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We explore the boundedness and persistence, existence of an invariant rectangle, local dynamical properties about the unique
positive fixed point, global dynamics by the discrete-time Lyapunov function, and the rate of convergence of some (2, 3)-type
exponential systems of difference equations. Finally, theoretical results are numerically verified.

1. Introduction

Recently, global dynamical properties of (2,2) as well as
(2,3)-type exponential difference equations or systems of
exponential difference equations have widely been explored.
In this regard, Ozturk et al. [1] have explored the global
dynamical properties of the following (2,2)-type expo-
nential difference equation:
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R (M
Qpp + X,
where a, (s =10,11,12) and x,(s = —1,0) are the positive
real numbers. Equation (1) may be viewed as a model in
mathematical biology where a is the immigration rate, a,
is the population growth rate, and «;, is the carrying ca-
pacity. Bozkurt [2] has explored the global dynamical
properties of the following (2, 3)-type exponential difference
equation:

e + oy e

(2)

Xny1 = >
Ay + 0pXy, + 01X

where a, (s =10,11,12) and x,(s = —1,0) are the positive
real numbers. More precisely, .Bozkurt [2] has explored the
local asymptotic stability of the equilibrium point by line-
arized stability theorem, gasymptotic stability behavior by
Lyapunov function, and semicycle analysis of positive so-
lutions of the exponential difference equation, which is
depicted in (2). Finally, theoretical results are verified nu-
merically. Motivated from the aforementioned studies, here
our purpose is to explore the global dynamical properties of
the following (2, 3)-type exponential systems, that is the
extension of the work of Bozkurt [2]:
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where o« (s =10,...,63) and x, y,z,(s =-1,0) are the
positive real numbers.

The rest of the paper is organized as follows: in Section
2, we explore that every positive solution of systems
(3)-(8) is bounded and persists, whereas construction of
an invariant rectangle is explored in Section 3. In Section
4, we explore the existence as well as uniqueness of the
positive equilibrium point of systems (3)-(8). In Section 5,
we explore the local dynamical properties about the
unique positive equilibrium point of systems (3)-(8). In
Section 6, we explore global dynamics about the positive
equilibrium by the discrete-time Lyapunov function. We
study the rate of convergence in Section 7, whereas dis-
cussion along with numerical simulations is presented in
Section 8.
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2. Boundedness and Persistence of
Systems (3)—(8)

(o)

Theorem 1. Every positive solution {Q,}.°_,

(3)-(8) is bounded and persists.

of systems

Proof. (i) If {Q,};° | is a positive solution of (3), then
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(i) If {Q,};°_, is a positive solution of (5), then
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So, from (21) and (22), one gets
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(vi) If {Q,}2_| is a positive solution of (8), then
Qe +
< 55“ % - U,
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From (8) and (24), one gets
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So, from (24) and (25), one gets
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175 Vn 17 (26)
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O

3. Existence of Invariant Rectangle of
Systems (3)—(8)

Theorem 2. If {Q,} | is a positive solution of systems
(3)-(8), then their corresponding invariant rectangles,
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respectively, are [Ly,U,] X [L,,U,] X [Ls,U,], [Ly, U,] %
[Ls,Us] x [Lg, Ugl, [Ly, Us]l % [Lg, Ugl % [Lg, Ugl, [Lyg,Uygl
X [L11, Uy X (L1 Ul [Ly3 Uzl X [Lyg Upg] X [Lys, Ugs),
and [Lys, U6l X [Ly;, Uyy] X [Lyg, Usgl.

Proof. If {Q,};2., is a positive solution with
Xg,X_1 € [L, Uyl ¥, y- € [Ly,U,], and zy,z_; € [Ls, Us],
then from (3), one has

ape 0 + g e - A+ oy

x, = < ,
A+ Yo +any Ay
aee 0 taye (e + ey e ((smana)/oss)
X, = > ,
Ay + ey + oy + (g +agy) (s + o) ogs)
aze %0+ o em - s+ oy
Y1 = = >
Qs + Q320 + A2 Qs
apze 0 + e (a3 + g e (merar)leas)
Y1 = 2 ,
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ae X+ ae” T wta
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z, = > .
Qg+ X + appx_y g+ (o + ayy) (e + ayp)/ayy)
(27)
Hence (27) then implies that x; € [L,U,],

y, € [L,,U,], and z; € [L;,U,]. Finally from (3), it is easy to
establish that x;,, € [L,,U,](resp., ¥4,y € [L,,U,]and
Ziy € [Ls5,Us]) if xp € [Ly, U ] (resp., yi € [L,,U,] and
z, € [Ls, Us)). O

Remark 1. In a similar way, one can prove the invariant
rectangle for systems (4)-(8).

4. Existence as well as Uniqueness of Positive
Fixed Point of Systems (3)—(8)

Existence as well as uniqueness of a positive fixed point of
systems (3)-(8) is explored in this section, as follows.

Theorem 3.

(i) System (3) has a unique positive fixed point: Y, =
(x%,7,2) € [L,U ] X [Ly, Uyl X [L3, Us] if

(‘x13 + 0‘14)67 b ((Ul + 1) (0‘13 + 0(14) + (X15) ((Xlo + (x“)e’(((“lﬁo‘m)eiu')/(“15+(“13+“14)L1))

(a5 + (o5 + "‘14)2)2 (g + (6 + 0‘17))2

% (o0 + ayp) (((orss + @ )e M)/ (g5 + (o3 + 014)Ly)) +1) + )
(ayp + (0 + agy) (g3 + agg)et)/ (ays + (o3 + 0‘14)L1)>)2

(("‘m*“’tu)‘?i(((al‘wm)[l-1 )/(“15+(wla+ﬂ14)L1))/ (“12*(“10*“11) ((("‘13*“"14)94'l )/ ("‘15*("‘13+0‘14)L1))))

.e_

X (o016 + a17) (A + 1) + o) < A%»

(@6 + ay7) (28)
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where

A, = (0‘10 + “11)6_(((“13“"14)6%3)/(“15+(“13+0‘14)L3)) . (29)
! apy + (g +agy) (o3 + agg)e)/ (ays + (g5 + agg)Ls))

(ii) System (4) has a unique positive fixed point: Y, =
(%,7,2) € [Ly, Uyl X [Ls, Us] X [Lg, Ug] if

(a9 + oag)e™ e (U + 1) (g9 + ) + ) (kg + g Je™ (((rrm)e ™)/ (s (o)1)

(g1 + (a9 + “20)U5)2

(( (anta )57( (el ) oassormrmmlia)) )/ ((aast(@ntes)) (oo +a Jee )/ (o +( oo )Lg) )))

% (o + a033) ((((eva9 + @z )e o)/ (g + (g9 + ap) L)) + 1) + ) (s + cty6)e”
(a2 + (@2 + a53) (((et19 + ez )e o)/ (@ + (o + “zo)Ls)))z

% ((or25 + a36) (Ay + 1) + @) <

A
(o7 + (o5 + “26))2 '

(30)

where

(“22 + 0623)6‘ (((orgtarzg)e Vs )/ (ay+(a19+t3) L))

2 Aoy + (g + an3) (19 + a9 )e7Lo)/ (g + (g9 + azg)Lg))’

(31)

