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The concept of (¢, € Vg, )-fuzzy hyperideal of an ordered LA-semihypergroup is introduced by the ordered fuzzy points, and related
properties are investigated. We study the relations between different (€, € Vg, )-fuzzy hyperideal of an ordered LA-semihypergroup.

Furthermore, we study some results on homomorphisms of (€, € Vg,)-fuzzy hyperideals.

1. Introduction

Hyperstructures represent a natural extension of classical
algebraic structures and they were introduced by the French
mathematician Marty [1]. Since then, several authors contin-
ued their researches in this direction. Nowadays hyperstruc-
tures are widely studied from theoretical point of view and for
their applications in many subjects of pure and applied math-
ematics. In a classical algebraic structure, the composition
of two elements is an element, while, in an algebraic hyper-
structure, the composition of two elements is a set. Some basic
definitions and theorems about hyperstructures can be found
in [2, 3]. The concept of a semihypergroup is a generalization
of the concept of a semigroup. Many authors studied different
aspects of semihypergroups, for instance, Bonansinga and
Corsini [4], Corsini [5] Davvaz [6], Davvaz et al. [7], Davvaz
and Poursalavati [8], Gutan [9], Hasankhani [10], Hila et al.
[11], and Onipchuk [12]. Recently, Hila and Dine [13] intro-
duced the notion of LA-semihypergroups as a generalization
of semigroups, semihypergroups, and LA-semihypergroups.
Yaqoob, Corsini, and Yousafzai [14] extended the work of Hila
and Dine and characterized intraregular left almost semi-
hypergroups by their hyperideals using pure left identities.
Other results on LA-semihypergroups can be found in [15, 16].

The concept of ordered semihypergroup was studied
by Heidari and Davvaz in [17], where they used a binary

« _»

relation “<” on semihypergroup (H, °) such that the binary
relation is a partial order and the structure (H, o, <) is known
as ordered semihypergroup. There are several authors who
study the ordering of hyperstructures, for instance, Bakhshi
and Borzooei [18], Chvalina [19], Hoskova [20], Kondo and
Lekkoksung [21], and Novak [22]. The ordering in LA-semi-
hypergroups was introduced by Yaqoob and Gulistan [23].
In 1965, the concept of fuzzy sets was first proposed by
Zadeh [24], which has a wide range of applications in various
fields such as computer engineering, artificial intelligence,
control engineering, operation research, management sci-
ence, robotics, and many more. Many papers on fuzzy sets
have been published, showing the importance and their appli-
cations to set theory, group theory, real analysis, measure the-
ory, and topology etc. There are several authors who applied
the concept of fuzzy sets to algebraic hyperstructures. Ameri
and others studied fuzzy sets in hypervector spaces [25], I'-
hyperrings [26], and polygroups [27]. Corsini et al. [28] stud-
ied semisipmle semihypergroups in terms of hyperideals and
fuzzy hyperideals. Cristea [29] introduced hyperstructures
and fuzzy sets endowed with two membership functions.
In [30, 31], Davvaz introduced the concept of fuzzy hyper-
ideals in a semihypergroup and Hv-semigroup. Recently
in [32], Davvaz and Leoreanu-Fotea studied the structure
of fuzzy T-hyperideals in T-semihypergroups. Also see [33,
34]. Fuzzy ordered hyperstructures have been considered
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by some researchers, for instance, Pibaljommee et al. [35, 36],
Tang et al. [37-40], Tipachot and Pibaljommee [41].

Murali [42] defined the concept of belongingness of a
fuzzy point to a fuzzy subset under a natural equivalence on a
fuzzy subset. In [43], the idea of quasi-coincidence of a fuzzy
point with a fuzzy set is defined. The concept of a («, 8)-fuzzy
subgroup was first considered by Bhakat and Das in [44, 45]
by using the “belongs to” relation (€) and “quasi coincident
with” relation (q) between a fuzzy point and a fuzzy subgroup,
where o, € {€,9,€ Vg,€ Aq} and « #€ Ag. Jun et al.
[46] gave the concept of (€, € Vq)-fuzzy ordered semigroups.
Moreover, (€, € Vq)-fuzzy ideals, (€, € Vvq) -fuzzy quasi-
ideals, and (€,€ Vg;)-fuzzy bi-ideals of a semigroup are
defined in [47]. Azizpour and Talebi characterized semihy-
pergroups by (€, € Vq;)-fuzzy interior hyperideals [48, 49].
Huang [50] provided characterizations of semihyperrings by
their (€, €, Vq,) -fuzzy hyperideals. Shabir and Mahmood
characterized semihypergroups by (€, € Vg )-fuzzy hyper-
ideals [51] and also by (€€, Vqs)-fuzzy hyperideals [52].

Motivated by the work of Shabir et al. [47, 51], we applied
the concept of (€, € Vg, )-fuzzy sets to LA-semihypergroups.
In this paper, we introduce and study several types of (¢, €
Vg, )-fuzzy hyperideals in an ordered LA-semihypergroup.
Further, we study some results on homomorphisms of (¢, €
Vqy)-fuzzy hyperideals.

2. Preliminaries and Basic Definitions

In this section, we provide some basic definitions needed for
our further work.

Let H be a nonempty set. Then the map o : H x H —
P*(H) is called hyperoperation or join operation on the set
H,where 2" (H) = 9(H)\{0} denotes the set of all nonempty
subsets of H. A hypergroupoid is a set H together with a
(binary) hyperoperation. For any nonempty subsets A, B of
H, we denote

AoB= U aob (1)

acAbeB

Instead of {a} - A and B o {a}, we write a o A and B - q,
respectively.

Recently, in [13, 14] authors introduced the notion of LA-
semihypergroups as a generalization of semigroups, semi-
hypergroups, and LA-semihypergroups. A hypergroupoid
(H, ) is called an LA-semihypergroup if for every x, y,z € H,
we have (xo y)oz = (zo y)ox. Thelaw (xo y)oz = (zo y) o x
is called a left invertive law. An element e € H is called
a left identity (resp., pure left identity) if for all x € H,
x € eox (resp, x = e o x). In an LA-semihypergroup,
the medial law (x o y) o (z o w) = (x © 2) o (y o w) holds
for all x, y,z,w € H. An LA-semihypergroup may or may
not contain a left identity and pure left identity. In an LA-
semihypergroup H with pure left identity, the paramedial law
(xey)o(zow) = (woz)e(yox)holdsforall x, y,z,w € H.If
an LA-semihypergroup contains a pure left identity, then by
using medial law, we get xo(yoz) = yo(xoz)forallx, y,z € H.

Definition I (see [23]). Let H be a nonempty set and < be
an ordered relation on H. The triplet (H,o, <) is called an
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ordered LA-semihypergroup if the following conditions are
satisfied.

(1) (H,°) is an LA-semihypergroup.

(2) (H, <) is a partially ordered set.

