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Although the teacher-student relationship has been addressed in some studies, the cooperation or reciprocal relations between 
teachers and students have not been explored su�ciently. In this paper, a di�erence equation model is applied to express the 
relationship, stability analysis at the positive steady state of the discrete model is done to verify that the performance output is not 
empty, and hypothesis testing is conducted to show the validity of the model by means of sample data from a college. �en some 
reasonable suggestions are proposed to improve the performance output of teachers and students. 

1. Introduction

�e relationship between teachers and students is the most 
basic relationship in the process of education and also a special 
kind of interpersonal and social relations, which is key to stu-
dents’ academic, social, and emotional development, and may 
altogether a�ect the educational environment [1]. Good 
teacher-student relationship, characterized by high levels of 
closeness, plays an active role in the development of both 
teachers and students, which contributes to students’ 
social-emotional, behavioral, and academic adjustment [2, 3]. 
�ese studies provide insight into how teacher-student rela-
tionships in�uence students’ outcomes. �e teacher-student 
relationships can be regarded as predictors of students’ aca-
demic outcomes [4], which also indicates the central role of 
relationship between students and teachers, especially with 
the teachers’ role shi�ing from “a sage on the stage” to “a guide 
on the side.” [5].

It is clear that teacher-student relationship lies at the heart 
of teaching and learning, but it is not easy to clarify and meas-
ure the relationship better from the perspective of teachers or 
students or both [6]. �e interaction between teachers and 
students is a complex system which will involve age, sex, family 
socioeconomic status, feelings, beliefs, and other factors. At 
di�erent stage from fundamental education through to college, 
the teacher-student relationship will have di�erent character-
istics, the ways how to build a good relationship between 

teachers and students will be di�erent. For students studying 
at university, they are more mature and more independent, so 
that they do not want to be just a student. �ey may wish a 
teacher-student relationship as one between �sherman and 
�shing net, in which the student is a �shing net, the teacher is 
a �sherman who should cherish his/her students and be able 
to release the net and allow students to work on their own 
rather than controlling the students strictly, and the �sherman 
cannot �sh without the net [7].

In fact, students’ characteristics including academic 
achievement contribute to not only the formation of teachers’ 
preference and acceptance for students, but teachers’ academic 
outcomes. �is is especially true in colleges and universities. 
Although good academic performance is very important to 
students, scienti�c literacy, or research ability is more impor-
tant. �ese students will join some teachers’ group to make 
some research with the teachers, which will also improve the 
teachers’ academic performance. �e development of 
teacher-student relationships will also be in�uenced by per-
sonal and demographic characteristics of both relationship 
partners by means of developmental systems theory [8]. It will 
be true that cooperation or reciprocal relation is one of the 
most common forms of teacher-student interaction, which 
emphasizes the cooperation between teachers and students.

�e cooperation or reciprocal relations between students 
and teachers can be explored with the application of qualitative 
research methods. Many theories and perspectives can be 
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applied to study the teacher-student relationship, which 
mainly include attachment theory [9, 10], interpersonal theory 
[11, 12], power dynamics [7], and phenomenological perspec-
tive [13]. Combined with these theories or perspectives, qual-
itative study or quantitative study or both of them is used to 
explore the nature of teacher student interactions (for example, 
see [4, 14–17]). In [14], phenomenographic methods can 
reveal that teachers experience pedagogic engagements with 
students. Quantitative study with three competing models 
shows the hypothesized directionality of in�uence in relations 
between teacher acceptance, student perceived teacher sup-
port, and academic achievement in [4].

In almost all of the quantitative study, sample data must 
be collected �rstly by means of questionnaires and 
observation. Descriptive statistics can help us �nd out some 
correlation of the data, then further statistical analysis is 
necessary. Modeling is an e�ective tool to analyze data with 
statistical analysis. Structural equation, hierarchical linear 
model, logistic and negative binomial regression models, 
growth mixture model can be found in  [12, 18–20]. A 
longitudinal, cross-lagged path analysis was conducted to 
determine the patterns of in�uence among teacher preference, 
peer rejection, and student aggression in [21], but it failed to 
enable conclusions about reciprocal relations. In [4], structural 
equation modeling was used to analyze the relations between 
teacher acceptance, student-perceived teacher support, and 
academic achievement, which can support the reciprocal 
relation.

