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.e lagged time on goodwill is a common phenomenon in the process of quality improvement, which plays an important role in
making quality strategy of supply chain.With increasing public attention to quality, supply chain quality management has become
a research focus in recent years. .is paper probes into the lagged time of quality on goodwill under the competitive environment
of retailers and constructs a lagged differential equation of quality on goodwill based on the Nerlove–Arrow model. .e results
indicate that the optimal goodwill and quality are higher under centralized decision-making than under decentralized decision-
making; however, whether or not the profit of the entire supply chain is higher under centralized decision-making depends on the
span of the lagged time. Under decentralized decision-making, the lagged time of product quality on goodwill is favorable to
retailers but unfavorable to manufacturers and vice versa. .erefore, when competition is low, a supply chain tends to adopt
centralized decision-making. When competition is intense, it is appropriate for a supply chain to adopt decentralized decision-
making. In conclusion, this paper analyzes the effects of the lagged time on the optimal quality level and supply chain profit as well
as the effect of the competition coefficient on research findings concerning supply chain profit under centralized and decentralized
decision-making to verify the relevant conclusions of this paper.

1. Introduction

With increasingly fierce market competition, the competi-
tion among enterprises has transformed into a competition
of supply chain. Quality is the lifeline of an enterprise, and
brand goodwill is the driving force of its development. For
the final consumer market, brand goodwill is not only re-
flected in the design and manufacturing quality of products
but also includes the service quality of retailers. Many
consumers in the market often experience product quality
differences through the sales services of retailers. In the first
half of 2019, the case of “Protection of Mercedes Benz
Consumer Rights” in Xi’an City of China reflected to a
certain extent the importance of dealer service quality and
vehicle manufacturer product quality to supply chain

operation. .is case was triggered by the rights protection
caused by the service quality problems of car dealers when
consumers encounter the occasional quality problems of
automobile products and seek after-sales service, which has
seriously negative effect on the brand of Benz automobile.
.erefore, the manufacturers and retailers in a supply chain
can obtain greater competitive advantages through quality
cooperation. In reality, manufacturers may motivate re-
tailers to improve their service quality by bearing part of the
service costs of retailers.

.e impact of product quality improvement on goodwill
will not bring prompt outcomes. In fact, it takes time to exert
an influence on goodwill because consumers cannot evaluate
products until they have purchased them and experienced
them. .en, they would circulate their experiences about
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these products through the word-of-mouth effect..erefore,
the goodwill effect of quality improvement often lags behind
for a period of time, which is the lagged time of quality on
goodwill.

It is not clear what is the impact that the lagged time will
have on supply chain decision-making. In addition, when
the retailers have competition, what is the relationship
between the lagged time of product quality to goodwill and
the profit of supply chain members and what is the effect of
competition coefficient on the profit of supply chain?

.erefore, for the secondary supply chain, this paper
considers the lagged time of product quality level, when
discussing the influence of lagged effect and competitive
factors on product quality and service quality decision-
making of supply chain, and how to choose the path of
supply chain decision.

2. Literature Review

Many scholars have studied the decision-making of supply
chain from different perspectives. .is paper has a threefold
research topic, namely, the product quality of supply chain,
the service quality of supply chain, and the lagged time; we
sort out the relevant literature combined with the research
content of the paper.

A lot of literature on the decision-making of supply
chain product quality mainly discusses how to coordinate
the quality of supply chain. When there is cooperation in the
supply chain, most of the researches focus on the contract
design of the supply chain, which mainly considers the core
issues such as the overall income distribution and cost al-
location of the supply chain.

Zhu et al. mainly studied the supply chain of OEM. In the
supply chain, the buyers and sellers share the goodwill cost
related to quality, the after-sales service cost, and the market
share loss cost. .e authors explored the decision-making
problem of improving product quality [1]. Gurnani and
Erkoc constructed the demand function of product quality
and marketing effort and compared three different supply
chain contract forms [2]. Dan et al. constructed a quality-
based demand function for the secondary supply chain and
realized the quality coordination of the supply chain in
different situations by designing cost sharing contract and
revenue sharing contract [3]. Ma et al. studied how to design
the manufacturer’s product quality contract in the two-stage
supply chain [4]. Karray analyzed how to design the product
quality coordination contract in two distribution channels
under a horizontal strategy and a vertical strategy in supply
chain and provided the corresponding coordination strat-
egies [5]. Seyyed-Mahdi et al. studied green product quality
strategy under different decision-making scenarios and
designed the coordination and cooperation mechanisms of
supply chain [6].

