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In this paper, a discrete predator-prey system with the periodic boundary conditions will be considered. First, we get the conditions
for producing Turing instability of the discrete predator-prey system according to the linear stability analysis. Then, we show that
the discrete model has the flip bifurcation and Turing bifurcation under the critical parameter values. Finally, a series of numerical
simulations are carried out in the Turing instability region of the discrete predator-prey model; some new Turing patterns such as

striped, bar, and horizontal bar are observed.

1. Introduction

Interaction between species and their natural environment
is the main characteristic of ecological systems ([1]). Such
interaction may occur over a wide range of spatial and
temporal scales ([2]). Since the great works of Lotka (in 1925)
and Volterra (in 1926) modeling predator-prey relations,
interaction has been one of the central themes in mathe-
matical ecology ([3-5]). In general, predator-prey models
follow two principles: one is that population dynamics can
be decomposed into birth and death processes; the other is
the conservation of mass principle, stating that predators can
grow only as a function of what they have eaten ([6]).
Patterns are ever-present in the chemical and biological
worlds; pattern formation is a fundamental problem in
the study of far-from-equilibrium phenomena in spatially
extended systems. Since Turing ([7]) first introduced his
model of pattern formation, reaction-diffusion equations
have been a primary means of predicting them. Similarly,
structured systems of ordinary differential equations govern
the spatiotemporal dynamics of ecological population mod-
els. A reaction-diffusion system exhibits diffusion-driven
instability or Turing instability if the homogeneous steady
state is stable to small perturbations in the absence of dif-
fusion, but it is unstable to small spatial perturbations when

diffusion is present. This approach allows us to understand
and predict a variety of different phenomena, including the
formation of structures that are similar to the patterns we
observe in the living world ([8-10]).

For the continuous predator-prey system, the mathemat-
ical problem is defined by

eu (t) B

u () =u(t) (s - av (t)) +dViu,

)
V() = v (t) (=y + Bu(t) = Sv () + V2.

The parameters in the model (1) are summarized in the
following list:

u(t): the quantities at time ¢ of prey

v(t): the quantities at time ¢ of predator

e: the intrinsic growth rate of the prey

«a: the predation rate

y: the intrinsic mortality of the predator

B: the conversation rate

K: the carrying capacity of the environment with
respect to the prey
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V2 0% /ox* + 0% /0y?
& a, Y, 3, d, 0 are all positive constants.

For simplicity, we rewrite (1) in the following form:

u (t) =u(t) (r, — ayu(t) —apv () + dViu,

(2)
V() = v(t) (=1 + agu (t) — ayv () + V2,
where 7, a;; (i, j = 1,2) > 0. We let
fwv)=u(r —ayu-ayv),
(3)

g, v) =v(-ry+ ayu—ayv).
The positive fixed point E = (1", v*) of (2) satisfies the system

”(71 —apu- ‘112") =0,

(4)
v (=1, + ayu—a,v) = 0.
Then
710y, + 1a 710y — T\a
E:<122 2%2 N 211) )
110y, T a12051 110y + A1505
where r,/r, > a,,/a,,. From (3), we have
fu=—anu,
fv = —ay)u,
(6)
Gu = a1V
gy = —axnv,

at the fixed point E(u*,v"), f, + g, < 0, f,9, — [,9u >
0, but f,, + dg, < 0; thus, we can conclude that such a
simple continuous predator-prey system can not generate
Turing instability. For the discrete time and space predator-
prey system, research on the dynamics is not as common.
This paper concerns the dynamical behaviors of the discrete
predator-prey system.

The paper is organized as follows. In Section 2, the
simple discrete form of (2) and the Turing instability analysis
theoretically are studied. In Section 3, we analyze the flip
bifurcation of (13). In Section 4, a series of numerical
simulations and Lyapunov exponents are given to show the
consistence with the theoretical analysis. Conclusions are
drawn in Section 5.

