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In this paper, we consider the existence of solutions for the discrete mixed boundary value problems involving (p, q)-Laplacian
operator. By using critical points theory, we obtain the existence of at least two positive solutions for the boundary value problem

under appropriate assumptions on the nonlinearity.

1. Introduction

In recent years, with the development of mechanical engi-
neering, control system, computer science, and economics,
the existence of solutions of difference equations has
attracted wide attention (see [1-6]). For example, applying
Ricceri variational principle to obtain the existence of
multiple solutions [7-9], taking the invariant sets of
descending flow to prove the existence of sign-changing
solutions [10], making the linking theorem to get the ex-
istence and multiplicity of periodic solutions [11], and using
critical point theory to obtain the existence of homoclinic
solutions [12-15] and heteroclinic solutions [16].

As we know, the fixed-point method and upper and
lower solution techniques are important tools to solve the
existence of solutions for boundary value problems (see

]1 ~(q@)[u’ B () + sl u(x) = Af (xu(x),  x € la,b],

u(a)=u'(b) =0,

where p>1,q,s € L* ([a,b]) with g, = essinf(,;;g>0,s) =
essinf(,;;s>0, f: [a,b] xR — R is an L'-Carathéodory
function and A is a real positive parameter.

[17, 18]). But recently, it is more common to use critical
point theory to study Dirichlet boundary value problems
(see [19-23]). More result on difference equations by using
critical point theories can be referred to [24-27].

In [28], D’Agui et al. established the existence of at least
two positive solutions for the following discrete Dirichlet
boundary value problem:

-A(¢, (Au(k - 1)) + q(k), (u(k) = Af (ku(k), keZ(1,N),
u(0)=u(N+1)=0,
(1)
where q(k) >0 for all k € {1,2,...,N}.
Unlike this, D’Agui et al. in [29] proved that there are at

least two nonzero weak solutions for the following mixed
boundary value problem:

(2)

As a discrete analogy of the abovementioned problem,
we consider the existence of positive solutions for the fol-
lowing discrete mixed boundary value problem:
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u(0) = Au(N) =0,

where Z (a,b) denote the discrete interval {a,a + 1,...,b}
for any integers a and b with a <b, N be a positive integer,
f (k,u) is continuous in u for each k € Z(1,N), Au(k) =
u(k+1)-u(k) is the forward difference operator,
¢, R — R is the r-Laplacian given by ¢, (1) = [u|""*u
withu € R,1<g<p< +00,s(k)>0forallk € Z(1,N), and
A is a positive parameter.

In this paper, under suitable assumptions on the non-
linearity f, we use the theory of two nonzero critical points
(see [30]) to ensure that there are at least two nonzero
solutions for problem (D ). The two nonzero critical points
theorem is an appropriate combination of local minimum
theorem (see [31]) and classical Ambrosetti-Rabinowitz
theorem (see [32]). An important hypothesis of mountain
pass theorem is Palais—Smale condition. It satisfies the ap-
plication of infinite dimensional space by requiring the
condition that the nonlinear term is stronger than p-
superlinearity at infinity. In order to obtain the existence of
two nonzero solutions, we can assume the classical
Ambrosetti-Rabinowitz condition and nonlinear algebraic
condition (see (40) in Theorem 2) hold, that is, more
widespread than the p-sublinearity at zero. Moreover, when
we require that f(k,0)>0 for all k € Z(1,N), we can use
strong maximum principle to obtain the existence of positive
solutions, which has been proved in Lemma 2.

Let s, = min{s(k): k € Z(1,N)}, a special case of our
main result is stated as follows.

Theorem 1. Let f: R — R be a continuous function such

that
f@)
ti»O" tp-1 4(a)
f® 4(b)

t*>+oo tP- 1

pNF!