�e teacher-student relationship can be de�ned as a 
dynamic system, in accordance with ecological systems theory 
in human development [22]. It is a whole structure, which is 
composed of interrelated two parts: teachers and students. �e 
development of the teacher-student society resembles that of 
the biological population system, and biological models can 
be used to examine the micro-behavior of groups and indi-
viduals. �e Lotka-Volterr model is widely used for studying 
interspeci�c competition or cooperation and explaining the 
outcomes of the competitive or cooperation interactions 
among populations (e.g. [23, 24]). To the best of our knowl-
edge, the Lotka-Volterr model has not been used for the 
teacher-student relationship. In this paper, we will apply a dis-
crete model in biology, the discrete Lotka-Volterra model for 
investigating the teacher-student relationship, with an aim to 
provide practical suggestion for more performance output. 
And this study is focused on answering the following 
questions:

(1) Why can the discrete model express the relationship 
between teachers and students?

(2) Why do stability analysis needs to be done?
(3) What valuable conclusions can be drawn from our 

study?

So the paper is organized as follows. In Section 2, sample 
data can be obtained according to the quantitative criteria of 
performance output on teachers and students in a college. A 
two species discrete-time model is used to express the 
teacher-student relationship, and local stability conditions at 

the positive �xed point can be deduced in Section 3. Least 
square method can be used to estimate the parameters, 
hypothesis testing, and predictive function are �nished to 
guarantee the validity of the model, and reasonable sugges-
tions are proposed in Section 4. �e �nal section is the dis-
cussion and conclusion.

2. Data

�e present study was based on data from 15 teachers working 
in statistics department, Tianjin University of Commerce, 
China, and 25 students enrolled in 2015 and studying in the 
same department in the college. Teachers matched to the stu-
dents are almost certainly the ones who taught the class. �e 
data come from their performance output in seven terms from 
2015 to 2019, which rang over four-year study cycle for college 
students (the data of the eighth semester have not been col-
lected yet). �e principles for quantifying the performance 
output of teachers and students are listed as follows.

2.1. Performance Output on Teachers. Performance output 
on teacher mainly includes course teaching and other work 
including teaching achievement award, the one from guiding 
student competition award, university student innovation, 
and entrepreneurship contest. Considering that scienti�c 
research can promote teaching, research projects and papers 
can also be considered. According to calculation by the school, 
the currency value of 16 teaching hours is almost equivalent 
to a scienti�c research score. �en how course teaching is 
converted to scores is based on the following regulations of 
the college.

Other output can be quanti�ed into speci�c scores according 
to the quantitative criteria of the teaching and scienti�c 
research which is as in Table 1.

�e total performance output score for every teacher can 
be obtained as follows.

�e performance output on every teacher can be found in 
Table 2.

2.2. Performance Output on Students. For students, the main 
output includes test scores and some additional scores. �e 
additional scores come from the College English Test Band 
Four and Six, the discipline competition, a professional 
quali�cation and scienti�c research. �ese output can also be 
quanti�ed into speci�c scores according to the quantitative 
criteria of the college. �e list of speci�c options for additional 
scores is as in Table 3.

�e total performance output score for every student can 
be obtained as follows.

(1)teaching score = teaching hours16 .

(2)
performance output score = teaching score + other work score.

(3)
performance output score = test score + the additional score.
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�e performance output on every student can be found in 
Table 4.

3. Model and Stability Analysis

In this section, we will make a discrete model express the rela-
tionship between teachers and students. Stability analysis at 
the positive steady state of the discrete model is done so that 
we wish to verify that the performance output is not empty 
and keep at an equilibrium level over time.

Cooperation in ecology can be divided into interspeci�c 
(mutualism) and intraspeci�c cooperation. Mutualism 
involves cooperation between di�erent species or groups. In 
these kinds of interspeci�c interactions, both groups can ben-
e�t from each other. �e more there is of one group, the better 
for the other one [24, 25]. Teacher-student interaction has such 
cooperative characteristics. Continuous or discrete Lotka-
Volterr cooperation models could qualitatively explain the 
main features associated with the underlying kinetics of 
cooperation.

�e discrete models governed by di�erence equations are 
more appropriate than the continuous ones when the 

populations have nonoverlapping generations, and the discrete 
ones can also provide e�cient computations for numerical 
simulations [26, 27]. In fact, the performance output of teach-
ers and students is not time continuous, and the data of per-
formance output are collected at the end of every semester or 
the beginning of the next semester, which is discrete. �en we 
consider the system of di�erence equations as follows.

or

where Δ�(�) is incremental output in adjacent semesters for 
teachers, �(�) is the mean of performance output for all the 

(4)

Δ�(�) = �(� + 1) − �(�) = �(�)(�1 − �11�(�) + �12�(�)),Δ�(�) = �(� + 1) − �(�) = �(�)(�2 + �21�(�) − �22�(�)),� = 1, 2, . . . , �,
(5)

�(� + 1) = �(�)(�1 + 1 − �11�(�) + �12�(�)),�(� + 1) = �(�)(�2 + 1 + �21�(�) − �22�(�)), � = 1, 2, . . . , �,

Table 1: �e quantitative criteria of performance output on teach-
ers with the exception of course teaching.

