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In this paper, we study the higher order differential equation f® + Bf = H, where B is a rational function, having a pole at co of
order n>0,and H = 0 is a meromorphic function with finite order, and obtain some properties related to the order and zeros of its

meromorphic solutions.

1. Introduction and Results

In this paper, a meromorphic function means a function
that is meromorphic in the whole complex plane C. We
assume that the reader is familiar with the fundamental
results and the standard notations of Nevanlinna’s value
distribution theory of meromorphic functions (see [1, 2])
and use the same notations as in [3]. In addition, we use the
notations A(f) and A(f) to denote the exponents of
convergence of the zeros and distinct zeros of a mero-
morphic function f(z), respectively, and o(f) to denote
the growth order of f.
In 1993, Chen [4] obtained the following theorems.

Theorem 1. Let A be a rational function with n-th order pole
at oo, and let E be a transcendental meromorphic function
with o(E) = B<(n+ k)/k. If all solutions of the differential

equation
fP 4L Af=E k22, (1)

are meromorphic, then every solution f(z) of (1) satisfies

- B B _(n+k) l B l
XD =M =a(f)=""2, A(f)—A(E), )

with at most one exceptional solution f, satisfying

B<o(fo)<(n+k)k.

Theorem 2. Let A be a rational function with n-th order pole
at oo, and let E be a transcendental meromorphic function
with (n + k)/k <0 (E) = p < 00. If all solutions f (z) of (1) are
meromorphic, then

(a) o(f) =B, A(1/f) = A(1/E).

(b) If B = A(E) >A(1/E), then A(f) = .

(c) If B> max{)A(E),A(1/E)}, then f(z) satisfies

Af)=2(f)=a(f) =5, (3)

with at most one exceptional solution f satisfying o (f,) <p.

We all know from the fundamental theory of complex
differential equation that all solutions of linear differential
equation with entire coefficients are entire functions, but a
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solution of linear differential equation with meromorphic
coefficients is not always a meromorphic function. For
example, f(z)=exp{l/z} is a solution of the equation
f" = (1/z* +2/2%)f =0, but f(z) is not a meromorphic
function. Hence, the condition “all solutions f (z) of (1) are
meromorphic” in Theorems 1 and 2 is very rigorous. A
natural question to ask is whether the condition “all solu-
tions f (z) of (1) are meromorphic” in Theorems 1 and 2 can
be omitted? In this paper, we consider the above problem
and give a positive answer by proving the following
theorems.

Theorem 3. Let B be a rational function with n-th order pole
at oo, and let H(=0) be a meromorphic function with
0 (H) = B. If the differential equation

f®4+Bf=H, (4)

has a meromorphic solution, then

(a) If B<(n+ k)/k, then all meromorphic solutions f (z)
of (4) satisfy

(n+k)

P (5)

M) =A(f)=o(f)=

with at most one exceptional solution f, satisfying

o(fy) =0(H)<(n+k)k.

(b) If B = (n+ k)/k, then all meromorphic solutions f (z)
of (4) satisfy o (f) = (n+k)/k and

max{u f),)\(%)} > max{)u(H),)u(%)}. (6)

Theorem 4. Let B be a rational function with n-th order pole
at oo, and let H( =0) be a meromorphic function with
((n+k)/k) <o (H) = f<oo. If differential equation (4) has
meromorphic solution, then

(a) o(f) =B

(b) If = A(H)>A(1/H), then A(f) = 3.

(c) If B>max{A(H),A(1/H)}, then all meromorphic

solutions f (z) of (4) satisfy

Af)=2(f)=a(f) =5, (7)

with at most one exceptional solution f, satisfying
1 1
Al — )2 H), A=)}
max{l(fo) A( fo)} >max{A(A(5)} ®

2. Lemmas for the Proof of Theorems

Lemma 1 (see [5]). Let H be a meromorphic function and
0(H) =<co. Then, for any e>0, there exists a set
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E, ¢ (1,00) that has finite linear measure and finite loga-
rithmic measure, such that

H (2)| < exp{r"*}, (9)

holds for all z satisfying |z| =r ¢ E, U [0, 1].