(iii) System (5) has a unique positive fixed point: Y5 =
(%,%,2) € [L;, U7l X [Lg, Ugl X [Lg, Uo] if

e~ ((eV8/Lg)~ (ass/ (a51%032))) o= L (US + 1) ((eiL"/Lg) - (“33/ (“31 + “32)) + 1)
((e7o/Lg) = (o33! (a31 + 132))) U3 (32)

‘ ei((e,((E—Lg/us){agg/(wm))) (1)~ (e (o)) )~ (! (g 06s)) ) A2
3,

where (iv) System (6) has a unique positive fixed point: ¥, =

o~ ((eV8/Lg) = (osa/ (@ +a))) e (%, 7,2) € [L19,Uyp) X [Ly1, Uy ] X [L, U] if

Ay = - ;
’ ((e7ts/Lg) = (sl (31 + @3))) 3y + 35
(33)

e—((e’Uw/Lm)—(“sQ/(“37"'0‘38)))67[‘10 (UIO + 1) ((eiLw/Llo) - (“39/ (“37 + “38)) + 1)
((eh10/Lyg) = (aze/ (az7 + “38)))2U%O (34)

ef((ei( (e H1010) s/ (a574255)) (¢-110 12,0} (ca (awmﬂ))), (ap/ (%mn))) A2
) 2,
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where (v) System (7) has a unique positive fixed point: Y5 =

e ((eV10/Ly0)=(as/ (asr+asg))) Oy (%,7,2) € [L13, U3l X [L1p Uyl % [Ly5,Uy5] if

o ((e7t/Lyg) = (asg/ (37 + tg))) - Qg+ Ay
(35)

e~ ((eU3/L1)~ (! (i) o= Ls (Ups + 1) ((e753/Ly3) — (ays/ (age + a47)) + 1)
((e7h13/Ly3) = (oug/ (g + 0‘47)))2[]%3 (36)

(T ) e (D) (s 1) (a (asrai)) ) (s (#))) 72
5)

where (vi) System (8) has a unique positive fixed point: ¥ =

e*((e-Uw/LB)f(oc%/(zx46+a47))) o, (x, Vs Z) € [L16’U16] X [L17,U17] X [LIS’Uls] 1f

T (((e7t5/Ly3) = (aus/ (g + @47)))) - Qsy + “53;
(37)

(57 +2U 6 (55 + s6)) (g3 +2U 1 () + atp)In (055 + )/ (Lyg (57 + (55 + @t56) Li6))))

(“63 In(as5 + asg)/Lyg (as7 + (as5 + ats6) Lig) + (et + t) (In ((ass + asg)/ (Lag (a7 + (ass + “56)L16))))2)

% (0‘57 +2U 3 (as5 + asg) (o063 + 2 (a1 + ) )In (@55 + ats)/ (L (57 + (55 + @s6)Lag))) N A6) (38)
s In ((ass + as6)/ (L (57 + (55 + @s6)Lyg)))
¥go (s + sg) <A
Ly (as; + (55 + as6) L) (ctgo + (asg + sg))
where
In ((ets5 + t56)/ (Lyg (57 + (55 + @ts6) Lig))) (g3 + (g1 + oty )In (s + s )/ (Lyg (57 + (55 + t56) L))
(39)
. _ (a6 +ay;)e ™
Proof. (i) From (3), one has —“13 + (e + ap)x
(ayg +yy)e”
((X10+(X11)€_y - o +(0¢ + « ) > (41)
= y
apy + (@ + @)y y . B
y= (03 +ayy)e?
(a3 + atyy)e? (40) a5 + (@3 + @)z
ays + (a3 +0y)2 From (41), setting
_ (a3 tagy)e®
z = (g tayy)e™ y=9)= a5 + (o3 + oyy)2
apg + (@ + ;)X ( ) (42)
A+ typ)e Y
From (40), one gets x=f(y)= —10 -

ap + (g +ay)y
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Denote and z € [L;,U;]. Here, our finding is that F(z) =0 has a
(ay + )e’k(z) unique solution, where z € [L;,U,]. From (43) and (44), one
F(z) = 16 L7 -2z, (43) gets
g + (o6 + ay7)k (2) / —k(z)
F'(2) = k' (2) (a1 + y7)e ((k(2) + 1) (o1 + a17) + i) -1
where (g + (g6 + a17)k(z))2
k(z) =x = f(g(2), (45)
_ f( (a3 +ay)e”” ) where
ays + (o3 + o)z )0
~ (0‘10 + all)e—(((auﬂxu)e’z)/(a15+(oz13+a“)z))
S+ (g + ap) (5 + argg)e =)/ (g5 + (g3 + @y4)2))°
(44)
K (z) = (a3 +ayy)e (2 +1) (a5 + ) + ay5) (g + 0‘11)6_(((“13”“)6%)/(al5+(‘x”+al4)z))
(g5 + oy + “14)2)2 (ayp + (g + aqp) (o3 + agg)e?)/ (s + (g5 + 0‘14)Z)))2 (46)

(o135 + ayg)e”?

* ((ocw ' au)(“ls + (g5 + ayy)z

Using (44) and (46) in (45), we obtain

F'(2) =

+ 1) +a12).

(s + @g)e™* ((z + 1) (a3 + ) + t15) (g + gy Je~ (e (st )2))

X

(s + (o3 + “14)‘5)2(“18 + (o + “17)(((“10 + “11)97((("(”*““)" Z)/(am(u”m”)z)))/(“12 + (g + aqy) (5 + ayg)e@)/ (s + (s + “14)2)))))2

((0‘10 + 0‘11) ((((‘XU + ‘X14)e_z)/ (0‘15 + (‘X13 + ‘X14)2)) + 1) + “12) (“16 + a”)e‘(((“m*“u)""{((mw“)FZ)/(MV(MMH)Z)))/ (“12"’("‘10*“11) ((("‘13*0‘14)572)/("‘15*(“13*"‘14)2))))><

(tys + (et + ayy) (o3 + @y )e =)/ (s + (g3 + @4)2)))°

(aIO + all)e*(((au*“m)eﬁ)/(“15*(“13“"14)2))

'((“16 " “17)<a12 T (g + any) ((trs + @yg)e =)/ (tgs + (g3 + 010)2))

+1)+¢x18>—1

< (0‘13 + 0‘14)‘37Ll ((Ul + 1) ((X13 + 0‘14) + 0‘15) (Otm + au)ei(((“u*“m)e U‘)/(“|s+(“13+a|4)L|))X

B (g5 + (o3 + “14)L1)2 (g + (e + 0‘17)1\1)2

(g + y) (3 + arg)e M)/ (s + (s + @ig)Ly)) +1) + ay)

(agy + (agg + o) (o3 + ayg)e™™)/ (o + (a3 + 0q4)Ly)))

(g + 7)) (A +1) + o) = 1,

where A, is depicted in (29). Now, assuming that if (28)
along with (29) holds then from (47), one gets F' (z) <0. O

Remark 2. The proof of (ii)-(vi) is same as the proof of (i).
So, it is omitted.

