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In this paper, we firstly discuss the existence of the least energy sign-changing solutions for a class of p-Kirchhoff-type problems
with a (2p — 1)-linear growth nonlinearity. The quantitative deformation lemma and Non-Nehari manifold method are used in the
paper to prove the main results. Remarkably, we use a new method to verify that .#, # 0. The main results of our paper are the
existence of the least energy sign-changing solution and its corresponding energy doubling property. Moreover, we also give the
convergence property of the least energy sign-changing solution as the parameter b \ 0.

1. Introduction and the Main Results

In this paper, we are devoted to investigating the existence
of the least energy sign-changing solutions for the following
p-Kirchhoff-type problem with a (2p-1)-linear growth non-
linearity:

- <a +b J- |Vul|? dx) Ayu= MulP2u+ |ulP 2 u,
Q

x € Q), ®

u=0, xe€oQ,
where Q is a bounded domain in RN(N =12,3),a,b > 0,
A < aly, Ay is the first eigenvalue of the following problem:

A=A xeQ
(p = 0)

In fact, the related problems have been studied exten-
sively, especially on the existence of the positive solutions,
multiple solutions, ground state solutions, and least energy
sign-changing solutions. In [1], Li and Sun studied the exis-
tence and multiplicity of solutions for the Kirchhoff equations
with asymptotically linear nonlinearities; the mountain pass

(2)
x € 0Q).

theorem was used in the paper. Guo, Ma, and Zhang [2]
studied a class of autonomous Kirchhoff-type equation. By
a simple transformation, they found that the solutions of
autonomous Kirchhoff-type equation or system could be
obtained by using the known solutions of the corresponding
local equation or system, which is very interesting. In [3],
Ying Li and Lin Li considered the existence and multiplicity
of solutions to a class of p(x)-Laplacian-like equations. They
introduced a revised Ambrosetti-Rabinowitz condition and
obtained that the problem had a nontrivial solution and
infinitely many solutions, respectively. Meanwhile, in [4],
Luca Vilasi proved an eigenvalue theorem for a stationary
p(x)-Kirchhoft problem by using variational techniques, and
the author also provided an estimate for the range of such
eigenvalues. For more details, we refer the reader to [5-30].

In [31, 32], the authors studied the following Kirchhoft-
type problems in bounded domains:

_<a+bL |Vu|2>Au=f(u), xeQ, 5

u=0, xe€odQ,

under different assumptions on f(u), the authors mainly use
the quantitative deformation lemma and the degree theory
to get the existence of the least energy sign-changing solution
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and its corresponding convergence property as the parameter
b N\ 0. From the assumptions on f(u), we can easily find that
both in [31, 32] f(u) satisfies 3-superlinear growth at infinity
and superlinear growth at zero.

Later, some scholars made some expanding work; we
can find some details in [33]. In [33], we know that the
nonlinearity f satisfies (2p—1)-superlinear growth condition
at infinity.

Motivated by the above works, a natural question is
that if there exists a ground state sign-changing solution for
problem (1). However, up to now, no paper has appeared in
the literature which discusses the existence and convergence
property of the solution for the p-Kirchhoff-type problem
with a (2p — 1)-linear growth nonlinearity. This paper
attempts to fill this gap in the literature.

Throughout this paper, we will make full use of the
following notations. Let W = WO1 P(Q)) be the usual Sobolev
space equipped with the following norm:

lull = (L} Vul? dx)llp. (4)

| - Il; denotes the usual Lebesgue space L°(€)) norm. S is
the best Sobolev constant for the embedding of WO1 P(Q) in
L*?(Q); that is,

lull,, < ST fju . )

From the above definition, we give the energy functional
corresponding to problem (1) by

I, (w) = % L Vul? dx + % (L Vul? dx>2
(6)

- &J |u|? dx - LJ’ [ul*? dx.
P la 2p Jo

Clearly, I, is well defined on W and is of C' class. For each
u,v € W, by a simple calculation, we have

<I£ (u) ,v>

= <a - bj [Vul? dx) j Vul? ™ Vu - Vodx (7
Q Q

- J AMul?? uodx - J [u|*?~% uvdx.
Q Q

Obviously, the critical points of I, are corresponding to the
weak solutions of problem (1). If u € W is a sign-changing
solution of problem (1), then

(i) u is a solution of problem (1), that is, u is a critical point
Of Ib;

(ii) u* # 0, where " = max{u(x), 0}, u~ = min{u(x), 0}.