(3) For every a,b,c € H,a < bimpliesaoc < bocand
coa< cob,whereaoc < bocmeansthatforx € aoc
there exist y € b o c such that x < y.

Definition 2 (see [23]). If (H,o,<) is an ordered LA-
semihypergroup and A < H, then (A] is the subset of H
defined as follows:

(A]={te H:t<a, for some a € A}. 2)

If x € H and A is a nonempty subset of H, then A, = {(y,
z)e HxH |x < yoz}

Definition 3 (see [23]). A nonempty subset A of an
ordered LA-semihypergroup (H,o,<) is called an LA-sub-
semihypergroup of H if (A o A] € (A].

Definition 4 (see [23]). A nonempty subset A of an ordered
LA-semihypergroup (H,e,<) is called a right (resp., left)
hyperideal of H if

(1) Ao H € A(resp., Ho A C A),

(2) foreverya € H,b € Aand a < b implies a € A.

If A is both right hyperideal and left hyperideal of H, then
A is called a hyperideal (or two sided hyperideal) of H.

Definition 5 (see [23]). A nonempty subset A of an ordered
LA-semihypergroup (H, o, <) is called an interior hyperideal
of H if

(1) (HeA)oH C A,

(2) foreverya € H,b € Aand a < b implies a € A.

Definition 6 (see [23]). A nonempty subset A of an ordered
LA-semihypergroup (H,o,<) is called a generalized bi-
hyperideal of H if

(1) (AocH)o ACA,

(2) foreverya € H,b € Aand a < b implies a € A.

If A is both an LA-subsemihypergroup and a generalized
bi-hyperideal of H, then A is called a bi-hyperideal of H.

Definition 7. Let (H, o, <) be an ordered LA-semihypergroup,
and a € H. Then a is said to be regular element of H if there
existsan element x € H such thata < (aex)ea, or equivalently
a < (aoH)ea.lf every element of H is regular then H is said
to be a regular ordered LA-semihypergroup.

Now, we give some fuzzy logic concepts.

A fuzzy subset f of a universe X is a function from X into
the unit closed interval [0, 1], i.e.,, f: X — [0, 1] (see [24]).
A fuzzy subset f in a universe X of the form

te(0,1] ify=x
f(y)={ , 3)
0 ity+x

is said to be a fuzzy point with support x and value ¢ and is
denoted by x,. For a fuzzy point x, and a fuzzy set f in a set
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X, Pu and Liu [43] introduced the symbol x,«f, where « €
{e, g, € Vg, € Aq}, which means that

(i) x, € fif f(x)>t,

(i) x,qf if f(x)+t>1,

(iii) x, € vqf ifx, € f or x,qf,

(iv) x, e Aqf if x, € fand x,qf,

(v) x,o f if x,cf does not hold.

For any two fuzzy subsets f and g of H, f < g means
that, for all x € H, f(x) < g(x). The symbols f Agand fVvg
will mean the following fuzzy subsets:

fAg:H—[0,1]|x+— (fAg)(x)

= f(x) Ag(x) =min {f (x), g (x)}
fvg:H—[0,1]|x+— (fVg)(x)

= f(x)Vg(x) = max{f (x), g (x)}

forall x € H.
The product of any fuzzy subsets f and g of H is defined

by
fxg:H—[0,1]|x+— (f*g)x)

_{ \V F)rg@), ifA+0 (5

(y,2)eA,
0 if A, =0.

For 0 # A € H, the characteristic function f, of A is a fuzzy
subset of H, defined by

1 ifxeA,
fa= (6)
0 ifx¢A.

For any fuzzy subset f of H and for any ¢ € (0, 1], the set
U(f;t) =1{x € H: f(x) >t} is called a level subset of f.

Definition 8 (see [53]). Let (H,o,<) be an ordered LA-
semihypergroup. A fuzzy subset f : H — [0, 1] is called
fuzzy LA-subsemihypergroup of H if the following assertion
are satisfied.

(i) A\scap f(2) > min{f(a), f®)},

(ii) if a < b implies f(a) > f(b), for every a,b € H.

Definition 9 (see [53]). Let (H,o,<) be an ordered LA-
semihypergroup. A fuzzy subset f : H — [0,1] is called
a fuzzy right (resp., left) hyperideal of H if

D Azcanf(2) 2 f(a) (resp., A\,caup f(2) = f(b)),
(2) a < bimplies f(a) > f(b), for everya,b € H.

If f is both fuzzy right hyperideal and fuzzy left hyper-
ideal of H, then f is called a fuzzy hyperideal of H.

Definition 10 (see [54]). Let (H,o,<) be an ordered LA-
semihypergroup. A fuzzy subset f : H — [0,1] is called
a fuzzy bi-hyperideal of H if

(1) Nstoyef 2) = min{f(@), £},

(2) a < bimplies f(a) > f(b), for every a,b € H.

Definition 11 (see [54]). Let (H,e,<) be an ordered LA-
semihypergroup. A fuzzy subset f : H — [0, 1] is called
a fuzzy interior hyperideal of H if

M) Azcaobyocf (2) = f(b),
(2) a < bimplies f(a) > f(b), for everya,b € H.

3. (e, € vgq;)-Fuzzy Hyperideals

In what follows, let H denote an ordered LA-semihypergroup,
k € [0,1) and t,7 € (0,1] unless otherwise is specified. Note
that for a fuzzy point x, and a fuzzy subset f, x, € f means
that f(x) > t, while x,q, f means that f(x) +t + k > L
Notice that (€, € Vq)-fuzzy hyperideals are particular types
of (&, B)-fuzzy hyperideals.

Definition 12. A fuzzy subset f of H is called an (€, € Vqy)-
fuzzy LA-subsemihypergroup of H if for all x, y,z € H and
t € (0, 1], the following conditions hold:

(i) x <y, 3, € f= x €V f,
(i) X, ¥, € f = Zipinruy € Vi f>foreachz € x o y.

Definition 13. A fuzzy subset f of H is called an (¢, € Vgy)-
fuzzy left hyperideal of H if for all x, y,z € Hand t € (0, 1],
the following conditions hold.

(1) x < y, 3y € f = x, €V f,
(ii) y, € f = 2z, € Vg, f,foreachz € x o y.

Definition 14. A fuzzy subset f of H is called an (€, € vqg)-
fuzzy right hyperideal of H if for all x, y,z € Hand t € (0, 1],
the following conditions hold.

Dx<y,y € f=x €Vvq.f,
(ii) x, € f = z, € Vg, f,foreachz € x o y.

A fuzzy subset f of H is called an (¢, € Vg )-fuzzy hyper-
ideal of H if it is a left hyperideal and a right hyperideal of H.

Definition 15. Consider a set H = {a,b,c,d} with the

following hyperoperation “o” and the order “<™:
| a b c d

a {a,d} {a,d} d

{a,d} {b,c} {b,c} d

{a,d} b b d )
d d d d
<={(a,a),(a,b),(a,c),(b,b),(c,c),(d,a),(d,b),(d,c),
(d,d)}.