> (o6 + 0‘17)67(

(e Je{ (o)) Caselonsmoindtn)) sy ) (s ) ) (st (s hang)Ls ) o

(47)
5. Local Dynamics about Unique Positive Fixed
Point of Systems (3)—(8)

The local dynamics about Y;(i = 1,...,6), respectively, of
systems (3) to (8) is explored in this section, as follows.
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Theorem 4. For Y, of (3), the following holds:

(i) Y, is a sink if

aoay; (ayy + ay7) (e + Ly) (e 2 + L)) (e7h + L)

(arp + (g + aqp)Ly) (g5 + (3 + ag) Ls) (g + (o6 + @17) L)

aypoty (o +a,) (el +Ly) (e + L)) (el + L)

48
' (ayp + (g + ayp)Ly) (s + (o3 + 0y) Ly) (g5 + (g6 + 17) L) (48)
(ay03 + agpony) (s + a7) (61 + Ly) (e 2 + L) (e + Ly) <1:
(ayp + (etgo + 1) Ly) (g5 + (a3 + ayg) L) (g + (g6 + 017)Ly)
(ii) Y, is a source if
a3 (g + ay7) (e +U5) (e + U ) (e + U,)
(@ + (a0 + ay,)Us) (g5 + (g3 + ay4)Us) (g + (g6 + @y7)U4)
Aoty (a3 + ay7) (Y1 +U5) (672 + U ) (e + U,) (49)
(a + (a0 + a,)Us) (g5 + (g3 + ay4)Us) (g + (g6 + @y7)U4)
(1005 + ayp0y) (16 + @17) (e +U5) (672 + U ) (e + U,) 51
(arp + (ag9 + 01)U3) (a5 + (5 + a14)U5) (45 + (g6 + 017)U )
Proof. (i) If Y, is a fixed point of (3), then The ]|Yl about Y, subject to the map (51) is
_ (a0 + agp)e”” 0 0 bs3by 0 0
oy + (g + ayy) ¥ Lo 0 000
= 0 0 0 0 bbb
-z _ 35 V36
y — (0(13(+ 0(14)6 )_’ (50) ]lYl - 0 0 1 0 > (53)
+ + z
s T T ) by by, 0 0 0 0
o (mgrag)e™ 0 0 0 0 0
g + (o + oy7)%
where
Moreover, we have the following map for constructing N (6,7 N x)
the corresponding linearized form of (3): b; = 10
ap + (oo + ay,)y
(xn+l’xn>yn+1’yn’ zn+1’zn) - (f’fl’ 9 gl’h’ hl)’
(51) . a(e7 +%)
where 14 ayy + (oo +ayp)y
_ ape M + o e ’ bee = oc13(6‘E +7)
p + &pVn + X1 Y S G 0
_ 5
fl = Xp 0614(6_2 + y)
ap3e” % + o e bys =
_ : o5+ (o3 + 0,z
Q5 T 0132, T X142, (52)
91 = Yw b = (e +2)
A€+ ay e X . apg + (a6 + ap7)X

h_

- 5
Qg + QX + 07X

h, =z, bs, =



Discrete Dynamics in Nature and Society 9

The auxiliary equation of J|y, about Y, is Now,

PO =A+L A +LA+LA+L, =0, (55)
1 2 3 4

where
Ly = —b131735b51>
L, = _b13b35b52 - b13b36b51 - b14b35b51:

(56)
Ly = =by3b36bs, — byybssbs, — by4bsbs,,
Ly= _b14b36b52'
4 0003 (0 + (x17)(e‘§ + E)(e‘7 + Y)(e"E + 7)
YL = = z X
i1 (ayy + (a0 + 1) ¥) (215 + (013 + 214)Z) (@5 + (@6 + ;7))

oty (o3 + oc17)(e’z + E)(e’7 + ?)(e’g + 7)

(ap + (g + 1) P) (o5 + (03 + 214)7) (g5 + (@6 + @17)%)

ay05 (g + (x17)(e’3 + E)(e’7 + E)(e’z + y)

+ — = —
(a + (g + 1) P) (25 + (013 + 214)7) (g5 + (@16 + @17)%)

o004 (g + (x17)(e’§ + E)(e’7 + E)(e’2 + 7)

+ = = —
(ayy + (a0 + ) P) (o5 + (03 + 214)Z) (@5 + (@6 + @17)%)

ajey; (g, + ;) (e + Ly) (e 2+ L)) (e7™ + L)

" (agy + (g0 + agp)Ly) (a5 + (g3 + ogy)Ls) (g + (g6 + ay7) Ly )

a0y (a3 + ayy) (e + Ly) (e + Ly) (e + L) (57)

+
(ayy + (a0 + ayp ) Ly) (a5 + (o3 + 014) Ls) (g5 + (g6 + y7) L)

oy o3 (e + ayy) (M + Ly) (e + L) (e ™ + Ly)

+
(ayy + (g +agy)Ly) (o5 + (o3 + 0y4) Ls) (g5 + (46 + y7) L)

10 (@16 + ap) (€1 + L) (e + L) (e + 1)

+
(a0 + (ayg + ayy ) Ly) (g5 + (g3 + ayy) L) (g5 + (@y6 + 217) L)

o003 (@ +on7) (€71 + L) (e + Ly) (e + L)

- (a0 + (a0 + ) Ly) (g5 + (g3 + ay4)Ls) (g + (@6 + y7)Ly)

oy (a3 +agy) (e + Ly) (e 2 + L) (e7h + L)
(o + (a9 + a1 )Ly) (a5 + (g5 + ay4)Ly) (g5 + (atq6 + 47)Ly)

(a3 + a00yy) (s +ayy) (e7H + Ly) (672 + L)) (e + Ly)

(ap + (g + aqp)Ly) (5 + (g3 + 0y4) Ls) (g5 + (g6 + 017)Ly)

Assuming that (48) holds, and then from (57), one (ii) Using similar manipulation as in the proof of (i), one
gets 2?21 |L;| < 1. Hence, Y, of (3) is a sink. has
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i |Li| = 03 (o + ay7) (U1 + Us) (2 + Uy (67 + U,)
S0 (g + (g + 0qp)Uy) (s + (3 + 014)U3) (o + (a3 + @17)U7)

a0 (o3 +ay7) (V1 + Us) (e + Uy (e + U,)
(a5 + (a9 + 1)U, (g5 + (a3 + a1,)U3) (g + (a6 + y7)U4)

ayas (ag +a;) (e +U5) (e + U ) (e7Y + U,)

(ay + (g + a;1)Uy) (a5 + (g5 + ay)U5) (a5 + (a6 + y7)U)

+

a0t (o6 + o17) (677 +U5) (7% + Uy ) (7% + U,)
(a5 + (g9 + 01 U5 ) (a5 + (3 + @14)Us) (s + (6 + 217)U )

+

apaty3 (g + ) (677 +Us) (2 + Uy ) (e + Uy)

(arp + (g + a11)Uy) (g5 + (g5 + a14)U3) (g5 + (246 + 47)U )

s (0 + ) (¢ + Uy) (Y +U) (¢ +U3)

+
(a1 + (agg + 0)U,) (g5 + (g3 + a14)U5) (45 + (a6 + 47)U )
(o5 + ayooy) (a6 + ai7) (677 +U3) (e7%2 + Uy ) (e + Uy)
(aip + (agg + 01)U,) (a5 + (g3 + ay4)Us) (s + (g6 + 1)U )
Assuming that (49) holds, and then from (58), one gets with
Z?:I |L;| > 1. Hence, Y, of (3) is a source. O
0 0 0 0 by by
In similar manner, one can explore the local dynamics 1 0 0 0 0 O
about Y;(i =2,...,6), respectively, of systems (4)-(8), as
follows. by by 0 0 0
]|Y2 =
o 0 1 0 0 O
Theorem 5.
0 0 by, b 0 0
(i) For Y, of (4), the following holds: S
' R 00 0 0 1 0
(i.1) Y, is a sink if
905 (0 + t3) (€™ + Lg) (€™ "o + Ly) (e + L) where -
(a7 + (a5 + az6) L) () + (019 + 0t29) L) (0tq + (002 + 33)Ly) b = aple ™ + )/)
15 =

ag0tys (0 + tg3) (€74 + Ls) (675 + Lg) (e ' + L)