{ ~A(¢, (Au(k = 1)) +s(k), (u(k) = Af (k,u(k)), k € Z(1,N),
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(pf) )

then, for each A€ (0,(1+ s, NP'/pNP)Ymin {sup..,(c?/

maxi|<c _[g f(t)dt)> SUP 5o (Cp/max|£|£c _[g f(t)dt)}): the
problem
{ ~A($, (Au(k— 1)) + (), (k) = Af ((R), k€ Z(1,N),
u(0) = Au(N) =
(5)

admits at least two positive solutions.

The structure of the article is as follows. In Section 2,
some basic definitions and properties are given. In Section 3,
we give the main results. Under suitable hypothesm, Lemma
1 is used to obtain that the problem (D ) possesses at least
two positive solutions. Finally, some examples are given to
illustrate our main results.

2. Preliminaries

In this section, we recall some definitions, notations, and
properties. Consider the N-dimensional Banach space:

S={u: Z(,N+1) — R: u(0) = Au(N) = 0}, (6)

and define the norm

N+1 Up
lull = < > Au(k - 1)|f’> , (7)
k=1

and [ull,, = max{lu(k)|: k € Z(1,N)} is another norm in S.

Proposition 1. The following inequality holds:

pNP!

)”q<nunp L Tl sRlu (ol
p q

lull o < max«{ (1

Proof. Let u € S, then there exist k* € Z(
|u (k)| = max{lu (k)| : k € Z(1,N)}.

+s, NP1

1,N) such that

k=1

o
- 1)< <Z 1) VP

" S 7 RTINS ®
"\1+s, NP1 p q ’

Since

y
(Z |Au (k = 1)IP)"? < NP, 9)

k=1
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If [Jull, > 1, then

(11)

-1 N p-1 p-1 N
<||u||P+Zs<k)|u<k)|4>sN ; ||u||P+Nq Y s (Rl ()1,

k=1

ol s( pN*! )I/P(HUHP+ZkN—1S(k)|u(k)|q)1/P

1+s,Np1 p q

(14)

In summary, we have

then
luallZ, < NP7 Ju . (10)
(1 + s, NP D) lulld, - leall2, + NP7 Y s (R)lu ()1
p - p
k=1
that is, that is,
R A e (R GG
©7\1+s NP1 p q
(12)
If |ull, <1, then
(1+s,NP- l)um lull2, + NP-L YN s (k) (k)|
p p
NP1 Npt
<——Tull” + Y sl (),
k=1
(13)

||u||OOSmaX{( pN*! )”q(wnp SN (Rl (Rl

1+s,Np1 p q

Put
t
Fat) = [ f0aDdE V(an eZ(LN) xR, (16)
0
and consider the function J,: S — R for all A >0 by
])1 — (D - /\\I/, (17)
where

D = ®+%ﬂw)—M£
p

q
®, (1) = Yo 15(1;)Iu(k)l (18)

N
¥(u) =) F(ku(k)).
k=1

It is clear that @, ®,,¥ € C'(S,R) and their Gateaux
derivatives at the point u € S are given by

)uq’( pr—l )”P<||u||1’+Z,Ij_15(k)|u(k)|q>l”’}- 1)
1+s,Np1 p q

N+1
() (v) = Y ¢, (Aulk—1)v(k)
k=1
N+1
== Y ¢p(Aulk - D)w(k—1)
k=1
N N
=Y ¢, (Mu(k - 1)v(k) - Y ¢, (Au(k)v (k)
= k=0
N
==Y Ag, (Au(k - D)v(k),
k=1
N
D) (v) = ) s(k)g, (u (k) (k),
k=1

N
¥ () (v) = Y f (e u(k)v(k),
k=1

(19)



for all u,v € S. So, we have
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N
I () = Y [-A(¢, (Au(k - 1)) + s (k) (u (k) = Af (k, u (k)] v (k). (20)
k=1

Hence, a critical point u of ], is a solution of problem
(D))

Now, we recall a definition and a two nonzero critical
points theorem for the reader’s convenience. O

Definition 1. Let X be a real Banach space; we say that a
Gateaux differentiable function J;: X — R satisfies the
(PS)-condition, if any sequence {u,},.y € X such that