In the case of noncooperation, most previous studies
focus on how to choose quality coordination strategies. .ey
mainly reviewed the quality balance strategies under dif-
ferent competition situations and how to formulate the
quality control and inspection strategies of all parties in the
supply chain. Boyaci and Gallego reviewed two competitive

supply chains, in which each supply chain consisted of a
supplier and a retailer. .ey studied three competitive sit-
uations of these supply chains and obtained the quality
equilibrium strategies in each circumstance [7]. Xiao et al.
studied the quality and price equilibrium strategy under four
decision-making scenarios (centralized decision-making,
supplier cooperation, supplier noncooperation, and mixed
scenarios) as well as the influence of quality competition on
the supply chain strategy solution under different scenarios
[8]. Zhu et al. discussed the quality decision-making of
manufacturers under two incentive mechanisms [9]; then
they further studied the strategy selection of suppliers to
control product quality under different distribution channel
modes [10]. Cai et al. studied the quality control and quality
risk prevention of fresh products in a supply chain. Based on
their analysis, they proposed quality risk prevention mea-
sures and constructed a supply chain optimization control
model to solve the problem [11]. Liu and Wang constructed
a product quality control model of service supply chain and
considered the impact of different risk attitudes on product
quality decision-making [12]. Sarkar and Saren demon-
strated that when there were defects in quality inspection,
the profit could be increased by formulating a product
quality inspection strategy based on the cost of paying a
guarantee fee [13]. He et al. [14] and Chenavaz [15] studied
the dynamic quality decision-making of enterprises with
reference to the quality behavior of consumers. Hong and
Huang divided quality management activities into quality
control and quality improvement. .ey used differential
game theory to study the quality strategy of supply chain
under four different game situations. .ey found that the
best way to cooperate is to make quality decisions by taking
into account the supply chain as a whole [16].

Some scholars have explored the quality decision-
making of supply chain from an irrational perspective. For
example, considering downstream retailers’ loss aversion
preference, Liu and Fan discussed the quality decision-
making of supply chain under centralized and decentralized
decision-making scenarios [17]. Xiao et al. studied how
supply chain members’ overconfidence in market demand
affects supplier’s quality investment strategy [18]. In the
literature above, the authors mainly considered the influence
of upstream manufacturers or supply chain suppliers on
customer demand by designing product quality, but they did
not consider the influence of the retailer on sales through
improvements in the service quality level.

Studies on the service quality level have also attracted the
attention of many scholars. For example, Tsay and Agrawal
studied a dynamic model of price and service competition
with capacity constraints [19]. In the online and offline
channels of supply chain, both Ren et al. [20] and Dan et al.
[21] considered service competition. Zhang et al. [22] and
Fan and Liu [23] discussed service competition strategy in a
two-channel supply chain model. Qin et al. explored service
quality coordination between online retailers and the supply
chain of third-party logistics enterprises [24]. Yao and Chen
choose two retailers who provide competitive services as the
background and investigated the decision-making problem
of after-sales service capability [25]. Zhang et al. explored the
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service decision-making problem of retailers with both
online and offline shops under perturbation [26]. In addi-
tion, some scholars have discussed the service quality level in
supply chain, such as Shi et al. [27] and Ali et al. [28].

Reviewing the previous literature, we found that al-
though the product quality strategy and service quality
strategy of supply chain have attracted the attention of many
scholars, there are few studies combining product quality
strategy and service quality strategy from the supply chain
perspective. He et al. discussed the decision-making and
coordination of the product quality and service quality of
supply chain under the condition of supplier risk aversion
[29]. Focusing on a supply chain with one retailer and two
manufacturers, Huang et al. studied the coordinating op-
eration strategy of supply chain members when considering
product price, product quality, and service competition [30].
However, the literature mentioned above mainly constructs
supply chain optimization models from a static perspective.
.e optimal solution obtained under a static situation is the
optimal strategy of enterprises only for a short period of
time.