+
(g7 + (a5 + a36) Ls) (a3 + (o1 + 03) L) (g + (0t + @33)Ly)

(a0 + tro3) (6 + o) (675 + Ls) (75 + L) (e + L)

<1.
(7 + (025 + 0036) L) (g + (1 + @) L) (2 + (o2 + @p3)Ly)

(i.2) Y, is a source if

@19 (6 + ay3) (674 + Us) (e7Ys + Uy) (e Y + Uy) Qyq (0
(a7 + (g5 + 0036 )Us) (3 + (g9 + a0)Usg) (@aq + (a2 + 0023)U)

@190 (A + @p3) (e7Y1 +Us) (e7Y5 + Ug) (e7Y +U,) by =

(g7 + (5 + 36)Us) (g + (g9 + @9)Us) (024 + (0t + 223)U,)

+ (a0 + G0 3) (U6 + @) (674 + Us) (e7Ys + Ug) (e” Y +U,)

(
(
(
(
(59) oczz(e‘g + E)
) (
(
(
(

ay(e? +2)

>1,
(a7 + (5 + 036 )Us) (03 + (g9 + a0)Usg) (@aq + (2 + 0023)U) bsy =

(60)

Q7 + (g5 + Ay6) Y

(58)

(61)

(62)
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(ii) For Y5 of (5), the following holds:

(ii.1) Y5 is a sink if

(ap5 + aty9) (67 + ;) (a3 + azy)e s (@3 + az5)e
sy + (agg + az9)L; ays + (g +an)ly  agg + (a5 + a35)Lg

~L-L
(34005 + Grgllsy + U350 + Gpgllas + Qpgttzy)e” 7710

(a30 + (a5 + a29)L7) (36 + (o34 + 35)Lg)

L L
(31005 + 03505 + azy055)e” 70

(33 + (a3 + asy)Lo) (36 + (34 + a35)Lg)

-L
(Qgsq + Aoy + Haglas + Aagisy + Apgys)Lre

(a3 + (g + @) Ly) (36 + (34 + 35) Lg)

(@31 Qg + A3y + Xy Xas + Xy a5) Ly Lg

(33 + (a3 + asy)Lo) (36 + (34 + a35)Lg)

LI L
(@031 Ay + Qg Ay + Qg Way + Mgty e~ 17717l

(30 + (a5 + @n9) L) (35 + (03 + &t35) Lg) (36 + (34 + t35)Lg)

L-L-L
(09035034 + Qg3 U5 + Gyl as + Qpgltzy0y5)e” 7~ el

63
(asg + (g + @g9) L) (@33 + (3, + &35) L) (36 + (34 + a35)Lg) (©

(031 A3y + ApgQls) Ay + Qg3 Ay + Apg3sayy )Ly LgLo

(a3 + (a5 + Aa9) L) (35 + (3, + &35) Lg) (36 + (34 + 35)Lg)

(029035034 + Qg3 Uz5 + Gyl s + Qo035 035) Ly Lg Ly

(s + (agg + a9) L) (33 + (03 + a3p) L) (36 + (34 + 0t35) L)

-L
(g0 Ay + Qg Ay + Qg3 Ay + Apgsyy e 7 Lg Ly

(a3 + (a5 + ag9) L) (33 + (03, + &t35) Lg) (36 + (34 + t35)Lg)

L
(09035034 + Qg3 A5 + Cpg sy Mas + Cpgllzy 035 )€™ 7 Lg Lo

(30 + (ctag + @a9)Ly) (35 + (03 + &35) Lg) (36 + (34 + 35) L)

L L
(gl Qg + Aoy Ay + Wpgllyy Wy + Apgystyy )Lyl lo

(s + (g + @9) L) (33 + (3 + a35) L) (36 + (34 + 0435) Lg)

L L
(@9 Xsg + Mgy Ags + Hpglyy Uas + aglyy g5 ) Ly Fe o

<1.
(s + (agg + @9)Ly) (33 + (03 + a3p) L) (36 + (o034 + 0135) L)
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(ii.2) Y5 is a source if

(g5 + aty9) (e77 +U;) + (a3 +as)e

Discrete Dynamics in Nature and Society

~Us (@aq + az5)e” Y

g + (g + ay9)U; a3 + (@) +a3)Ug s+ (s + ass)Ug

~U,-U.
(@348 + A9y + Aaspg + Haglys + ApgtyyJe V7Y

(a3 + (g8 + @9)U7) (36 + (@34 + a35)Usg)

~Us-U
(@334 + A3505; + apags)e” s

(33 + (s + as)Us) (@36 + (@34 + a35)Us)

-U
(Qpg03y + Gpgllay + Qpgllys + (pglsy + dpgttss)Uz€” o

(30 + (g + 029)U7) (36 + (o34 + a35)Us)

(31 Qg + Qg + X3y Aas + X3y 05)U,Ug

(a3 + (a3 + as)Ug) (@36 + (@34 + a35)Usg)

~U,~Ug-U
(@31 Ay + Wiy Hay + Hpglay Uay + Hpglysry Je U7 Vs s

(30 + (a5 + @9)Us) (033 + (31 + a33)Us) (36 + (34 + t35)Usg)

~U,~Ug-U
(@93 Xsq + Uiy Has + Upglsy Ugs + Gpglyyays)e” V7~ Vs™Us

(a3 + (a5 + @9)Us7) (033 + (31 + a33)Us) (36 + (34 + 0t35)Usg)

(05031 034 + Qg3 Uzy + Cpglsy Ay + Cpg 350031 )U,UgUy
(s + (g + a9)U7) (@35 + (@31 + @3,)Uy) (36 + (@34 + 35)Usg)

(09035034 + Qg3 U5 + (pglay s + Qpg 03,035 )U,UgUs

(30 + (cag + @9)U7) (33 + (31 + a32)Us) (36 + (34 + 0t35)Usg)

-U
(09031 03y + Qg Uzy + gy + Cpgys0iy; e 7UUg

(30 + (o5 + @9)U7) (033 + (31 + a3y)Us) (36 + (34 + 0t35)Usg)

(029035034 + Qg3 Uz5 + Gyl + Cygllzy 0zs )€ YUgU,
(s + (g + a9)U5) (@35 + (@31 + @35)Us) (36 + (@34 + 35)Usg)

_Uy-U.
(s Ay + Qs Ay + Aoyl Asy + A5y YU € Vs

(s + (g + a9)U;) (@35 + (@31 + a3,)Uy) (36 + (@34 + 35)Usg)

_U,-U
(@93 + QpgQls) Ass + Mgy Aas + Mgy as )U e~ Vs~

(s + (g + a9)U7) (@35 + (@31 + @3,)Uy) (36 + (@34 + 235)Usg)

>1,

(64)
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with

]|Y3 =

where

b56 -

bys byy bis bsg
1 0 0 O
bsy bsy bss bsg
0 0 1 O

(xzs(e”‘ + f)