Output Level Score

Teaching  
achievement award

�e �rst-class national award 480
�e second-class national award 320
�e �rst-class provincial award 65

�e second-class provincial 
award 35

Guiding students’ 
contest

�e �rst-class national award 9
�e second-class national award 8
�e �rst-class provincial award 7

�e second-class provincial 
award 6

Guiding students’ 
innovation contest

National award 4
Provincial award 3

Papers

Q1 (Scienti�c Journal Ranking) 20
Q2 (Scienti�c Journal Ranking) 15
Q3 (Scienti�c Journal Ranking) 10
Q4 (Scienti�c Journal Ranking) 8

Research project

National major or key scienti�c 
research projects 100

Sub-task in national major or 
key scienti�c research projects 50

General national scienti�c 
research projects 25

Major scienti�c research 
projects at the provincial or 

ministerial level
20

Key scienti�c research projects 
at the provincial or ministerial 

level
15

General provincial or ministeri-
al scienti�c research projects 10

Table 2: Performance output on each teacher.

Teacher 
number

Term 
1

Term 
2

Term 
3

Term 
4

Term 
5

Term 
6

Term 
7

1 8.36 16.73 9.51 19.03 11.20 22.40 20.88
2 19.65 41.30 27.81 61.62 43.32 76.64 24.33
3 29.12 50.25 34.21 58.43 22.23 51.46 30.91
4 20.22 38.44 23.24 43.47 21.53 46.06 28.73
5 16.81 28.61 23.76 39.51 24.47 42.95 30.46
6 14.33 24.66 22.72 39.45 19.62 39.24 11.22
7 36.64 64.27 29.62 48.24 23.45 43.91 21.31
8 20.80 36.59 15.22 30.45 17.22 34.43 21.83
9 13.46 26.92 14.04 28.08 16.09 32.19 23.33
10 14.15 28.29 21.53 35.06 15.62 32.24 17.50
11 1.98 21.96 14.75 27.49 13.96 28.92 16.25
12 13.55 27.10 18.53 34.07 18.89 37.78 24.78
13 10.45 20.91 22.66 40.33 31.24 52.47 17.24
14 16.42 32.83 17.39 34.77 20.59 44.18 26.75
15 10.43 19.87 10.41 19.82 9.51 19.03 15.44

Table 3: �e quantitative criteria of additional performance output 
on students.

Output Level Score

Research paper
Indexed by SCI or EI 1

others 0.5

�e discipline 
competition

�e �rst-class national award 3
�e second-class national award 2
�e �rst-class provincial award 1

�e second-class provincial 
award 0.5

A professional 
quali�cation

Data analyst quali�cation 0.25
�e securities quali�cation 0.25

Teaching quali�cation 0.25
English test band 
four and six

CET4 0.5
CET6 0.5
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hold.

4. Parameter Estimation and Hypothesis Test

�e purpose of the section is to determine the parameters 
which best �t the simulations to the measurements, and to 
conduct hypothesis testing on certain explanatory variables 
e�ect.

We denote (4)

where

We apply the observed data provided in Section 2 into (4), a 
linear system with variable � can be obtained. Least square 
method can be used to deal with the parameter estimation. By 
means of so�ware �, estimation results are shown in Table 5. 
�en �3(�∗, �∗) = ((�1�22 + �2�12)/(�11�22 − �12�21), (�1�21 + �2�11)/(�11�22 − �12�21)) = (35.26, 79.44), we can easily verify the �xed 
point (35.26, 79.44) which can hold stability condition (6), 
namely, the mean performance output of the teachers and 
students will tend to (35.26, 79.44) under the system environ-
ment over time.

