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This paper is devoted to the research of some Caputo’s fractional derivative boundary value problems with a convection term. By
the use of some fixed-point theorems and the properties of Green function, the existence results of at least one or triple positive

solutions are presented. Finally, two examples are given to illustrate the main results.

1. Introduction

Fractional differential equations (FDEs) present new models
for many applications in physics, biomathematics, environ-
mental issues, control theory, image processing, chemistry,
mechanics, and so on [1-17]. Recently, researchers focus on
studying various aspects of fractional differential equations,
such as stability analysis, existence, multiplicity, and unique-
ness of solutions [1-40]. Among all these topics, the existence
and multiplicity results of positive solutions represent a topic
of high interest in fractional calculus.

Some authors studied the existence and uniqueness of
solutions for fractional differential equations with Caputo
or Riemann-Liouville derivatives based on the Banach con-
traction principle and investigate the stability results for
various fractional problems [4, 5, 16, 17]. Others studied
the existence and multiplicity results of positive solutions
or the iterative scheme. By the use of the Krasnoesel-skii’s
fixed-point theorem, Zhang [34] obtained some existence
results of positive solutions of following problem without the
convection term:

“DEy(x)=f(xyx), 0<x<1,
70 +y'(0)=0, M

y(+y (1)=0.

Wang and Liu [29] deduced the Green function and some
interesting properties for the Dirichlet BVPs

RDE y () +by () = f(Ly (1), x€(0,1), o
y(0)=y(1) =0,

where RLD8‘+ is the Riemann-Liouville (R-L) fractional
derivative, « € (1,2), and b > 0. And they established an
iterative scheme to approximate the unique positive solution
under the singular conditions.

Meng and Stynes [23] considered the following linear
two-point fractional differential equation BVPs with general
Robin type boundary condition:

D y(x) +by (x) = f(x), x€(0,1),
y(0) = By (0) = yp, (3)

y()+ By (1) =y,

where CDS‘ . denotes the Caputo derivative, « € (1,2],
b, By, p; are constant, and f € CI0, 1]. Meng used two param-
eter Mittag-Lefller functions to establish explicitly Green’s
function for the problems. They obtained the nonnegativity
of Green’s function.

This paper is devoted to the research of the solvability of
the following nonlinear fractional BVPs:

—CDg‘+y ) +by (%) = f(x, y(x), x€(0,1), (4
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y(0) - Byy' (0) =0,

(5)
y(1)+ By (1) =0,

where 1 < a < 2 and b, 3,3, € R are constants. “D, is
the Caputo’s fractional derivative. Compared to the existing
literature, the interesting point here is that the convection
term is involved in the study of the solvability of fractional
differential boundary value problems. By applying some
fixed-point theorems, some existence and multiplicity results
of positive solutions are given. Some examples are presented
in last section to illustrate the main theorems.

In the sequel, the following conditions will be used:

(H,) f € C([0, 1] x [0,00), [0, 00));

(H,) the constants 3, > 0,8, = -F(1) +
F,(1)(F,(1)/F,_,(1)). The function F.(x) is defined in Sec-
tion 2.

2. Background Material and Definitions

In order to solve the BVPs (4), (5), the following definitions
and lemmas are needed.

Definition 1. Define the two-parameter Mittag-Lefller func-
tion by

00 k

x
E =y ————  f >0, v>0, xcR. (6
o (X) kZ:;)F(Tk+v) orT v x (6)

Definition 2. Assume g € C™'[0,1] and g(m_l)(x) € ACJo0,
1]. The Caputo fractional derivative of order a € (m — 1, m]
is defined as

Ca o 1 x _ pym—a=1 _(m)
D59 () = s | =" g 0 o

for0<x<1.
G(x,t)=<[

By + F, (x)
Bo + BiF, (1) + Fy (1)

o(x) =

and F.(x) is defined by Remark 3.

By the use of some interesting properties of the Mittag-
Leffler function, Meng and Stynes proved the following result.

Lemma 5 (see [23]). Suppose 3, = 0. Then Greens function
G(x,t) > 0 for x,t € [0, 1] if and only if

F, (1)
F,_, (1)

Boz-F (1) +F (1) (16)

We pointed out here that this lemma comes from The-
orem 5.1 and Remark 5.2 of Ref. [23] with some equivalent
changes.
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In particularly, for g € C*[0, 1]
lim2 CD8‘+g (x)=g" (x), foreach xe(0,1]. (8)

From the above equation, for x > 0 there is E_ (x) > 0
and

Ey 11 (x) =xE, 14 (x)+1, forall xeR. 9)
Remark 3. For simplicity, let

F.(x)=x""E, (bx‘x—l) , forc>0, x>0, (10)
the particular,

F, (x) =bF, (x) + 1. 11)

Lemma 4 (see [23]). Suppose 1 < «a < 2 and the conditions
(H,) and (H,) hold. For h € C[0, 1], the problem

o(x)[F,(1-t)+ B F,.y(1-t)] - E,(x—1t), for0<t<x;
0 (%) [F (1=1t) + B, (1-1)],

“Dfy(x)+h(x)=0, 1<x<1, (12)
y(0) = By’ (0) =0,
. (13)
y@M)+ By (1) =0,
has a unique solution
1
y@ = [ cwonwa, (14)
0
where G(x, t) is Green’s function
forx<t<l, (15)

The following theorems are fundamental for proving the
main results.