In the existing literatures, the research on lagged effect
mainly focuses on the lagged time of advertising investment
on goodwill; Nerlove and Arrow believed that advertising
will not directly affect consumer demand [31] but indirectly
affect consumer purchase behavior through brand favor-
ability. Advertising will make consumers have higher ex-
pectations for product quality. If the quality of the product
does not meet the expectations of consumer, it will reduce
consumer brand favorability. .erefore, product quality is
an important factor affecting consumer brand favorability in
addition to brand advertising [32–34]. However, there are
differences between advertising investment and quality in-
vestment influencing product goodwill, which need to be
obtained through practical research. Some articles have been
based on the Nerlove–Arrow model to establish differential
models of product quality affecting product goodwill. Chen
et al. assumed that the product brand reputation was affected
by the advertising lagged effect, and they studied the optimal
advertising equilibrium strategy of the supply chain under
the centralized and decentralized decision-making [35].
Zhang et al. discussed the optimal decision-making and
coordination of supply chain pricing, emission reduction,
and low-carbon publicity under three decision-making
modes, considering the lagged time of manufacturers’
emission reduction and low-carbon goodwill of products
[36].

In comparison with the previous literature, there are two
original points in this paper: first, in consideration of the
lagged time of product quality level in the secondary supply
chain, this paper discusses the influence of lagged effect and
competition factors on the decision-making of product
quality and service quality in the retailer market competition
environment; secondly, we establish a time-lagged differ-
ential equation concluding influence of quality on goodwill
and construct a Hamilton function with one manufacturer
and two competing retailers using the maximum principle
lagged differential equation. .en, the optimal product
quality and the optimal service quality are attained under

different decision-making scenarios, as well as the optimal
service quality cost participation rate of manufacturer under
decentralized decision-making and how to choose the de-
cision path of supply chain.

Finally, on the basis of a numerical analysis, this paper
analyzes the impact of the lagged time on supply chain
profits, product goodwill, product quality, and other aspects
as well as the impact of competition on supply chain profits
to verify the effectiveness of supply chain optimal decision-
making.

3. Basic Hypotheses and Symbol Descriptions

.e object of this paper is a two-stage supply chain, which is
assumed to be composed of one manufacturer and two
competing retailers. .e manufacturer is the core enterprise
in the supply chain, and it improves product quality through
research and development, the application of new tech-
nologies, the transformation of manufacturing processes,
and so forth. .e retailers improve the service quality of
products by providing good presale service consultation, an
experiential shopping environment, and after-sales return
and exchange services. To motivate the downstream retailers
to improve their service quality, the manufacturer is willing
to offer the subsidy rate for the retailers’ quality improve-
ment cost.

Assumption 1. .eproduct quality level of themanufacturer
has a positive impact on product goodwill. Based on the
Nerlove–Arrow [31] model, a lagged differential equation
with the influence of improving quality on product goodwill
is constructed:

_G(t) � cZ(t − d) − δG(t),

G(0) � G0,
(1)

where G (t) is the product’s accumulated goodwill over time
d and G0≥ 0 is the initial goodwill at time 0. Parameter d
denotes the lagged time between the improvements of
product quality at time t-d to accumulated goodwill at time t.
.e lagged time is mainly affected by product quality,
business model, and so on. .e lagged time reflects the fact
that goodwill is accumulated for period of time in which
consumers have carried out word-of-mouth publicity after
purchasing and experiencing products. Parameter c is
quality’s efficiency to goodwill accumulation under the
lagged time.

Assumption 2. Market demand is affected by factors such as
a retailer’s service quality level, goodwill, and competitor
service quality level. .e potential sales volume of retailer i
before an improvement in product quality and service
quality is ai. Assume that retailer 1 and retailer 2 have the
same potential market sales; namely, ai � ai � a:

Di(t) � a + bG(t) + μSi(t) + β Si(t) − S3−i(t)( . (2)

Assumption 3. .e investment cost of product quality and
service quality is an increasing function of the product
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quality level and service quality level, and the second-order
reciprocal is greater than 0; that is, CM

″ (Z)> 0 and
CR
″(Si)> 0. .e quality investment cost functions of the

manufacturer and retailer I are as follows:

CM �
1
2
kMZ

2
(t),

CRi �
1
2
krIS

2
i (t).

(3)

.e relevant symbols and descriptions are shown in
Table 1.

