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The purpose of this work is to investigate the dynamic behaviors of the SIRS epidemic model with nonlinear incident rate under
regime switching. We establish the existence of a unique positive solution of our system. Furthermore, we obtain the conditions
for the extinction of diseases, and we show the existence of the stationary distribution for our stochastic SIRS model under regime

switching. Numerical simulations are employed to illustrate our theoretical analysis.

1. Introduction

Several of mathematicians have developed various epidemic
models to prevent and control the spread of transmissible
diseases in the community.

The classical SIR model presented by Kermack and
McKendrick [1] has played an important role in mathe-
matical epidemiology. The SIR model are used to study the
disease spread between three groups of population to know
the susceptible S, the infective I, and the recovered R.

In this work, we introduce a switched stochastic SIRS
epidemic model with specific functional response. Then, we
consider the following deterministic SIRS epidemic model
with specific functional response:
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where S(t) denotes the number of susceptible individuals,
1(t) denotes the number of infective individuals, and R (¢)

represents the number of removed individuals. A is the
recruitment rate of the population, g is the natural death rate
of the population, y is the rate at which recovered individuals
loss immunity and return to the susceptible class, A denotes
the natural recovery rate of the infectious individuals, and §
denotes the disease inducing death rate. The infection
transmission process in (1) is modeled by the specific
functional response (BSI/1+ «;S + a,I + a;SI), where f8 is
the transmission coefficient between compartments S and I,
and «;, a,, a; > 0 are the saturation factors measuring the
psychological or inhibitory effect. In addition, this func-
tional response generalizes many common types existing in
the literature such as the Crowley-Martin functional re-
sponse introduced in [2] and used in [3] when a3 = a;a,
and the Beddington-DeAngelis functional response pro-
posed in [4] and used in [5] when a; = 0.

Environmental fluctuations have been indicated to play
an important role in the propagation of disease [6, 7]. In
effect, disease infestation is highly stochastic, and stochastic
noise can raise the probability of disease extinction in the
early phase of epidemics. By running an ODE system, we can
get only a certain sample solution, whereas by running an
SDE system, we can obtain the stochastic distribution of
disease dynamics [8]. Lately, dynamic modeling of infectious
diseases based on stochastic differential equations (SDE) has
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received considerable attention from experts and academics
[9-11]. The SIRS epidemic model with white noise is
expressed by

1
dSz(A—yS— BS

1+ a;S+a,] +a3SI

dI :< BSI

1+ oS+ ay] +asSI

+ yR)dt + 0,5dB; (t),

—-(u+A+ 8)I>dt + 0,1dB, (1),

dR = (AI - (¢ + y)R)dt + 0;RdB; (t),
(2)

where B, (t),B,(t),and B;(t) are independent Brownian
motions and o0,,0,,ando; are their intensities. Besides
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environment white noise, in this paper, we will also consider
another noise, namely, telegraph noise ([12-15]). The latter
can be described as a switching between two or more regimes
of environment, which differ in terms of factors such as
nutrition, climatic characteristics, or sociocultural factors.
The switching among different environments is memoryless
and the waiting time for the next switch is exponentially
distributed. The regime switching can hence be modeled by a
finite-state Markov chain {¢(t),t >0} taking values in a fi-
nite-state space M = {1, 2, ..., N}. The stochastic system (1)
with regime switching can be described by the following
model:

B(s(1))SI

T+ (s(0)S +ay (s (DT + a3 (6 (£)ST

+ y(c(t))R] dt

(3)

ds = [A(c(t)) —u(c(t)S -
+0,(¢(t))SdB, (1),
I [ B(s(1)SI
1+ a, (6(£))S + oy (¢ (I + a3 (¢ (1))SI

+ 0, (c(1)1dB, (1),

—(u(c(®) +A(c(1) + 5(c(t)))1]dt

[dR = A(c (NI — (u (s (£)) +y (c(1))R]dt + 05 (¢ (£))RdBs ().