2. Turing Instability Analysis for the Discrete
L-V Predator-Prey Systems

Now, we discuss the Turing instability of the discrete
predator-prey system. By Eular’s method, we have the discrete
form of system (2):
ui;il = rlui;j (1 - ui;j - alzvi;j) + deui;j,
(7)

i i ij o ij 2 ij
Vo =1V, (1 +au, —v, )+V v,
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The Laplacian diffusion parts are defined as

2 0j _ irLj il il il i
Vou) =uw, 7w vu, 4u), (8)

and

20 _ Lj o il ieLi il i
VAV =v, v v ) 4v. 9

u and v satisfy the periodic boundary conditions

0 _ im
un - un >
i1 im+l
un - un ’
(10)
0,j _ . myj
un - un >
1,j _  m+l,j
un _un >
and
0 _ _im
vn - Vn ’
i1 im+1
Vn ~'n >
(11)
0,j _ . m,j
Vn - Vn 4
1,j _ . m+l,j
Vn _Vn 4
where i, j € {1,2,--- ,m} = [1,m] and n and m are a positive
integer.

In order to find the Turing instability region of the
discrete predator-prey model, we first analyze the model with
no spatial variation; u and v satisfy
hj o _

i,j b i,j
Uy = iy (1 u, apVy )’

- (12)
i,j
vn+1

ij ij
v, (1 +au, —v, )
For convenience, we make r; =, = r,and a;, = a,; = a, so
the model (12) is written as

VAN R N i,j)
u, =ru, (1 us —av,” ),

(13)

i,j i,j Lj b
Vi =TV, (1+aun vn).

There is a nonzero positive fixed point E; = (u*,v") of (13);
that is,

._1-a) (-1

r(1+a?)
(14)
o _@rDE-1)
 r(1+a?)
where
r>1,
(15)
0O<ac<l.

The linearization of (13) about E; has the Jacobian matrix

1-ry* —rap”
]El = [ * *:| . (16)
ravy 1-rv
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The eigenvalues of (16) are

ar-r+2

T Ty (17)
and A, =2 -r.
The linear stability of (13) is guaranteed if
Al <1,
(18)
|A,| < 1.

Then, we consider that the diffusion parts are added. Now,
let A denote an eigenvalue of V* with the boundary condition
(10); that is,

Vul + A = 0. (19)

In view of ([11]), A is in the form of

t—1 -1
Aig=4 (sinzﬂ + sm2u>
m (20)
for t,s € [1,m].
The linearized form of (7) is
wl = (1= ru")ul —rautV? + dviil,
B B B B (21)
Vo= raviul + (1—rv*) vl + VA

Then, we, respectively, take the inner product of (21) with the
corresponding eigenfunction X, of the eigenvalue A, ; then

ij ij _ ijij _ ij
Zth n+1 1 ru ) Zth n rau Zth n
i,j=1 i,j=1 i,j=1

+d Z Xyl

i,j=1
(22)
ths n+1 =ray thS n + (1 ths Y
i,j=1 i,j=1 i,j=1
m Iy 2 Py
i
+ Y XV,
i,j=1
Let
= Y (23)
i,j=1
and
v,= 3 X (24)
i,j=1

Then, we use the periodic boundary conditions (10) and (11),
and the Abel transform; thus, we have that

Uy =(1-ru")U, -rau"V, —-dA, U,
(25)
v

n

a=rav' U, +(1-r")V, -1, V,.

If (U,,V,) is a solution of the system (25), then ui{ =
U, X v = v, X] is also clearly a solution of (21) with the
periodic boundary conditions (10) and (11); thus, the unstable
system (25) produces the problem (7), (10), and (11) is also
unstable. The system (25) has the eigenvalue equation

P4 dr D) A +r(u +v)=2]A+h(A) =0, (26)
where

—rut+d(1-rv")] Ay,

h(M) =dA -1
2 2 % % (27)

+(1-ru™)(1-rv") +ra uv".