.is paper also assumes that the members of the supply
chain make decisions based on the optimal profits in the
infinite time zone. To conclude, we obtain the net discount
profit functions of the manufacturer, the retailers, and the
whole supply chain:

JM � 

∞

0

e
−λt



2

i�1
pMDi −

1
2
ϕikRiS

2
i (t)  −

1
2
kMZ

2
(t)

⎧⎨

⎩

⎫⎬

⎭dt,

(4)

JRi � 

∞

0

e
−λt

pRiDi −
1
2

1 − ϕi( kRiS
2
i (t) dt, (5)

JMR � 

∞

0

e
−λt



2

i�1
pRi + pM( Di −

1
2
kRiS

2
i (t)  −

1
2
kMZ

2
(t)

⎧⎨

⎩

⎫⎬

⎭dt.

(6)

4. Decentralized Decision-Making

As independent entities, the manufacturer and retailer i
make decisions on product quality and service quality, re-
spectively, based on the principle of optimizing their own
interests. To expand the market scale, the manufacturer
encourages the retailers to improve their service level and
promises to share a certain proportion of their service
quality investment costs. Accordingly, the manufacturer and
retailers formulate product quality and service quality
strategies, respectively.

In this scenario, the decision sequences of the members
are described as follows: (i) First, the manufacturer offers
the subsidy rate ϕ for the retailers’ quality improvement
cost. (ii) Next, after observing the manufacturer’s subsidy
action, the manufacturer and the retailers determine the
product quality level and service quality level, respectively,
along time t and simultaneously. (iii) Finally, the manu-
facturer determines the optimal subsidy rate ϕ according to
the optimal product quality level and the optimal service
quality level.

Proposition 1. Under decentralized decision-making, the
manufacturer’s optimal product quality level and the retailers’
optimal service quality level, respectively, are as follows:

Z
∗

�
2pMbc

kM(λ + δ)
e
δd

,

S
∗
i �

pRi(μ + β)

(1 − ϕ)kRi

.

(7)

.e optimal goodwill of a product is as follows:

G
∗

�
2pMbc2eδd

δkM(λ + δ)
1 − e

−δt
  + G0e

−δt
. (8)

.e optimal share proportion of service quality invest-
ment of manufacturers is as follows:

ϕi �

2pMμ − pRi(μ + β)

2pMμ + pRi(μ + β)
,

pM

pRi

>
μ + β
2μ

,

0,
pM

pRi

≤
μ + β
2μ

.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(9)

Proof. First, we assume that the proportion of the manu-
facturer’s service quality investment sharing is a fixed value
ϕi. Accordingly, we obtain the optimal quality levels of the
manufacturer and the retailers. □

Combined with equation (1), the optimal control of the
manufacturer’s profit is maxZ>0JM.

Using the maximum principle, we obtain the following
Hamilton function:

HM � e
−λt

 

2

i�1
pM a + bG + μSi + β Si − S3−i( ( 

−
1
2
ϕikRiS

2
i  −

1
2
kMZ

2
 + Km[cZ(t − d) − δG].

(10)

We obtain
dHM

dZ
� −e

−λt
kMZ + κmc

dZ(t − d)

dZ
� 0, (11)

_Km � −
dHM

dG
� Kmδ − 2pMbe

−λt
. (12)

At the same time, we assume that
(dZ(t − d)/dZ(t)) � M(t). .us, the manufacturer’s opti-
mal quality level strategy satisfies

Z(t) �
KmcM(t)

kM

e
λt

. (13)

Solving differential equations (12) and (14) can be ob-
tained as follows:

where

Km � ce
δt

+
2pMb

λ + δ
e

−λt
, c ∈ R. (14)

According to the literature [31], M(t) � Φ
(t − d, t) � eδd; therefore,
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Z
∗
(t) �

cc

kM

e
δt+δt+δd

+
2pMbc

kM(λ + δ)
e
δd

. (15)

When⟶∞, the product quality level of the manu-
facturer is thus finite; therefore,

lim
t⟶∞

Z(t)<∞. (16)

From the equation above, we judge that c � 0. After
rearrangement, we obtain the optimal quality level of the
manufacturer:

Z
∗
(t) �

2pMbc

kM(λ + δ)
e
δd

. (17)

Combined with constraint equation (1), the retailers’
optimal decision problem is expressed as maxs>0Js.