Foru = u" + u~, from (6) and (7), we have

+ by .
Lw) =1, (u") +1,(u) + » v |51V ]hs ()
() = () s ool )

<I,; (1) ,u_> = <I; (u) ,u_> +b ||Vu+||§ ||Vu_||i ) (10)
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When b =
problem:

0, problem (1) reduces to the following

—al ju = MulP2u+ul*2u, xeQ,
(11)
u=0, xe€oQ.

The corresponding energy functional I, : W — R is
defined by

I, (u) = % L \Vul? dx — % L |ul? dx

(12)
1
- — J [ul*? dx.
2p Ja
Also, we can compute that
<I(') (1) ,v> = J a|VulP ™ Vu - Vodx
! (13)

- J AMul? % uodx - J [u|*?™% uvdx.
Q Q

For b > 0, problem (1) is called a nonlocal problem since
the appearance of the nonlocal term (IQ |VulPdx)A pu- The
differences posed by the nonlocal term make the method
in solving problem (11) cannot be applied to solve problem
(1), which makes the study of our paper very interesting and
meaningful.

In our paper, we restrict u in the following sets to find the
ground state sign-changing solutions of (1) and (11),

My, = {u eW:ut #0, <I£ (u),u+> = <Ié(u),u_>

=0},
(14)
My = {u eW:u #0, <I(; (u),u+> = <I(; (u),u_>

=0},

and we define m;, = inf, 4, I,,(u) and m;, = inf,, ; I,(10).
To get the ground state solutions, we define the following
sets:

./Vb={u€W:u$0,<I;(u),u> =0},

(15)
Ny = {u EW:u+ O,<I(;(u),u> :0}
and consider the following minimization problem:
= inf I, (u),
g = inf I, ()
(16)
G = ulgnjgolo (u).

Since #, < N, we can immediately get m;, > ¢,. The
main results of the paper are described as follows.

Theorem 1. Forb € (0,1/2S8%) and A < al,, problem (1) has
at least one ground state sign-changing solution, which precisely
has two nodal domains. Moreover, my, > 2g,.
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Theorem 2. For each A < al,, for any sequence {b,} small
enough with b, \v 0 asn — 00, there exists a subsequence
still denoted by {b,}, such that u,, convergent to u, strongly in

WOI"D(Q), where uy is a ground state sign-changing solution of
problem (11), which changes sign only once.

Our paper is organized as follows. In Section 2, some
preliminary lemmas are given to prove the main results. In
Sections 3 and 4, we are devoted to proving the main results
of the paper.

2. Some Critical Preliminaries

The following several lemmas are crucial to prove our main
results.

Lemma3. Ifb > 0, A < al,, u € W satisfiesu* # 0 and

bV [ + b |Vu' | |vu | < L Ju' [ dx,
(17)
bVu | + b vut | vu | < jﬂ [ dx,

then there exists a unique pair (s, t,,) of positive numbers such
that

(i) s,u” +t,u” € My

(ii) I(s,u" + t,u") = max oL, (su” +tu").

Proof. (i) If su™ + tu~ € M, then from (7), (9), and (10), we
have

<Ié (su™ +tu), su+>

= as? |Vu' | + b5 | Vu' | F

18

+ bsPt? ||Vu+||f; ||Vu_||§ —sf JQ A |u+|p dx (18)

—SZPJ || dx = 0

Q
and
<Iz’; (su" +tu), tu_>
= at? |Vu |} + bt |vu |

(19)

o L M| dx
- tZPJ |u_|2P dx =0.
Q

Let S = s” and T = 7, the above equations correspond to the
following system:

2 2 —
S L |u*|? dx - bS ||Vu+||PP -bT ||Vu+||§ [Vu ||§

= a|vu'|’ - L Alu']? dx,

T L ju [ dox = 6T [ Va7 = b8 |[Vur" | Ve |

—a|vu [’ - J Alu|? dx.
Q
(20)
Obviously, if we can prove that system (20) has the unique

solution (S, T), then (s = SY/#, t = T'/?) is the unique solution
for (18) and (19).

Let
D
I WP dx-b v} | va]] vac]]
_a » » » o)
+|P -|1P -12p 4
b [[vur|, [vu|, L [ dx = b Vu |}
> 0.