By calculating, the two eigenvalues are

A (s, ) = —p(ts,r)+ \/p(ts,r) —4q(t,s,r), (28)

where
ptsr)=—[d+DA +rw" +v")-2], (29)
and
qt,s,r)=dA;,—[1-ru" +d(1-rv")] A,
(30)
+(1—ru®) (1= rv*) + Pdu’v".
On the basis of the two eigenvalues, we define
Z (t,s,r) = max (|/Lr (t, s)| , |/\_ (t, s)l) ,
Z,, (r) = tgiéfl Z (t,s,1) (31)

((t5) # (1, 1)),

Z,(r) represents the maximal value of absolute modulus
of both eigenvalues A, and A_. When Z, (r) > 1, Turing
instability occurs; when Z,,(r) < 1, the discrete system
stabilizes at the homogeneous states. Thus, the threshold
condition for the occurrence of Turing bifurcation requires
Z,,(r) = 1. From this criterion, the critical value r' for Turing
bifurcation can be described by the following cases.

(1) p(t,s, N > 4q(t,s,r) establishes a small neighbor-
hood of r = ', and the critical value r' satisfies

'p t,s,r | q(t,s,r')) =1. (32)

tlsl

(2) p(t,s, r? < 44(t, s, r) establishes a small neighborhood of
! " ! .
r = r and the critical value r' satisfies

m ’
tirllfslfl (q (t, S, T )) =1. (33)
Thus, the conditions of Turing instability of (7) are
O<ax<l,

r>1,

|A1| <1,



| <1,

Z,, (r)>1.
(34)

3. Bifurcations and Center Manifolds

It is important to discuss the bifurcations and the center
manifolds for the applications; for example, see ([12-16]). In
this section, we study the flip bifurcation of (13) at the positive
steady state E; = (u*,v"). When the flip bifurcation occurs,
(", v")loses its stability, and the discrete system (13) switches
to a new behavior with period-2. At the flip bifurcation point,
(u*,»") is neither stable nor unstable. In this critical case,
one of the two eigenvalues of J((u",v") satisfies A, = -1,
A, =2—r" whenr" = (a* +3)/(1 - a?). Regarding r as
the dependent bifurcation parameter, we have the following
theorem.

Theorem 1. If the condition (15) is established, model (13)
undergoes a flip bifurcation if a; # 0,y # 0, and r = r*;
furthermore, if «, > 0 is satisfied, then the bifurcated period-2
points are stable; if o, < 0, the bifurcated period-2 points are
unstable.

Proof. Let

Cn =ty — 1>
Ma = Vn — 7/*, (35)
8,=r-r",

and parameter §,, is a new and independent variable; the
system (13) becomes

2
Car1 = 011G, + At + 4130, + ayC, + ai5C,m,

+ bllgnén + blz’/]nén + O((|Cn| + |Tln| + |6n|)3) >

(A —an)(1-ay) —ap(1-ay)

T = % (1+ay)(1-ay) ap(l-ay
0
The transformation
Ca U,
M | =T vu | (41)
%, 1
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rln+1 = QZICn + a22’7n + a236n + a24rli + a?SCnﬂn

+ bZICnén + b22’7n6n +0 ((|Cnl + |Tlnl + l‘snl)3) >

8,41 = 0ps
(36)
where
a,=1-r"u",
ay,, = —ar‘u’,
*
u
s =750
_ *
Ay =-1,
a;s =—ar’,
(37)
*
ay =ar’ v,
ay =1-1"v",
%
v
Gy = —
23
re’
*
Gyy =T,
ay5 = ar
and
b,=1-2u"-av’,
*
b, =-au,
(38)
.
b, =av’,
by, =1+au" -2v".
Let
a1z G Gt ag
T=|-1-a;, Ay—a; l-a |; (39)
0 0  1-ay
then,

ay (1=ay) = (ay +a3) (A, —ayy)
—lap(1-ay)+ (1 +ay,)(ay +a3)] |- (40)

ap (A —ayy) + (1 +ay) a,

changes (36) into

Upi1

-1 0 0 u
Vil 0 /\2 0 Y
5, 0 01 s,
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f (% 3 6,)
i 9w |
0
(42)
where
f (% Y 6)
=(Ay—ay)(1- ‘111)“14(i —ap (1- ‘111)“2471721
+[ars (A —ay) (1 - ayy) - aysar, (1 - ayy) G
+ [ty (A —ayy) (1 - ay) —bya, (1-a,)] 4,8,
+ [bra (A —ayy) (1 - ayy) = bpay, (1 - ay)] 1,8,
+0 (el + [+2] +181)°)
9 (% ¥ 0,)
:“14(1 _“51)55 +aya, (1 —all)ﬂi (43)
+ [‘115 (1 - afl) +aysap, (1 - all)] Cutln

