — oo for suitable constants ¢, ; and ¢, ,. Note that (5)
and (6) imply

E[o(0)]=0 ifB>1. (8)
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For 8 = 1 we impose an additional condition (stronger than
(5) and (6)), namely, that for some positive constant ¢,

[ElcI(lo©@l<p)][<g<co ¥Vp>0. (9

It is well known that LILs for heavy tailed random vari-
ables are different from those for random variables attracted
to the normal law. We have to use power norming and the
resulting limit theorem is called Chover-type LIL (see Chover
[26]). The main results of this paper read as follows.

Theorem 1. Let 0 = {o(x),x € Z} be a sequence of i.i.d.
random variables satisfying (5) and (9), and X = {X;,i >
1} be a sequence of i.i.d. random variables with a common
distribution F and independent of os. Assume that F is
supported on [0, 00), absolutely continuous, and 1 — F(x) ~
a1 x % 0<a<2 Then

1/1 1
oglogn _ el/ﬁ as. (10)

lim sup |V

n—=ao0

Theorem 1 gives the following information about the
maximal growth rate of RWRS K.

Corollary 2. We have for all € > 0, with probability one,
K,| > Vg, (logn)"™F
I nl B.n (11)

for at most finitely many n
and
|K,| >V, (log n) " for infinitely many n.  (12)

Remark 3. Tt follows from Corollary 2 that the maximal

growth rate of K,, is of the order V ,(log )P Equation (10)
is equivalent to (11) and (12). In fact, (11) implies that

tog (Vi K1) -

for all large n. Letting € | 0, it yields that the limit superior on

left-hand side of (10) is less than e'/”. Equation (12) implies
that

(1+¢)

>loglogn <0 as. (13)

log (Vﬁf,l1 |Kn|) - <(1 g ) ) loglogn >0 as. (14)

for infinitely many n. Letting ¢ | O, it yields that the
limit superior on left-hand side of (10) is greater than e'/”.
Moreover, from the proof of Theorem 1 below, the upper
bound of (10) does not need the assumptions that F is
supported on [0, co) and absolutely continuous.

Complementary to Theorem 1 we have the following
clustering statement, which gives additional information
about the path behavior of RWRS K.

Theorem 4. Under the assumptions of Theorem 1, with proba-
bility one, every point in the interval (1,e"?] is a cluster point
of the sequence:

- logl
{|V L[ s 1}. (15)
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Throughout this paper, we use the notations: a, = o(b,)
ifa,/b, — 0,a, ~ b, iflima,/b, = 1and a, = b, if ¢, <
lim inf a,/b, < lim supa,/b, < ¢ ;. Let i.0. mean infinitely
often, a.s. mean almost surely, E[-] mean expectation, and
Es[-] mean conditional expectation given o-field &#. An
unspecified positive and finite constant will be denoted by ¢,
which may not be the same in each occurrence. More specific
constants in Section i are numbered as ¢;;, ¢, . ... The sign
[-] sometimes denotes the integer part anf at other times
denotes usual brackets; it will be clear from the context. Since
we shall deal with index n which ultimately tends to infinity,
our statements, sometimes without further mention, are valid
only when # is sufficiently large.

2. Preliminaries

In this section we investigate some technical results necessary
for our argumentation. We will first present a version of the
Borel-Cantelli lemma to sums of conditional probabilities
(see, e.g., Theorem 2.8.5 in Stout [27]).

Lemma 5. Let {E,,n > 1} be a sequence of arbitrary events
and {€,,n > 1} be an increasing sequence of o-fields such that
E, €&, foreachn > 1. Then

ZP(En | gn—l) =, (16)
n=1

that is, Y .2 P(E, | €,_,) < oo implies that E, occur at most
finitely often andy 2, IP(E | €,_,) =00 zmplzes that E, occur

infinitely often.

We will need the following large deviation inequalities for
RWRS, which may be of independent interest.

Lemma 6. Let {o(x),x € Z} be a sequence of i.i.d. random
variables satisfying (5) and (9), and {X;,i > 1} be a sequence of
arbitrary random variables and independent of 0's. Let {t,,,n >
1} be a sequence of positive numbers such that t, — o0. Then

0 < liminf P (|K,| > £,V,,)

17)
< lim sup /P (|Kn| 2 th/S,n> < ©o.