For A < al,, we have a||Vui||§ > A IQ [u*|P. Since JQ |u™|?P -
bV |37 > 0, then

DS
aIIVu+||§—J Mu'lPdx bV |} V|
- o (22)
_ — -2 2
a v’ - L“” I? dx L [ dxe— b v |7
> 0.
Similarly, we have
DT
j ju' [ dx— b a2 a||Vu+||g—J Al dx
~|la 0 (23)

nd A P T A L L A | dx
> 0.

From (21)-(23), we have S = Dg/D > 0,T = Dy/D > 0,
and (S, T) is the unique solution for system (20). Accordingly,
(s = SY/P, t = T'/?) is the unique positive solution for (18) and
(19). Thus, (i) is proved.

(ii) Next, we give the proof of (ii).

From (6), we have

+ - _E +||P @ 4
to” ) = S o+

P
—S—J A|u+|de
P Ja

2p P
| P S
pla P



2p p
O e R
2p Foopla

2p
= J |u_|2de
2p Ja

bsPt? -
e [V I 19ec -
(24)
By a simple computation, we have
0’ -
?f =(p-1)s’ ’ {a ||Vu+||§ -A JQ |u+|de
bt? |vu'|f ||Vu-||§} (2p-1) (25)
2 (vt [ - j 7 dx ).
Q
and
o’ - - -
Sx = -0 alv ) - [ |l dx
+bs” [V v |} + (2p - 1) (26)
272 (pvu 2 - J [ dx)
)
From s, u’ +t,u”~ € JM,, we have
aZIb 2p-2 +|2P +|2p
—° = ps; (b Vu —J u dx><0,
< ol - [ e
(27)
TL| e (ohv? = [ Ja*ax) <o,
o | 1) " P o
and
aZIb _ p-1,p-1 +|1P -P
Rl 4 T e

We consider the Hessian matrix of I,(su™ + tu”); then from
(17), we have

o', oI,
_|os> osot

H(s,,t)| =
| (Su u)l aZIb aZIb
0s0t  Ot?

- pzsip_ztip_z <J |u+|2p dx —b||Vu" ||;p> (29)
Q
| JQ 7 dx - b |77

S Ui\ W 7

The above deduction implies that (s, t,,) is a maximal point
of I,(su® + tu”) for s, > 0. Since we cannot get the maximal
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point of I, on the boundary of R", (s,.t,) is the unique
maximal point; that is, I, (s,u” + t,u") = max .ol (su’ +
tu). O]
Lemma 4. Assumethat A < al, andu € M, then (17) holds.

Proof. Foru=u" +u" € JM,, we have
<I; (u) ,u+> =a ||Vu+||£ +b ||Vu||§ ||Vu+||§

- J A |u+|P dx — J |u+|2P dx =0,
Q Q
(30)
<I{, (u) ,u_> =a ||Vu_||ﬁ +b ||Vu||§ ||Vu_||§

—J A]u_|pdx—J |u_|2pdx =0.
Q Q

Since A < al,, we have aIIVutllg > IQ Mu*|Pdx. Thus, we
have

b|va Y + b |vu |} |var| < JQ [ dx
(31)
b[Vu |7 + b vut ) vu | < L |l |”? dx.
O
Lemma 5. Assume thatb > 0,A < al,, u € W with ut#0
and (Ié(u), u*) <0, there exists a unique pair (s, t,) € (0, 1]x

(0, 1] such that s,u™ +t,u” € M,

Proof. Ifu € W with u* # 0 and (I{,(u), u*) <0, we have
al|vu* ||§ +b ||Vu||§ ||Vu+||§

< J /\|u+|pdx+J |u+|2de
Q Q

(32)
al|vu ||§ +b ||Vu||§ ||Vu_||§
< J /\|u7|P dx+J |u7|2P dx.
Q Q
Since aIIVuillg > A IQ [u*|Pdx, then
bIvull [Vu' | < j [ dx

Q

(33)

b V] < [ Ju [

From Lemma 3, there is a unique pair (s,,t,) of positive
numbers such that s,u” + t,u” € #,, which implies that
(sP,tF) is the solution of system (20). Then, we have

Dy = (allvu[s - | Al ax)

2 2 + _
([ P ax e v ) v g v
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(alva - | M) dx)
Q
< (j 7 dx = b vl V|
Q

