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In this paper, we discuss a class of fractional differential equations of the form D**! y(@) - D2y(t) — p(t) f(D y(t)) +

q(t)h(ftOO (s — )™ y(s)ds) = 0.D y(t) is the Liouville right-sided fractional derivative of order « € (0, 1). We obtain some oscillation
criteria for the equation by employing a generalized Riccati transformation technique. Some examples are given to illustrate the

significance of our results.

1. Introduction

The theory of fractional derivatives was originated from
GW. Leibniz’s conjecture. To this day, the theory about
fractional calculus and fractional differential equation have
been well developed; see [1-7]. In the beginning, the
theory of fractional derivatives developed mainly as a pure
theoretical filed of mathematics, which can be used only for
mathematicians. However, in the past few decades, fractional
differential equations were widely used in many fields, such
as fluid flow, rheology, electrical networks, and many other
branches of science. Great attention was paid to study the
properties of solutions of fractional differential equations.

Because only few differential equations can be solved,
many researches focus on the analysis of qualitative theory
for fractional differential equations, such as the existence,
uniqueness of solutions, numerical solutions, stability, and
oscillation of solutions; see [8-34] and the references therein.
Among them, there have been many results for the oscillation
of solutions for fractional differential equations.

In 2013, Chen [16] studied oscillatory behavior of the
fractional differential equation in the form of

D*'y () - p(t) D*y (t)

ca0 £ ([ v-0 "y <o v

for t > 0, where D%y is the Liouville right-sided fractional
derivative of order « € (0, 1).

In 2013, Han [17] brought up the oscillation of fractional
differential equations

roa@ O] -po (] 0 )

:0’

fort > 0, where 0 < a < 1 is a real number, and D%y is the
Liouville right-sided fractional derivative of y.

In 2013, Xu [18] studied the oscillation of nonlinear
fractional differential equations of the form

lam[r® D))
0 (3)
—F<t,J (v—t)_“x(v)dv> =0, t>t,>0,
t

where o € (0,1) is a constant, and # is a ratio of two odd
positive integers.

In 2013, based on the modified Riemann-Liouville deriva-
tive, Qin and Zheng [19] discussed the oscillation of a class
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of fractional differential equations with damping term as
follows:

Df [a(t) Df (r (t) Dix (1)) + p (t) D (r (t) D x (1))
+q()x(0) =

(4)

fort > t;, > 0,0 < « < 1, where D{(-) denotes the modified
Riemann-Liouville derivative regarding the variable ¢, the
function a € C*([ty,00),R,),r € C**([ty,00),R,), p,q €
C*([ty, ), R, ), and C* denotes continuous derivative of
order.

In 2014, Jehad Alzabut and Thabet Abdeljawad [20] stud-
ied the oscillatory theory of fractional difference equations in
the form

x @O+ fi (Gx (@) =7 () + f (5 x (D),

a(q

t € Ny (5)

= x(alq) =

—(1= Q)
Vi x ) ceR,

wherem —1 < g <m,m €N, Vg(q) is the Riemann-Liouville

difference operator of order g and V;(Z) is the Riemann-

Liouville sum operator where Nayg = {a(q) + La(q) +
2,..5a(q) =a+m-1,m = [q] + 1 and [q] is the greatest
integer less than or equal to q.

In 2017, B. Abdalla, K. Abodayeh, T. Abdeljawad, J.
Alzabut [21] studied the oscillation of solutions of nonlinear
forced fractional difference equations in the form

x O+ fi (Gx (@) =7 (0) + f(5x (D),

teN

a(q
aq)> (6)

ceR,

—(m-q)
V a(q)-1 (t)|t

=@ (@) -

where g > 0,m = [g] + 1,m € N, [q] is the greatest integer
less than or equal to g, N alg) = ={a(q) + L,a(g) +2,.. .},a(q) =

a+m=—1fi : Ny xR — R(i = 1,2), andVa(q and VZ
) alq)
are the Riemann-Liouville sum and difference operators.
In 2018, Bai and Xu [22] discussed the oscillation problem
of a class of nonlinear fractional difference equations with the

damping term in the from

Alc@® [A(r @) A*x®))]) + p &) [A(r (1) A% (1))]"
t—14+«a
+q(t)f( Y (t—s—1)<‘“)x(s)>=o, )
t €N,

wherey > 1isa quotient of two odd positive integers, 0 < & <
1is a constant, A* denotes the Riemann-Liouville fractional
difference operator of order &, and N, = {t, t5+1,£,+2,...}.
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In 2018, Bahaaeldin Abdalla and Thabet Abdeljawad [23]
studied the oscillation of Hadamard fractional differential
equation of the form

Dix(t)+ fit,x)=r(t)+ f,(t,x), t>a,
tlim+DZ_jx ®=b (j=12,...,n) ®)

where n = [«], D is the left-fractional Hadamard derivative
of order & € C, Re(«) > 0 in the Riemann-Liouville setting.