30 + (0t5 + 09X

(e +%)
(

Q30 + (g + “29)

o3e

o33 + () + 03))7

ape”

o33 + () + 03))7

a3y

o33 + (o) + 03)7

a3 )

oz + (0 + a3y)7

0342

s + (o34 + a35)y

0352

Wy + (o34 + a35)7

03.€

g + (o34 + Ws5)¥

A35€

s + (o34 + a35)7

(iii) For Y, of (6), the following holds:
(iii.1) Y, is a sink if

; (65)

(66)

13

(37 + asg)e”ho (g + oy )e

Wsg + (@a7 + Aag) Ly gy + (g + gy )Ly

(g3 + ayy) (6772 + Lyy)
s + (g + @)Ly,

“L-L
(g + gy Qa7 + Aagllyg + Aay0y) + Azgaty Je” 1070

(a9 + (a3; + asg)Lyy) (g + (g0 + gy ) Lyg)

(37040 + A3gyg + A0y + A3y )Ly Ly,

(@39 + (@37 + asg)Lyy) (g + (g + ay)Lyg)

Ly (L
(@go0y3 + 0tgy 0y + @gy s + agoyy)e” 1 (e7h2 + Lyy)

(g + (g + ag)Lyg) (s + (g3 + ayy)Ly,)

Ly (L
(@75 + Qaglyy + Gagttyy + azp0,)e” 0 (6712 + L)

(30 + (@37 + asg)Lyy) (g5 + (g3 + agy)Ly)

+ [(ot370040 043 + Q35040043 + A3y Qg3 + A3y Qg

030y Qs+ O350y gy + 03704 Qg + Olag 0y gy ) bombn=he
+ (0370040043 + Qaglyg0tys + A0y Oy + A3y Qg lyy
030y Qs+ O30y Qgy + 03704 gy + Qg 0y 0yy)LigLy Loy

+ (0370040043 + Qg g0y + Az 0y + Ay OlygQtyy
+ 0350y Oy F O30y 0y + 0370y Qg + QagOlyy gy )€ leLloLn
+ (s + Qg Olyy + 0370y Olyy + O3y 0Ly yy + O30ty Otys
_LIO_ Lll ]

0y Qg + 0370 gy + Aag0ly 0y ) Lyne

1

(30 + (37 + a3g) L1y ) (e + (gg + 0641 Lyg) (g + (s + 0t4g)Ly3)

<l

(iii.2) Y, is a source if
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-U -U
(a7 + azg)e” o + (g + agy)e”n by, by, b3 byy 00
azg + (037 + a3g)Uyy oty + (g + a41)U g 1 0 0 0 0 0
U by, by, by by, 00
(0643 + 0644)(6 2 4 le) ]|Y _ 3 3 33 3 , (69)
4
s + (g3 + ayy)Us, 0 0 1 0 0 0
I 0 0 0 0 bs by
(37040 + gy 037 + Aagltyg + 370, + Azg0ty; e~ V07U
0o 0 0 o0 1 O
(30 + (37 + a35)U 1y ) (@gp + (g0 + 41)U5)
where
(@a7004 + Aagltyg + Aa70, + 3500, )U 10U
(30 + (37 + a35)U 1y ) (@gy + (g0 + 41)U5) b “376—2
1= —>
U U g + (037 + asg)y
(Qays + 0ty Oy + Ay Qs + ag0tyy)e” V1 (672 + U )
(agy + (g + ) )U 1) (tys + (g3 + 0y )U 1) b azge”
12 = —
oy 3o + (37 + asg)y
(@703 + C3g0y3 + A3gyy + 37004, )e” V0 (e7V2 + U )
(30 + (or37 + a3g)U 1) (@45 + (g3 + €44)U15) by, = 37X
—
039 + (03 + 0t35) Y
39 37 T O3
+ (037040 Qg5 + agyg0y3 + A3y lyy gy + U3y Qg Ay + _
b 35X
14 = —>
“Uyy-Uy-U o + (037 + asg)y
gty Oy3 + O3y g gy + Olyz 0y Oy + QsgQlyy Agg)e 0101
Ay
+ (7 g 0ty3 + Q3500 Qs + 700 Oy + 037 Qg gy by = oy + ((X + )Y’
) 40 T Qg
_ (70)
F 0390y Oy + Qg gy + 0370y, Qgg + Uagy 04y U0 U Uy by, = A4y .
oy + (g + oy )X
+ (7 Qg 0ty3 + Q350 Qs + a7 00 Oy + 037 Qg gy —
e
b33 = ( )—’
U ayy + (0 + 0y )X
+ 00350y 03 + Qg Qg Olyy + 03704, Agy + Uagyratyg)e 12U U, 42 40 4
+ (03704003 + Q35004 0y3 + Oy 0y gy + O 0y Oy + O304 O by, = e ”
- -
3704003 T K3g0tygQtyz + 03700y Q3 + 0370000y + O3g0tyy Oy 34 tpy + (%0 N oc41)x
Uy g gy + Uy Oy Uy + Cag0ly Ay JU e V107U -z 47
38040 0yq + 03700y Oyy + Q3g0ty gy JU p b 0643(6 + Z)
55 = -
) Qg5 + (g5 + @yy)Z
(as9 + (37 + a35)U 1y ) (g + (g + 041 )U o) (s + (s + agg)U75) a (e—E + E)
b 44
56 = =
s + (o3 + ayy)Z

>1,

(68) (iv) For Y5 of (7), the following holds:

with (iv.1) Y5 is a sink if
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(a6 + auz)e + (a5 + as3)e ™ + (og9 + asy) (€7 + Lyy)

Qg + (e + agy)Lys sy + (asy + as3) L5 sy + (g + asg)Lyy

LI
(ye0tsy + Oy Olsy + Qye sy + OLyaiss )e 1ol

(g + (g + agy)Lys) (@sy + (s + as53)Ly5)

(Qye0sy + Cyy0lsy + Qyells3 + yy0s3)Lis Ly

(g + (otgq + ay7)Lys) (asy + (asy + as3)Ly3)

L L
(“u46a49 + 0(47“47 + a46“50 + 06470650)6 13 (e 4 4 L14)

(agg + (g + agy)Lys) (a5) + (tag + t59) L1g)

Ly (L
(@gosy + Aspsy + Xygisy + Asptsy)e” 15 (e 114 + Lyy)

(asg + (asy + as3)Lys) (a5 + (otgg + 59)L1g)

+ [ (g g sy + Qg7 QggOisy + 0y sy + Oy Oy iss

+ Oy 05y sy + gy Olyg sy + Qg Olsg sy + 0yr OsgOls3 )€ bomhahes
+ (g Xsy + Ay Qg Olsy + g OlsgOisy + Oy Olyg s

+ 0 050 sy + gy Olyg sy + QygOlsgOisy + 07 Osg@ls3 ) Lis Ly Lys

+ (009 Qs + Ay Olyg sy + Agglsg sy + OygQgg s

+ 07 Qs sy + Oy Oy sy + Olygllsg s + Ay s is )€ L14L13L15
+ (04609 sy + Ay Olyg sy + Qggllsg sy + Oyg Qg is

137 LIS]

-L
+ Qg Uy + Ny Ryl + Nyl iy + Ky Xsos3 ) Lyge

1

X <
(g + (e + agr)Lys) (s + (ogo + 59)Lyg) (atsy + (a5y + a053)Ly3)

15

(71)