2p 2p +|1P p
[P dx b vur, )+b||Vu I IVl

{
{

jﬂ [ dx = b1Vl |72
= (] P ax v v
([P e ) - o

—n2
vl -
(34)

Therefore, we have s = D /D < 1. Similarly, we have ¢/
tﬂ/D < 1. Thus, there exists a unique pair (s, t,) € (0,1]
(0,1] such that s,u® +t,u” € M,

O x

Lemma 6. If A < aA, for any u € W with bIIVuIIZP <

jQ [ul*’dx, there exists a unique’s, > 0 such thatS,u € N,
Moreover, I,(s,u) > I (su) forall s > 0 and s # s,,.

Proof. If A < al, and u € W satisfies blquII?,P

< |, lulPdx,
su € N, implies that

(I (su),su) = as” Vel + bs* [VullF
—sPJ Alul? dx—szPJ lul*’ dx  (35)
Q Q
=0.

Thus, there exists a unique s, = ((aIIVuIIP JQ MulPdx)/

([, lulPdx = BIVul;")''? > 0 satisfying (35). From (6), we
have

I, (su) = —||v ||P+b—||v ||2P—S;j Alul? dx
(36)

By a simple deduction, we have

o - (p—1)s"qalVulh — | Alulfd
a2 |~ \\P oo palvuly = | Alul®dx
+(2p-1)s77 <b ||Vu||§,p - L |u|*? dx)> _ (37)
= -ps,””? (a IVull? ~ J Alul? dx) <0.
Q
Thus, I,(su) attains its maximal point at s = 5. In other

words, we have I (s,u) > I (su) foralls > 0ands #5,. [

Lemma 7. Assume A < al,; we have that
(i) if0 < b < 1/§% ¢, > 0 is attained by some v, € N, and
vy, is a constant sign critical point of I, where S is given by (5);
(ii) if 0 < b < 1/28%, my, > 0 is attained by some w, € M,
and w, is a sign-changing critical point of I,

Proof. (i) Firstly, we will show that for all 0 < b < 1/, there
exists u € W such that b|Vul,f < [ |u*’dx, which implies
Ny, # 0. From (5), we know that there exists e; € W such that
leyll,, = S™/Plle]l. For 0 < b < 1/S, we have

1
bV, < o Vel = L le,Pdx.  (38)

Thus, we have ./, # 0.
For each u € /4, it follows from A < al, and (5) that

allVulb +b ||Vu||f," =2 L} [ul? dx + L |ul*? dx
(39)

A
\V/ P \v/ 2p

Then, [|[Vul? > (a - /\//\1)/(1/82 —b). Thus, we have

I, () = I, (w) - % (1 ()0

_ 1 P »

= E <a||Vu||p— J;)Allﬂ dx) (40)
1 A ,_(a=2/1)'8

2 (“ A1>"V”" F T 2p(1-b87)

(a—MA)S?2p(1 - bS?) > 0
and I, is coercive and bounded below on .4, for 0 < b < 1/§*
and A < al,.

Let {v,} < ./, be a minimizing sequence for I. From
L(v,) = L(lv,]) and |v,| € 4, we assume that v,(x) > 0
in Q for all n € N. Since I, is coercive and bounded below
on /4, the sequence {v,} is bounded in W, so that, up to
subsequences, v, — v;, in W and v, > 0. Next, we will prove
that v, — v, strongly in W. We suppose by contradiction
that [|v, || < liminf,_,[v,|. Therefore, we have

that is, ¢, = inf,c I, (1) >

a|Vnll+ bVl <3| fufdx+ [ ax @

If v, = 0, the above inequality makes a contradiction.
Thus, we have v, # 0 in Q. From the fact that aIIvallg >

A JQ |v,|Pdx, we have bIIvaIIIZ,p < _[Q |v,|*Pdx. By Lemma 6,



there exists a unique s, > O such thats,v, € A, and I (s,v,) <
I (v,) for all v, € 4, Thus, we have

a b A
G < I (s,v) = > v (vab)“§ + 2p Iv (S"Vb)"j’P T

1
. jﬂ |5, vp|F dox — » JQ |s,v,|*? dax

.. a P i 2p (42)
<t (517 )] + 35 19 Gl

A J |svvn|P dx — 1 J' |svvn|2P dx)
pla 2p Jo

= liminf, (s,v,) < liminfZ, (v,) = ¢,

which leads to a contradiction. Therefore, we have [|v,]|
liminf, v ll, v, — W, strongly in W and I,(v,)
¢, Then, by a standard argument, which is similar to the
discussion in [34], we can deduce that v, is a constant sign
critical point of I,

(ii) From a similar deduction as (i), we know that for 0 <
b < 1/28%, there exists u, € W such that

1 1
bIvn 2 < 5z IVl? = 5 [ P ax.