Under the signi�cance level at 0.05, �1, �11, and �12 are the 
remarkable factors a�ecting the performance output of all the 
teachers, which show that teachers’ own e�orts are more 
important, teachers’ overall performance output is constrained 
by the environment, and the overall performance of students 
also plays a greater role in promoting teachers’ performance. 
According to the meaning of parameters �1, �11, and �12, three 
suggestions for teachers are given:

(6)
1 − �11�∗ − �22�∗ < (1 − �11�∗)(1 − �22�∗) < 1 + �12�21�∗�∗

(7)

�(� + 1) = ( �(� + 1)�(� + 1) ) = ( �(�)(�1 + 1 − �11�(�) + �12�(�))�(�)(�2 + 1 + �12�(�) − �12�(�)) )= ( �(�)(�1 − �11�(�) + �12�(�))�(�)(�2 + �12�(�) − �12�(�)) )= ( �(�) −�2(�) �(�)�(�) 0 0 00 0 0 �(�) �(�)�(�) −�2(�) )
⋅(�1 + 1�11�12�2 + 1�21�22 )= 
(�(�))	,

(8)

�(�(�)) = ( �(�) −�2(�) �(�)�(�) 0 0 00 0 0 �(�) �(�)�(�) −�2(�) ),� = (�1 + 1, 11, 12,�2 + 1, 21, 22)�.

teachers at the �th term, Δ�(�) is incremental output in adja-
cent semesters for students, �(�) is the mean of performance 
output for all the students at the �th term. �e �1, �2, �11, �12, �12, 
and �12 are assumed to be positive constants, in which ��(� = 1, 2) is its e�ort level, rate, ��� is the level of individual 
capacity constraints (� = 1, 2), �12 and �12 are the inter-speci�c 
cooperation rates.

According to the de�nition of �xed points, the �xed points 
of map (4) are solved by direct calculation yields four �xed 
points �0(0, 0), �1(0, �2/�22), �2(�1/�11, 0) and �3(�∗, �∗) =((�1�22 + �2�12)/(�11�22 − �12�21), (�1�21 + �2�11)/(�11�22 − �12�21)), �3
is the only positive one if �11�22 − �12�21 > 0 hold. As we have 
mentioned before, good teacher-student relationship aims to 
better performance output for the both groups, zeros output 
is not a desirable one. �en we only care about the positive 
�xed point in this paper, and investigate stability and changes 
on performance output over time.

�ere are some previous studies which think about sta-
bility and changes in teacher-student relationships over time. 
For instance, the authors found that the degree of closeness 
in teacher-student relationships decreased from kindergar-
ten to sixth grade, whereas teacher-student con�ict increased 
over time form the viewpoint of statistical analysis in [28]. 
In this paper, local asymptotic stability of the positive �xed 
point will be obtained by means of Proposition 1 in [29]. We 
can obtain the conditions to make the system (4) stable at 
the positive �xed point �3. Namely, the system (4) at the �xed 
point �3 is stable when the conditions

Table 4: Performance output on each student.

Student 
number Term 1 Term 2 Term 3 Term 4 Term 5 Term 6 Term 7

1 74.09 66.44 66.70 51.95 68.63 69.70 69.45
2 82.91 73.78 81.87 67.95 85.42 81.20 89.64
3 81.18 75.29 79.43 71.95 83.21 74.20 74.00
4 79.41 69.30 80.87 69.10 75.95 66.40 83.09
5 70.14 63.07 68.22 63.80 70.53 69.80 66.09
6 89.59 80.93 86.87 82.60 89.37 83.30 94.09
7 89.68 81.59 87.09 83.40 90.47 79.00 92.82
8 81.86 68.52 78.26 67.90 84.00 77.80 82.73
9 73.09 64.30 77.17 65.05 78.63 71.70 86.55
10 79.14 72.22 81.48 68.70 88.36 88.50 83.45
11 81.50 73.56 81.26 76.45 81.00 73.50 80.91
12 73.55 69.15 73.57 72.90 78.47 68.90 85.36
13 79.09 67.37 81.70 69.85 82.58 82.80 86.91
14 74.36 63.48 70.74 69.70 80.21 66.60 78.73
15 76.36 74.63 81.35 76.65 79.42 71.20 76.09
16 72.59 63.56 68.48 67.90 67.59 67.40 73.18
17 85.82 80.56 85.57 86.25 89.59 88.70 92.82
18 84.32 80.96 89.91 87.95 84.16 86.10 89.00
19 80.27 75.41 88.43 83.55 89.53 81.70 83.18
20 82.09 70.78 83.65 72.95 84.32 83.70 91.18
21 86.95 82.85 89.09 90.95 85.74 89.40 82.73
22 80.64 76.22 84.87 80.25 87.79 85.00 88.73
23 71.91 67.41 70.48 67.00 71.00 68.90 69.64
24 65.86 59.96 62.96 50.30 33.63 46.40 58.09
25 73.64 59.44 77.43 63.85 71.21 74.10 82.27

Table 5: Results of parameter estimation.