QU o S Qo

We give the covering relation “<” and the figure of H as
follows:

<={(a,b),(a,c),(d,a)}.
b c

(8)



Then (H, o, <) is an ordered LA-semihypergroup. Now let f
be a fuzzy subset of H such that

06 ifx=a
f:H—[0,1]|x+— f(x)=104 ifxe{bc (9)
09 ifx=d.

Lett = 0.4 and k € [0, 1). Then by routine calculations it is
clear that f is an (€, € Vqy)-fuzzy hyperideal of H.

Definition 16. A fuzzy subset f of H is called an (e, € Vgy)-
fuzzy interior hyperideal of H if for all x, y,z,w € H and
t € (0, 1], the following conditions hold:

() x <y, y € f=x €Vaf,

(ii) y, € f = w, e Vg, f,foreachw € (x o y) o z.

Example 17. Consider a set H = {a, b, ¢, d} with the following
hyperoperation “o” and the order “<™:

ola b c d e
ala a a a a
bla b c f{ad} e
cla e {cel {a,d} e
d|a {a,d} {a,d} d {ad} (10)
ela ¢ ¢ f{a,d} {ce}

<={(aa),(@b),(ac),(ad),(ae),[bb),(cc),(dc),
(d.d),(d,e),(ee)}.

« ,»

We give the covering relation “<” and the figure of H as
follows:

<={(a,b),(a,d),(d,c),(d,e)}.

C €

(1)

a

Then (H, o, <) is an ordered LA-semihypergroup. Now let f
be a fuzzy subset of H such that

08 ifx=a

04 ifx=b
f:H—[0,1] | x+— f(x)= (12)

0.5 if x € {c,e}

0.7 ifx=d.

Lett = 0.3 and k € [0, 1). Then by routine calculations it is
clear that f is an (¢, € Vg, )-fuzzy interior hyperideal of H.
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Definition 18. A fuzzy subset f of H is called an (¢, € Vvqy)
-fuzzy bi-hyperideal of H if for all x, y,z,w € Handt €
(0, 1], the following conditions hold:

() x<y y € f=x€Vqf,

(i) X, ¥, € f = Zipinruy € VA f>foreachz € x o y.

(iii) x4, 2, € f = Wipingry € Vi f> foreachw € (xoy)o
z.

A fuzzy subset f of H is called an (€, vgy)-fuzzy
generalized bi-hyperideal of H if it satisfies (i) and (iii)
conditions of Definition 18.

Theorem 19. Let A be an LA-subsemihypergroup (resp., left
hyperideal, right hyperideal, hyperideal, interior hyperideal,
and bi-hyperideal) of H and f a fuzzy subset of H defined by

1-k .
f(x):{z 5 if xeA 1)

0 otherwise.

Then

(i) f is a (q, € Vqi)-fuzzy LA-subsemihypergroup (resp.,
left hyperideal, right hyperideal, hyperideal, interior hyper-
ideal, and bi-hyperideal) of H,

(i) f is an (€,€ Vqp)-fuzzy LA-subsemihypergroup
(resp., left hyperideal, right hyperideal, hyperideal, interior
hyperideal, and bi-hyperideal) of H.

Proof. (i) Consider that A is an LA-subsemihypergroup of H.
Letx,y € H, x < yandt € (0,1] be such that y,qf. Then
y €A, f(y)+1t> 1. Since A is an LA-subsemihypergroup of
Hand x < y € A, we have x € A. Thus f(x) > (1 - k)/2. If
t < (1-k)/2,then f(x) > tandsox, € f.Ift > (1-k)/2,then
f(x)+t+k > (1-k)/2+(1-k)/2+k = 1 and so x,qgy. f. Therefore
X, € Vq,f.Letx, y,z € Handt,r € (0, 1] be such that x,qf
and y,qf. Thenx, y € A, f(x)+t > 1and f(x)+r > 1.Since A
is an LA-subsemihypergroup of H, we have xoy € A. Thus for
everyz € xoy, f(z) = (1-k)/2. if min{t, 7} < (1-k)/2, then
f(z) = min{t,r} and s0 21,1, 4 € f Ifmin{t, 7} > (1 - k)/2,
then f(z) + min{t,r} +k > (1-k)/2+ (1 -k)/2+k =1and
SO Zingr.r 9k f- Therefore z ;¢ 1 € Vg f, forallz € x o y.
(ii) Let x, y € H, x < y and t € (0, 1] be such that y, € f.
Then f(y) >tand y € A.Since x < y € A, we have x € A.
Thus f(x) > (1 - k)/2.Ift < (1 — k)/2, then f(x) > t and
sox, € f.Ift > (1-k)/2,then f(x)+t+k > (1 -k)/2+
(1 - k)/2 + k = 1 and so x,q f. Therefore x, € Vg, f. Let
x,y,z € Hand t,r € (0,1] be such that x, € f and y, € f.
Then f(x) >t > 0and f(y) > r > 0. Thus f(x) > (1 -k)/2
and f(y) > (1 - k)/2, this implies that x, y € A. Since A is
an LA-subsemihypergroup of H, we have x o y € A. Thus for
everyz € xoy, f(z) > (1-k)/2. If min{t, r} < (1-k)/2, then
f(z) = min{t,r} and 50 2,1, 4 € f- I min{t, 7} > (1 - k)/2,
then f(z) + min{t,r} +k > (1-k)/2+ (1 -k)/2+k =1and
SO Zpninit,r1 9k f- Therefore z, ;. 1 € Vg f, forallz € x o y.
The cases for left hyperideal, right hyperideal, hyperideal,
interior hyperideal and bi-hyperideal can be seen in a similar
way. O

Corollary 20. If a nonempty subset A of H is an LA-
subsemihypergroup (resp., left hyperideal, right hyperideal,
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hyperideal, interior hyperideal, and bi-hyperideal) of H, then
the characteristic function of A is a (g€ Vqy)-fuzzy LA-
subsemihypergroup (resp., left hyperideal, right hyperideal,
hyperideal, interior hyperideal, and bi-hyperideal) of H.

Corollary 21. A nonempty subset A of H is an LA-
subsemihypergroup (resp., left hyperideal, right hyperideal,
hyperideal, interior hyperideal, and bi-hyperideal) of H if
and only if f, is an (€, € Vqy)-fuzzy LA-subsemihypergroup
(resp., left hyperideal, right hyperideal, hyperideal, interior
hyperideal, bi- and hyperideal) of H.

If we take k = 0 in Theorem 19, then we have the following
corollary.

Corollary 22. Let A be an LA-subsemihypergroup (resp., left
hyperideal, right hyperideal, hyperideal, interior hyperideal,
and bi-hyperideal) of H and f a fuzzy subset of H defined by

>05 ifxecA
fx)= (14)

0 otherwise.