Obviously, if u € W such that u, satisfies (43), then |u,| € W
also satisfies (43). Therefore, we assume that 1, (x) > 0 a.e. in
W. We let suppu; C B,(x,) and define u,(x) = —u,;(-x) for
all x € Bp(—xo),where Bp(xo) ={x e Q:|x-x < p}and
p > 0. Then, from (43), we have

IQ |u1|2P dx _ JQ |u2|2P dx

0 PR T

2b. (44)

Let u = u, + u,; we can obtain thatu € W and u” = u;,u” =
u, and

2 _
p|vur],” + o |vu], [vu],

1 2 1
<3 ) bl el bl gas)
:J |u1|2pdx,

Q

that is,

bvu' [P + b |Vt [vu|) < L || dx.  (46)
Similarly, we also have

b[vu [P + b |Vu' ] [vu|) < L | [Pdx.  (47)

By Lemma 3, we know that ., # @ for 0 < b < 1/28°.
Assume that {u,} ¢ ., is a minimizing sequence for
I, such that I,(u,) — my,. Since I, is coercive on A/,
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the sequence {u,} is bounded in W; going if necessary to a
subsequence, still denoted by {u,,}, we can assume that there
exists a u;, € W such that for n sufficiently large,

u:‘; — u;‘r weakly in W,
u, (x) — u, (x) almost everywhere on €, (48)
u; — u; strongly in L°(Q) for p<s<p”.

From {u,} ¢ /4, we have (Ié(un), u:) = 0; that is,

a [V b + b |Vas, | Vs |
) (49)
= AI |u§|de+J' || P dx.
Q Q
Therefore,

a |V | < Aj [P dx + J WP dx. (50)
Q Q

In the same way, we have (a - A/Al)IIVuﬁIIP < (l/Sz)IIVu:II;P
and IIVuﬁIIP > §%(a— A/A,) > 0. Passing to the limit, we have

2
0<8(a- 1) <tmipf (- 2 ) il

1

(51)
< | 1l ax,
Q
which implies that 1, # 0 and
al|Vuy [y + bV |} Ve |
< /\J it [P dx + j it [ dx,
Q Q
(52)

a [V |} + b [Vu |5 Vs, I
< /\J. |u;|P dx + J |1/tb7|217 dx.
Q Q

From aIIVu;fIIg > A _[Q Iu;flpdx, Lemmas 3 and 5, there exists
a unique pair (s, t,,) € (0,1] x (0, 1] such that

suuy, +tyuy € My (53)
From the definition of m1,, we have
my < I (st + tu,) = I (s,uy +t,u)
- 3 (s i) s+ )

1

_ 5( IV (suty + taaip)|1

-A J |s,uy + tuu;|P dx)
Q
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1
T st (atvusly -2 lisl? ax)
vtf (alviglp -2 | Jul” ax)
Q
1
< 55 {(alvedly -2 [ 1wl )
_ _ 1
e(alvely -2 [l ax)f = 2 (alvusl;

-1 J |uh|P dx)
Q

< lim inf {Ib (u,) - i (I, (u,) ,un>} =my,.
(54)

Thus, s, = t, = 1, uw, € My, and I,(u,) = my, uy, is the
required minimizer.

Next, we will prove that u;, is indeed a sign-changing
solution; that is, I, (14,) = 0. We mainly use the quantitative
deformation lemma [35] to prove the results.

If I{,(ub) # 0, there exists § > 0 and « > 0, such that

uew,
"I; (u)" >a, (55)
Y ||lu - uy|| < 36.