(i) Jy(u,) —m ceR,asn— +00

. !
(ii) J,(4,) — 0, as n —> +o00, has a convergent
subsequence

Lemma 1. Let X be a real Banach space and ®,'¥ € C' (S, R)
such that inf  (®) = @(0) = ¥ (0) = 0. Assume that there are
r € R and w € X, with 0< ®(w) <r, such that

SUP e (—cor] ¥ () Py ¥ (w)
r D (w)

(21)

and for each

(D (w) r
AeA= (‘I’(w)’ supu@l(oo),]\l’(u))’ (22)

the functional ], = © — AV satisfies the (PS)-condition and it
is unbounded from below.

Then, for each A € A, the functional J; admits at least two
nonzero critical points u,,u), such that J,(u,)<0
< ] h) (u /\,2).

In order to obtain the positive solution of problem (D{ ),
we establish the following strong maximum principle.
Lemma 2. Fix u € S such that either

u(k)>00r —A(¢, (Au(k - 1)) +s(k)g, (u(k)) =0,

(23)

Jl—A(cpP(Au(k—1)))+s(k)¢q(u(k))=)Lf(k,u+(k)), keZ(1,N), (o)

u(0) = Au(N) = 0.

Lemma 3. If f(k,0)>0 for each k € Z (1, N), any nonzero

for all k € Z(1,N). Then, either u>0 in Z(1,N) or u=0.

Proof. Let j € Z(1,N) such that
u(j) = min{u(k): k € Z(1,N)}. (24)
If u(j) >0, then it is easy know that >0 in Z (1, N).
If u(j) <0, then by (23), we have
~A(¢, (Au(j-1))) = =s(j)$, (u(j) =0, (25)

that is,
¢p (Du(f)) < ¢, (Au(j-1)). (26)
Since ¢, (u) is increasing in u, we have
Au(j)<Au(j-1). (27)
By the definition of u(j), we know that
Au(j)=0,
() (28)
Au(j-1)<0.

By combining (27) with (28), we get u(j + 1) = u(j) =
u(j—1). If j—1=0, we have u(j) =u(j - 1) = 0. Other-
wise, j—1¢€Z(1,N), replacing j—1 by j, we know
u(j—2)=u(j-1). Continuing in this way, we have

u(j)=u(j-1)=---=u(0)=0. Similarly, we have
u()=u(j+1)=---=u(N+1). Thus, u(k)=u(0)=0
and Yk € Z(1,N).

Now, put

F' (k,t) = J;f(k, ENdE, Y(kt) e Z(LN)xR, (29)

where & = max{¢, 0}.

Define Ji =0+ D, - AY" and
Yt (u): = ZkN:1 F* (k,u(k)). Standard arguments show that
Iy € C!' (S, R) and the critical points of J} are precisely the
solutions of the following problem:

/ (30)

O
Proof. Since a critical point of Jj is a solution of problem

critical point of the functional J} is a positive solution of D{ , the conclusion follows by the discrete maximum

problem (D/{).

principle ([33], Proposition 1).
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Next, we suppose that f(k,0) >0 and f (k,x) = f (k,0)
for all x<0 and for all k € Z(1, N). Put

F(k,t)

Proof. Let A>2PN +3—2P"1/gL_ . We consider a sequence
{tt,},en €S such that ], (u,,) — ¢ € R and J) (u,) — 0, as
n—> +o0o. Let u = max{u,, 0} and u; = max{-u,,0} for

Ly = min liminf > alln € N. We first prove that {u } is bounded. On one hand,
keZ (1,N) t—>+00
(31) we have
N Au, (k-1 < - ¢, (Au, (k- 1))Au, (k-1),
EZZS(k), | n l ¢p( ) n (32)
k=1 s (), ()7 = =5 (k) |, ()| T, (K, (K),
we have the following result. U forall ke Z(1,N). So,
Lemma4. IfL_, >0, then ] satisfies (PS)-condition and it is
unbounded from below for all A€ (2PN +3-2P71/
qLy» +00).
N+1
el = X |, = 1))
k=1
N+1 N=1
<= ) ¢, (Au, (k= D), (k) + Y ¢, (Au,, (k = 1)u, (k - 1)
k=1 k=1
N N
=- Z ¢, (Au, (k= 1))u, (k) + Z ¢, (Au, (k))u,, (k) (33)
k=1 k=1
N
= z A¢p (Aun (k- D)”; (k) = _(DI, (un) (u;)’
k=1
N N