In 2018, J. Alzabut, T. Abdeljawad, H. Alrabaiah [24]
considered the following forced and damped nabla fractional
difference equation

(1-pm)VVgy )+ p () Yoy m)+qn) f(yn)

=g(n), neN, 9)

v, "y =y1) =g,

where V' y and V,”*y are the Riemann-Liouville fractional
difference and sum operators of y of order «, respectively,
« is a real number, ¢ is constant, N; = 1,2,... and p,q are
real sequences from N; — R, p(n) < 1,4 is a positive real
sequence from N, — R" and f : R — R such that f(s)/
s>O0foralls #0.

In 2018, B. Abdalla, J. Alzabut, T. Abdeljawad [25] inves-
tigated the oscillation of solutions for fractional difference
equations with mixed nonlinearities in forms

Voo X () = pOx®) + Y g, lx O x(®)
i=1

=v(t), te€Nyp> (10)
a(ot" 1?)" (f)' =x(a(@)=c ceR,
and
Vatwx ) —pOx () + Zn;%' ()l () x ()
=v(t), €Ny (1)

Vix(a(@)=b, keR, k=0,1,2,...,m—1,

where m = [a] + 1, > 0, p(t), v(t) and g;(¢)(1 < i < n) are
functions defined from N,,(,) to R,and 1,(1 < i < n) are ratios
of odd positive integers with A; > ... > A, > 1> A, > ... >
Ay

Inspired by the above results, in this paper, we discuss the
oscillatory behavior of the fractional differential equational

with damping

D**'y(t)- Dy (t) - p(t) f (D*y (1))
) (12)
+q(t)h<J (s—t)_“y(s)ds>=0, t>0,

where 0 < « < 1 is a real number. D%y is the Liouville right-
sided fractional derivative of y. We always assume that the
following conditions are valid.
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(A,) p(t) = 0and g(t) > 0 are continuous functions on
t € [ty, 00),t, > 0.

(Ay)) h,f + R — R are continuous functions with
xh(x) > 0, xf(x) > 0 for x # 0, and there exist positive
constants ky, k, such that h(x)/x > ky, x/f(x) > k, for all
x #0.

(Aj) f'(u) < u, f"l(u) € C(R,R) are continuous
functions with f ) > 0 for u # 0, and there exists some
positive constant «; such that f_l(uv) > oclf_l(u)f_l(v) for
uv # 0.

2. Preliminaries

For convenience, some background materials from fractional
calculus are given.

From [4], we can get the definition for Liouville right-
side fractional integral and Liouville right-side fractional
derivative on the whole axis R of order f for a function
g:R" — R as follows,

(Ifg) (t) = ﬁ LOO (v—- t)‘B_1 g»dv, t>0, (13)
[B]
(Dhg) @) = ()" o (1) o

(14)

= (_1)fl31 - (v — t)f131—l3—1 g dv,

1 (o]
(IB1-B) Jr
t>0,

provided the right hand side is pointwise defined on R,,
where T'(-) is the gamma function defined by T'(t) :=

LOO s''e™*ds, and A = min{z € Z : z > f} is the ceiling
function.
If B € (0,1), we have

Dy (t) = -

d [ —
r(1—a)5L (s—t) " y(s)ds, (15)

fort € R* := (0, 00).
The following relations also existed:

(™) (1) = - (D%y) (1), a€(0,1), t>0. (16)
Set

G(t) = J;OO v=-""ydv, ac(01), 17)

and then

G t)=-TA-a)(D*y)(t), ac(0,1). (18)

3. Main Results

First, we study the oscillation of (12) under the following
condition:

L:O f <exp (— L: P dv)) ds=oco.  (19)

Theorem 1. Suppose that (A;) — (A;) and (19) hold; fur-
thermore, assume that there exists a positive function r(t) €
o [ty, 00] such that

lim sup Jt v (s)
, (20)
k (r (5))2 ds =
. lr(s)q(s)—m S =00,

where ki, k, are defined as in (A,), and

v(s) = exp (r pW) dv) , s>t (21)

Then every solution of (12) is oscillatory.