Lemma 2 (see [5]). Let g(z) be a transcendental entire
function and o(g) =a<oco. Then, there exists a set
E, ¢ (1,00) that has infinite logarithmic measure, such that

logv, (1)

lim loglogM (r, g) ~ lim
logr

o logr o

% (10)

where v, (r) is the central index of g(z).

Lemma 3 (see [4]). Let B be a rational function with n-th
order pole at co. If f(z)( = 0) is a meromorphic solution of
the differential equation

FRP4LBf =0, (11)

then o(f) = ((n+ k)/k).

Lemma 4 (see [4]). Let E( = 0) be a meromorphic function,
and let by_;(j=1,2,...,k) be some rational functions. If
f (2) is a meromorphic solution of the equation

fO+b fE Y+ w b f =E (12)
satisfying 0 (E) <o (f) < 0o, then X(f) =A(f) =0(f).

Lemma 5 (see [6]). Let u,(z) be a meromorphic function
with o (u;) = <o, and let £>0 be a given constant. Then,
there exists a set E; C (1,00) that has finite logarithmic
measure, such that

k
uM (2)

k-j) (-1
i G AR
U (=)

<l|z j=0,1,...,k=j+1,j+2)~-')

(13)
holds for all z satisfying |z| =+ ¢ E;U [0, 1].

Lemma 6. Let by, by,...,b_;,H(=0) be some meromor-
phic functions and o (H) = $ < 00. For by, by, . ..,by_,, there
exists a set E, C (1,00) that has finite logarithmic measure,
such that for all z satisfying |z| =r ¢ E, U [0, 1], we have

b;(2)|<lel7, j=0,1,.. k-1, (14)
wherec;(j =0,1,...,k - 1) are positive constants. If there is
an entire function g(z) satisfying the equation

g(k)+bk_lg(k—1)+_._+b0g:H, (15)

then o (g) < co.

Proof. Suppose that (g) = co, p(r) is the maximum term
of g(z) when |z| = r, and v(r) is the central index of g(z).

Using a similar method as in the proof of Lemma 2 in [5],
we know that there exists a subset E, C (1, 00) with infinite
logarithmic measure, such that
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im logv(r/2) o
r—o log(r/2) -

r€E,

(16)

Since v(r) is a step function of r, without loss of gen-
erality, we suppose that 0 =t,<t, <t,< --- are disconti-
nuity points of v(r) and pu(t) = |a1,(t)|ty(t) has a fixed central
index v(t) =m when t € (tj,t]-+1). Hence, for t € (tj,tj+1),
we have

K () = mla et < £V, (17)

outside of finite points in [0, 7). Since y(¢) is a continuous
function, for r >2, we have

logu(r) —logu(1) = JZ[‘Z((:))]dt

Hﬂ]d»j [@]dt (18)
1|t 2| t

>v<£>lo 2
275 g2.

By Cauchy’s inequality, we have u(r) <M (r, g). From
the inequality above, we can get that

V(%)logZ <logM/(r,g) —logu(1). (19)

Choosing a sufficiently large « such that
a>max{cy, ¢y, ..., Cp, f} +hk+ 2. (20)

By (16)-(19), we can see that for sufficiently large r,
r € E,, we have

v(r)= v(g) > (%)a =d,r", (21)

M(r, g) > ds exp{d,r"}, (22)

where d,,d;, andd, are the positive constants.
From Wiman-Valiron theory (see [7]), we can choose
lz| =1,1g(2)| = M (r, g), such that we have

() j
gg](g)=<vir)) (1+0(1), j=12....k r¢E,

(23)

where E, is of finite logarithmic measure.