Using the maximum principle, we construct the fol-
lowing Hamilton function:

HRi � e
− λt

pRi a + bG + μSi + β Si − S3−i(   −
1
2

1 − ϕi( kRiS
2
i 

+ Kr cZ t − dz(  − δG .

(18)
Similarly, using the maximum principle, we obtain the

optimal service quality level of the retailers:

S
∗
i �

pRi(μ + β)

1 − ϕi( kRi

. (19)

Substituting equations (17) and (19) into (1), we obtain
the solution of the product goodwill lagged differential
equation (1):

G �
2cpMbc

δkM(λ + δ)
1 − e

− δt
 e

δd
+ G0e

− δt
. (20)

Second, the manufacturer designs the optimal service
quality investment sharing ratio. We substitute equations
(17), (19), and (20) into (4) and simplify it. .us, we can
obtain the following equation:

JM �
1
λ

 

2

i�1

1
2
ϕikRiS

2
i − pM a +

2bcZ

δ
+ μSi + βSi − βS3−i  

+
1
2
kMZ

2
 −

2pM

δ + λ
bG0

−2bcZ

δ
 .

(21)

Maximizing JM to ϕi, we obtain the optimal service
quality investment sharing ratio of the manufacturer:

dJM

dϕi

�
1
2

1 + ϕi

1 − ϕi( 
3kR

pRi(μ + β)

kR

 

2

−
pMpRi(μ + β)

1 − ϕi( 
2
kRi

.

(22)

Obtain dJM/dϕi � 0, and we obtain the following:

ϕi �

2pMμ − pRi(μ + β)

2pMμ + pRi(μ + β)
,

pM

pRi

>
μ + β
2μ

,

0,
pM

pRi

≤
μ + β
2μ

.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(23)

From Proposition 1, we know that when there is service
cooperation, the optimal profits of the manufacturer and the
retailers are as follows:

JM �
2bpM

λ + δ
G0 −

c

δ
Z
∗

  +
1
λ



2

i�1
Si μ −

1
2
ϕikRiSi 

⎧⎨

⎩

−
1
2
kMZ
∗2

+
2bpMc

δ
Z
∗

+ 2pMa,

JRi �
bpi

λ + δ
G0 −

c

δ
Z
∗

 e
− δt

+
1
λ

bpic

δ
Z
∗

+ pia + S
∗
i μ −

1
2

1 − ϕi( kRiS
∗
i  .

(24)

Table 1: Symbols and descriptions.

Symbol Description
Φi(t) Denotes the proportion of the service quality cost of retailer “i” paid by the manufacturer at time t and is a decision variable.
G(t) Denotes the goodwill of a product at time t and is a decision variable.
Z(t) Denotes the quality level of the manufacturer’s product at t time and is a decision variable.
Si(t) Denotes the retailer’s service quality level at time t and is a decision variable; i � 1, 2.

D Denotes the lagged time when a product’s accumulated goodwill is affected by improving product quality, for example, by
performing R&D, using new technology, and reforming the manufacturing process.

c Denotes quality’s efficiency to goodwill accumulation under the lagged time.
β Denotes the competition coefficient between retailers.
λ Denotes the discount rate.
PM Denotes the manufacturer’s marginal profit.
PRi Denotes the marginal profit of retailer “i.”
Di Denotes the size of market demand at time t.
a Indicates the potential market sales before an improvement in product quality and service quality; a> 0.
b Indicates goodwill’s effectiveness on product market demand; b> 0.
μ Indicates service quality’s effectiveness on product market demand> 0.
kM Indicates cost parameter associated with product quality improvement by the manufacturer.
kRi Indicates cost parameter associated with service quality improvement by the retailer i.
δ Denotes the decline rate of product goodwill; δ> 0.
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Corollary 1. Under decentralized decision-making, (i) the
greater the marginal profits pR and pM, the higher the optimal
product quality level provided by the manufacturer and the
optimal service quality level provided by the retailers and the
higher the quality investment cost. (ii) When members’
marginal profit satisfies the restraining condition
pM/pM > (μ + β)/2μ, the manufacturer is willing to offer the
subsidy rate ϕ for the retailers’ service quality improvement
cost and subsidy rate ϕ is positively correlated with service
quality level. (iii) Ae manufacturer’s marginal profit is
positively related to subsidy rate ϕ, while the retailers’
marginal profit is negatively correlated with the subsidy rate.
(iv) Ae degree of competition and the retailers’ marginal
profit are positively correlated with the retailers’ service
quality level.