1.
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(iv.2) Y5 is a source if

- U13 _UIS

(g6 + ay7)e (as; + as;)e
g + (ogs + 0g7)Ups sy + (a5, + 53)U 5

(g9 + a59) (e7Y1 + U ) ,
sy + (o9 + 50 )U 4

~Up-U
(@getsy + Otyr sy + Ayl + Gyr0t53)e” V12~V

(s + (asy + a53)U 13) (@gg + (g + 047)U 1)

(g0 + Qg7 sy + 0y ts3 + 07053 )U 13U 15
(g + (sy + 53)U 13) (gg + (g + 047)U 15)

—Up (p-U
(“a46“49 70y + 0yglsy + 0‘47“50)9 s(eVn +UY)

(asy + (asy + a53)U 15 ) (@s; + (g9 + 04g)U )

Uy (U
(0y90ts) + gy + Aygllss + Asptsy)e” U (e Vs + U )

(asy + (s + a53)U55) (b5 + (o + ay)U 1)

+ (g Qag sy + Cy70ug sy + Aygllsg sy + 0ysyglss+
0Ly Qs sy + g7 Qgg Olsy + Qg Olsg s + gz UsgOiss )€ Vbt
+ (g tag sy + Ay QugOlsy + Oy sg sy + Qg Olyg s

+ 07 050 sy + Q7 OLyg sy + Uy OlsgOlsy + Oz s ts3 )U 13U 14U 5
+ (045 Qg sy + Qg7 Qg sy + Qg lsg sy + OlygllygAisy

Ty 05005, + 0709053 + Hyes00s3 + “47“50"‘53)‘37U14U13U15
+ (s tsy + Qyr Qg sy + Aygllsg sy + 0y g s+
Oy Qs sy + g7 Qgg s + Qg Olsg s + Oy s sy )U g€

UIS_UIS]

1

X
(g + (g + @y7)Uss) (g + (age + a50)U 1) (a5 (s + t53)U 13)

>1,
(72)

with

Discrete Dynamics in Nature and Society

bll b12 0 0 b15 b16

1 0 0 0 0 O

Ty, = : (73)

where

0c466'E
b11 = )
Qg + (g6 + 0y7)Z

— X
b — e
12 — >
gy + (g + 2y7)Z
b = 046X
15 = pt
Qg + (g + 2y7)Z
b = 0y X
16 — >
gy + (e + 0y7)Z
b = 0549(e‘y + 7)
33 — >
sy + (g9 + asg)y
(74)
b = ocso(e‘)’ + 7)
34 =
Qs + (“49 + “50))’
b — 05yZ
51 = )
sy + (s, + a53)%
b - 532
52 — >
sy + (s, + a53)%
-z
b — A5,
55 — >
sy + (s, + 053)%
-z
b - As5e
56 =

o5 + (a5 + at53) %

(v) For Y of (8), the following holds:
(v.1) Y is a sink if
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(55055 + As6sg + As5sg + Ases9) LigLyy (ass + asg)Lyg

(asy + (ass + ase) L) (o + (sg + &s9)Ly7) sy + (s + ) Lyg

(s505) + Cs50, + Ass0ts) + sy ) LigLig + (asg + ats9) Ly

(s + (ass + ase)Lig) (a3 + () + &gp)L1g) Ao + (g + )Ly

(@55 + As9e) + As9y + Asg1 ) LigLyg () + &tgy)L1g
(asy + (arss + as6) L) (s + () + &gy)Lig) 3 + (o) + @) Lig

+[( 5505505 + Q565 ) + U5y gy + A5 Ay (75)

_Llﬁ_L17_L18
+0ls sy gy + Olsglsg Oy + Us5Olsgly + s Usgl )€

+ (5505501 + As5Hs30, + NseWsgW) + Nss W)
0l sy Ky + 5oy + s iso gy + As®solisy ) L6 L7 Lyg)

1
X <1

(57 + (a5 + asg) L) (g0 + (sg + &s9) L17) (g3 + (g1 + &g3)Lyg)

(v.2) Y is a source if
(@s50s5 + Asesg + Xs5sg + Xselso )U 16U 17 (ass + ass)Us

(as; + (ass + ase)Us) (o + (sg + @50)Uy7) sy + (s + s ) U

(“55“61 + Q50 + sy + Uss0ter JU 16U 1 (“58 + 59 )U 5

(a7 + (55 + as6)U ) (@3 + (@) + @62)U1g) g + (g + &s9)U 5

(as5r + Aoy + Asoey + 501 )U 16U 1 (g + o6,)U g

(57 + (5 + as6)U ) (@3 + (@) + ¥5)U1g) 3 + () + &62)U g

+[(s50ts50tg) + Qs sg sy + Q55 syt + U5 Qg (76)

_Ulﬁ_Ul7_U18
+ Qs sg gy + Qs Qsg Oy + Q55 Qsg Oy + Qg sy gy )€
+ (5553061 + Ns5Usgly + Usgllsg gy + Asstisgli

+ U5 sy gy + Qs5Qsg gy + Qsglsglls) + UsgUsg ey JU U, U 1]

1

X >
(asy + (ass + ase)Uye) (o + (asg + @s9)Us7) (s + (%1 + ¥62)U15)

l)

with
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by by, 0 0 bys by
1 0 0 0 0 O
Ty = by by, by by 0 0 (77)
““'1o o100 o]
0 0 bs; bsy bss bsg
0O 0 O O 1 O
where
b11 = i
o5 + (a5 + atsg) %
b - Qs X
12 = —>
sy + (g5 + ase)X
b - asse ?
15= )
sy + (g5 + sg) X
b 0(566_2
16 — >
sy + (g5 + asg)X
b ocsse‘f
31 — —
' Xgo + (Asg + As9) Y
bo = ocsge‘f
32 — >
ago + (Asg + As9) Y (78)
by, = Asgy
Xgo + (Asg + 59V
by, = U5y
4 = >
Ao + (Asg + As9) Y
b = océle‘7
3 = —
’ A3 + () + ¥2)Z
b = a626'7
54 = >
A3 + () + ¥2)Z
beo = 012
55 — )
A3 + () + ¥2)Z
02
b56 =

g3 + (g + 0y )7

Proof. It is similar to the proof of Theorem 4. So its proof is
omitted. O

Hereafter, by constructing a Lyapunov function with
discrete time motivated from the work of [2], global dy-
namics about Y;(i=1,...,6), respectively, of systems
(3)-(8) is explored. O
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6. Global Dynamics of Systems (3)—(8)

Theorem 6. For global dynamics about Y,(i=1,..