Proof. Suppose that y(t) is a nonoscillation solution of (12);
without loss of generality, we may assume that y(t) is an
eventually positive solution of (12). Then there exists t; ¢
[ty, 00] such that y(t) > 0 and G(t) > 0 for t € [t,, 0o], where
G is defined in (16). From (A;), (12), and (16) we have

[F (D% y®)v®)] =-f (D*y@®)v(t) D'y (1)
+£(DXy®))v(t) p(t)
=f(D%y®)v®) p)
— (DY ) D*'y () v (1)
> f(D%y (1) vt p(t)

~D**'y () Dy (t) v ()

(22)

=qOh(G@®)v () >0,
t € [ty,00].

Thus f(D%y(t))v(t) is strictly increasing on [f,, 00]. Since
w(t) > 0 for t € [ty,00], and from (Aj;), we see that D* y(¢) is
eventually of one sign. Now we can claim

D%y () <0, tet,o0]. (23)

If not, then there exists t, € [t;,00] such that D" y(t,) >
0. Since f(D%y(#))v(¢) is strictly increasing on [, 00], it is
clear that f(D*y(®))v(t) > f(D*y(t,))v(t,) = ¢ > 0 for
t € [t,, 00]. Therefore, from (18), we have

G
I'l-ow)

:D‘fy(t)zf_l<ﬁ>

- ! (c - exp <— L: p) dv)) (24)

> f O (exp (— j PO dv)) ,

t € [ty,00].



4
Then, we get
-1 B ! B G (1)
/ (eXp< LOP(V) dv)) S TafOri-w’ (25)
t € [ty 00].

Integrating the above inequality from t, to t, we have

J;: f_1 (exp <— J:] pW) dv)) ds

< —Jt _IG () s
t, (xlf (C)r(l _(X) (26)
o G@)-G(ty) G(t,)
o flOT0-a) o flOT(1-a)
t € [t,,00].

Letting t — 00, we see

J':O = (exp (— L: p(v) dv)) ds
= alf‘ligt;)(l - ) <o

This is in contradiction with (19). Hence, (23) holds.
Define the function w as generalized Riccati substitution

(27)

-v(t) f(D%y (1))

w(t) =r(t) GO

, telt,o0]. (28)

Then we have w(t) > 0 for t € [t;, 00]. From (18), (22), (28),
and (A,) — (A;), it follows that

W' ©=r'0 —f(#(:)t))v(t) a0
—[f Dy ) v(®)] G@) + f(D%y (1) v(t)G (t)
G*(1)

—f(D%y (1) v(t)
G(t)

[ra0rGove) [y O)v©G ®
G(t) G2 (1)
40 —q(th(G®) v (1)
= T(t)w(t)+r(t) GO
SOy O)vO(TA-0)Diy @) ')
G2 (t) Cr(®

<7 () +r(t)

(29)

+r(t)

(1)
w? (t) (-T(1 - @) D*y (1))
r(t) f(D*y @) v(t)

r' (1) kI(1-a) 5
< r(t) U.)(t) —klr(t)q(t)v(t) — Wu)

—kir(t)q@)v(t) +

(t).

Discrete Dynamics in Nature and Society

That is,

r' (1)
r(t)

w' (t) <~k (£) g (t) v () + w(t)

(30)
_ kzr (1 - (X) 2

rove

Taking x = w(t), a = k,I'(1 — )/r(t)v(t) (a # 0),and b =
' (£)/r(t), from ax’+bx < —b*/4a and (30) we could conclude
that

v ()’ (31)

w () < -k;r(t)q@®)v(t) + A r(-ar@)

Integrating both sides of inequality (31) from ¢, to t, we obtain
00> w(ty) >w(t,) —w(t)

v(s) (r' )’

¢ (32)
> J;U —klr (5) q (S) v (S) + m S.

Taking the limit supremum of both sides of the above
inequality as t — o0, we get

lim sup Jt |:—k1r (s)g(s)v(s)
t—oo0 Ji,
( )2 (33)
v (s) (r' ()
+ m} ds < lU(tO) < 00,

which is in contradiction with (20).