Y s, () = =Y s, (u, (), (k) = =B (u,,) (us,).

k=1 k=1

On the other hand, we assume that

) - fku), ifu>0, ”
A ’”)_{f(k,O), ifu<0, (34

for each k € Z(1,N), then
N

¥ (u,) () = Y. f (kou, (K))ui, () 0. (35)
k=1

Therefore,

il <] + z SR
< - O (u,) (u,) - Dy (u,) (uy,) + A¥' (1t,,) (us,)
= —J; (u,) (u,),
(36)

for all n € N, which leads to IIMZIIP’1 —> 0asn— +o0.
So, we have ||lu, || — 0 as n — +00. It means that there

exists an M > 0 such that u;, <M. From (10) we know that
Il lloo < N"VPM =y, for all k € Z(1,N).

Next, we suppose that the sequence {u,} is unbounded,
that is, {} is unbounded.

As L, >0, we know that there exists an [ € R such that
Ly, >1>2PN +3 - 2P !/Ag. From the definition of L, there
is &, >0 such that F(k,t) >I|t|? for all t > §,. Furthermore,
since F (k, t) is a continuous function, there exists a constant
C(k)=0 such that F(k,t)=[|t|’ — C(k) with t € [-y,6,].
Thus, F(k,t) 21|t|P = C(k) for all s> —y and k € Z(1,N).
We can obtain that

N N
Y F(ku, (k)2 Y lu, 0 -C2lu,|’ -C,  (37)
k=1 k=1

for all k € Z(1,N), where C = ZkN:1 C (k), that is,
¥ (u,) > l"un"ﬁo -C. (38)

Hence, for all u, such that |u, |, =1, we conclude that



N+1|A (k |
p

N q
() = ' Z""s(k,;lu" O e

N PN P
<= D |, ) + ) |u, (k- 1)
P \ia i1

N
i1 > s(k)lu, (k)| = A¥ (u,,)
9o

—1 _
S2P (2N -1)
p

= Ap-1
< (% - Al>||un||§o +1C,

’ +§u 1 _ u
il + S, -7 )

(39)

Since 2PN +35-2P"'/q-A<0, we can  get
lim, . J,(u,) =—oo and this is absurd. Hence, J, sat-
isfies (PS)-condition.
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Let {u,} be such that {1} is bounded and {u} is un-
bounded. From the proof above we can see that J; is un-
bounded from below. O

3. Main Results

The main results of this paper are as follows.

Theorem 2. Let f: Z(1,N) xR — R be a continuous
function satisfying f (k,0) >0 for allk € Z (1, N). If there are
two constants ¢ and d with d < c such that

NP S AN
1+s, NP1 Zlﬁ:ﬁ)c(F(k’f)maX e cP

(40)

N
< min Lt F(F d).,, qI:‘X’ )
dPp=l +dig7's 2PN +5 — 2¢-1

Then, for each A € A, with

(41)

<{dpp1 +dig7 '3 2PN +5 - 21’1} (1+ s, NP~ 1/pNP~Hmin{c?, cP}
A = | max N , ) >
Yk F(k,d) qLoo

the problem (D{ ) admits at least two positive solutions.

Proof. Put @,V as in (18). It is clear that infx (®) = ®(0) =
¥ (0) = 0. According to Lemma 3, we know that a nonzero
critical point in S of the functlonal J} is precisely a positive
solution of problem (D ). Next, we just need to prove
condition (21) of Lemma 1.