By Lemma 1, we can see that there exists a set
E, c [1, 00) of finite logarithmic measure, such that for all z
satistying |z| = r € [1,00) — E;,+ — 00, we have

|H(2)| < exp{rﬁ+(1/2)}. (24)

Now, we can choose sufficiently large |z| =7 € E,-
(E,UE;UE,),|lg(2)| =M(r,g), E, - (E,U E;UE,) is of
infinite logarithmic measure; by (15) and (23), we have

3
k k-1
(w) (1+o0(1))+ bk_l(M>
z z
(25)
H
S +0(1) +---+b, :%,
that is,
v(r)(1+0(1)+b_-z2(1+0(1)) + b,
22 & H 2 (26)
-7(1+o(1))+-~-+b0- F:EF
By a >, (20)-(22), and (24), we have
k B |k
IE % < eXP{T’ } r S 0 (r— oo,
g dyexp{d,r®} - (d,r®)
(27)

where |z|=r € E, - (E,UE;UE,), |g(2)| = M (r,g). For
(j=12,...,k—1), we have

k— j+1
|bj,lz

e

holds for |z| =r € E, — (E; UE;UE,),r — 00. Hence,

rcj,1+k— j+l

- —
(dzra)k_]

0, (28)

<

H Z*
gF—bk,I Z(l +0(1)) _bk72
2 k
z z (29)
o) by ] =0 -2)

— O(T’C’HH) _ O(rck’l+k+l).

On the other hand, by (20) and (21), we can see that for
sufficiently large r, r € E,, we have

[v(r) (1 +o(1))|>%r“>rc"*l+k+l. (30)

By (29) and (30), we can know that (26) implies a
contradiction. Hence, 0(g) < co. O

Lemma 7. Let B be a rational function with n-th order pole at
0o, and let H(=0) be a meromorphic function with
o(H) = B. If f(z) is a meromorphic solution of (4), then

(a) If B<(n+ k)/k, then all meromorphic solutions f (z)
of (4) satisfy o(f) = (n+ k)/k, with at most one ex-
ceptional solution f satisfying o (f,) = p.

(b) If B= ((n+ k)/k), then a(f) = 5.

Proof. To our aim, we will consider the following three cases.

Case 1. Suppose that H (z) = B, (z)exp{P (z)}, where
B, (z) is a rational function and P (z) is a polynomial



and then deg P = 8. By Lemma 3 in [4], we can know
that the conclusion holds.

Case 2. Suppose that H(z) is a meromorphic
function with infinitely many poles. Then, by (4), we
have o (f)=p.

(a) First, we will prove that if o(f)=a>p, then
o(f) = ((n+k)k).
Suppose that z' is a pole of f(z) of order m, (>1)
and Band H are all analytic at z'. Then, z’ must be a
pole of f® + Bf of order m, + k, which contradicts
the fact that H is analytic at z'. Hence, all poles of f
come from poles of B and H. Since B has only finitely
many poles, we can see that all poles of f come from
poles of H with finitely many exceptions. Suppose
that z" is a pole of H of order m, and B is analytic at
z", then z" is a pole of f (z) of order m, — k. Thus, we
can know that f (z) has infinitely many poles. From

n(r, f) =n(r,H)-kn(r,H) + O(1)
<n(r,H)+0O(1),

n(r,H) =n(r, f)+kn(r, f)+O0(1)
< (k+Dn(r, f)+0O(1),

(31)

we can see that f (z) and H have the same exponent of
convergence of poles, that is,

A(%) - A(%) <p. (32)

By Hadamard factorization theory, we can set
f(z) = g(z)/[zkm(z)] = g(2)/u, (z), where k, is a
nonnegative integer, g(z) is an entire function, and
u, (z) = 2% - u(z), where u(z) is the canonical product
formed with the nonzero poles {z j=1L2lzl =
rp0<r <ry<- -Yof f(2). A(u) =0(uy) = /\(l/f)<
B. By o(f) =a>p, wehave 0(g) =0 (f) = a.