Then

(i) f is a (q, € Vqy)-fuzzy LA-subsemihypergroup (resp.,
left hyperideal, right hyperideal, hyperideal, interior hyper-
ideal, and bi-hyperideal) of H,

(i) f is an (€,€ Vqi)-fuzzy LA-subsemihypergroup
(resp., left hyperideal, right hyperideal, hyperideal, interior
hyperideal, and bi-hyperideal) of H.

Theorem 23. Let f be a fuzzy subset of H. Then, f is an (€, €
Vqy)-fuzzy LA-subsemihypergroup of H if and only if
(i)x <y = f(x) > min{f(y),(1 -k)/2}, forall x, y €

’ (ii) /\zexoyf(z) > min{ f(x), f(y), (1 — k)/2}, for all x, y,
z € H.

H

Proof. Assume that f is an (€,€ Vg;)-fuzzy LA-subsemi-
hypergroup of H. Let x, y € H besuchthatx < y.If f(y) = 0,
then f(x) > min{f(y), (1 — k)/2}. Let f(y) # 0 and assume
on the contrary that f(x) < min{f(y),(1 — k)/2}. Choose
t € (0,1] such that f(x) < t < min{f(y),(1 - k)/2}. If
f(y) < (1 -k)/2,then f(x) <t < f(y),s0y, € f,but
f(x)+t+k<(1-k)/2+ (1 -k)/2+k = 1. This implies that
x,q; > therefore x,€ Vg, f, which is a contradiction. Hence
f(x) = min{f(y),(1-k)/2},forall x, y € H.

Suppose on the contrary that there exist x, y,z € H such
that /\Zexoyf(z) < min{f(x), f(y),(1 — k)/2}. Then there
exists z € x o y such that f(z) < min{f(x), f(y), (1 - k)/2}.
Choose t € (0,1] such that f(z) < t < min{f(x), f(y),(1 -
k)/2}. Then f(x) > t and f(y) > t implies that x, € f and
y, € fobut f(z) < tand f(z) +t+k < (1 -k)/2+ (1 -
k)/2 + k = 1. So z,€ Vq, f, which is a contradiction. Hence
Necxop f(2) = min{f(x), F(y), (1 - k)2,

Conversely, let y, € f fort € (0,1]. Then f(y) > t.
Now f(x) > min{f(y),(1 - k)/2} > min{t, (1 — k)/2}. If
t > (1 -k)/2,then f(x) > (1 —k)/2and f(x) +t+k >
(1 -k)/2+ (1 -k)/2+k = 1, it follows that x,q f. If
t < (1-k)/2,then f(x) > tand so x, € f. Thus x, € Vg, f.

Now, assume that /\ZExcyf(z) > min{f(x), f(y),(1 - k)/2}
forall x,y,z € H.Letx, € fand y, € fforallt,r €
(0,1]. Then f(x) > t and f(y) > r. Thus /\Zexoyf(z) >
min{ f(x), f(y),(1 — k)/2} = min{t,r,(1 - k)/2}. Now if
min{t,r} > (1-k)/2, then /\Zexoyf(z) > (1-k)/2.So for every
zexoy, f(z)+min{t,r}+k> (1 -k)/2+(1-k)/2+k =1,
which implies that z,;,, 1qi f- If min{t, 7} < (1 - k)/2, then
Nzexoyf(2) 2 min{t,r}. So for every z € x o,z €
f- Thus z;.¢ 19k f- Therefore f is an (€, € Vg )-fuzzy LA-
subsemihypergroup of H. O

Theorem 24. Let f be a fuzzy subset of H. Then, f is an (€, €
Vqy)-fuzzy left (resp., right) hyperideal of H if and only if

(i) x <y = f(x) = min{f(y),(1 —k)/2}, forall x,y €
H

(1) sy (@) = min{ (), (1 = K)/2} (respo N, f(2)
> min{ f(x), (1 - k)/2}), forall x, y,z € H.

Proof. The proof is similar to the proof of Theorem 23. [

Theorem 25. Let f be a fuzzy subset of H. Then, f is an (€, €
Vqy) -fuzzy interior hyperideal of H if and only if
(i)x <y = f(x) > min{f(y),(1 -k)/2}, forall x, y €

(1) Aetouyef ® = minlf(), (1~ K)/2}, for all x, y,z,

weH

H

Proof. The proof is similar to the proof of the Theorem 23.
O

Theorem 26. Let f be a fuzzy subset of H. Then, f is an (€, €
Vqy)-fuzzy bi-hyperideal of H if and only if

(i)x <y = f(x) > min{f(y),(1 - k)/2}, forall x, y €

' (ii) /\zexoyf(z) > min{f(x), f(y),(1 - k)/2}, for all

x, ¥,z € H.

(i1) Nwe(xoyyozf () = min{f(x), f(2), (1 - k)/2}, for all
X, y,2,t € H.

H

Proof. The proof is similar to the proof of Theorem 23.  [J

A fuzzy subset f of H is called an (€,e vgy)-fuzzy
generalized bi-hyperideal of H if it satisfies (i) and (iii)
conditions of Theorem 26.

Theorem 27. A fuzzy subset f of an ordered LA-semihyper-

group H is an (€, € Vqy)-fuzzy LA-subsemihypergroup (resp.,

left hyperideal, right hyperideal, hyperideal, interior hyper-

ideal, and bi-hyperideal) of H if and only if U(f; t)(+ 0) is an

LA-subsemihypergroup (resp., left hyperideal, right hyperideal,

hyperideal, interior hyperideal, and bi-hyperideal) of H for all
€ (0,(1 -k)/2].

Proof. Assume that f is an (€, € Vq;)-fuzzy LA-subsemihy-
pergroup of H. Let x, ¥,z € H be such that x < y € U(f;t)
where t € (0,(1 — k)/2]. Then f(y) > t and by Theorem 23,
f(x) = min{f(y), (1-k)/2} = min{t, (1-k)/2} = t. It follows
that x € U(f;t). Let x, y € U(f;t) wheret € (0,(1 — k)/2].
Then f(x) > t and f(y) > t. It follows from Theorem 23



that /\ZExcyf(z) > min{f(x), f(y),(1 - k)/2} = min{t, £, (1 -
k)/2} = t. Thus for every z € x o y, f(z) > t and so
z € U(f;t), thatis x o y € U(f;t). Hence U(f;t) is an LA-
subsemihypergroup of H.