Proof. We denoteby # = 0(X,, X,, ..
by the random walk and

.) the o-field generated

iy (x) = &, (x) 0 (x) I (Jo ()] < £,V,E," (1))
(18)
n>0, xeZ.

By (7),forallu > 0and 0 < S < 2,

o u P <P (0 (0)] > u) < cu (19)

3
Thus,
XZZP (lo ()] 2 £,V,E," (x))
= ZZ[E [P(lo () 2 t,V,8" (0 [ F)]  (20)
<outF.

By (19), forall x € Z,
Es (7, (0)’]
<Eg [8 ) 0* () (lo )] <t,Vp,E," (x))]

WVankn' (%)
g [ ol = wdu o
V&,
sob@| P
< oty PV TER (x).
It follows that
E[( 0)'] <osts FVRTE[E 0] (@2)

On the other hand, if € (0, 1),
Eg [ﬁn (X)]
< Eg (£, () o (I (lo ()] < t,Vp,E," (x))]
t, Vi (x)
5@ | P o @l > wdu )
0
taVgnby, (%)
< 666, (%) J & uPBdu < G t1 ﬁvl ﬁgﬁ (x)
0

for all x € Z;if § = 1, by (9),
E [, (0)] < E[|Eg [, 0]]] < osE[E, ()] (24)
for all x € Z; and, if B € (1,2), by (8) and (19),
Eg (7, (x)]

<Eg [£,(0) |0 I (lo ()] 2 1,Vg,E," ()]

_ * d
5 () Lvﬁ,nﬁnl(x) Pllotl > u)du (25)

< 6ot (x) J uPdu
taVgub,' (x)
< Guoty Ve, E ()

for all x € Z. Hence, by (23)-(25) and making use of the fact
that E[7,(x)] = E[Eg[7,(x)]], we have

(t”Vﬁ’”)71 Z ||E [ﬁn (x)]l — 0 asn-— oo (26)

x€Z



Thus, by (22) and (26),

P < Y i, (x) 2 th/s,n>

x€Z

<P ( Y (@, (0 ~E[7,®)]) 2 t"V“’”>

x€Z 2 (27)
<4(6,Ven) ~ X E[( () ~E [ (0])]
xeZ
-2 . 2 _
<4 (thﬁ,n) Z E [(rln (x)) ] = Q,lltnﬁ'
x€Z
Noting that we can rewrite K, as
Kn = Z gn (X) o (x) > (28)
x€Z
we have that
P (K, 2t,Vg,) < Y P(lo @) 21,Vs,E" ()
x€Z
(29)
+P < AGE thﬁ,n> :
x€Z
It follows from (20), (27), and (29) that
P (K, 2 t,Vs,) < oty (30)
By replacing o(x) with —o(x), we have
P (-K, >t,Vs,) < &t (31)
This, together with (30), yields
P (1Kl 2 t,V5,) < coraty”- (32)

It yields the right-hand side of (17).
To verify the left-hand side of (17), we denote by A,
and B, the events {|{,(x)o(x)] = (1 + s)thﬁ)n} and

{l Zysz)ﬁx & (o)l < et,Vg,} € > 0,x € Z, respectively.
By (19) and some conditional argument, we have

YP(A,) =t —o. (33)

x€Z

On the other hand, by (28),

P(B,)>P <|Kn| < (%)thﬁ,n>

(34)
- (e o0l > (5) 1),
This, together with (20) and (32), yields that
P(B,)—1 VYxeZ (35)
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Note that

P(|K,| > t,Vs,) 2 E [[F" ( J(AcnB,)| 97)]

xeZ

IUEI:MH_H}OOP< LAj (Aanx)|9>]

x=—M

M
> |:Mli_n:100 {x_ZMP (A,NB, | F)

(36)

-2

P((A,nB)Nn(A,nB,)| %)H

>YP(AB)- Y

x€Z —00<Xx<y<00

ZZP (4)P(B,) - (ZZP (Ax)> :

Thus, by (33)-(36),

V

P(A4,)

P (IKnl > tnvﬁ,n) = Q15 Z P (Ax) = cz,lﬁt;ﬁ' (37)

x€Z

It yields the left-hand side of (17). The proof of Lemma 6 is
completed. O

We will also need the following two technical results.