Corollary 1 shows that marginal profit has a great impact
on the quality investment decision-making of the enter-
prises. If the marginal profit is larger, the enterprises will be
more enthusiastic about improving their quality level. .e
greater the manufacturer’s marginal profit is, the more active
it will be in supporting the retailers to improve their service
quality level. In contrast, if the marginal profit is low, the
manufacturer will be less enthusiastic about supporting the
retailers to improve their service quality level. .e manu-
facturer undertakes part of the investment cost of service
quality, which to a certain extent reduces the economic
burden of the downstream retailers and encourages them to
improve their service quality. .e higher the competition of
the retailers, the greater the number of consumers they must
attract by improving their service quality. At the same time,
the higher the marginal profit is, the more active the retailers
will be in improving their service quality.

Corollary 2. Under decentralized decision-making, if the
lagged time is longer, the optimal product quality level of the
manufacturer will be higher; the optimal profit of manufacturers
decreases with the increase in the lagged time of the product
quality improvement influencing goodwill, while the retailers’
optimal profit increases with the increase in the lagged time.

Corollary 2 shows that themanufacturer will invest more
in product development and technology introduction when
the lagged time of the product quality improvement affecting
goodwill is longer. .is higher investment will increase the
cost incurred by the enterprise. Despite the improvement in
market demand, the profit obtained will decrease. At the
same time, the product quality level has positive effects on
the market demand. .e increase of the retailers’ sales
revenue will make more profits for them.

5. Centralized Decision-Making

Under centralized decision-making, the manufacturer and
two retailers are regarded as three departments within an
enterprise. Designing the optimal service quality S(t) and
the optimal product quality z(t), the profit of the whole
supply chain can be maximized.

Proposition 2. Under centralized decision-making, the op-
timal product quality and service quality of the manufacturer
and the retailers, respectively, are as follows:

Z
∗∗

�
bc 

2
i�1 pRi + pM( 

kM(λ + δ)
e
δd

,

S
∗∗
i �

pRi + pM( (μ + β)

kRi

e
δd

.

(25)

.e optimal goodwill on the product is as follows:

G
∗∗

(t) �


2
i�1 pRi + pM( bc

kM(λ + δ)

1 − e− δt( c

δ
e
δd

+ G0e
− δt

.

(26)

Proof. First, the optimal decision-making problem of the
supply chain is characterized as the optimal control problem
maxZ>0,S>0JMR. □

Using the maximum principle, we construct the fol-
lowing Hamilton function:

HMR � e
− λt



2

i�1
pRi + pM( Di −

1
2
kRiS

2
i 

⎧⎨

⎩

⎫⎬

⎭ −
1
2
e

− λt
kMZ

2

+ Kc[cZ(t − d) − δG].

(27)

We obtain the following:
dHMR

dZ
� −e

− λt
kMZ +

KccdZ(t − d)

dZ
� 0,

dHMR

dSi

� e
− λt

pRi + pM( (μ + β) − kRiSi  � 0.

(28)

.eHessian matrix of HMR with respect to Z(t) and S(t)

is as follows:

H HMR(  �

−e− λtkM 0 0

0 −e− λtkR1 0

0 0 −e− λtkR2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (29)

Because the first-order principal subequation <0, the
second-order principal subequation >0, and the third-order
principal subequation <0. .erefore, the matrix of H(HMR)

is negative definite..us, the unique optimal solution of JMR

is Z∗∗(t) and S∗∗(t), which are the best quality levels of the
manufacturer and the retailers, respectively. Similar to the
solution of Proposition 1, we obtain the following:

Z
∗∗

�
bc 

2
i�1 pRi + pM( 

kM(λ + δ)
e
δd

, (30)

S
∗∗
i �

pRi + pM( (μ + β)

kRi

. (31)

Substituting equations (30) and (31) into (1), we obtain the
solution of the product goodwill lagged differential equation (1):
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G
∗∗

(t) �
1 − e− δt( bc2 

2
i�1 pRi + pM( 

δkM(λ + δ)
e
δd

+ G0e
− δt

.