Throughout this paper, we let (Q, F,{F,}., P) be a
complete probability space with a filtration {F,},., satisfying
the usual conditions (i.e. it is increasing and right contin-
uous while &, contains all P-null sets). Let {¢(¢),# >0} be a
right-continuous Markov chain on the probability space
(Q, F,{F,},50» P) taking values in a finite-state space M =
{1,2,..., N} with the generator ® = (¢,,), <y given, for
>0, by

¢,,0 +0(0),
1+¢,,0+0(9),

ifutv,
P(C(f+5)=vlc(t)=u)={

ifu=nw.
(4)

Here, ¢, is the transition rate from u to v and ¢,,, > 0 if
u #v, while

P = = Z Py (5)

u#v

Suppose that the Markov chain ¢ () is independent of the
Brownian motion B(-) and it is irreducible. Under this con-
dition, the Markov chain has a unique stationary (probability)
distribution 7 = (7, ..., my), which can be determined by
solving the linear equation 7® = 0, subject to Y~ 7; = 1, and
m; >0, Vi€ M. Thereafter, for any vector h = (h(1),...,

RN, let =i € M (i)} and i = i € M {()}.

The rest of the paper is organized as follows. In Section 2,
we show that there exists a unique global positive solution of
system (3). In Section 3, we give sufficient conditions for the

extinction of the disease. In Section 4, sufficient conditions
for the existence of the ergodic stationary distribution are
established for model (3). Finally, numerical simulations are
carried out to support the theoretical results.

2. Existence and Uniqueness of the Global
Positive Solution

In this section, we will prove that model (3) has a unique
global positive solution. We also denote

R} ={(xp x5, %,) | ;> 0, = 1,2,3}. (6)

+

Thus, we established the following theorem.

Theorem 1. For  any  given initial  value,
X (0) = (S(0),1(0),R(0),¢(0)) € [Rfr x M, there is a unique
positive solution X (t) = (S(£),1(t),R(£),(t)) € R? x M of
model (3) on t>0 and the solution will remain in R? x M
with probability 1, namely, (S(t),I(t),R(t),¢(t)) € [Rf'r x M
for all t >0 almost surely.

Proof. Since the coefficients of system (3) are locally Lipshitz
continuous, for any initial value X (0) € R?, there exists a
unique local solution X (¢) on t € [0,1,), where 7, is the
explosion time. We need to show that this solution is global
almost surely that is, 7, = co a.s. Let m, be sufficiently large
such that every component of X (0) lies within the interval
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Hence, there is an integer m, >my, such that

(9)

[(1/m,), m,]. For each integer m >m,, define a sequence of
P(r,<T)>eforallm>m,.

stopping times by

T, = inf{t € [0,7,): S(t) ¢ (i,m>
m 7 Define a C*>—function V: R? — R, as
orI(t) ¢ (L,m> orR(f) ¢ (l,m>}. V(S LR =(S-1-n8)+(I-1-InI)+(R-1-1nR).
m m (10)
We set inf{@} = co, where & denotes the empty set. -
. o . By It6’s formula, we have
Obviously, 7,, is increasing as m — 00. Set T
lim,, 7, with 7 <7, (a.s). Now, we need to show dV, = 2V,dt + (S - 1)dB, () + (I - 1)dB, (¢)
To, = 0oa.s. If this statement is violated, then there exist (11)
T >0 and ¢ € (0,1) such that +(R - 1)dB; (1),
P(1,<T)>e (8)  where
1 ~ B (k)SI
LV = (1 )[A(k) RS oS v (0T + o Gy T Y PR
1 B(k)SI
_Z — 12
+<1 1)[1 Yo, (08 +a, T + o (Rys1 ~ HR) AR+ ‘w‘))l] (12
1 o3 (k) o3(k) o3(k)
#(1-2)RGOT = W0 + y )R + T2 4 22 B2,
which implies that
( ) B (k)1
= A _—
Vi = Alk) —p kS R 05 + (0T + a (S
R ‘71 (k) B(K)S
kg ~ W+ O = o5 @, (0T + oy (ST
7 (k)
+(pu(k) + A (k) + (k) + —=———u(k)R - A(k) + (p (k) +y (k)
(13)
LA
2
2 2 2
o1 (k) + 03 (k) + 03 (k) B(k)I
AR+ 3+ A0+ 0 (R +y (o + 2 1+ a, (S + a, ()] + a, (K)SI
s F+aivad B
SA+30+A+0+7 =%
2 a,
EV,(S(t,,AT),1(7,,AT),R(1,,AT))
(15)