Lemma 7. Let {X;,i > 1} be a sequence of i.i.d. nonnegative
random variables with a common distribution F. Assume that
F is absolutely continuous and 1 — F(x) ~ ¢, 1;x %, 0 < & < 2.
Then, for allv > 0,

S, >n"*(logn)™" as. (38)

Proof. Let M,, = max{X;,... ,Xn},I_J(x) =1-F(x)=P(X; >
x),and F be the inverse of F. Let U, U,,U,,...,U, beiid.
random variables with the distribution of U uniform over
(0,1) and M, = max{U,,U,,...,U,}. Let 6 > 1 be a constant

which will be chosen later on and ;. = |6* ], k > 1. By making
use of the fact that F(X,,) is a uniform (0, 1) random variable,

d —x
we have M, = F(M,), n > 1. On the other hand, F (y) ~
Q)lgy_l/“, 0 < y < 1. Thus, since X;’s are nonnegative, F and

F are nonincreasing;
P(S, <m/*(logn)™") < P(M, <n'*(logn)™")
<P(F (F(M,)<F (cyon; (logm)™))
F(M, )= cyyon; (logn)™)
1-M, > &0t (log nk)m)

M;:k <1- "2,19”’1;1 (log ”k)m)
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= (P (U <1-Guomy (log”k)m))nk

< exp (—¢;19 (logm) ™) .

(39)
By making use of Borel-Cantelli lemma,
hriio%f n ' (log ) S, 21 as. (40)

To each n, there exists an integer k such that n, < n < ny,;.
Thus, by (40),

lim inf n % (logn)'"s,

>liminf min n"/* (logn)’s,
k—o00 m<nsmy,, (41)

e 1/a —1/a) -1/« r —1/a

> lkni,loréf (1) )nk (logm)"S,, >0

a.s.

Letting 8 | 1, (38) is proved. The proof of Lemma 7 is
completed. O

Lemma 8. Let {o(x),x € Z} be a sequence of i.i.d. random
variables satisfying (5) and (9), and {X;,i > 1} be a sequence
of arbitrary random variables and independent of o’s. Let

{a,,n > 1} be a nondecreasing sequences of positive integers

such that a, — oo, W, = ¥ &,(x)o(x) and y, =

(Yo, ELERGDP. Then

1/loglogn
g1l0g < el/[i

lim sup 'yJIWn' a.s. (42)

n—:oo

Proof. Letn, = 0 and n = inf{n : y, > 2K} (k > 1). Since
¥, is increasing and y, — 00, we have that n, — 00 and
2¥ <y, <2"*'.Noting

xeZ

1/B 2/B
o < (Zii (x)) < (Zﬁn (x)) =nlf @)
xeZ

we have
n > yfk/z > 2PkI2, (44)

For the sake of convenience, we denote u;, =
ynk(lognk_l)(”s)/ﬁ, S,={xeZ:x¢[-a,a,l}

1, (x) = n,, (k, x)

£, ()0 (x)I(0(x) <& (x) f0<p<1, (45)
& minfo (), &, () if1<p<2,

and W, = Yxes, a(x) fore > 0,x € Zandm_y <n<my.
By (19) and (44),

P (0(x) > w&,! (x) | F) < ek "y PER (x). (46)

5
It follows that
ay
. [FD -1 k—(1+£)
Y P(o(x) > w&, (%)) < cum ) (47)
X==ay,
Since

min {o (x), 1, ()}
=0 (x)I(0(x) <k, (x)) (48)
+ & ()1 (0 (x) > wE,! (),
following the same argument as the proof of (29), we have
o ma, [E (W1 7]

a, (49)
<u' max > EMR, ) [ F]] —0

My_ <n<my

as k — oo for 0 < 3 < 2. On the other hand, by (22) and
noting

E [, (x) | #]
<2E[E (00 () (0(x) <k, ()| F] (50)
+ 2u,2cl}3> (o (x) > ukE;: () | 97),

we have forn,_; <n<m and0 < <2,

E[(1, () | F] < o0 P85 (). (51)
Tt follows that
2 _
Y E[(n, W) 1 F] semi Vs (s
xeé’”k

From Newman and Wright [28], we call a finite collection
of random variables Z;, 1 < i < m, which is associated
if any two coordinatewise nondecreasing functions f,, f,
on R™ such that F; = f;(Z,,...,Z,,) have finite variance
for i = 1,2, cov(F,F,) = 0; an infinite collection is
associated if every finite subcollection is associated. It is
not difficult to demonstrate that independent variables are
always associated. Moreover, given &, 1,(x) — E[#,(x) | F]
are nonincreasing functions on ¢ and are also associated
variables by Esary et al. [29]. Consequently, by Theorem 2 of
Newman and Wright [28] and (52),