+ [bn (1 - “fl) +byap, (1~ an)] a0,
+ [b12 (1 - ‘1121) +byay, (1~ ‘111)] MO
+ O ((Jxal + [+l +18,0)°) »

$ = apath, + ayv, + (ag, +a;3) 6y,

M, =(-1-aqu,+(A,—ay)v,+(1-ay)d,
8,=(1-ay;)d.
Then,
I (% Y 8,) = (A —ay) (1= ayy) ayy [aru, + @y,
+ (g, + ‘113)61]2 —ap (1-ay)ay [(-1-ay) u,
+ (A —ay) v+ (1—ay) 8, + [as (A, — ayy)
~(1=ay) - aysary (1 - ayy)] [au, + ayyv,

+(ay, +a13) 8, [(-1—ay)) u, + (A, —ayy) v,

+(1=ay;) 8]+ [by (A, —ay)

2
{a14 (1 - afl)alzz +ayan (1-ay) (-1-ay) +

[als (1

5
-(1-ay; —bya, (1-ay)]
< ayu, + apv, + (a, +ag3) 8, [(1-ay;) 8]
+b,(A, —ayy) (1 -ay) —bpay,) (1-ap,)]
(-1-ay)u,)
+(A,—ay)v,+(1-ay;)8,][(1-ay)d;],
9 (X ¥ 8,) = ary (1 - “fl) [ar,1,, + ayyv,,
+(ay, +a53) 8,7 +ayay, (1-ay) [(-1-a;)) u,
+(Ay—ay) v, +(1—a,)8,] + [als (1 - afl)
+aysap, (1- all)] [a,u, + apv, + (ay, + ag3) 6]
11 -y,
+(A,—ay)v,+(1—ay)d, ]+ [b“ (1 —afl)
+byap, (1- all)] [a,u, + ap,v, + (ay, +ag3) 6]
[(1-ay)6,]+ [b12 (1 - afl) +byap, (1- all)]
(-1-ay)u,

+(A,—ay)v,+(1—ay;)d8,][(1-ay)d,].

(44)

Applying the center manifold theorem, there exists a center
manifold W°(0,0,0) of the model in a small neighborhood
of §, = 0, which can be represented as

W (0,0,0) = {(t v, 8,) € R’ | v, = 1 (14,,8,)
(45)
= clufl +6u,0; + c35f + 0O (|u,| + |51|)3 )}

with

Vil = AZh (un’al) + g (‘xn’ yn’al =h (un+1’81)
=h (_un + f (xn’ Yo an) ’61)) .

(46)

By calculating, we can obtain

- a%l) + ay5ay, (1 - ‘111)] ap (-1 - ‘111)}

G =

T (1- A

2) ’

2
2ay, (1 - afl)au (ai, +ay3) +2a,a, (1 -ay,)" (-1 -ay)

ITI(1-21,)

[als (1 au) +aysa;, (1 - an)] [a, (1= ayy) + (ay, + ar3) (-1 - ayy)]

71 (1= 1,)



N [bu (1 - afl) +byay, (1 - ‘111)‘112 (1 - ‘111)]
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N b1, (1-af)) + bya, (1-ay)] (-1 -ay,) (1 -ayy)

IT](1-1,)

¢ =0.