Hence,
dV,(S,I,R) < Fdt + (S—1)dB, (¢t) + (I - 1)dB, (t) (14)

+(R-1)dB; (2).
Integrating both sides of the above inequality from 0 to Set Q,, = {r,,<T} for m>m, and by (4), we have
7,,AT, and taking the expectations, we get P (1o <T)=>¢ for each m >m,. For every w € Q,,, we have

<V,(8(0),1(0),R(0)) + HT.



V', (S(r,,AT), I (1,,AT), R (1,,AT))

(16)
2min{(m —1-1nm), (%— 1- lln%>} =1L,.
Then, we obtain
V,(8(0),1(0),R(0)) + KT >E[1, V, (S(r,AT),
I1(t,,AT),R(7,,AT))] (17)

>eL,,

where 1, is the indicator function of ,,,. Lettingm — +
oo leads to the contradiction oo = | (S(O) 1(0),R(0))+
KT <00. So, we must therefore have To, = 0oa.s. This
completes the proof. O

3. Extinction

Our goal in this section is to study the extinction and give the
extinction threshold of system (3). Then, the following
theorem gives a sufficient condition for extinction of the
disease.

InI(t)-
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Theorem 2. If &5 = Y1, mB(k)/a&; Yoo, m (u(k)+ A(k)+
(k) + (0,(k)/2)) <1, then the disease I tends to zero ex-
ponentially with probability one, i.e.,

lnl(t) Z <;4(k) +A (k) + 8 (k) +"2(k)> (%5 - 1].
: (18)
Proof. Applying 1t6’s formula, we can get
B B(s(t))S
ddn ) = )5 + @, (e () + @, ((E)SI
—(u(c(t)) FA(0) + 8(c (1) + 2 (;(t”)
+0,(¢(H))dB, (¢).

(19)

Integrating (19) from 0 to ¢ and then dividing by ¢ into
both sides leads to

Bc(s)S

In1(0) 1
t ?J

-

0

! r [ﬂ(c(S))

-

0

t

M (1)

>

where M (t) is a local martingale defined by M(¢) =
f:) 0,(¢(s))dB, (s), whose quadratic variation is (M, M), =

f:) 03 (g(s))ds < agt. Making use of the strong law of large
numbers for martingales ([16]) yields

lim M—(t): 0, as. (21)

t—00 t

Taking the superior limit on both sides of (20) and
applying the ergodicity of Markov chain ¢(t), we get

Ho[u(c(s»wc(s))w(c( )+
[, o2 (cnan, 9

(m(s)) S+ 8(5(s)) +
[RAGRIAC

1 O[ Bs(s) ( ((5) + A(¢(8) + 0(c(s)) +

01 +a;(c(s))S+ay(¢(s)I(s) +as (C(t))S(S)I(S)

0, (c(s)) ds
2

02(6(5)))]ds (20)
2

0, (c(s)) ds
2

lnI(t) i”

k
t—>oo k=1 |:

( (k) +A (k) +6 (k) + Z(k)>]

8'42

7rk<y(k)+/1(k)+6(k) Z(k)>

k

I
—

y [ Yo B (k) ]
ay Yooy m (u (k) + A (k) + 8 (k) + (o, (k)/2))
S (k)
=an<y(k>+uk>+6<k>+ )[@5_1]«)
k=1

(22)
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which implies that lim, , I(#) =0. This completes the
proof of theorem. O

4. Existence of Ergodic Stationary Distribution

In this section, we shall discuss sufficient conditions for the
existence of an ergodic stationary distribution to model (3).
The following lemma gives a criterion for positive recurrence
in terms of lyapunov function [17].