')6)’

respectively, of systems (3)-(8), following statements hold:

(i) Y, of (3) is global asymptotically stable if

(g0 + 0‘11)‘3%2 <(2x-U,) (g + (g0 + &y;)Ly)s
(a3 + ayy)e” < (27 = Uy) (s + (g5 + ) Ls),

(06 + "‘17)6_L1 <(2z - Us) (a5 + (46 + ay7) Ly );

(ii)) Y, of (4) is global asymptotically stable if

(009 + ayp)e” fec (2% = Uy) (g1 + (ay9 + az) L),
(ap +ays)e” bic (27 = Us) (agq + (g + 053)Ly),

(5 + g )e” e (22— Ug) (ayy + (aps + aze)Ls);

(iii) Y5 of (5) is global asymptotically stable if

(g + 0‘29)‘3%7 <(2X% = U;) (s + (g + a)Ly)s
(a3 + 0‘32)6%8 <(2y = Uy) (ass + (a3 + asy)Lo)s

(“34 + "‘35)67L9 < (22 - U9) (036 + (0‘34 +as5)Lg);

(iv) Y, of (6) is global asymptotically stable if

(@37 + asg)e” bo < (2% = Uyp) (a39 + (37 + at35) L1y ),
(g + gy )e g (27 = Uyy) (g + (gg + gy )Ly),

(ags + "‘44)‘3_L12 <(2Z2-U,) (s + (g3 + agy)Lyy);

(v) Y5 of (7) is global asymptotically stable if

(a6 + "‘47)6%13 <(2X% = U,3) (agg + (g6 + @g7)Ly5),
(a9 + "‘50)‘3%M <(27 - U,y) (as; + (a9 + asg)Lyy)s

(a5, + 0‘53)‘3%15 <(22-Ujs) (a5 + (s, + as3)Ly3);
(vi) Y¢ of (8) is global asymptotically stable if
(ass + asg)e” b < (2% — Uyg) (asy + (s + @t57)Lys),

(asg + ase)e b < (27 = Uyy) (agp + (sg + 50)Ly7),

(a1 + "‘62)‘3_L17 <(2Z2 - Ug) (a3 + (61 + &62)Lyg)-

(79)

(80)

(81)

(82)

(83)

(84)

Proof. (i) Consider the following discrete-time Lyapunov

function:
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Now
_\2 —\2 2
L, =(x,=%)" +(y,—¥) +(2,-2)". (85)
Arn = I‘n-*-l - Fn
= (xnﬂ - xn) (xn+1 + X, - ZE) + (yn+1 - yn) (yn+1 YV~ 2?) + (znﬂ - zn) (zn+1 +z, - 22)’
= Vn + = Yn-1
= (xn+1 - xn)( o e + X, - ZX)
G+ &pVnt &1 Y0
opze” % 4 oy e P _
+ - +y,-2
(yn+1 yn)((xls + “13zn + 0 4Z, Yn }’)
~Xn 4 ~Xn-1
+ (2Zper — zn)< N16® %176 +2z, - 22)
g T XXy + &7 X
(0‘10 +ay)e -
< (U, - +U, - 2%
ayy + (agg + oy )L, (86)
s Hagy)eh
+(U,-L +U, -2
v 2)(“15 + (o3 + agy)Ls :
+(Us — Ly) (g tag)e™ o
’ ayg + (o6 + ay7) Ly ’
- (U, -L,) ((“10‘“"11 _(ZE_UI)(“IZ+((X10+(X11)L2)>
=Y
apy + (g + o)Ly
+(U,-L,) (a3 +ayy)e = (27 - U,) (s + (o5 + “14)L3)>
ays + (a3 + o)Ly
+(Us - Ls)( (o1 + ai7)e” ™ = (22~ Us) (o + (g + 0‘17)141)).
ayg + (o6 + ay7) L
From (80) and (87), one gets AT',, <0V n>0. Hence, we where
obtain that lim,_, (T,,; —T,) =0, and thus Y, of (3) is
global asymptotically stable. O O X e [L,U),
L3 The oroof of (i) (vi) i he broof of (i y € [LyUs), (88)
Remark 3. The proof of (ii)-(vi) is same as the proof of (i). Z e [L,Us],
7. Rate of Convergence then the error vector, i.e.,
We will explore the convergence result about the equilib- ot
rium point of systems (3)-(8) motivated from the existing 1"
literature [3-5], in this section. 0,1
92
_ n
Theorem 7. If the positive solution of (3) is {Q,} |, s.t. 0 = ., | (89)
i 5, =% ez
. _ 3
nh_r>noo In=D (87) 9'1—1
nleoo Zn =% satisfies the following relation:
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where |\, ]|y | are the roots of J|y,.

lim (Henu)l/n =|A1,4..,6]|Y1|’

n—aoo

16, (90) Proof. If the positive solution of (3) is {Q,},> |, s.t. (88)
lim S = |)L1)‘_')6]|Y1|, along with (89) holds. To find the error terms, one has

e 6]

X % = a7 + oye (a + 0‘11)677
e A+ QY+ @ Yoy Gy (@ +@y))F
(xloe_yn(eyn_y — 1) ~ ‘xlle_yn—l (e}’n—l_y — 1) ~ 0‘10}()’” _ 7)
O+ &Yy T Yu1 Gt QY T X Y1 Gt QoY T & Y
“nx()’n—l _7) (91)
A+ &Yy + 11 YV
_ “IO(e_y”(yn -y+ Ol((yn _7)2)) + x(yn _7)) (y _ 7)
Oy + AoV + Q11 Vp1 "
~ “11(e_y”’1()’n—1 -y+ Oz(()’n—1 _7)2) +X (Yot _7)) (s )
O + XYy T X1 V01 i '
So,
_ o (677 + %) _ oy, (€71 + %) -
Xppy —X = ° (Pn=7)——H (Yn1 =)
Oy + A Vn + A1 V0 Oy + A Vn + X111 V0 (92)
_ \2
+0,((7,=3)) + Os( (71 = 7))
Similarly,

_ a (e +7y _ o (e %1+ .
Yor1 =YV = 13( y) ( n—%)~ 14( y) (Zn—l _Z)
Qs + 032, + 0142, Q5+ 032, + 0142,

+05((2,-2)°) + 04((2,-1 - 2)%),

(93)
_ (X16 (e_ *n + E) _ 0(17 (e_ Xp-1 + Z) _
Zyp1 T2 = Xy — 'x) - ('xn—l - x)+
Qg + ApeXy + X7X, Qg + ApeXy + Xp7X
o 2) +0 2
5(('xn —X) ) + 6((‘xn—1 _x) )
From (92) and (93), one gets
- a (e +X) _ ay (e + %) _
Xy =X = = (u=7) - (Y1 =)
" A+ Yyt Yy A+ Yyt Yy
— a(e™ +7) - ay (€7 +7) —
Yor1 =V = — (Zn - Z) - (Zn—l - Z)’ (94)
Q5+ 032, + X142, Qs + Q32 + 042,
= (xlﬁ (e_ n + E) _ ‘x17 (e_ Xn-1 + 2) .
Zpp1 T2~ (xn - x) - Xp-1— X).