Conversely, assume that U(f;t)(# 0) is an LA-
subsemihypergroup of H forallt € (0, (1-k)/2]. If there exist
x,y € H with x < y such that f(x) < min{f(y),(1 - k)/2}.
Then f(x) <t < min{f(y),(1-k)/2} for somet € (0, (1-k)/
2]. Then, y € U(f;t) but x ¢ U(f;t), a contradiction. Thus
f(x) = min{f(y),(1-k)/2} forall x, y € H with x < y. Now,
suppose that there exist x, y € H such that /\,.,,,f(2) <
min{ f(x), f(y), (1-k)/2}. Thus there exist z € xo y such that
f(z) < min{f(x), f(y),(1 - k)/2}. Choose t € (0, (1 — k)/2]
such that f(z) < t < min{f(x), f(y),(1 — k)/2}. Then
x,y € U(fit) but z ¢ U(f;t) ie, x oy € U(f;t), which
is a contradiction. Hence /\ZGxoyf(z) > min{f(x), f(y),(1 -
k)/2} and so f is an (¢, € Vg, )-fuzzy LA-subsemihypergroup
of H. O

Corollary 28. A fuzzy subset f of an ordered LA-semi-
hypergroup H is an (€, € Vqy)-fuzzy LA-subsemihypergroup
(resp., left hyperideal, right hyperideal, hyperideal, interior
hyperideal, bi-hyperideal) of H if and only if U(f;t)(# 0) is an
LA-subsemihypergroup (resp., left hyperideal, right hyperideal,
hyperideal, interior hyperideal, bi-hyperideal) of H for all t €
(0,0.5].

Example 29. Consideraset H = {a, b, ¢, d} with the following
hyperoperation “o” and the order “<”:

ab ¢ d
aa a a

ab ¢ d
cla d {c.d} {c,d} (15)
dla ¢ {cd} {cd}

S Q)| o

<= {(a,a),(a,b),(a,c),(a,d),b,b),(c,c),(d,d)}.

We give the covering relation “<” and the figure of H as
follows:

<={(a,b),(a,c),(a,d)}.
b c d
(16)
a
Then (H,o,<) is an ordered LA-semihypergroup. Here,

{a}, {b}, {a, b}, {a,c,d}, {b,c,d} and {c,d} are LA-subsemi-
hypergroups of H. Now let f be a fuzzy subset of H such that

0.8 ifx=a

02 ifx=>b
f:H—[0,1]|x+— f(x)= (17)

0.6 ifx=c

0.7 ifx=d
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and
H if0<t<02
{a,c,d} if02<t<0.6
U(fit) = (18)
{a} if 0.6 <t<0.8
0 if0.8<t<1.

Then by Theorem 27, f is an (€, € Vq,)-fuzzy LA-subsemi-
hypergroup of H for k € [0, 1).

Lemma 30. The intersection of any family of (€,€ Vq)-
fuzzy LA-subsemihypergroups (resp., left hyperideals, right
hyperideals, interior hyperideals, bi-hyperideals, generalized
bi-hyperideals) of H is an LA-subsemihypergroup (resp., left
hyperideal, right hyperideal, interior hyperideal, bi-hyperideal,
generalized bi-hyperideal) of H.

Proof. Let{f;};c; beafamily of (¢, € Vg, )-fuzzy left hyperide-
als of H and x, y € H. Then

/\ Jli/e\lfi (z)} - i/E\I { /\ fi (Z)]’ : (19)

ZEXOY ZEXoY

Since f; is a (€, € Vg, )-fuzzy left hyperideals of H. Thus

MMaselz s {amna 3

ZExoy
_ 1-k (20)
- <i/6\1fi (y)) A
1-k
=(aA)0n 57
Hence Aj¢; f; is an (€, € Vqy)-fuzzy left hyperideal of H. The
other cases can be seen in a similar way. O

Lemma 31. The union of any family of (€,€ Vq)-fuzzy
LA-subsemihypergroups (resp., left hyperideals, right hyper-
ideals, interior hyperideals, bi-hyperideals) of an ordered LA-
semihypergroup H is an LA-subsemihypergroup (resp., left
hyperideal, right hyperideal, interior hyperideal, bi-hyperideal)
of H.

Proof. The proof is similar to the proof of the Lemma 30. [

Proposition 32. Let H be an ordered LA-semihypergroup
with pure left identity e. Then every (€,€ Vqy)-fuzzy right
hyperideal of H is an (€, € Vq,)-fuzzy left hyperideal of H.

Proof. Let f bean (¢, € Vgy)-fuzzy right hyperideal of H. For
x, ¥,z € H, we have

Nf@= N\ f@=
Yoy

zZEXOY z€(eox)o

N f@

zZ€(yox)oe

Zmin{ /\ f(w),lz;k]»

WE yox
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> min{ 7 (), 55 55
, 1-k
= min {f()’)’T} :
(1)
Thus f is an (€, € Vg, )-fuzzy left hyperideal of H. O

Proposition 33. Let H be an ordered LA-semihypergroup
with pure left identity e. Then f is an (€, € Vqy)-fuzzy right
hyperideal of H if and only if it is an (€, € Vqy)-fuzzy interior
hyperideal of H.

Proof. Let f bean (¢, € Vgy)-fuzzy right hyperideal of H. For
X, ¥,z € H, we have

Afwmmm{Afww—+

a€(xoy)ez wexoy

n{/\fwxi;
we(eox)oy

1
bl
a—l

N\ fw),

we(yex)ee (22)
>m {/\f(s) 1ok 1—}
o m n{f l—k 1;k)1;k}
~min {£ ). —}

which implies that f is an (€, € Vg,)-fuzzy interior hyper-
ideal. Conversely, for any x and y in H we have

Af@= A f@ezmn{re. S5 o)

aexoy a€(eox)oy 2

This shows that f is an (€, € Vg, )-fuzzy right hyperideal of
H. This completes the proof. O

Proposition 34. Let f be an (€, € Vqy)-fuzzy left hyperideal
of an ordered LA-semihypergroup H with pure left identity e. If
f is an (€, € Vqy)-fuzzy interior hyperideal of H, then it is an
(€, € Vqy.)-fuzzy bi-hyperideal of H.

Proof. Let f be an (€, € Vg, )-fuzzy left hyperideal of H. Then
for every z € H, there exist x, y € H such that

A f (@) = min {f ), k} (24)

ZE)CO}/

Let e be a pure left identity in H. So,

N f@) =

zZ€EXoy

N f@= min{f(x),%}- (25)

z€(eox)oy

This implies that

A f(2) = min {f(x) ), —} (26)

z€xoy

Thus f is an (€, € Vq,)-fuzzy LA-subsemihypergroup of H.
Now for any x, y,z € H,

/\ f@= N\

fla)=

A f@

a€(xoy)oz a€(xo(eoy))oz a€(eo(xoy))oz
1-k
> mi t), —
mln{ts/x\cyf( ) 5 }
. 1-k 27
—m1n<| /\ f(t),T} (27)
te(eox)oy
1-k 1-
> min {f(X), T, T}
:min{f(x),%}
Also
A fl@)= A_ﬂm A f@
a€(xey)ez a€(zoy)ox ac(eo(zey))ox
>m1n{ /\f(t) —}
tezoy

= min { /\ f (t) R %} (28)
te(eoz)oy

Hence we get

A f@eminfrw. @t )

a€(xoy)oz

This shows that f is an (€, € Vg )-fuzzy bi-hyperideal of H.
O

Proposition 35. Let H be an ordered LA-semihypergroup with
pure left identity. If f is an (€, € Vq)-fuzzy subset of H and g
is an (€, € Vqy)-fuzzy left hyperideal of H, then f * g is an
(€, € Vqy)-fuzzy left hyperideal of H.