Let (X(t),¢(t)) is the diffusion Markov process and
satisfy the following equation

dX(t) = f(X(#),c())dt + o (X (t),(¢))dB(2),
X(O) = XO) C(O) =6
where f: R"xM — R", 0: R" x M — R™ satisfying
o(x, k)l (x, k) = (d,-j (x,k)). For each k € M, and for any

twice continuously differentiable function V (., k), the oper-
ator & can be defined by

(23)

8V(x k)

PV (x,k) = Zfl( k)

1

n

+) bV (x,0).
I=1

(24)

aZV(x k)
Z d;; (3, k) ————

1]1

Lemma 1. If the following conditions are satisfied:

(1) ¢;;>0 for any i+ j.
(2) For each k € M, D(x,k) = (d,-j(x, k)) is symmetric
and satisfies

MCP <AD(x, k)0 <A NP forall e R",  (25)

with some constant A € (0,1] for all x € R".

(3) There exists a nonempty open set D with compact
closure, satisfying that, for each k € M, there is a
nonnegative function V (,k):2° — R such that
V (., k) is twice continuously differential and that for
some « >0,

LV (x,k)< —a forall(x, k) € D° x M. (26)

Then, (X (),¢(t)) of system (23) is positive recurrent
and ergodic. That is to say, there exists a unique stationary
distribution p(.,.) such that for any Borel measurable
function f: R” x M — R satisfying

N
> | f ekluax b < oo, @)
we have
N
< hm " J F(X(s),6(s))ds = ZJ nlf(x,k)ly(dx,k)> =
k=1- R

(28)

Theorem 3. Assume that R > 1, then for any initial value
(8(0),1(0),R(0),¢(0)) € Ri x M, the solution (S(t),I(t),
R(1),¢(t)) of system (3) admits a unique ergodic stationary
distribution.

Proof. In order to prove Theorem 3, it is sufficient to prove
conditions (1), (2) and (3) in Lemma 1. Assumption $;;>0
for any i+ j, in Section 1 implies that condition (1) in
Lemma 1 is satisfied. To verify condition (2), consider the
bounded open subset

1 1 1 s
9 =1 ) ) R+a 29
(”I n>x(’7 ﬂ)x<’7 ’1>C 29

where 7 is a sufficiently large number. Then, & ¢ R?. We
have  D(S,I,R,k) =Q(S,I,R,k)QT (S,I,R, k),  where
Q(S, I, R, k) = diag{Sa, (k), 10, (k), Ro; (k)}, k € M. Then,
D (S, I, R, k) is positive semi-definite, and since R(S, I, R, k)
is a nonsingular matrix, we deduce that D(S,I,R,k) is
positive definite. Hence,

Amax (D (S, IR, k) = A0 (D(S, I, R, k)) >0, (30)

in addition, we have for all { € 9,
(DS, LRK)IC <" (D(S, LR K))

(D(S, LR K)ICI.

mm

max

It is easy to see that A, (D(S,I,R,k)) and A, (D(S,
I,R,k)) are two continuous functions of S,I, and R.
Therefore, A = min D x MA,, (D(S,I,R,k)) >0 and A=
max P x MA,_ . (D (S, I, R, k)) > 0, which implies that

NP < (DS, LR ) <A™ P, (32)

where A = min{x, /v\_l}. Then, condition (2) in Lemma 1 is
verified.

Now, we verify condition (3). Define a C>—function
V:R®xM — R by

V(S,LRk)=-M(InI+w(k)-InS-InR+(S+1+R).