We observe that L >0 from (40) and A, is nonde-
generate. Fix A € A, Lemma 4 ensures that J, satisfies

Yio) max g F (k, €)

(PS)-condition for all A>2PN +3-2P"1/gL_ and it is
unbounded from below. We let u € ®~ ! (—co, 7], that is,
(lull?/p) + (ZkN:1 s(k)|u(k)|?/g) <r. Put

_1+s,NP7!

: q .p
PN min{c?, c’}. (42)
If r=(1+s,NP1/pNP~ 1)1, it means that c>1.

According to (8), we obtain

NP-1 \ M4 NPe-1 O\ VP
ju (k) < el Smax{ (ﬁ) = ﬁ PP L = max{e,c??} = c. (43)
If r=(1+s,NFY/pNP~1)cP, we know 0<c< 1, then
NP1 1/q NP1 Up
| (k)| < [|lull o, < max P ', P P = max{c? ¢} =c. (44)
o0 1+s, Np1 1+s, Np1

To sum up, we know that |u (k)| <c for all k € Z(1,N).
Furthermore, we have

N N
Y() =) Flku(k)< ) maxF(k§).  (45)
k=1 k=1 15l=¢

for all u € S with @ (u) <r. Hence,

——

- vy -1 XN
SUPuco (o) (1) < PN > maxF (k, f)max{l, L
r 1+s, NP1 =< cq cb

(46)
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Now, let w(k)=d for all ke Z(1,N) and w(0) =
Aw(N) = 0. Clearly, w € S. It is easy to account that ® (w) =
d?p~! +dig '3, then

Y(w)
O(w)

S Fk,d)
drpl +dig's

(47)

Consequently, from (46), (47), and assumption (40), we
can obtain

sup  VY(w)
wo Coor] ¥ (@) (48)
r D (w)
Moreover, because 0 <d < ¢ and from (40), we obtain
1+s, NP1
0< dpp +diq g5 min{c?, cf}, (49)
pNF!

that is mean that 0 < ® (w) < r.
Hence, the problem (D ) admits at least two positive
solutions by Lemma 1 and Lemma 3 for all A € A,. O

Remark 1. If f (k,t) is a nonnegative function and there are
two positive constants ¢, d with d < ¢ such that

pNP-1 i { Yo Fkc) Yo, Fk, c)}

1 +S*I\]P_1 cd ’ cP

N
< mind 2k Fod)  qle )
dPpl +dig 15 2PN +5 — 2071

(50)

then the result of Theorem 2 is also valid for each A € A, with

There are some consequences of Theorem 2 as follows.

dPp~' +diqg s 2PN +35-2P71) 1+, NP7! ct cf
A, = | max 5 , ——min{ =y TN . (51)
SV F(kd) | dle pN? SV F (ko) IX, F (k)
NP1 11
pifAG(c)max{—,—}
1+s, NP1 c? cP

Corollary 1. Let g: R — [0, +00) be a continuous function
such that f(k,t) = oc(k)g(t) where oc(k) >0 for all
keZ(1,N). Put A=Y a(k), G(t) = [, g(&)dE for all
teRand L} := krr[llln a(k) hmmf (G(t)/tP)>0.

If there exists ¢ > d >0 such that

(52)

[ AG@) qLs,
< min - ,
drp! +dig'3 2PN +3 — 2¢1

then the problem D{ has at least two positive solutions for
each A € A; with

dPp=' +dig 15 2PN +35-2P"1) 1+5,N?"! min{cd, cP}
A= <max{ o, , . (53)

Proof. Consider the function f: Z(1,N)xR — R is
given as

f(k&) =alk)g), VkeZ(1,N),EeR, (54)
so that
N
r‘rfllaxF(k &= ZF(k d) = AG(d). (55)
k=1 "7

Then, the conclusion can be obtained by Theorem 2. [

Corollary 2. Assume f be a continuous function with

f(k,0)>0 and

F(k,t
limsup et _ +00, (56)
t—0* tP
lim FkD) = +00, (57)
t—+00 tp

forallk € Z(0,N). PutA™ = (1 + s NP~ Y/ pNP YYmin{sup .,
(YN, max g F (k, §)), sup o (cP/ Yo, max ei<cF (k. &)}

qLg,

pNP-1 AG (c)

Then, for each A € (0,1"), the problem (D{ ) admits at least two
positive solutions.