Proof. Let x,y € H such that x < y. Let (a,b) € A, then
y <aeb.Sincex < y,s0x < aobimplies (a,b) € A,. Hence
A, <A, Now

(f*9)(»)= \/ min{f(a),g®)}

(u,b)eAy

=V @90} (30)
(a,b)eA,CA,

<V f@.90}=(f*9) ).
(a,b)eA,

Thus (f * g)(x) = (f * g)(y). Let x, y € H. Then

min (7 + 9) (), 5 |

1-

2
= min {((WXA min {f (p),g(q)})%k} (31)
-V

(pg)eA,

min{/(p).9(a). 5" |

Ifye pog,thenxoy Cxo(pogq) = po(xegq). Now for
each z € x o y, there exist a € x o g such that z € p o a. Since
g is an (€, € Vq)-fuzzy left hyperideal of H, /\aexoqg(a) >
min{g(q), (1 -k)/2}, thatis g(a) > min{g(q), (1 —k)/2}. Thus

min{(7 + 9) (1), 5" |

1-
2

< \/ min{f(p).g@}=(f*9) (32)

(pa)eA,

for everyz € xoy C poa.

50 Nzexoy(f * 9)(2) 2 min{(f * g)(y), (1 —k)/2}. Thus f = g
is an (€, € Vg, )-fuzzy left hyperideal of H. O

Definition 36. Let f and g be any two fuzzy subsets of H. We
define the product f #, g by

(f *19) (x)
\/ min{f(y),g(z),ﬂ} if A, £0 (33)
= ) e)EA, 2
0 if A, =0.

Definition 37. The symbols f;, f N, g and f U, g mean the
following fuzzy subsets of H:

fk<x)=min{f(x),%}, Vx ¢ H,

1-k
(F0k9) () = min {£ (.90, 5 |

Vx € H,
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(fUeg) ) =min{f(x),g(X),%},

Vx € H.
(34)

Denote by #(H) the family of all fuzzy subsets in H.

Theorem 38. Let H be an ordered LA-semihypergroup. Then
the set (¥ (H), #y, C) is an ordered LA-semihypergroup.

Proof. Clearly #(H) is closed. Let f, g and hbein #(H) and
let x be any element of H such that it is not expressible as
product of two elements in H. Then we have

((f *k g) #x h) (x) =0 = ((h#1 g) #x f) (). (35)

Let A, # 0. Then there exist y and z in H such that (y,z) €
A . Therefore by using left invertive law, we have

(f 5 9) =) )= \/ {(f*kg)(y)/\h(z)/\%}

(y,2)€A,

) <%z\){Ax {@,q\){Ay {{f(p)’\g(q)/\ lgfk} AR (2) A 1;"}}

-V rors@rn@nSEa

x<(peq)ez g ?
-k 1-k o)
=V {h(z)Ag(q)Af(p)AlTAi}

x<(zoq)op 2

1-k 1-k
= h(z) A A AN——N——
())/{(q\)/( Dngl@)nf(p)n KA )}

-V tmowaron S - (o s n .

(w.p)eA,

Hence (¥ (H),#;) is an ordered LA-semihypergroup.
Assume that f € g andlet A, = @ for any x € H; then

(f#h)(x)=0=(g*h)(x) = f*x hCgx.h (37)

Similarly we can show that f %, h 2 g, h.Let A, # 0. Then
there exist y and z in H such that (y, z) € A, therefore

(Frm= V {rman@att]

(y,2)eA,

<V {9()’)/\}1(2)/\%} (38)
(y:2)€A,
= (g#*h) (%),

Similarly we can show that f %, h 2 g, h. It is easy to see
that #(H) is a poset. Thus (F#(H), %, <) is an ordered LA-
semihypergroup. O

Theorem 39. Let H be an ordered LA-semihypergroup. Then
the property

(f *k 9) *i (R k) = (f #h) %, (g *i k) (39)
holds in & (H), for all f, g,h and k in F(H).



Discrete Dynamics in Nature and Society

Proof. The proof is straightforward. O

Theorem 40. If an ordered LA-semihypergroup H has a pure
left identity, then the following properties hold in & (H).

(i) (f *k @) *k(h* k) = (k% h) 4 (g * f)s

(ii) f *1. (g *1h) = g #; (f # h),

forall f,g,handk in F(H).

Proof. The proof is straightforward. O

Proposition 41. Let f be an (€, € Vq,)-fuzzy right hyperideal
of H and g is an (€, € Vq,)-fuzzy left hyperideal of H. Then

f*g < fNeg

Proof. Let f be an (¢, € Vg, )-fuzzy right hyperideal of H and
g an (€, € Vvq)-fuzzy left hyperideal of H. Let z € H and
suppose that there exist x, y € H such that z € x o y. Then

(fa)@= "\ min{f(x),g(y),_k}

1 —
(x,y)€A, 2

1-k 1-k 1-k
=\ min{f(x)ag(y)’ 20 2 2 }

(x,y)€A, (40)
. 1-k
< \/ min /\f(x),/\g(y),T
(X>J’)€Az ZEXOY ZEXOY

:min{f(x),g()’)’%} = fNeg.

Let us suppose that there do not exist any x, y € H such that
z € xo y. Then, (f *, g)(z) = 0 < fn,g.Hence f *,. g C
g O
Lemma 42. Let f be an (€, € Vq,)-fuzzy LA-subsemihyper-
group (resp., left hyperideal, right hyperideal, hyperideal,
interior hyperideal, bi-hyperideal, generalized bi-hyperideal) of
H. Then f, is a fuzzy LA-subsemihypergroup (resp., left hyper-
ideal, right hyperideal, hyperideal, interior hyperideal, bi-
hyperideal, generalized bi-hyperideal) of H.

Proof. Let f be an (€, € Vg )-fuzzy right hyperideal of H.
Then for all x,y,z € H, we have x < y = f(x) >
min{f(y), (1 -k)/2} and /\,., f(2) > min{f(x), (1 - k)/2}.
This implies that

min{f(x),%} 2min{f(y),%}. (41)
Sox <y = fi(x) > fi(y). Also

min{ /\f(z),lg—k]»zmin{f(x),%}. (42)

ZEXoY

50 Nzexoy fi(2) 2 fi(x). Thus fy is a fuzzy right hyperideal of
H. Other cases can be seen in a similar way. O

For an ordered LA-semihypergroups H, the fuzzy subset
# is defined as follows:

H H— [0,1] | x — # (x) = 1. (43)

Proposition 43. For a fuzzy subset f of H, the following
conditions are true for all x, y € H.