Lemma 6 (see [41]). Let E be a Banach space, K € E a cone,
and Q,, Q, two bounded sets of E with 0 € Q, € Q,. Suppose
that A : Kn(Q,\Q,) — K is completely continuous such that
either (R1) [|Ax| < |x],x € KN oQ, and |Ax| > x|, x €
KnoQ,, or

(R2) |Ax]l = llxll,x € K N oQy and |Ax|| < |x[l,x €
K noQ, holds.

Then the operator A has a fixed point in K N (Q,\Q;).

Lemma 7 (see [42]). Let P be a cone in a real Banach space
E,P. = {u e P | |lul < c}, 0 is a nonnegative continuous
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concave functional on P such that 0(u) < |lul|, for u € E, and
P(0,b,d) = {u € P | b < 0(u),|lul < d}. Suppose A : P, —>
P, is completely continuous and there exist four constants 0 <
a < b <d <csatisfying

(C1) {u € P(O,b,d) | O(u) > b} + 0 and 6(Au) > b for
u € PO,b,d);

(C2) |Aull < a for |lull < a;

(C3) 6(Au) > b for u € P(0,b,d) with ||Aul| > b.

Then the operator A has three fixed-points u,,u,, u, such
that

[ <@ b<0(uy), a<|us|| with6(u;) <b. (17)

Remark 8. Specially, ifd = ¢, then condition (C1) of Lemma 7
implies condition (C3).
3. Existence and Multiplicity

In this section, by applying Lemma 6 and Lemma 7, some
solvability results for BVPs (4), (5) will be obtained.

Let E = C[0, 1] be a Banach space; |lul = max,.,.,|u(t)|.
The cone P C E is defined as

P={ueE|u(t)=0, tel0,1]}. (18)
Let the concave functional 0 be defined by

0(u)= min |u(0). (19)

<t<

Define the operator T : P — E by

(Ty) (x) = Ll G(xt) f(t,y@®)dt, foro<x<1. (20)

It is clear that y(x) is a positive solution of BVPs (4), (5)
equivalent to that y € P is a fixed-point of T'.

Lemma 9. The operator T : P — P is completely continuous.

Proof. Taking into account that the functions G(x,t) and
f(x,y) are all continuous and nonnegative, the operator
T : P — E is continuous and nonnegative, ie., T :
P — P. Suppose QO C P is a bounded set, and for all
y € Q there holds ||y|| < M, for some M, > 0.Let M =

1
|(Ty) (0] < L Gxt) f(ty()dt

(21)
1
<M J maxG (x, t) dt.

0 0=x<1

Thus, the set T'(Q)) is bounded.

By the fact that the Green function G(x,t) is continuous
on [0,1] x [0,1], one has the fact that it is uniformly
continuous. Therefor, for given € > 0, there exists § > 0 such

that for each y € Q, x,,x, € [0,1],x; < x,,and x, — x; < §;
there holds |G(x,, t) — G(x;,t)| < ¢/M. Thus

|(Ty) (x5) = (Ty) ()]

<

[[166an -GGl feyoal

Lo
SJ :’Mdt=€.
o M

Hence, the set T(Q) is equicontinuous. Thus, using the
Arzela-Ascoli theorem, we claim that T : P — Pis a
completely continuous operator. O

Let
-1

1
M = (J maxG(x,t)dt) ;

0 0=x<1

3/4 -1
N:(J min G(x,t)dt) .

1/4 1/4<x<3/4

Theorem 10. Assume conditions (H,) and (H,) hold. If there
exist two different positive constants 0 < r, < r, such that

(AD) f(x,y) < Mry, for (x, y) € [0,1] x [0,7,];

(A2) f(x,y) = Nr,, for (x,y) € [1/4,3/4] x [0,1,],

then the BVPs (4), (5) have one positive solution y such that
r, <yl <.

Proof. Define two open sets
O ={yePlyl<n},

O ={yePlyl<n}.

For y € 0Q,, thereis 0 < y(x) < r, for x € [0,1]. The
condition (A1) yields that

(24)

1
|7y] = max L Gt f (ty (®)dt
(25)
1
< Mr, | maxG (st =, = ],
0 0<x<
So
Iyl <yl for y €00, (26)

For y € 0Q,, thereis 0 < y(x) < r, for x € [0,1].
According to (A2), for x € [1/4,3/4],

1
()= [ Gl ey @)t

> Jl min G (x,t) f (£, y (t))dt

0 1/4<x<3/4

" (27)
> LM Lmin G ) f (6y (0) dr
3/4

2Nn [ min Geende=r, =],
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So
T3> Iyl for y €20, 8
And the proof also holds when 0 < r, < r,. Therefore, by
Lemma 6, the proof is complete. O

Theorem 11. Assume conditions (H,) and (H,) hold. If there
exist constants 0 < a < b < ¢ such that

(B1) f(x,y) < Ma, for (x, y) € [0,1] x [0,al;

(B2) f(x,y) = Nb, for (x, y) € [1/4,3/4] x [b, c];

(B3) f(x,y) < Mc, for (x, y) € [0,1] x [0,c],

then the BVPs (4), (5) have three positive solutions
V1> Y2 Y3 with

max ly1 ()| < a,

b< min |y, ()] < max |y, (x)

<c, (29)

a < max lys (¥)| <,

min x)| < b.
1/4<x<3/4|y3( )

Proof. We just need to prove that all the conditions of
Lemma 7 hold.