By Lemma 1, we can choose ¢, such that

(33)

0<(k+ 1)s<min{(x—ﬂ, (n+k)}’

k-p

holds, and there exists a set E;, C (1,+00) of finite
logarithmic measure, such that for all z satisfying
|z| =r ¢ [0,1]UE,,r — 00, we have

)< P (39

By (32), we can know that f(z) and H have the same
exponent of convergence of poles. From the above
proofs, we can see that except for finitely many
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exceptions, f (z) and H have the same poles with the
difference of their orders being k; hence, the above set
E, concerning f(z), for H, we still have for all z
satistying |z| =r ¢ [0,1]JUE,,r — 00,

H (2)| < exp{ri**}, (35)
holds. Substituting f (z) = g (2)/u, (z) into (4), we get

(k) (k=1)

97+bk_lgg +4(by+B) = (36)

uH

g
where by_; are some differential polynomlals, with
constant coefficients, in u{/u;, u, /ul,...,u1 /u1 By
0 (u;) <p and Lemma 5, we can see that there exists a
set E5 C (1,+00) with finite logarithmic measure, such
that for all z satistying |z| =r ¢ [0,1]UE;,r — 00,
we have

ul (Z)

<|lzPB1 0 io 12,k (37)
”1(2) <ll J

By (33), we have k(B -1+ ¢) <n. Hence, by (37), we
can easily obtain

b |<clzf B9 i=1,2,... Kk

by +B=dz"(1+0(1)),

where candd are two nonzero constants and
|z| =7 € (1,00) — E;,r —> co. Thus, by Lemma 6,
(36) and (38), we have 0(g) = a < 0o0.

By Lemma 2 and 0(g) = a <00, we can see that there
exists a set E, C (1,+00) with infinite logarithmic
measure, such that

i BN (0) | Iogv()
o logr e logr

(39)

where v(r) is the central index of g(z).

Choosing |z| =1,|g(2)| = M (r,g), from Wiman-
Valiron theory, we can know that (23) holds outside a
set E, with finite logarithmic measure. For sufficiently
large 7, by (39), we have

M(r, g) > exp{r"}, (40)

where |z| =r € E, - (E,UE;UE,),|g(2)| = M(r, g).
Since u, is entire, o (u;) <, combining (35), (40), and
B+2e<fB+ (k+1)e<a, we have
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s (2) - H(2)| _[u(2)- H(2)]
| g9 | Mg

< exp{Zrﬂ+£ - r“_s}

— 0> (T' — OO)»

(41)

where |z| =7 € E, - (E,UE;UE,),|g(2)| = M (r, g).
Choosing z such that |z| =r € E, - (E;U E;UE,),
lg (2)] = M (r, g), since E, — (E; UE; UE,) is of infinite
logarithmic measure, by (23), (36), (38), and (41), we
can see that for r — 00, we have

k k-1
(M) (1+0(1) + O(rﬁl+£)<v(r)>
z z

L 40(1) - 4ldl" (1 +o(1)) = LEHE@ _ 0y
g(z)
(42)
By (39), we «can see that for re€E,-
(E,UE;UE,),r — 00, we have
v(r) = rotoW, (43)

By (43), we can see that the degree of terms of the left-
hand side of (42) in r is
k(a+0(1)-1), (a+0(1)-1)(k-1)
+(B-1+4¢€,....,(a+0o(1)-1)+(k-1)(f-1+¢),n.
(44)

By (33), we have (f—1+¢)< (a+0(1)—1), which
implies that
k(a+o(l)-1)>(a+o(1)-1)(k-1)+(f-1+¢)
>(a+0(1)-1)(k-2)+2(f-1+¢)
> ...
>(a+o(1)-D+(k-1)(B-1+e).
(45)

Thus, comparing the degree of terms of both sides of
(42) in r, we obtain k(a—1) =n, which implies
a= (n+k)k, thatis, o(f) =0(g) = (n+k)/k.
Now, we will prove that all meromorphic solutions
f (2) of (4) satisfy o (f) = (n + k)/k, with at most one
exceptional solution f satistying o ( f,) = 5.
Suppose that f, and f,(f, = f,) are two mero-
morphic solutions of (4) and satisfy o(f,) =
o(f)=p. Then, o(f,— f,)<((n+k)k). Since
fo — f1 is a meromorphic solution of homogeneous

equation (11) corresponding to (4), by Lemma 3, we
have o(f,— f,) = (n+k)/k, which is a contradic-
tion. Hence, equation (4) has at most one exceptional
solution f, satistying o(f,) =f, and all other
meromorphic solutions are satisfying

o(f)=m+k)k.