Let D = (1/2,3/2)x(1/2,3/2), y(s,t) = su, +tu,,and (s, 1) €
D. It follows from Lemma 3 that

m, = Iy oy <my,.
my = maxl, Y <my (56)

Let & = min{(m;, —m1,)/3,xd/8} and S5 = {u e W lu—u |l <
0}; there exists a deformation 7 € C([0, 1] x W, W) such that
D) n(l,u) =uifu ¢ Ib’l([mlJ — 2&,my, + 2¢]) N Sys;
(i) n(1, I," " N Ss) < I," ™5
(iii) I,(n(1,u)) < I,(u),Yu € W.
From (56), Lemma 3 and (ii), we can easily get

max I, (1 (Ly (1)) < my,. (57)

We prove that 7(1, y(D)) N A, + 0, which contradicts the
definition of m,,. We define g(s,t) = #(1, y(s,t)) and

@y (s,1) = (I (y (5:0) g I ( (s.1)) 1y )

= (Ié (suy +tuy) uy, I (suf + tuy,) u;) ,

(Dl (S) t) (58)

= (%Ié (!] (s, t)) g+ (s,1), %I; (g (s, t)) g (s t)) )

Lemma 3 and the degree theory yield deg(®,, D, 0) = 1. From
(56), we know that g = y on dD. Consequently, we have
deg(®,, D, 0) = deg(®D,,D,0) = 1. Therefore, ®, (s, t,) = 0
for some (sy,t,) € D; thatis, (L, w(sy,ty)) = g(se.ty) €
M, which is a contradiction. From this point, u, is a sign-
changing critical point of I, and I, (1) = 0. O

3. The Existence of the
Sign-Changing Solutions

In this part, we are devoted to proving Theorem 1.

Proof of Theorem 1. In view of Lemma 7, we know that for
0 < b < 1/28* and A < al,, there exists a u, € ., such
that my, = I,(14;,) and Ié(ub) = 0; that is, u;, is a ground state
sign-changing solution for problem (1). Then by Lemma 4, we
have that

2 - 2
b|Vi [, + b [Vl 1925, I < L oy | dx

(59)
-2 - -2
A e 7 R I
which implies
bvs Ly < | 1yl dx
(60)

—2 —2
bVl < | il dx.

Then from Lemma 6, there exist s;,£;, > 0 such that

syup, tyuy, € A, Therefore, we have

my, = I, (uy) > I, (s,1 +t,14)
+ L bt e e e
= I (syu) + I (ty,) + > Vel Ve[, (6D

> I (syup) + I, (i) > 26,

Therefore, the energy doubling property is proved.

Next, we prove that u;, changes sign only once; that is, u,
has exactly two nodal domains. We assume by contradiction
that uy, = u; + u, + u; with u; # 0,14, > 0,u, < 0,u; > 0and
supp(u;) N supp(u;) = 0 fori # j, (i, j = 1,2,3).

Since I;(1,) = 0, we can get

<I£ (uy +u,) ,u1> = <I{, () ,u1>

= b[Vau [ [Vusl; <0,

<Iz’; (uy +u,) ,u2> = <I{, () ,u2>

-b lquzllﬁ "V“3"§ <0.

62)

Then, by Lemma 5, there exists a pair (s',t") € (0,1] x (0, 1]
such that s'u, +t'u, € M, and I,(s'u, + t'u,) = my,.

From A < al, (I{,(ub),ub) =0,and (Ié(s'u1 +t'142),s'u1 +
t'u,) = 0, we have

1 1
my, = I, (u,) — 5 <Iz’; (”b)’”b> = 5 (“ Iqubllﬁ

—)LJ |ub|pdx>
Q
1
-5 (a9l - 2 L | dx)



+(alvinlf -2 |l dx)
+(alvilf -2 L ol dx )}

1
> 5 (el - 2 L | dx)
#(alvinlf -2 | il dx)}

[ YAY4 p P
> () (alvel - A ] dx)

" 2p
+(¢') (@] 7us)? - A L ol )} = 1, ('
F) - ﬁ (1 (' + €'y 'ty + ')
=1, (s'uy +t'1y) 2 my,

(63)

which leads to a contradiction; thus, u;, has exactly two nodal
domains. O

4. The Convergence Property of 1, as b \, 0

In this part, we regard b > 0(b € (0, 1/28%)) as a small
parameter in (1) and discuss the convergence property of the
least energy sign-changing solution u;,, where u;, € #, and
u, changes sign only once.