If y(t) is an eventually negative solution of (12), the proof
is similar; hence we omit it.

The proof is complete. O

Theorem 2. Suppose that (A,) — (A;) and (19) hold. Fur-
thermore, assume that there exists a positive function r(t) €

C! [ty, 00] such that

[F )-r &) p©)] ]
4, T (1 - )1 (s) (34)

lim sup Lt [klr (s)q(s) -

t—00
= 00,

where v(s) are defined in Theorem 1. Then every solution of (12)
is oscillatory.

Proof. Suppose that y(t) is a nonoscillation solution of (12);
without loss of generality, we may assume that y(f) is an
eventually positive solution of (12). Proceeding the same as
in the proof of Theorem 1, we get (23). Define the function
w(t) as follows

w(®) =) —f(ny(t)),

0 t € [t;,00]. (35)
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Then we have w(t) > 0 for t € [t;, 00]. From (16), (18), (22),
(35), and (A ) — (A5), it follows that

NN 1 (2810)) -f(D*y®)7
w (t) =r (t)Gi(t) +T(t) Gi(t)]
o _f (Df)’ (t))
=r (t) G—(t) + T'(t)
(D) Dy ()G @) + f (DEy (1) G ()
G*(t)
_rw (D ) Dy (1)
o w(t) +r(t) ) r ()
SEYO)(TA-9Dy0) ro
G*(t) r(t)
D*y ) D*'y(t) k,I(1-a) G0
-y -y 2 X)) 2
N U
- ((t))w(t) +r ()
POFDIy®))-gM)h(GE) kI (1-a)
G () r ()
=" 0w - pwo - kraw
kzr(l — 0() 2
That is,
W () <k (g + —DZTOPO g
r ()
k,T(1-«) 7
2 - 2

Taking x = w(t),a = k,T(1—a)/r(t) (a #0),and b = (r'(t) -

r(t)p(t))/r(t), from ax® + bx < —b*/4a and (37) we conclude
, 2

P(O—Mﬂpw]. (38)
4k, ' (1 - ) r ()

Integrating both sides of inequality (38) from t,, to ¢, we obtain

w' (t) < —k,r (s) g (s) +

0o > w(ty) >wl(t,) - w(t)

2
t "(s) = (39)
2J |:—k1r(s)11(s) + " ©-r©pe)] ]ds.

4k, I (1 - ) r(s)

Taking the limit supremum of both sides of the above
inequality as t — 00, we get

W@—Mﬂﬂﬂzds
(40)

: [
lim sup LO |:klr(s) q0) - 4k, T (1 —a)r(s)

t—00

<w(ty) < 0o,

which is in contradiction with (34).

If y(¢) is an eventually negative solution of (12), the proof
is similar; here we omit it.
The proof is complete. O

We define a function class Gs set D := {(t,s) ==t > s > t,},
By =1{(t,s) =t > s >t,}. Wesay H(¢, s) € G, if H(t, s) satisfy

H(t,t) =0,
H(t,s) > 0,

t>t,,

(t,s) € Dy, (41

and H has a nonpositive continuous partial derivative
HS'(t, s) = O0H(t,s)/0s on D, with respect to the second
variable.

Theorem 3. Suppose that (A,) — (As) and (19) hold. Fur-
thermore, assume that there exists a positive function r(t) €

C'[t,, 00] and a function H € G satisfies
S T ey)
f (' @)’ (42)
' L, HE 040 - g ra—are |
= 00.

Then every solution of (12) is oscillatory.

Proof. Suppose that y is a nonoscillation solution of (12);
without loss of generality, we may assume that y is an
eventually positive solution of (12). Proceeding as in the proof
of Theorem 2 we get (37).

Multiplying (37) by H(t,s) and integrating from ¢, to ¢,
we get

,[t kyr(s)q(s)H (t,s)ds

< - Jt H(t,s)w' (s)ds

_ (S) (43)
+ L H(t,s)w (s) (s)
- Jt H(t,s)w’ (s) M&ls,
f r(s)
t € [t;,00].

Using the formula integration by parts, we obtain

s=t,

- r H(t,s)w' (s)ds=—[H(ts)w ()=

t
+ J HS' (t,s)w(s)ds

(44)

=H(tt)w(t)

t
+ J HS' (t,s) w(s) ds,

ty

t € [t;,00).