The model (36) restricted to the center manifold can be
written as

H: iy = —t, + byt + hyu,8) + a8, + hyu,&:
+hs) + O ((|un| + |81|)4) ,

1
= m {()‘2 —ay) (1~ 311)“1461%2

v (1 - ‘111) (_1 - a11)2
+[ays (Ay —ay) (1= ay,) — ayay, (1-ay)]

“ap (-1~ all)} >

1

h, = [l 20, —ay) (1 - ay) ayap, (a + a3)

-2a,,(1-ay)ay (1-ay) (-1 -ay)
+a;s (1—ay) (A, —ayy) — aysay, (1 - ayy)]
[(1=ay)ay, +(a, +a;3) (-1 —ay;)]
+[by (1 —ay) Ay —ay) —bya, (1-ay)]
cay (1-ay)},

1
h, = mcz 20, —a,)(1- ‘111)014“%2 —2ay, (1

w

—ay)ay (-1 -a;) (A, —ay) + a5 (1-ay;)
: (/\2 - au) — G501 (1 - ‘111)] [012(/\2 —an

+ap (-1-ay)]

1

+ mcl 20 —ay) (1 -ay) ayay, (a, +ay3)

+2(1-ay)ayay, (A, —ayy) (1 -ayy)

+ (a5 (Ay —ayy) (1 —ayy) — aysay, (1 - ay)]
[(ay +ay3) (A, —ayy) +a, (1-ayy)]
+[by (1 —ay) Ay —ay) —bya, (1-ay)]
cap (1-ay)

+[by (1 =ay) Ay —ay) = bypa, (1-ay)]
“(Ay—ay) (1-ay)},

IT|(1-A,) ’

(47)

1
hy = m(a 2(A, —ay) (1 -ayy) aay, (ay, + ar3)

+2(1-ay)aya, (A, —ay) (1-ay)
+[ais (A, —ayy) (1 —ayy) — ayay, (1-ay)]
[(a, +a3) (A, —ay) +ap, (1-ay)]
+[b; (1=ay;) (A —ay) —byan (1-a)]
cap (1-ay)

+[b; (1=ay;) (A, —ay;) —bypa, (1-ay)]

(A —ay) (1-ay)},

1

hs = mcl {2 (A —ay)(1-ay) “14“?2

=2a, (1-ay)ay (-1-a,) (A, —ay)
+[as (1-ay) (A, —ayy) = agsay; (1 - ayy)]

lap (A —ay) +a, (-1- “11)”’ .
(48)

As stated by the flip bifurcation theorem in ([17]), the
emergence of flip bifurcation for map (3) requires

(a_Hla_Ha_H> b ko
b \owds, " 208, ot )| 0T
9 *H\’ )
10°H 10°H )
“2=<EW+<EW>> =h5+h1?&0.
(0,0)
O

4. Numerical Simulation

To illustrate the analytical results in the above sections and
find new dynamics with different parameters, in this section,
we provide some numerical evidence for the qualitative
dynamic behavior of model (7).

4.1. Simulations about the Flip Bifurcation. In the follow-
ing, we display the bifurcation diagrams and the Lya-
punov exponents. Now, the fix point is (u*,v") =
(0.37974684,0.88607595), a = 0.001, and r* is considered a
parameter with the range (1.1 — 5). From Figure 1(a) we see
that equilibrium is stable for r = 2.9, at this moment r < r* =
3.000004, and the eigenvalues A; = 0.9 and A, = 0.8999, lose
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0.8 |
0.7
0.6
0.5 F
04 -
03 F
0.2 F
0.1

(a) Bifurcation diagram

75 1 1 1 1 1 1 1
1 1.5 2 2.5 3 3.5 4 4.5 5

(b) The maximum Lyapunov exponent

F1Gure 1: Flip bifurcation diagram of model (7) with r € [1.1;5]; maximum Lyapunov exponents corresponding to flip bifurcation diagram.

1.6

1.4

1.2

0.8

0.6

r

FIGURE 2: Turing bifurcation with critical point r’ = 1.4.

stability when r = r*. Furthermore, when r > r”, there is a
period-doubling bifurcation. We also observe that there is a
cascade of period doubling; moreover, a chaotic set emerges
with increasing of r. At the same time, we show the maximum
Lyapunov exponents, as shown in Figure 1(b); we find that
the periodic windows are repeated. Quantitatively, we can
determine the chaotic region; we find that when r = 3.75 the
maximum Lyapunov exponents are greater than zero. Model
(7) may experience chaotic oscillating states.