(b) Since o(f)=p=(n+k)/k, we will just prove that
o(f)=a>pis false.
Suppose that a>pf, and set f(z)=g(z)/u,(z),
where g(z) and i, (z) have the same meanings as in
(a). Then, using a similar method as in the proof of
(a), we can see that for any given e(0< (k+ 1)e<
a - f3), (34)-(37) hold. By = (n+ k)/k and (37), we
can see that for |z| =1 € (1,00) — E;,r — 00, we
have

i=1,2,...,k

b, | <clz|/ 14O,
{ | k ]' (46)

|by + B| =ldIz" (1 + 0(1)),

where candd are the two nonzero constants.

By using (36) and (46) in conjunction with Lemma 6,
we have o0(g) = a« <oo. Continuing using a similar
method as in the proof of (a), we can see (39)-(43) hold.
Hence, for |z| = r € E, — (E; UE; UE,), we can see that
in the left-hand side of (42), only one term
(v(r)/z)k(l +0(1)) has the highest degree k(a —1) in
r. It is impossible. Hence, o (f) = 5.

Case 3. Suppose that H (z) is a meromorphic function
with finite many poles and infinite many zeros. Then,
we can use a similar method as in the proof of Case 2 to
obtain our conclusions.

Using a similar method as in the proof of (a) in Lemma 7,
we can obtain the following lemma. O

Lemma 8. Let f(>1) be a positive integer, and let B_; be
some rational functions with n,_;-th order pole at co, where
m_;=jB-1D(=L2...,k). U=0 is a meromorphic
function, and o (U) < f. If the differential equation

W+ B WV 4. 4 Bh=U, (47)
has meromorphic solution, then all meromorphic solutions

h(z) of (47) satisfy o (h) = f, with at most one exceptional
solution hy satisfying o (hy) = o (U).

Lemma 9. Let By_; (j=1,2,...,k),Q be rational functions
and By_; has a pole of order m_;(>0) at co, and P is a
polynomial with deg P = B. If f (z) is a meromorphic solution
of the equation

f(k) + kalf(k_ 1) Foeeet BOf = er’ (48)

then o (f) < o0.



Proof. Without loss of generality, we suppose that f(z) is
transcendental. Otherwise, f (z) is a rational function, and
we have o (f) < co.

Differentiating both sides of (48), we have

kD +(Bk—1 _%_Pr>f(k)

(49)

that is,

!
(k+1) Q e
f + + Z [Bk; +Bk7jfl —Bk]<6+P’):|f( ]) = 0)

j=0
(50)

where B, = 1land B_; = 0.

Since the poles of f(z) just appear at the poles of
Bi_;(j=12,...,k),Q, f (2) has finitely many poles. Using
f, to denote the sum of the major part of all poles of f,
f,=f—-f, is a transcendental entire function and
o(f)=o0(f,). Substituting f = f, + f, into (50), we have

k !
K+l Q (k=j)
2(+)+Z|:BI,€—]+Bk_j_l_Bk_j<6+P,)] i )

i=0

k . A
- _ 1(k+1) + Z[Bk’j +B_j1 — Bkj<Q_+ P'>] l(kfj) .
=0 Q

(51)

Since the right-hand side of (51) is a rational function, its
order is finite.

Suppose that Bj_;=a;_z"i(1+0(1)) and P'=
bzP~1(1 +0(1)), where A_; andb are some nonzero con-
stants. Then,

!
Bi_;+By_j - Bkj<% + P’) =W - 2!