(33)

In addition, V(S,I,R, k) is a continuous function on
with respect to (S, I, R). So there is a unique minimum value
point V (5,1, R, k) of V (S, I, R, k) in the interior of R x M;
then, we define a nonnegative C?- functlon '

R? xM — R, as follows:
I (S,1,R.k) =V (S,I, R, k) = V (S, , R, k)

=-M(nI+w(k))-InS-InR+(S+I1+R)
-V (S5, IL,R,k)
= = MV,-V,-V,+V,,
(34)
where  (S,I,R, k) € ((1/n),n) x ((1/n),n) x ((1/n),n) x M
and n>1 1is a sufficiently large number, V,=

-M(Inl+w(k), V;=-In§, V,=-InR Vs=8S+I+R-
V(S,I,R, k), and M >0 satisfies the following condition:



N
-MYn (y(k)+)u(k)+6(k) "“”)(%;- 1)
k=1

(35)

p

. 0, 0O
M4+ 2u+p+A+ 2+ 2< -2
o, 2 2

_ —B(K)S
ZV2 1+ (K)S+ay (k) +ay
k
022( )_Z¢kl () = ﬁ( )

02 (k)

S#+y(k)+l(k}+8(k)+
1

= ~Ry(R)- Zgbkzw(l) ﬁ(k)

where R, (k) = (B(k)/&,) — u(k) - A(k) = 6 (k) = (0, (k)/2).
Since the generator matrix @ is irreducible, then for
Ry = (Ry(1),Ry(2),..., R, (N)T, there exists w = (w(1),
w(?2),...,0(N)T solutlon of the Poisson system ([18]):

N
dw = -R, + <Z mR, (l))?,

I=1

(37)

=
where F denotes the column vector with all its entries equal
to 1. Then,

N
LV,<= Y mRy (k) +@
k=1 o

1

k . R
Z—an<#(k)+)t(k)+8(k)+02( ))(@ 1)+ aﬁl_

k=1
(38)
Next, we calculate £V,
A (k) BRI
PV, = k
3=y tul )+1+oc1(k)S+oc2(k)I+(x3(k)SI
R oy(k) pI
vRgr == +”+1+a13+a21+a331

— AB + i

Vst

(39)

N S
Z $raw (D) + Mk)(txl L+ (kS + oy (K] + (k)SI)
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Applying It6’s formula to V, leads to

sl +pu(k) + A (k) + 6 (k)

+ (k) + A(k) + 8 (k)

(36)
)
Z¢kz 0+

(k)§ I o

3V4=—A(k) +u(k)+y (k) +—= <—/1R+y P
(40)

We have
FVe=Ak)—uk)(S+I1+R)-6(k)I

<A(k)-u(k)(S+I+R) (41)

<A-HA(S+I+R).

The differential operator & acting on the function #
yields

2 (k)

N
LA < —Man(y(k)+A(k)+6(k)+

k=1

>(5<25—1) MB—%

51

+ pI 7R H(S+I+R) II+]\+2“
l+aS+al+asl 'S ¥ R #

2 2
- 03 03
+y+7+7.

Defining the following compact set

1 2 1 3
{(S I, R)eR e<S<—, e <I<—¢ sRs—},
&
(43)