Variable Coe�cient Std. error �-Statistic Prob.�1 0.910960 0.110035 17.36684 0.01808�11 0.056204 0.005016 11.20494 0.00152�12 0.061591 0.013208 4.663159 0.01861�2 0.994115 0.397325 5.018851 0.01520�21 0.004564 0.001811 2.520155 0.08620�22 0.014540 0.004769 3.048857 0.05550
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Comparisons between predicted and true values on teachers’ 
and students’ output are shown in Tables 7 and 8, and 
MAE

teacher
= 3.333,MAE

student
= 1.373.

5. Conclusion

We give several concluding remarks in this section.

(1)    �e main aim of this study was to explore the coop-
eration or reciprocity mechanism between teacher 
group and student group. A two species discrete-time 
model is used to express the teacher-tudent relation-
ship from the viewpoint of ecology. As shown in 
Tables 5 and 6, the model can exhibit an acceptable 
�t, the factors a�ecting performance output are rea-
sonable and signi�cant. It should be noted that there 
will be two issues to be discussed.

(a)    In addition to the internal and external e�ects 
mentioned in Model (3), performance output 
is also a�ected by the underlying uncertain dis-
turbances, which could be summarized as envi-
ronmental noises [32]. In population ecology, 
environmental noises prove to have notable 
impacts on the ecological system [33]. In this 
context, random perturbations associated with 
changes of resource availability, policy environ-
ment, and teachers’ and students’ behavior may 
also play a formidable role on performance out-
put. It will be more reasonable to establish a 
stochastic model.

(1)  �e teacher should continuously improve the level of 
personal teaching and scienti�c research.

(2)  �e teacher should have a good competition and 
cooperation environment to decrease the negative 
impact of the environment.

(3)  �e teacher should incorporate more students into 
his research team and improve the cooperation with 
students.

Under the signi�cance level at 0.05, �2, �21, and �22 are the 
remarkable factors a�ecting the performance output of all the 
students. �e fact �2 is signi�cance shows that self-e�ort is 
more important. �e fact �21 and �22 are the remarkable shows 
that learning environment and teacher level also a�ect stu-
dents’ performance. �en according to the meaning of param-
eters �2, �21, and �22, three suggestions for students can also be 
given:

(1)  �e student must study hard.
(2)  �e student should create a harmonious learning 

environment with good competition and coop-
eration to reduce the negative restraint of the 
environment.

(3)  �e student should actively join teachers’ scienti�c 
research to improve their scienti�c literacy.

To verify the whole e�ectiveness of the estimation, � test 
is carried out in the following part. Given certain signi�cant 
level � = 0.05, the test result in (4) can be shown in Table 6.

It is proven that the whole regression equation is 
signi�cant.

Model (4) has predictive function. In order to assess the 
predictive performance of the model, we need to form both a 
prediction and a metric that quanti�es the di�erence between 
the prediction and the observed data. When the system 
parameters are �xed, output of di�erent terms �(�) and �(�)(� > 1) can be calculated with the initial observed data �(1)
and �(1), and a statistical indices (relative error (RE)) is used 
to evaluate the accuracy of the prediction model.

where �(�) and �(�) are teachers’ and students’ performance 
observed data, respectively. �(�) and �(�) are the prediction 
from model (4). And mean absolute error (MAE) [30, 31] can 
also be obtained.

(9)
RE

teacher
(�) = |�(�)−�(�)|�(�) × 100%,

RE
student
(�) = |�(�)−�(�)|�(�) × 100%, � > 1.

(10)
MAE

teacher
= 1�−1∑

�−1
�=2|�(�) − �(�)| × 100%,

MAE
student
= 1�−1∑

�−1
�=2
�����(�) − �(�)���� × 100%.

Table 6: �-test.�-Statistic Critical values Prob.
Equation (3) 162.1 9.277 0.00878
Equation (3) 19.18 9.277 0.01954

Table 7:  Comparisons between predicted and true values on 
teachers’ output.� �(�) �(�) RE

teacher
(�)

1 17.02 — —
2 31.92 33.62043 5.327
3 20.36 19.72913 3.099
4 37.32 37.33658 0.044
5 20.53 20.47468 0.269
6 40.26 37.98324 5.655
7 22.06 23.29558 5.600
8 — 40.71044 —

Table 8:  Comparisons between predicted and true values on 
students’ output.� �(�) �(�)
1 78.63 — —
2 70.18 73.00906 4.031
3 79.36 78.55912 1.009
4 73.87 74.04986 0.243
5 79.65 80.54765 1.127
6 76.98 76.01625 1.252
7 81.95 81.47751 0.577
8 — 74.25011 —

RE
student
(�)
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