E|, max (W, -E[W,15])15]

My <n<hy

<E[(W, -E[W, | F]) | 7] (53)



Hence

W | max (W, ~€[,17]) 17|

(54)
< (_2’24k—(1+5) )

Note that

tl”k

>
g <“k rlriaﬂ)é"kw uk) Z

X=—a,

P (a (%) &, (x) > uk)

3

3
+P <nk‘?<?3§nkw > uk) Z P (o (x)

X==ay,

> ukf;lkl (x)) +E [P( max (Wn -F [Wn | g]) (55)

Nye_y <N<hy
ank
>2 'y | 9)] < Y Plo@>ug ()
x=-aq,

e

+[E[u,;2[E[ max (W, - E[W, | #])"| H

ye_q <n<my
Thus, by (47), (54), (55) and making use of Borel-Cantelli
lemma,

- —(1+¢)/
limsup max nynkl (logn,_,) " * ﬁgcz,zs as. (56)

koo Mk-1<n<my
By replacing o(x) with —o(x), following the same argument,
we have that (56) also holds if W,, is replaced with -W,. It
yields

limsup ~max lW |y, (logm_;)” WIF < ¢
k—oco k- 1<ns , ’ (57)
a.s.
Therefore, by (57),
hm sup|W|yn (logn) (o
<limsup max |W,|y," (logn)” (e)/p
keog M1 <<y (58)
<y limsup max [W,|y,! (logm.)
koo Mo1<ns
S Gag  AS.
It follows that

log (W, |y,") - (Hﬁ

Letting ¢ | 0, we obtain (49). The proof of Lemma 8 is
completed. O

>log logn<0 as. (59)
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3. Proofs

Proof of Theorem 1. Let ¢ € (0,1) and 7 € (0,1/«) be
two arbitrary constants. Let &, W,,, and y, be defined as in
Lemma 8 with a, = n!/*(logn)"/**". By Chover’s law of the
iterated logarithm (see Chover [26] and Qi and Cheng [30])
we have S, = o(a,) a.s. Thus, for any sample point w for which
it holds, there exists N, = Ny(w) such that for all n > N, and
|x] > Card(§,), where Card(s§,) is the number of integers
belonging to &,,, £,(x)(w) = Y1 I[S; = x](w) = 0. It follows
that, for alln > N,,,

Z ox)&,(x)=0 as,

x¢S,
(60)
Z Ef (x)=0 as.
x¢S,
By (28) and (60), we have that K,, = W, a.s.and Vj, =y, a.s.

Hence, to prove (10), by (28), it suﬂﬁces to prove that, for all
O<e<l,

lim sup [W,| y," (log n) P < G, as. (61)
n—~oo

and

lim sup [W, | y," (log n) G, as. (62)
n—aoo

By (42), (61) holds. Thus, it remains to prove (62). Let 7, =
x e Z: x € [0,a,]}. Let 0 > 1 be a constant. For k > 1

let m; = €F " and n = inf{n : n € {my,m,,...},y, = }

Since v, is increasing and y, — 00, we have that #;s are

2]
well-defined, n, — oo and &* < VY, <€ (k+1)?

(Lses, &n (x))ﬁ<)/ if0o<pB<landn~
1f1<[3<2 we have, for 0 < < 2,

. Noting nP
er&‘n En( ) < Yn

0
n, < Y,ifvn < BV (63)

For k > 1, we denote A = erg \Lc/‘”Zk [fka 1(x)]’

Ay = er%k Efzk (x)], and vy = A (log ”2k+1)(1 NP,
Denote by C,, D,, and E,, the events C, = {I(r(x)EnZk+1 (x)| =
A+ evih Dy = I 2ye, 7, yx OO, DI < ewidy
and E; = {| erd AT o(x)¢, (x)| = v} Let &, be the

o-field generated by {a(x) x €T, }UF. Then E, € G,.
By (19) and (63),

”zk+1

”2k 1

-1
Z P(C, | 9i1) 2 65 (lognyyy) +£
x€T \T, Hoet ( 6 4)

Mok+1
>c, -8
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Similar to (36), we have