where ¢ is a sufficiently small number. In the set ([Rfr 19,), we
can choose ¢ sufficiently small such that the following
conditions hold:
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A Case 2. If (S,I,R, k) € D, x M, we have
—+C; < -1, N ® .
¢ PH < —Man<y(k)+/\(k)+8(k)+az )(92;-1)+Mﬁ
a1 a 2 a,
ESf,
7 <2 22
— /{I _ +/V\+2‘12+)7+E+ﬁ
3 1+ S+a,I + a8 2 2
—+C< —-1,
€ N y
~ < —Man<‘u(k)+A(k)+6(k)+azT(k)>(%f)—1)+M§
HFircs< -, (44) b=
€
= +2V+V+1V\+ﬁ+ﬁ+[E
—%+C§—1, ey 220y
€
_ B
_ﬁ+CS 1, < —2+a—1.
&
(49)
3 7 =2 =2
C= Aﬁ + MAE +A+20+7+ % + %_ Combining with (10), it can be achieved that
@ &y
. ; . ) . KH < -1 forall(S,I,R k) € D, x M. (50)
Next, we can divide (R3/9,) into the following six
domains:
P, Z{(S,I,R)ERi:SSE}, 92:{(S,I,R)6Ri:sSS,SISsZ}, Case 3. If (S,I, R, k) € D5 x M, we get
~1 BI f
1 LH< - A-+—— /SA = +M£
% 5 ={(SLR) eR}: <[R<e), 94={(S,I,R)en%i:s>;}, RolraS+al+ast &
=2 =2
) ) +[\+2[4+)7+%+%
95:{(8,I,R)6Ri:1>8—2}, 96={(S,1,R)6R1:R>8—3}.
~ 51
(45) <-dg+C GD
Clearly, 2. =2, U2,U2;U2D,UD;U D, Next, we ~
will prove that . _ A +C
2% (S, LRk)< -1 on(R/D,)xM. (46)
O < -1,
Case 1. If (S,I,R, k) € D, x M, we have that which follows from (11).
PH < _é+ _ ﬁAI _ +MA£ Case 4. If (S,I,R, k) € D, x M, it follows that
S 1+aS+a,] +a3SI a, 5 .
_ BI B A
2 w2 LH < —pS+——= —  _ + M+ A
. .. 07 Gy 1+a,S+a,] +a5SI o,
+A+20+p+—=+—
22 2 w2
(47) + 21 D42 ﬁ
- p+y+—=+
A 2 2 (52)
<-=+C
<-pS+C
<-—+C, < —E+C,
€
which together with (44) implies that
forall(S,I,R, k) € D, x M. (53)

which together with (9) implies that
FH < -1 foral(S,I,R k) e D, xM.

(48) FH< -1



Case 5. If (S,I,R, k) € D5 x M, we obtain

; .
FH< —pl +—— LB VY
1+a,S+a,] +a,SI a,
. & o
+A+2p+p+=2+2
Hry+r5+5
54
< -pl+C (>4)
p
s—§+C
< -1,

which follows from (44). Hence,

< -1 forall(S,I,R k) e Dy x M. (55)

Case 6. If (S,I,R, k) € D¢ x M, we have

. .
FLH < — R+ —— ﬂA — +M£
1+a,S+a,] +asSI a,
. 6_2 ~2
+A+2p+7+ 2+
22 (56)
< -HR+C
Z
S—€—3+C.

In view of (44), we arrive at

ZxH < -1 forall(S,I,R k) € D x M. (57)

Therefore, we have proof that

FH< -1 forall (S,I,Rk) € (R} /D) xM.  (58)

Thus, condition 3 in Lemma 1 has been satisfied, and
system (3) has a unique stationary distribution and ergo-
dicity holds. This completes the proof.

Remark 1. Assume the condition & <1 holds. Disease I
goes to extinction exponentially with probability one,
Theorem 2, and if %, > 1 there is a unique ergodic stationary
distribution pu(-,-) of system (3), which implies that disease I
persists Theorem 3. Then, the number %, can be considered
as a threshold to identifying the stochastic extinction and
persistence of system (3).

5. Simulations

Numerical solutions of stochastic differential equations are
very important in the study of real examples of epidemic. In
this section, we present some numerical results to illustrate
the theoretical one. For numerical simulations of the SDEMS
model (3), we use the Euler-Maruyama (EM) method ([19]).
Let ¢(t) be a right-continuous Markov chain taking
values on the state space ./ = {1, 2,3} with the generator
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-5 1 4
r=| 1 -1 0 | (59)
1 3 -4

Obviously, the Markov chain ¢(t) has a unique sta-
tionary  distribution 7= (m,m,, m5) = (0.1666,0.6666,
0.1666). Given a step size A = 0.0001, the Markov chain can
be simulated by computing the one-step transition proba-
bility matrix P = ¢! ([20]), and the transition probability
matrix is given by

0.9995 0.0001 0.0004
P =] 0.0001 0.9999 0 . (60)
0.0001 0.0003 0.9996

Figure 1 shows a result of one simulation run of the
Markov chain ¢(t).