Proof. We know that L, = +oo from (57). Fix A € (0,1"),
and then there exists ¢ >0 such that
1+s,NP!
< —
pN#

Cq CP
- minA sup
o0 Yy, maxg F (k&) P Y maxyg F (k, £)

(58)
From (56), we can also obtain
N
F(k,t
limsup 2ic FkD) = +00, (59)
t—0* 124

and then there exists d € (0,¢) such that (ZkN:IF(k, d)/
d?p~' +dig '3) > (1/). Therefore, Theorem 2 ensures the
conclusion. O



Remark 2. If f(k,t) is a nonnegative function for all
(k,t) € Z(1,N) x [0, +00) As long as condition (56) holds
for at least one k € Z(1,N), then Corollary 2 ensures that
the solutions are obtained for each

1+s NPU cl cP
Ae O,Tmln sup —x ,SUp —x .
p c>0 Zk=1 F(k, C) c>0 Zk:l F(k, C)
(60)

Remark 3. When f(k,t) = f(t) for all k € Z(1,N), The-
orem 1 can be ensured by Corollary 2. Obviously, condition
(4(a)) implies f(0)=>0. Specially, if f is nonnegative, we
only need condition (4(a)) to get the corresponding so-
lution for each

Ae(01+s*Npl ) { cl cP }) (61)
,——————— MIN4§ysup ——- Sup —— .
pN? oy F(c) b F(0)

Example 1. Let p=4,q=2,N =3,s(k) =12, and f (k, 1)
=
Put

x(c) = p— (62)

Then,

_ c((2-c)ef -2)

0=y

(63)

Let z(c) = (2 —¢)ef — 2, then 2’ (c) = (1 - ¢)e’. So, z(c)
is increasing in ¢ € (0,1) and decreasing in ¢ € (1, +00).
Since z(0) = 0 and z(+00) = —00, there exists an unique
¢; € (1,+00) such that z (¢;) = 0. Thus, x (c) in increasing in
¢ € (0,¢;) and decreasing in ¢ € (c;,+00). This means that
SUpo X () = x(cy). In fact, ¢; = 1.5936.

Similarly, put y(c) = c*/e — 1, we can show that there
exists a unique ¢, € (3,+00) such that sup,,y(c) = y(c,).
In fact, ¢, = 3.9207.

Since

A i ) (64)
y(c,) = o 1>ecl 1 crx(ey) > x(cy),

then

1+s NP1
Wmm sup x (c), sup y (c)

c>0 c>0
(65)
1+s, NP1
=" x(c,) = 0.6496.
PN?

Therefore, for each A € (0, 0.6496), the problem

~A(¢y (Au(k = 1)) + 12¢, (u(k)) = 1e*®,  k=1,2,3,

u(0) = Au(3) =0,
(66)

admits at least two positive solutions.
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Example 2. Let N =3, p =3, andg = 2 and f be a function
as follows:

0, if t <0,
f(kt) =1 Vkt, ifo<t<l, (67)
~kt +225¢2 — 225, ift>1.

From Remark 1, we can choose ¢ = 1 and d = 0.02. Easy
calculation shows that

PN S 11y pNT g J%
o Lk omax{ -} = e X |,
= 1.3693,
N 0.02 N
SN Fled) 2 JO mdt~31386
drpl+dig's  depl+dig's T
ale 1 Vkt + 225t - 225
2PN +5- 201 66 t—teo 2
=~ 3.4091,

(68)
which satisfy condition (50). Thus, for each A€
(0.3186,0.7303), the problem

{ =A(¢s (Au(k - 1)) +8¢, (u(k) = Af (ku(k), k=123,
u(0) = Au(3) =0,
(69)

admits at least two positive solutions.
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