(i) If f is a fuzzy LA-subsemihypergroup of H, then
foif < frandx <y = fi(x) 2 fily),

(ii) If f is a fuzzy left hyperideal of H, then % *,. f < f;
and x < y = fi.(x) = fi.(y),

(iii) If f is a fuzzy right hyperideal of H, then f +, < f;
andx <y = fi(x) = fi.(y),

(iv) If f is a fuzzy interior hyperideal of H, then
(5 [l H < frandx <y = fi(x) 2 fil(y),

(v) If f is a fuzzy generalized bi-hyperideal of H, then
(f* Z)* f € frandx <y = fi(x) = fi(y),

(vi) If f is a fuzzy bi-hyperideal of H, then f %, f < fi,
(f#x )i f < frandx <y = fi(x) = fi(y).

Proof. (i) Let f be a fuzzy LA-subsemihypergroup of H. If
A, ={(y,z2) e HxH :x € yoz}=0,then

(f* /)0 =0< fi (x). (44)
If A, # 0, then

()0 = min { (£ + )00, 15

=mm{ \ min{f(y>,f<z>},ﬂ}

X€yoz 2

Smin{\/ /\f(x),%} (45)

XE Yoz XEyoz
(f is a fuzzy LA-subsemihypergroup)

- min{f 0, 125}

= fi ().
Thus f*, f € fi.Forx < y = f(x) = f(y), we have
min{f(x),(1 — k)/2} > min{f(y),(1 — k)/2}. This implies
fr(x) = fi.(). The proofs of (ii) to (vi) can be seen in a similar
way. O

Proposition 44. Let H be an ordered LA-semihypergroup
with pure left identity. Then for any (€, € Vq,.)-fuzzy left hyper-
ideal f, which is idempotent in €(H), the following properties
hold:

(i) fi is an (€, € Vqy)-fuzzy interior hyperideal;

(ii) fi is an (€, € Vqy.)-fuzzy bi-hyperideal.

Proof. Let f be an (€, € Vqy)-fuzzy left hyperideal of H and
o f = fe
(i) We have
(i )1 < fosw X = (f 5 ) =
=(H s f)aif S furf=Fxf (46)
= fr

This implies that f; is an (€, € Vg, )-fuzzy interior hyperideal
H.
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(ii) We have
(f 1 T) 5 [ = (f 5 T) % S
= (f #x &) *1 (f *« f)
(47)
= (f #1 ) #c (H =1 f) € fro =i fi
= fi
This implies that f; is an (€, € Vg;)-fuzzy bi-hyperideal of
H. O

Theorem 45. Let H be a regular ordered LA-semihypergroup.

Then (f =, )% f = fi for every (€, € Vq,)-fuzzy general-
ized bi-hyperideal f of H.

Proof. Let us suppose that H is a regular ordered LA-
semihypergroup and let f be an (¢, € Vg, )-fuzzy generalized
bi-hyperideal of H. Leta € H and so a € (a ° x) o a for some
x € H. Thus we have

k

((F #47) % ) @ = min { () + ) (@), 5

=mm{ \/ min{(/°7) (7). f (2} ﬂ}

a€yoz 2

> min {min{ \/ (f*%)(t),f(a)},%k}

t€aox

(48)
> min {min { \/ min{f(p),?’K(q)},f(a)]> ,
acx=poq

1-k

T} Zmin{min{f(a),l,f(a)},%k}

. 1-k
=m1n{f(a),T} = fi(a).
Therefore, f € (f #, #)*, f.Since (f #, #)*, [ < fi, by
Proposition 43(v), we have (f #, #)*, f = f for every (¢, €
Vg, )-fuzzy generalized bi-hyperideal f of H. O

Proposition 46. If f is an (€, € Vq,)-fuzzy right hyperideal of
a regular ordered LA-semihypergroup H with pure left identity
e, then fi(xoy) = fi(yex)holds forall x, y € H.

Proof. Let f be an (€,€ Vq)-fuzzy right hyperideal of a
regular ordered LA-semihypergroup H with pure left identity
e. Let x,y € H. Since H is regular, x € (x o a) e x and
y € (yob)o yforsomea,b € H. Now by using the medial
and paramedial laws, we get

xoyC((xoa)ox)o((yob)oy)
(49)

=(yex)o((yeb)e(xoa).
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Since f is an (€, € Vg )-fuzzy right hyperideal, for every w €
xoyC(yox)o((yob)o(xoa)), wehave

fw)

wexoyC(yox)o((yob)o(xoa))

L (50)
1-
> min (s),— ¢t = (s).
<|s€/y\o;vcf 2 } se/y\oxfk
Again by using the medial and paramedial laws, we get
yexc((yeb)ey)e((xea)ex)
(51)

=(xey)e((xea)o(yeb)).
Since f is an (€, € Vqy)-fuzzy right hyperideal, for every ¢ €
yox C(xoy)o((xoa)e(yeb)), wehave

A f(t)Zmin{/\f(P),I;—k}

teyoxc(xoy)o((xea)e(yob)) pexey
= /\ fi (p)-
pexey
This shows that f (xoy) = fi(yex)holdsforallx, y e H. [

(52)

Theorem 47. Let H be a regular ordered LA-semihypergroup
with pure left identity e. Then f is an (€,€ Vq)-fuzzy left
hyperideal of H if and only if f is an (€,€ Vqy)-fuzzy bi-
hyperideal of H.

Proof. Let f be an (¢, € Vq,)-fuzzy left hyperideal of H. Let
x, ¥,z € H. We have

N fw) =

we(xey)oz

Afmmmﬂﬂm%f}
we(zoy)ox (53)

1-k

me{fuxf@x—g—f

This shows that f is an (€,€ Vq,)-fuzzy generalized bi-
hyperideal of H, and clearly f is an (€,€ Vg;)-fuzzy LA-
subsemihypergroup. Therefore f is an (€, € Vqy)-fuzzy bi-
hyperideal of H.

Conversely, assume that f is an (€,€ Vg)-fuzzy bi-
hyperideal of H. Let x, y € H. Since H is regular, by the left
invertive law and medial law, we have

xoyCxo((yez)ey)=(yez)e(xoy)
=((xey)ez)oy=((xey)eolecz)) ey (54)

=((xee)o(yoz))ey=(yol(xoe)oz))oy.
Thus foreveryw € x o y C (y o ((x o e) o z)) o y, we have

Nfw= N\ f©

wexoy se(yo((xoe)oz))oy

>min{f (). .55 69

—min{7 (7). 55}

Hence f is an (€, € Vg)-fuzzy left hyperideal of H. O
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4. Homomorphism

Let (H},¢;,<;) and (H,,e°,,<,) be two ordered LA-semi-
hypergroups and y a mapping from H, into H,. vy is called
isotone if x, y € H;, x<; y implies w(x) <, y(y). v is said
to be inverse isotone if x,y € H;, w(x) <, y(y) implies
x <, y [each inverse isotone mapping is 1-1]. y is called a
homomorphism if it is isotone and satisfies y(xo; y) =
y(x) o, w(y), for all x,y € H,. Moreover, y is said to
be isomorphism if it is onto homomorphism and inverse
isotone.