4.2. Simulations of Related Spatial Turing Patterns. From
the analysis of the second chapter, we know that, under
conditions (15) and (18), the point (1", v*) remains stable, and
no Turing instability is induced. At the same time, under (15),
(18),and Z,,(r) > 1, the point (1", v") becomes unstable from
stable under diffusive effects, so Turing instability occurs.
Briefly, we only display several patterns of the u and take
t = 5000. We fix a = 0.001 and d = 0.2, as shown in Figure 2.
In the diagram of Figure 2, the abscissa is r, and the ordinate
is the maximum eigenvalue of (25). When r > 7', the critical
value of Turing instability ' = 1.4, the maximum eigenvalue

of (25) is > 1; under conditions (15) and (18), we know r < 3.
At this time, some Turing patterns form. We find 0 < r<rt;
if 0 < r < r', the stable homogeneous steady state keeps
its stability; flip and Turing bifurcation cannot occur in this
region. When ' < r < 3, the homogeneous steady state is
not stable because of the diffusions. Flip bifurcation cannot
appear this moment; only pure Turing instability appears
in the homogeneous steady state. And when r > r*, both
flip and Turing bifurcations arise. In the following, we give
some new Turing patterns in the Turing instability region.
The model (7) has three parameters: r, a, and d. To study
the effects that parameters have on pattern formation, we
assume that only one parameter is remaining fixed, and the
others are changing. Then Figure 3 is obtained. The X-axis is
time, and the Y-axis is the number of u in Figure 3. Firstly,
in Figures 3(a), 3(b), and 3(c), we fix d = 0.2207, and the
other two parameters a and r are smaller. Comparing the
pattern structure reveals the transition from diagonal striped
to two horizontal stripes, and, finally, it becomes diagonal
striped Turing patterns. In Figures 3(d), 3(e), and 3(f), when
we fix d = 0.2207, the other two parameters a and r are
larger. By comparing the pattern structure, the two vertical
striped patterns are found, as the parameters increase, and
the two horizontal stripes arise; finally it becomes diagonal
stripes. In the end, we fix # = 1.27; the other two parameters a
and d are increasing, and the two horizontal stripes first turn
into diagonal stripes and, finally, turn into the vertical striped
pattern; see Figures 3(g), 3(h), and 3(i).

5. Conclusions

This study demonstrates that space and time discrete
predator-prey system can produce Turing instability, whereas
continuous ones cannot. Through linear stability analysis, the
conditions for producing Turing instability of the discrete
predator-prey system are obtained. A series of numerical
simulations are given and many new and interesting striped
patterns are observed from the simulation. In addition,
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10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
(a) d =0.2207, r = 1.36, a = 0.365 (b) d =0.2207,r = 1.35,a = 0.246
10
20 e : =
30 30
40 40 R
50 50 B e -
60 60
70 70
80 80 S
90 90 S e
100 s 100
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
(c) d=0.2207,7=1.34,a=0.177 (d) d=02207,r=1.29,a=0.332
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(e) d =0.2207,r =1.32,a = 0.389 (f) d =0.2207, r = 1.35,a = 0.446
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(g) r=127,a=0.144,d = 0.217 (h) r=1.27,a=0.244,d = 0.22

F1GURE 3: Continued.
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(i) r = 1.27,a = 0.344,d = 0.2234

FIGURE 3: Turing patterns.

we show that the discrete model has the flip bifurcation
and Turing bifurcation under the critical parameter values
by the bifurcation theory and center manifold theorem.
Finally, for the discrete time and space predator-prey model,
a new instability mechanism is found, namely, flip-Turing
instability, which is the basis of chaos. The bifurcation, chaos,
and pattern formation provide us with a new and better
understanding of dynamical complexity of the space and time
discrete predator-prey system.
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