Substituting (44) with (43), we have

k, Lt r(s)q(s)H (t,s)ds < H(t,t;)w(t;)

+ f {[H’ (t,5) + H (t, 5) :((55))] w (s)

r' (s)
r(s)

r {[HS' (t,s) + H(t,s)

H (t,s)

]w(s)—kzr(l—a)

Discrete Dynamics in Nature and Society

kI (1-a) I_Ir((t.;;) w? (s)]> ds.

(45)
Taking x = w(t), a = —k,I'(1 — a)(H(t,s)/r(s)) (a # 0), and

b= Hs'(t, s) + H(t, s)(r' (s)/r(s)), from ax? + bx < —b*/4a we
get

2
o) w (s)}ds

ds

1

¢ (H (69) + H (t,9) (' () /> (5) + 2H! (&,8) H (t,5) (' (5) /7 (5))
: L 4k, T (1 — ) H(t,5) /1 (s)

(46)

4k, T (1 — ) H (2, )

1

4k, I' (1 - ) H (¢, 5)

1

Substituting (46) in (45), we have
t

k, L r(s)q(s)H (t,s)ds

» )( » ))2 (47)
t t,s)(r (s
<H (tt)w(t)+ L dr(1-are)

Since HS'(t,s) < Ofort > s > t,, wehave 0 < H(t,t;) <
H(t,ty,) for t > t; > t,. Therefore, from the previous
inequality, we get

Hts)(r (5)) .
ol (1-ares | &

Jt |:r(s)q(s)H(t,s) ds —
1 (48)

<kH(tt)w(t,) <k 'H (6t w(t,),
t € [t;,00).

Since 0 < H(t,t;) < H(t,ty) fort > s > t,, we have 0 <
H(t,s)/H(t,t,) < 1fort > s > t,. Hence, it follows from (48)
that we have

t

1
m LO |:r(s) q(s)H (t,s)ds

CHE (') 1
T (1-a)r@) |7 H(ty)

.r [r(s)q(s)H(t, s)ds

¢ [Htsr 6]

[(HL@9) B9 (7 9) 172 6] r ) [H 6]+ [HE9 ()]
< J ds = J
t t

4k, T (1 — ) H (2, )

1

C[H(69)r©+Hb9r 6] )
= J; ds < J;l 4k2F(1 —a)H (t,s) B

' 2
Jr H(ts)(r' (5)
=| ——Lds.
t, 4k, (1 — )7 (s)

’ 2
H(ts)(r' (5))
4k, T(1-a)r(s)

t
L

H (t,s) (r' (s))2 ] g 1 J»tl

U are | TS HGL)

1
H(e.ty)

r(s)q(s)H (t,s)ds

r(s)

ty

1

H(t,t,)

~q(s)H (t,s)ds + k'H (t,ty) w(t))

<[ roa@ds ek v, te o).
(49)

Letting t — 0, we obtain

1
lim sup————
t—)oop H (t, tO)

(r' (s))2
4k kI (1 — )7 (s)

: jt H(t,s) ds (50)

0

r(s)q(s) -

< Jtl r(s)q(s)ds+ k_lw(tl) < 00,

which yields a contradiction to (42). The proof is complete.
O
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Second, we study the oscillation of (12) under the follow-
ing condition:

L:O ! <exp (— L: p) dv)) ds < 00. (51)

Theorem 4. Suppose that (A,)—(A;) and (51) hold, and there
exists a positive function r(t) € C'[ty, 00] such that (20) holds.
Furthermore, assume that, for every constant T > t,

J:O f [% J;q(S) v (s) ds] dt = oo, (52)

where v(s) are defined as in Theorem 1. Then every solution of
(12) is oscillatory or satisfies lim,_, Loo (s=t)y(s)ds = 0.

Proof. Suppose that y is a nonoscillation solution of (12);
without loss of generality, we may assume that y is an
eventually positive solution of (12). Proceeding as in the proof
of Theorem 1, we know that D*y(¢) is eventually one sign;
then there are two cases for the sign of D% y(t).