(32)

From Proposition 2, we further obtain the optimal profit
of the whole supply chain:

JMR �
b G0 − c/δZ∗∗( 

λ + δ


2

i�1
pM + pi( 

+
1
λ



2

i�1
S
∗∗
i μ −

1
2
kRS
∗∗
i  −

1
2
kMZ
∗∗2⎧⎨

⎩

+
bc 

2
i�1 pM + pi( 

δ
Z
∗∗

+ a 

2

i�1
pM + pi( 

⎫⎬

⎭.

(33)

Proposition 3. Under centralized decision-making, the op-
timal product quality level of the manufacturer, the optimal
service quality level of the retailers, the product market sales
volume, and goodwill are all greater than those under
decentralized decision-making. Aat is, Z∗∗(t)>Z∗(t),
S∗∗(t)> S∗(t), G∗∗(t)>G∗(t), and D∗∗(t)>D∗(t).

Proof.

Z
∗∗

(t) − Z
∗
(t) �


2
i�1 pRi + pM( bc

kM(λ + δ)
e
δd

−
2pMbc

kM(λ + δ)
e
δd

�
bc 

2
i�1 pRi

kM(λ + δ)
e
δd > 0.

(34)

□

.erefore, we obtain Z∗∗(t)>Z∗(t).

S
∗∗
i (t) − S

∗∗
i (t) �

pRi + pM( (μ + β)

kR

−
pRi(μ + β)

1 − ϕi( kRi

�
pRi(μ + β) + 2pMβ

2kRi

.

(35)

.erefore, we obtain S∗∗(t)> S∗(t).

G
∗∗

(t) − G
∗
(t) �

1 − e− δt( c

δ
bc 

2
i�1 pRi + pM( 

kM(λ + δ)
e
δd

−
1 − e− δt( c

δ
2pMbc

kM(λ + δ)
e
δd

�
1 − e− δt( c

δ
bc 

2
i�1 pRi

kM(λ + δ)
e
δd > 0.

(36)

From equations (35) and (36), we obtain G∗∗(t)>G∗(t).

According to equations (34)–(36), we obtain the
following:



2

i�1
D
∗∗
i − 

2

i�1
D
∗
i �

2b 1 − e− δt( cbc 
2
i�1 pRi

δkM(λ + δ)
e
δd

+ 2(μ + β) 
2

i�1

pRi(μ + β)

2kRi

.

(37)

Equation (37) shows that the market demand under
centralized decision-making is greater than that under
decentralized decision-making:



2

i�1
D
∗∗
i > 

2

i�1
Di. (38)

Proposition 3 shows that centralized decision-making in
supply chain can motivate retailers to improve their service
quality and the manufacturer to improve their product
quality. .ereby, this decision-making mode promotes
product sales and the accumulation of brand goodwill.

Proposition 4.

(1) When the lagged time satisfies the inequality
d≥ 1/δ ln((A2 +

������
4A3A2


)/2A3), we obtain

J∗∗MR ≤ J∗M + J∗R . Aat is, the profit of a supply chain
under centralized decision-making will not be greater
than that under decentralized decision-making.

(2) When 0< d< 1/δ ln((A2 +

��������

A2
24A3A1



)/2A3), we
obtain J∗∗MR > J∗M + J∗R . Aat is, the profit of the supply
chain under centralized decision-making is greater
than that under decentralized decision-making.

Proof.
JMR − JM − JR �

1
λ



2

i�1
pRi(μ + β) + μpM − βpR(3−i) 

⎧⎨

⎩

·
pRi(μ + β)

2kR

−
(μ + β)2

8kR



2

i�1
pRi 3pRi + 4pM( 

⎫⎬

⎭

+
b2c 

2
i�1 pRi

λkM(λ + δ)
pR1 + pR2 + 2pM( e

δd

−
bc 

2
i�1 pRi + 2pM( 

2λ(λ + δ)

bc 
2
i�1 pRi

kM(λ + δ)
e
2δd

.

(39)

□

We obtain the following:

A1 �
(μ + β) 

2
i�1 pRi

2λkR



2

i�1
pRi(μ + β) + μpM − βpR(3−i) 

⎧⎨

⎩

−
(μ + β)

4


2

i�1
3pRi + 4pM

⎫⎬

⎭,

A2 �
b2c 

2
i�1 pRi

λkM(λ + δ)
pR1 + pR2 + 2pM( ,

A3 �
bc 

2
i�1 pRi + 2pM( 

2λ(λ + δ)

bc 
2
i�1 pRi

kM(λ + δ)
.