Proof of Theorem 2. We choose a nonzero function w, €
Cy(Q) and y > 0 such that w # 0 and

a|[vwyly +y [Vwolf [Vwil;
< AJ ot P dx + J o [ dx
Q Q
—IP p —IP (64)
al|Vuws [, + v [Vl Vs,
< AJ |w5|p dx + J |w6|2p dx.
Q Q
Thus, for any b € [0, y], we have (Ié(wo), wé) < 0. It follows

from Lemma 5 that there is a unique pair (s,,t;,) € (0,1] x
(0,1] such that s,w, + t,w, € . Thus, we have

I, (sywy + tywy) = I, (swy + twy)

1 - -
“ (I (sywy +tywy ) » sywy + tywy )
1 -
= 5, (al¥ (i + 0] )

- /\j lsywy + tbw6|p dx)
Q

a _ a
< 2_P IV (spwp + thwo)"P < ﬁ |wo|” = ©.
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For any sequence {b,} with b, \, 0 as n — 00, there exists
u;, € M}y such thatw, isaground state sign-changing critical
point of I, (u) and

O+121, () -

1 ’
2 (1, () uy,)

1
1 A
> Z (a— AT)”VMI?" i

The above inequality shows that v, is bounded in W; then
there exists a subsequence of {b,}, still denoted by {b,}, such
that w, — wu, weakly in W. By the compactness of the
embedding W — L*(Q) for p < s < p”, using a standard

argument, we have that u; — uy in W and u; # 0.
Moreover, we have that for all u € W,
Y !
AT
= lim {J a'Vub 'P_z Vuy, Vudx
n—aoo Q n n
+b, J |Vub |p dx J 'Vub 'p—z Vuy, Vudx
Q n Q n n
p-2 2p-2 (67)
- )LJ |ubn' uy, udx — J 'ubn| ubnudx}
Q Q
- J a|Vuo | VuoVudx - A J |uto|” ™ upudx
Q Q
2p-2 1
- L |uo| ™ toudix = <Io (uo)’”> ’
which implies that
Iy () = 0, uy € My, Iy () = my. (68)

Secondly, in the Proof of Theorem 1, b = 0 is allowed;
then, there exists a v, € ./, such that

Iy (vy) = my = uigl}golo (u), (69)

and v, is a sign-changing solution for (11) which changes
sign only once. Similarly, we can pick up ¢ > 0 which is
independent of b, such that

2 - 2
e[Vl + eVl 19%ll; < L [l dx
(70)
—n2 — —2
e[9wll,” + eVl 193y < JQ [ dx.

According to Lemma 3, there exists a unique pair (s, t,) of
positive numbers such that s,v; + tyv, € /..
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Let b, € [0, €]; we know that

! + - +
<Ibn (S0% +1to%)> 50V0>

= allV (i)l + bV ()
b, 7 oIS IV o)l -2 | il dx

—J |sov3|2P dx
Q

(71)
2
< allV (so%)ll, + €V (so2o)l,”
+elV oI IV o)l -2 [ Jsontl” dx
- [ IsontIP? i = (1L (s + £090) 500
=0.
In the same way, we can obtain that
<Iz:n (sovy + to”a)>to”5> < <I£ (so7g + to”o_)’to”5> )

=0.

It follows from Lemma 5 that for all b, € [0, €], there exists a
unique pair (s,,t,) € (0,5,] x (0,ty] such that s, vy +t,7, €
My, . Then, for any sequence {b,} with b, \, 0 asn — oo, we
have as n — oo,

b I — o,

bshty IVl IV, — 0, (73)
2 [ — o
According to (Ién(snvg + 5),S,0) = (Ién(snvg + t,7)s

t,%,) = 0, we have

a9l + o =2 [ il dxest | T ax

(74)
alvraly+ o =A[ il dxsef | il ax
Q Q
From (I(;(vo), vot) = 0, we have
al]vrslh =2 [ il dx+ | il ax
Q Q (75)

a9Vl =2 [ Pl dxes | gl

Combining (74) with (75), we have thatasn — 00, s, — 1,
t, — 1. Lastly, we only need to show I;(11,) = I;(v,); then

by (68), u, is a ground state sign-changing solution for (11),
which changes sign only once. In fact,

Iy (%) < Iy (1) = Jim T, (“hn)

< Tim T, (500 +t05) =L (%) (6
=1Ip (%) -
Then, the proof of Theorem 2 is complete. O
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