Qg T AyeXy + X7X Qg + XXy + Ap7X
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Denote
6, = x, - %,
0= 2u=
6 =2,-2

In view of (95), from (94), one gets

I 2 2

9n+1 - wlnen + wZnen—l’
2 3 3

01 = 3,0, + 04,0, 1,

3 1 1
6n+1 - anen + w6n9n—1’

where

o (e +X)
wln - >
A+ 00V, + 611 V0
B o, (6771 +X)
w2n - >
Ay + X0 Vn T X1 V01
z =
. = aj; (e +7)
3n — >
QA5 + X132, + X425
N
_ ay (e +)
w4n >
Qs + 032, + 042,
(e +2)
Ws,, = >
Qg + XXy, + Q7%
o, (e7 1 +2)
w6n -

Aig + ApeXy + Xy7X,

From (97), one gets

) oclo(e‘7 + E)
lim w, = —,
n—00 ay + (oo + )y
) ocu(e’7 + E)
lim w,, = —,
n—00 ap + (oo + )y
_E —
. 0‘13(‘3 + )’)
lim w;, =
n—00 a5 + (a3 + a2
. “14(3_2 + )’)
lim w,, =
n—"00 a5+ (a3 + ayy)Z
) oclé(e’} + 2)
lim ws, =
n—00 ag + (o6 + @p7)X
_ 0417(6’z + E)
lim wg, = —
n—00 apg + (a6 + ap;)X

that is,

21
a (e 7 +%
Wy, = 10( ) —+bl,
apy + (o0 + ayp)y
95 _
(95) (xn(e’y + E)
w2n = —+ bln—l’
apy + (o0 + ayp)y
a,(eZ+7
w3, = 13( y) —+b2,,
a5+ (o3 + apy)Z
(99)
(96) 0c14(e‘z + 7)
w4n = —+ bzn—l’
a5 + (a5 + agy)Z
a (e *+z
ws,, = 16( ) —+ b3,
ayg + (o + ay7)X
a,(e*+z
Wg,, = 17( ) —+b3,_,,
g + (o + ay7)X
where b1,,b1, ,,b2,,b2, ,,b3,, andb3, | — 0 as
n — 00. Now, we have system 1.10 of [6], where A = ]IY1
and
0 0 bl, bl 0 0
(97) n n-1
1 0 0 0 0 0
0 0 0 0 b2, b2,
B(n) = ) (100)
0 0 1 0 0 0
b3, b3,, 0 0 0 0
0 0 0 0 1 0
such that ||B(n)| — 0o,n — 0. So, about Y, of (3) the
limiting system becomes
1 1
9n+1 6n
1 1
Gn en—l
6 6>
”;1 =Jv| " | (101)
Gn en—l
3 3
0n+1 en
3 3
en en—l
which is as J|y, about Y. O
(98) In the following theorem, we will summarize the con-

vergence results for systems (4) to (8).

o0

Theorem 8. (i) If the positive solution of (4) is {Q,},°_,, s.t.
(87) along with the following relation
holds:

€ [L,Uy),

€ [Ls,Us), (102)

€ [Le Ug);

=l

SRS
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then the error vector, which is depicted in (89), satisfies
the following relations:

lim ("9 ”)W =Yl

n—~a~oo

(103)

0
lim “ "“”:M1 ,,,,, JIYa),

where |A,_J|Y,| are the roots of J|Y,.

(ii) If the positive solution of (5) is {Qn};.i—l’ s.t. (87) along
with the following relation holds:

€ [L,, U],

x|

€ [Lg, Ug), (104)

=

n|

€ [Ly, Us),

then the error vector, which is depicted in (89), satisfies
the following relations:

. 1/n
nlinoo("@ “) _| ,,,,, 6]|Y3|’
[6,..] (109
lim 17+ |,11 6]|Y3|)

LN Y
where |, _J|Y;| are the roots of J|Y;.

(iii) If the posztzve solution of (6) is {Q,}r2 |, s.t. (87)
along with the following relation holds:

x|

€ [L1p,Uy)s
€ [Ly,Uy],
€ [L1p,Up,)s

(106)

ST

then the error vector, which is depicted in (89), satisfies
the following relations:

/n
nlgnoo(lle ”)1 =M, T Y],
(107)
[0
1 A Y,
—eo ||9 || | Lo 6]| 4|
where |\ ¢J|Y | are the roots of J|Y .
(iv) If the positive solution of (7) is {Q,}ne |, s.t. (87)
along with the following relation holds:
x € [Ly3, Uy,
¥ € [LiyUyl, (108)
z e [L5Uss),

then the error vector, which is depicted in (89), satisfies
the following relations:
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i (Jod)"" <o/
(109)

“ n+1”
nlimo ”9 " lAl ,,,,, 6]|Y5|>

where |\ _¢J|Ys| are the roots of J|Ys.

(v) If the positive solution of (8) is {Q,}°_, s.t. (87) along
with the following relation holds:

n=-1

(110)

then the error vector, which is depicted in (89), satisfies the
following relations:

hm ("9 H)l/n ... [Yel:

(111)
i 1ol
= o)

where [\, ]|Y¢| are the roots of J|Y.

Proof. 1t is similar to Theorem 7, and hence its proof is
omitted. O

8. Discussion and Simulations

In the reported work, we have explored the global dynamics
of (2,3)-type exponential systems of difference equations.
We have investigated that {Q,};>_, of systems (3) to (8) is
bounded and persists, and the corresponding invariant
rectangles, respectively, are [L,,U,] x [L,,U,] x [L;,Uj;],
(L, U,] % [Ls, Us] x [Lg, Ugl, [Ly,Us] % [Lg, Ugl X [Lo, Uy,
(L1osUsol X [Lypy Upl X [Ly15, U]y [Ly3, U] X [Lyg, Uy
x [Li5,Usl, and [Ly, Ul X [Ly7,U;;]1 % [L1g,Ujsl. Fur-
ther, we have explored the existence and uniqueness of the
positive equilibrium and the global and local dynamics of
systems (3)-(8). We have also investigated the rate of
convergence of the positive solution of systems (3)-(8).
Finally, some numerical examples are provided to support
the theoretical results. For instance, if «; (i = 10,...,18),
respectively, are 13, 24, 319, 12, 0.1, 0.2, 1.5,0.4, and 0.002,
then from Figures 1(a)-1(c), the positive fixed point
(0.06304125281075143, 0.567941569702224, 0.4220224516
533974) of (3) is stable and its corresponding attractor
is shown in Figure 1(s). Now, if o; (i = 19,...,27), respec-
tively, are 19, 14, 9, 112, 0.1, 0.2, 15, 14, and 2, then from
Figures 1(d)-1(f), the positive equilibrium point (0.6122
355979161732, 0.996719892698477, 0.8425637558539959)
of (4) is stable and its corresponding attractor is shown in
Figure 1(t). For (5), if a; (i = 28, ..., 36), respectively, are 9,
0.4,9,12,0.1, 0.2, 15,2, and 15, then from Figures 1(g)-1(i),
its unique positive equilibrium point (0.277465951,
0.924713, 0.88573) is stable and its corresponding attractor
is shown in Figure 1(u). For (6), if a;(i=37,...,45),
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FIGURE 1: Trajectories for (3) to (8) with initial values x,, y,, z, (s = —1,0), respectively, being 0.7,2.4,0.9,0.4, 1.9, and 0.4.

respectively, are 29, 14,9, 12, 0.1, 0.2, 15, 14, and 2, then from
Figures 1(j)-1(l), its unique positive equilibrium point
(0.9391896591799592, 0.9495483631730844, 0.8598773120
562713) is stable and its corresponding attractor is shown in
Figure 1(v). For (7), if a; (i = 46, .. ., 54), respectively, are 29,
14, 1.9, 12, 0.1, 1.2, 15, 14, and 2, then from Figures 1(m)-
1(0), its unique positive equilibrium point (1.22564,

0.8167047,1.007332) is stable and its corresponding
attractor is shown in Figure 1(v). Finally, if a;(i =55,
..., 63), respectively, are 9, 4, 129, 12, 0.1, 25, 14, 14, and 2,
then from Figures 1(p)-1(r), the unique positive equili-
brium point (0.09228515208223682, 9.184938317317343,
0.0000975782517529335) of system (8) is stable and its
corresponding attractor is shown in Figure 1(w). For more
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results on dynamical properties of difference equations, we
refer the reader to [7, 8] and the references cited therein.
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