~(T+o(1) +ar_jy 2% (1 +0(1)) - bay_; (52)

2% (14 0(1)),

hence, there must exist some positive constants ¢_; (j =
0,1,...,k) such that

QI

B j+ B - Bk—j(a + P') < lz|%,

i=0,1,...,k

(53)
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Applying Lemma 6 on (51) and (53), we have o ( f,) < co.
Hence, o (f) < co. O

Lemma 10. Let B, ;(j=1,2,...,k) be some rational
functions with ny_;-th order pole at co, and let H( = 0) be a
meromorphic function with o (H) = < co. If the equation

f®O 4B F*V 4. B f=H, (54)

has meromorphic solution f, then
0)-6)4)
max{/l ) A(%)} > max{)t (H), A(%)}

Proof. Since By_;(j =1,2,...,k) have only finitely many
poles, we can see that if z;, is not a pole of
B_;(j=12,...,k), thenzy is an a-th order pole of f ifand
only if z, is an (a+k)-th order pole of H; hence,
A(1/f) = A(1/H). Since

atk a 1

a1 56
% 2k 2S¢ (56)

we have

in(r,H) +0(1)<n(r, f)<n(r,H) + O(1),

iN(r,H) +O(logr) <N (r, f)<N(r,H) + O(logr).
(57)

1 1
A<?> -A(3) (58)
Now, we will prove that every meromorphic solution f

of (54) satisfies o ( f) < 00. So, we will consider the following
three cases:

Thus,

Case 1. Suppose that H (z) = Q(z)exp{P(z)}, where
Q(z) is a rational function and P(z) is a polynomial.
Then, deg P = . Thus, by Lemma 9, we have o ( f) < 00.

Case 2. Suppose that H (z) is a meromorphic function
with infinitely many poles. Then, by (54), we have
o(f)=p. It o(f) = B, then o(f) < co. Without loss of
generality, we suppose that o(f) = a>f.

Set f (z) = g(2)/u, (z), where g(z) and u, (z) have the
same meanings as in the proof of (a) of Lemma 7. Using
a similar method as in the proof of (a) of Lemma 7, we
can get o(u;)<fB and o(g) = 6(f) = a. Substituting
f(2) = g(2)/u, (z) into (54), we have

(59)
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where by_; are some differential polynomlals, with
constant coefficients, in u/uy, uj/u,, ..., uf /u,, and
Bi_j»...,By_;. Using a similar method as in the proof
of (a) of Lemma 7, we know (37) holds obviously.
Hence, we can easily obtain

|bej| < clzl/ = 1,2, 0k, (60)

where ¢ is a nonzero constant, ¢ satisfies 0 <e<a — 3,
and n' = max{ny,n,,...,m_;}. By Lemma 6 and (59)
and (60), we have 0(g) = o < 00. Hence, o (f) < 0.
Case 3. Suppose that H (z) is a meromorphic function
with finitely many poles and infinitely many zeros.
Then, using a similar method as in the proof of Case 2,
we can get 0(f) <oo.

Thus, we can write fand H in the following form:

=i,
1
(61)

where m, andm, are the integers, E, and E, are the canonical
product formed with the nonzero zeros of f and H, Q, and Q,
are the canonical product formed with the nonzero poles of f and

H, and P, and P, are the polynomials such that deg P, <o ( f)
and deg P, < o (H). Substituting (61) into (54), we have
E
F(E,,Q,) = 2™ 2271, (62)
Q

where F is a rational function in E;, Q;, and its derivative,
with constant coefficients. Comparing the growth order of
both sides of (62) and noting that E, and Q, are canonical
products, we have

max{o (E,),0(Q,)} = (F) = (g P, )

(Q,),deg(P, - Py)}
>max{o (E,),c(Q,)},

= max{o(E,), o

(63)

{A(H),A(%)}. (64)

O

that is,
max«l/\ (f), )L(}) } > max

3. Proofs of Theorems
The proof of Theorem 3

(a) By Lemma 7, we can see that all meromorphic solutions
f(z) of equation (4) are satistying
o(f) =(n+k)/k, with at most one exceptional
meromorphic solution f, satistying o(f,) =

0(H) =p. From Lemma 4, we can know that
meromorphic solutions f(z) of (4) with o(f) =
(n+k)k satisty A(f) =A(f) =o(f) = (n+k)/k.