Definition 48. Let (H;, o, <;) and (H,, o,, <,) be two ordered
LA-semihypergroups and v a mapping from H, into H,. Let
f1 and f, be fuzzy subsets of H, and H,, respectively. Then
the image y( f,) of f, is defined by

v(fi): H, —[0,1] | y,
{ \/ fily) ify™
—> I nev ()

0 otherwise.

(n)#0  (56)

And the inverse image ' ( f,) of £, is defined by

v (fy) H — [0,y — fHLlw(n). 67

Theorem 49. Let (H;,°,,<,) and (H,, °,, <,) be two ordered
LA-semihypergroups and v a mapping from H, onto H,. Let f
and g be (€, € Vqy)-fuzzy LA-subsemihypergroup (resp., left
hyperideal, right hyperideal, hyperideal, interior hyperideal,
bi-hyperideal) of H, and H,, respectively. Then

(i) w(f) is an (e,€ Vqy)-fuzzy LA-subsemihypergroup
(resp., left hyperideal, right hyperideal, hyperideal, interior
hyperideal, bi-hyperideal) of H,, provided y is inverse isotone.

(ii) y ' (g) is an (€, € Vq;)-fuzzy LA-subsemihypergroup
(resp., left hyperideal, right hyperideal, hyperideal, interior
hyperideal, bi-hyperideal) of H,.

(iii) The mapping f — w(f) defines a one-to-one corre-
spondence between the set of all (€,€ Vqy)-fuzzy LA-sub-
semihypergroups (resp., left hyperideals, right hyperideals,
hyperideals, interior hyperideals, bi-hyperideals) of H, and the
set of all (e, € Vqy)-fuzzy LA-subsemihypergroups (resp., left
hyperideals, right hyperideals, hyperideals, interior hyperide-
als, bi-hyperideals) of H,, provided v is inverse isotone.

Proof. The proof is straightforward. O

Theorem 50. Let v : (H,,°,<;) — (H,, 0,5, <,) be a surjec-
tive homomorphism from an ordered LA-semihypergroup H,
to an ordered LA-semihypergroup H,. If H, contains a pure
left identity e, then

(i) the image of (€, € Vqy)-fuzzy interior hyperideal of H,
is an (€, € Vqy)-fuzzy right hyperideal of H,, provided v is
inverse isotone.

(ii) the preimage of an (€, € Vq)-fuzzy right hyperideal of
H, is an (€, € Vqy)-fuzzy interior hyperideal of H,.

Proof. (i) Let f be an (¢, € vq,)-fuzzy interior hyperideal of
H, and let x,, y,,z, € H,. Then there exist x,, y;,2, € H,

1

such that y(x,) = x,, y(y,) = y, and y(z,) = z,. Now, we

have
= \V fo
2€x0)2 | tey(z,)

/\ f(z1)

2,€X2%)2

/\ f(z1)

Y(z)) €y (xy)oy(yy)

- A

y(z))ey(xi0 1)

ZIE{\lolylf (Zl) (58)

/\ f(z)

z1€(e01X1)01
1- k}
2

{ \/ f(x1), _}
x €y (xy)

> min fy () (), 5}

A v (=)

2,€X2°)>

vV |
=

f(z)

[\

min {f(xl),

IV

Let x, <, y,. Since v is inverse isotone, there exist unique
xp, ¥, € Hy such that y(x;) = x,, y(y;) = ¥, and x; <, y,.
Thus we have

v (f)(x;) = \/ f@)=f(x)

tey™! (x,)

[\

i {10, l-k}

tey ! (y,)

min {y () (yz),%}.

(59)

This shows that the image of an (€, € Vg;)-fuzzy interior
hyperideal of H, is an (€, € Vq,)-fuzzy right hyperideal of
H,. The proof of (ii) can be seen in a similar way. O

In the following example we show that in an ordered LA-
semihypergroup H,; without pure left identity, the image of
an (€, € Vqy)-fuzzy subset f under y can be or cannot be an
(€, € vqy.) -fuzzy right hyperideal of H,.
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Example 51. Let H, = {x,y,z,w} and H, = {a,b,c} be
two ordered LA-semihypergroups defined by the following

>

hyperoperations “o;, o,” and the orders “<;, <,

op|x y z w

X |x X X X

y|x {pwt x2 {yw}

z|x {xz} 2z {xz}

wlx y {xz} y

< =1{@a),(a,b),(a,c),(a,d),([b,b),(c.c),(d,d)} (60)
o] a b ¢

al b b ¢

b [{a,b} {a,b} c

c| ¢ c ¢

<5 = {(a> a) > (a: b) > (a> C) P (a7 d) > (b> b) > (C’ C) > (d) d)} .

We define a homomorphism y : (H},°,<;) — (H,,°,,<,)
by

c ifre{xz}

y:H — H,|r —vy(r)=1b ifr=y (61)

a ifr=w.

We take a fuzzy subset f of H, as f(x) = 0.1, f(y) = 0.6,
f(z) = 0.7 and f(w) = 0.5. By routine calculation one can
see that the image of f under v is an (¢, € Vgy)-fuzzy right
hyperideal of H, for k € [0, 1), but f isnotan (¢, € Vg, )-fuzzy
interior hyperideal of H;.

Theorem 52. Lety : (Hy,0;,<;) — (H,, 0,5, <,) be a homo-
morphism from an ordered LA-semihypergroup H, to an
ordered LA-semihypergroup H,. If H, contains a pure left
identity e, then the preimage of every (€, € Vq)-fuzzy interior
hyperideal of H, is an (€, € Vq,)-fuzzy generalized bi-hyper-
ideal of H,, provided v is inverse isotone.

Proof. The proofis similar to the proof of Theorem 50(i). [

5. Conclusions

Fuzzification of algebraic hyperstructures plays an important
role in mathematics with wide range of applications in many
disciplines such as computer sciences, chemistry, engineer-
ing, and medical diagnosis. In this paper, we have introduced
the concept of (¢, € Vg )-fuzzy hyperideals in ordered LA-
semihypergroup and investigated their related properties.
We hope that this work would offer foundation for further
study of the theory on ordered LA-semihypergroup and fuzzy
ordered LA-semihypergroup. The obtained results probably
can be applied in various fields such as computer sciences,
control engineering, coding theory, theoretical physics, and
chemistry. In our future research, we will consider the
characterization of intraregular ordered LA-semihypergroup
in terms of (€, € Vq,)-fuzzy hyperideals.
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