P(Ex | Gy)

> P < U
x€T \T

Mk+1

(Cx n Dx) | gk—1>

k-1

(65)
2 Z l]:D(Cx | ?k—l) P(Dx | <gk—l)
xeg"zk-ﬂ \9"2k—1
- Z P (Cx | gk—l) .
x€9n2k+l \9"2k—1
Similar to (33)and (35), wehave ) . &  P(C, | G)_)
Mk+1 k-

— O0and P(D, | €,_,) — lforallx € T \ T

respectively. Thus, by (64) and (65), we have 2l 2k-1
P (Ek | gk—l) 2G5 Z P (Cx | ?k—l)
. (66)

> c3,6k_(1_5)9.

By choosing 6 > 1 small enough such that (1 — €)0 < 1, and
making use of Lemma 5,

P(E, io.)=1. (67)

By the definitions of 1, and n,, we have that

2k)°
Ynzk < e( )

Vi, - e(2k+1)9 -
2k+1

,(zk)ﬂ—l . 0, (68)

and that there exist integers j < I such that ny,_; = m; and
ny, = my. It follows that

2 2ot 0
ey (logny_ ;)" _ jre 50 (69)

0
Mok el

By Lemma 7, we have almost surely S, > n'/*(logn) ™™ for
all large n. This, together with (60), (68), and (69), yields

(Z E [Efzk—l(lognzk—l)z‘xT (X)] < nyk
X€T okt (70)

=0 (Yfzkﬂ) :

Since yfzkﬂ = Ayx + Ay by (70), we have yfzkﬂ ~ Ay - Thus,

Az,k =

(67) remains true when A, is replaced with ;. Hence, we

have
[p <

2 Yy, (108 713141)

Z o (x) E”zkﬂ (X)

(o (o
xes M2k+1 \7 "2k-1

(71)
o) =1,

By (68), (70) and following the same argument as the
proof of (32),

g

(1-e)/p
Z G7Vny,., (logryyyy) >

:P<

y”z +1 (1-¢)/
> ghok 1 kk (log 1ys1) f

2
o ( e >
< Z G g€ Az,k

o
< c3‘10e_ﬁ(2k) B
Thus, by making use of Borel-Cantelli lemma,

g

(1-e)/B .
2 05,7’})?!2)”1 (lOg n2k+l) N 1‘0'> =0.

x€T

Z o (x) E"zk+1 (x)|

M2k-1

Z o (x) £”2k+1 (x)

x€T

(72)

M2k-1

Z o (x) E”Zkﬂ (x)

xX€T

M2k-1

Y o, (%)

xegy,z,(i1

Noting

w (n2k+1) = Z

x€T

0 ()&, (%)

o
Mok+1 \7 M2k-1

+ Y 0§, ),

xeg"qu

(74)

by (71) and (73),

P (lW (”zk+1)| 2 G 1Yy, (log ”zk+1)(l_8)/l3 1-0-)

=1

(75)

This yields (62). The proof of Theorem 1 is completed. O

Proof of Theorem 4. Fix 0 < A < 1/B. Let v = 1/BA and
n = e (k>1).1tis enough to prove that

)1/ loglog n;, h

K =e as. (76)

My

lim sup (V; !
k—o00 .

To prove (76), it suffices to prove that, for all ¢ > 0, with
probability one,

- (1+e)A
Vnkl |Knk| > (log nk) " 77)

for at most finitely many k
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and
Vn_kl 'K"k > (log ﬂk)(l_s)A for infinitely many k.  (78)
By Lemma 6,
P (Vr;l 'K"k > (log nk)(1+e)/\) <o (lOg nk)—(1+s)/3/1
(79)
< C3)13k*(1+5).

By making use of Borel-Cantelli lemma, we obtain (77).

It remains to prove (78). For the case A = 1/, following
the same lines as the proof of (62), we have that there exists
a subsequence of the subsequence {e", k > 1} such that (78)
holds. For the case 0 < A < 1/f3, we have » > 1. For k > 1, let
my = inf{n : n € {n;,n,,...},V, > . Following the same
lines as the proof of (62), we have, with probability one,

Vn;i 'Kmk| > (log mk)(lfs))‘ for infinitely many k.  (80)

On the other hand, {m,} is a subsequence of the subsequence
{n,}. Thus, we obtain (78) again. The proof of Theorem 4 is
completed. O
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