If D*y(t) is eventually negative, similar to Theorem 1,
we have the oscillation of (12). Next, if D” y(t) is eventually
positive, then there exists £, > ¢, such that D*y(t) > 0 for

t > t,. From (18), we get G'(t) < 0fort > t,. Thus, we get

lim,_, G(t) == L 20 and G(t) > L. We now claim that L = 0.

Assuming not, that is, L > 0, then from (23) and (A ;) we get
[F(D*y®))v(H)] =q®)h(G®)v(Et)

> kg ()G @) v (¢) (53)

>k, Lq(t)v(t), te€[ty,00).

Integrating both sides of the above inequality from ¢, to ¢, we
have

fDIy@®)ve) = f(DIy (1)) v (L)

t
+ leJ q(s)v(s)ds

, (54)

> leL q(s)v(s)ds,
t € [ty,00).

Hence, from (17), we get

__G®
I'(l-ow)

kL '[:2 q(s)v(s)ds
v (t)

=ny(t)zf‘1<

Ltz q(s)v(s)ds (55)
v(t) ’

>0, (kL) f7 (

t € [ty,00).

Integrating both sides of the last inequality from t, to t, we
obtain

G(t)<G(t) -l (1-a) f (kL)

t
‘ £ Lz q(s)v(s)ds s
L 7 <7v o du, (56)

t € [ty,00).

Letting t — 00, from (52), we get lim, _,  G(t) = —00; this
is in contradiction with G(¢) > 0. Therefore, we have L = 0,
that is, lim, _,  G(t) = 0. The proof is complete. g

Theorem 5. Suppose that (A,) — (A5) and (51) hold. Let r(t)
and H(t,s) be defined as in Theorem 3 such that (42) holds.
Furthermore, assume that, for every constant T > t,, (52)
holds. Then every solution of (12) is oscillatory or satisfies

lim, o, [ (s =) y(s)ds = 0.

From Theorem 3, proceeding as in the proof of
Theorem 4, we get the results of the theorem.

4. Examples
Example 1. Consider the fractional differential equation
1
(D¥2y) )+ (DY?y) (1) - 5 (DV*y) )

- (57)
+lj (s=t)"y(s)ds=0, t>0.
tJe

In (57), = 1/2, p(t) = l/tz,q(t) =1/t,and f(x) = h(x) = x.
Since

J:) f_1 <exp (— L: pW) dv))dt
_ L:O (exp <_ L: () dv)) dt (58)
[l [l e

then (19) holds.
Taking t, = 1, k; = k, = 1. It is clear that conditions
(A,) — (A;) hold. Furthermore, taking r(t) = 2, we have

. t [r' (s)-r(s)p (5)]2
lim sup L [klr(s) 19" T 10 r () &

= lim sup
t—00

~P
s 4~/r1s?

. Jf(s_;(%—l)z)ds-oo
t—»oop 1 4\/% S ’
which shows that (34) holds. Therefore, by Theorem 2, every
solution of (12) is oscillatory.

1

Jf[l : m}ds 9)




Example 2. Consider the fractional differential equation

(D) @+ (DY) @) - % (D)) )
. (60)
+tj (s=t)"y(s)ds=0, t>0.

In (60), & = 1/4, p(t) = 1/£%, q(t) =t,and f(x) = h(x) = x.
Proceeding the same process as Example 1, we see that
(19) holds. Taking t, = 1, k; = k, = 1, r(t) = 1. It is clear that
conditions (A;) — (A;) hold. Furthermore, taking H(t,s) =
(t - )", it meets H.(t,s) = —(1/4)(t - s) < 0 for (t,5) € D,
Dy = {(t,s) 1 t > s>t}
Since

lim sup————
t—)oop H (t, tO)

(v @)’
4k kT (1 — )7 (s)

t
-J; H(t,s) | r(s)q(s) -

t
= litm sup;I/4 J s(t— s)l/4 ds = lim sup (61)
—00 (t — tO) to t—00
1 4 5/4 16 9/4
e [ ) g (-1
(t-1) " 12 4

t0)2> = 00,

which shows that (42) holds, by Theorem 3, every solution of
(12) is oscillatory.

. 4 16
=11£s;p<g(t—to)to+ = (t-

5. Conclusion

In the paper, by using the generalized Riccati transformation
and inequality technique, we study a class of 2« + 1 order
fractional differential equations in the form (12), which con-
tains the damping term and has not been studied before. The
oscillation criteria of (12) are obtained and some examples are
given to reinforce our results.
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