Example 1. To illustrate Theorem 2, we choose the pa-
rameter values in system (3) as follows:

A1) =1,

u(l)=0.2,
B(1) =0.1,
p(1) = 0.25,
A(1) =0.1,
d(1) = 0.05,

(ot (1), (1), a5 (1)) = (0.1,0.1,0.1),
(0,(1),0,(1),05(1)) = (0.5,0.7,0.8),

AQ2) = 1.1,
u(2) =021,
B(2) =0.12,
y(2) = 0.26,
A(2) = 0.09, (61)
8(2) = 0.056,
(a1 (2), 2, (2), a5 (2)) = (0.1,0.1,0.1),
(0,(2),0,(2),05(2)) = (0.7,0.8,0.6),
A(3) = 1.3,
u(3) =0.19,
B(3) = 0.13,
y(3) =0.24,
A(3) =0.11,
0(3) = 0.058,
(o, (3), @, (3), a5 (3)) = (0.1,0.1,0.1),
(0,(3),0,(3),05(3)) = (0.8,0.6,0.7).
Simple computations result,
s Y B ()
Fo = @ YN () + AG) + 8 () + (0, (1)/2)) 05505 <1,
(62)

as a consequence result of Theorem 2. Disease I dies out
exponentially with probability one. Figure 2 confirms this.
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Ficure 2: The solution (S(t), I(t), and R(t)) of stochastic model (3) with (S(0), 1(0), and R(0)=(0.7, 0.2, and 0).
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FIGURE 3: The solution S(t) of stochastic model (3) and its histogram.
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FiGure 4: Continued.
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FIGURE 4: The solution I(t) of stochastic model (3) and its histogram.
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FIGURE 5: The solution R(t) of stochastic model (3) and its histogram.
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Example 2. For this example, we have

A(D) =1,

u(1) =0.2,
B(1) = 0.1,
y(1) = 0.25,
A(1) = 0.1,
8(1) = 0.05,

(@, (1), a5 (1), &3 (1)) = (0.14,0.1,0.1),
(0,(1),0,(1),05(1)) = (0.12,0.1,0.12),

A(2) = 1.1,
u(2) =0.21,
B(2) =0.12,
y(2) = 0.26, )
A(2) = 0.09,
8(2) = 0.056,
(a7 (2), 2, (2), a5 (2)) = (0.14,0.1,0.1),
(0,(2),0,(2),05(2)) =(0.15,0.18,0.19),
A(3) = 1.3,
©(3) =0.19,
B(3) =0.13,
y(3) = 0.24,
A(3) = 0.11,
8(3) = 0.058,
(o (3), a5 (3), a5 (3)) = (0.14,0.1,0.1),
(6,(3),0,(3),05(3)) = (0.14,0.17,0.13).
By calculating, we find
N B (i
%o = @, YN 7 (u (i) -% ;zi)lﬁ(;(i) RO
(64)

Then according to Theorem 3, the solution (S(t), I(t), and
R(t)) of system (3) with any initial value (S(0), I(0), and R(0))
=(0.7, 0.6, and 0) has a unique stationary distribution, and it
has the ergodic property, that is, the epidemic disease is
permanent. Figures 3-5 confirm this.

6. Conclusion

This article discusses the dynamic behavior of a SIRS epi-
demic model with a regime switching and nonlinear inci-
dence rate. We obtain sufficient conditions for the extinction
of system (3) if £ < 1. We prove the stochastic system (3)
under regime switching has a unique stationary distribution
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which is ergodic and positive recurrent by using the Lya-
punov function method. In future works, it is interesting to
study the effect of Lévy noise and a color noise (telegraph
noise) in the stochastic SIRS epidemic model (2). We will
investigate this case in our future works.
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