For y € E ={y € P| |yl < c}, thereis |yl < c.
Assumption (B3) shows f(x, y(x)) < Mcfor0 < x < 1.
Taking into account the definition of M, there is

1
ITy| = max L G(x,t) f(t, y(t)dt
< J maxG (x, t)f(t,y(t)dt (30)
0 <

1
SMCJ maxG(x t)dt <c.

0 0<x<1

Hence T : P, — P,. Similarly, if y € P,, then assumption
(B1) shows that f(x, y(x)) < Ma for 0 < x < 1. Therefore,
(C2) of Lemma 7 holds.

For 0 < x < 1, choose

y(x)=—czb, 0<x<l. (31)
It is clear that y(x) € P(0,b,c), 0(y) = 0((b + ¢)/2) > b.
Thus the set {y € P(0,b,c) | 8(y) > b} is nonempty. If
y € P(0,b,c),thenb < y(x) < cfor 1/4 < x < 3/4. And
assumption (B2) shows f(x, y(x)) > Nbfor 1/4 < x < 3/4.
So

min | |(75) (0]

1/4<x<3/4

0(Ty) =

1
> J min G (x,t) f (¢, y (t))dt (32)

0 1/4<x<3/4

3/4

>NbJ min G (x,t)dt =b.
1/4 1/4<x<3/4
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That is to say that 0(Ty) > b for y € P(0,b,c). Le., the
condition (C1) of Lemma 7 holds. By Remark 8, one has the
fact that the condition (C3) holds, too.

Then by Lemma 7, the BVPs (4), (5) have three positive
solutions y;, ,, ¥5 such that

max lyy ()] < a,

b< min |y2 (x)| < max |y2 (x)|

1/4<x<3/4
<¢ -
a < max|y; ()| < ¢,
1/12,6123/4”3 (x)| < b.
The theorem is proven. O

4. Two Examples

Now, we present two examples to check the main results.
Readers can easily find that the following problem cannot be
solved with existing literature. Choose o = 3/2,b=1,, = 1,
and

F (1) F, (1)

=1>-F,(1)+ = 0.56. 34
By (1) s (4
Example 1. Consider the following problem:
3/2 x*
+ -—+1,
Y@ +y )=y ) -
x € (0,1),
y(0) -y (0) =
. (36)
y)+y (1) =

Clearly, conditions (H,) and (H,) are satisfied. A simple
computation shows M = 1.6,N = 2.8. Letr, = 1,1, = 1/4,
and there are

2

fy)=+y y——+1<15<Mr1—16
for (x,y) €[0,1] x [0,1],
e (37)
flxy)=+y y——+1>11>Nr2—07

for (x,y) € [1 3]><[0,1].

4’ 4 4

By Theorem 10, the BVPs (35), (36) have one positive solution
yand1/4 < |yl < 1.



Discrete Dynamics in Nature and Society

Example 2. Consider the following fractional problem with
the convection term:

Dy +y (0= f(xyx), xe@©1), (38)

y(0) -y (0) =0,

, (39)
y+y (1)=0,
where
y + ixz, for y <1;
fley)=1, i, 1 (40)
—Z S > 1.
e s

Clearly, conditions (H,) and (H,) hold. A simple computa-
tion shows that M ~ 1.6, N = 2.8. Choosea =1/2,b=1,c =
4, and there hold

1
floy)=y"+ sz <0.5< Ma=08,

for (x,y) € [0,1] x [0, %] ,

1 4
,Y) == >3.06 > Nb=2.8,
f(xy) Yt A (41)

13
f > [_:_] 1)4 >
or (x.y) €| 32| % [L.4
f(xy)<125+4=525<Nc =64,
for (x,y) € [0,1] x [0,4].

By Theorem 11, the BVPs (38), (39) have three positive
solutions y,, y,, y3 such that

1
max [y, ()] < 2,

1< min

1/4<x<3/4 |y2 (x)l < onax lyz (x)l

< 4, (42)

1
7 < mmba s

min x)| < 1.
1/4<x<3/4 |)/3 ( )|

Data Availability

No data were used to support this study.

Additional Points

Results and Discussion. Under the nonlinear term satisfying
some growth condition, we studied some fractional differen-
tial equation boundary value problems in Caputo sense with
the convection term. By applying fixed-point theory, some
solvability criteria of positive solution are obtained. Two
examples are given to illustrate the existence and multiplicity
results.
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