(b) By Lemmas 7 and 10, we get the required result.

The proof of Theorem 4

(a) By Lemma 7, we have a(f) = .

(b) If B =A(H) > A(1/H), then, by Lemma 10, we have
ACf) =B

(c) If B>max{A(H),A(1/H)}, set H =Ue", where
U = zF(V,/V,), kis an integer and V, and V/, are the
canonical product (or polynomial) formed with the
nonzero zeros and nonzero poles of H, respectively.
o(U) =max{A(H),A(1/H)}<f3, and P(z) is a
polynomial with degP(z) = f. Setting f =h-e”,
where h is a meromorphic function. Thus, f and h
have the same zeros and poles. Substituting f = h -

e’ and H = Ue” into (4), we have
WY 1 WY 4 p b= U, (65)
where
bk*l = kP,,
b =CL(P'Y +H,(P'), (j=2....k-1),

b, = C(PY + H,, (P')+B,
(66)

where CJ are the binomial coefficients and H ; -1 (P
are the polynomlals in P' and its derlvatlves with
constant coefficients and having degree j— 1 Itis
easy to see the derivative of H_; (P") with respect to
z having the same form w1th H;_,(P"). Since
B>(n+k)/k, we know degb,_; = j(B-1)(j=1,2,

.,k). By o(U) < S and Lemma 8, we can see that all
meromorphic solutions h(z) of (65) satisfy
o(f)=(n+k)/k, with at most one exceptional
meromorphic solution h, satisfying o (h,) = o (U).
By Lemma 4, we have A (h) = A (h) = o (h) = . From
Lemma 10, we can know that A, satisfies

o (o) Zmax«[l(ho),l(hi())} Zmax{A(H),A(%)}.

(67)

Hence, (4) has at most one exceptional meromorphic
solution f, = hye® satisfying

max{)t(fo) A(f0>} 2max{l(H),A<%)}, (68)

satisty

and all other meromorphic solutions f = he’

X(f)=A(f) = A(h) = .



4. Conclusion

Our paper investigates the nonhomogeneous linear differ-
ential equation f® + Bf = H, where B is a rational func-
tion, having a pole at co of order >0, and H=0 is a
meromorphic function with finite order, and obtains some
properties related to the order and zeros of its meromorphic
solutions.

Data Availability

The data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Authors’ Contributions

All authors have drafted the manuscript and read and ap-
proved the final manuscript.

Acknowledgments

This research was supported by the Guangdong Young
Innovative Talents Project (No. 2018KQNCX117) and by the
National Natural Science Foundation of China (Nos.
11701524, 11771090, 11761035, and 11871260).

References

[1] W. K. Hayman, Meromorphic Function, Clarendon Press,
Oxford, UK, 1964.

[2] L. Yang, Value Distribution Theory and New Research, Science
Press, Beijing, China, 1982, in Chinese.

[3] S.B.BankandI. Laine, “On the oscillation theory of f" + Af =
0 where A is entire,” Transactions of the American Mathe-
matical Society, vol. 273, no. 1, pp. 351-361, 1982.

[4] Z. X. Chen, “The complex oscillation of solution of A class of
differential equations with meromorphic coefficients,” Chinese
Annals of Mathematics, vol. 14A, no. 5, pp. 584-594, 1993, in
Chinese.

[5] Z.-X. Chen, “The zero, pole and order of meromorphic solu-
tions of differential equations with meromorphic coefficients,”
Kodai Mathematical Journal, vol. 19, no. 3, pp. 341-354, 1996.

[6] G. Gundersen, “Estimates for the logarithmic derivative of a
meromorphic function, plus similar estimates,” Journal of the
London Mathematical Society, vol. 37, no. 2, pp. 88-104, 1988.

[7] Y. Z. He and X. Z. Xiao, Algebraic Functions and Ordinary
Differential Equations, Science Press, Beijing, China, 1988, in
Chinese.

Discrete Dynamics in Nature and Society