(40)
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Arranging the above equation, we obtain the following:

J(d) � JMR − JM − JR � A1 + A2e
δd

− A3e
2δd

. (41)

(1) When

d≥
1
δ
ln

A2 +

����������

A2
2 + 4A3A1



2A3

⎛⎜⎜⎝ ⎞⎟⎟⎠,

J(d)≤ 0,

(42)

we obtain J∗∗MR ≤ J∗M + J∗R .
(2) When

0<d<
1
δ
ln

A2 +

����������

A2
2 + 4A3A1



2A3

⎛⎜⎜⎝ ⎞⎟⎟⎠,

J(d)≤ 0,

(43)

we obtain J∗∗M ≤ J∗M + J∗R .

Proposition 4 shows how the supply chain members
choose reasonably the decision-making mode depending on
lagged time. Within various lagged time intervals, there are
different relationships between the overall profits of the
supply chain under the two decision-making scenarios. If
supply chain members adopt centralized decision-making
mode and can sign agreements to achieve a reasonable
distribution of profits, then the optimal profits of manu-
facturers and retailers will obtain Pareto improvement.

6. Numerical Analysis

By numerically analyzing the differences in the profit of the
supply chain, the goodwill of the product, and the quality
level under decentralized decision-making and centralized
decision-making, we can verify the above theoretical results
and explain them from the perspective of supply chain
decision-making. Assume that the values of each parameter
in the model are as follows: the discount rate λ � 0.1; the
attenuation δ � 0.01; the marginal profit PM � 5, PR1 � 4,
and PR2 � 3; the influencing factors b � 1.2, θ � 3, μ � 2,
c � 2, β � 1, km � 1, and kR � 1; the initial value of brand
credit G(0) � 1; and the potential market sales a � 2.

First, according to the benchmark parameters, the op-
timal trajectories of product goodwill under centralized and
decentralized decision-making are plotted with d� 1 and
d� 5, as shown in Figure 1.

Figure 1 shows that, over time, the product goodwill
under centralized decision-making is higher than that under
decentralized decision-making. .e difference between the
values of product goodwill under centralized decision-
making and decentralized decision-making grows increas-
ingly larger and tends to be stable. Figure 1 also shows that,
in the same decision-making scenario, the longer the lagged
time is, the greater the goodwill will be accumulated.

Second, according to the benchmark parameters, the
influence of the lagged time on the equilibrium strategies
under decentralized and centralized decision-making is
drawn, as shown in Figures 2 and 3.

From Figures 2 and 3, under centralized decision-
making, the manufacturer’s product quality level and the
retailers’ service quality level are higher than those under
decentralized decision-making. .e longer the lagged time
of the influence of the manufacturer’s product quality on
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Figure 1: Comparison of brand goodwill under decentralized and centralized decision-making.
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goodwill under the two decision-making scenarios is, the
higher the manufacturer’s investment will be. .is indicates
that the lagged time can motivate the manufacturer to invest
more in product quality and to improve product quality..e
longer the lagged time is when the manufacturer’s product
quality improvement affects goodwill under the two deci-
sion-making scenarios, the higher the manufacturer’s in-
vestment will be. .is indicates that the lagged time can
motivate the manufacturer to invest more in product quality
and to improve product quality. .e retailers’ service quality
will not change with changes in the lagged time.

However, under decentralized decision-making, the
profit of manufacturer and retailer is plotted with lagged
time when the manufacturer’s product quality improvement
affects goodwill, as shown in Figure 4.

Figure 4 shows that, under decentralized decision-
making, the manufacturer’s profit decreases with the in-
crease in the lagged time when the manufacturer’s product
quality improvement affects goodwill, and the retailers’
profit increases with the increase in the lagged time of
product quality improvement. .erefore, the lagged time of
product quality is favorable to retailers and unfavorable to
manufacturers. Additionally, retailers with higher marginal
profit will gain more profits. Next, we plot the change in the
overall profit of the supply chain with the lagged time of
product quality improvement under the two decision-
making scenarios, as shown in Figure 5.

Figure 5 shows that when the lagged time of product
quality improvement is relatively short and the manufac-
turer invests more in product quality under centralized
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Figure 3: Comparison of the retailers’ service quality level under the two decision-making modes.
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decision-making, the whole supply chain will gain more
profits. At this time, the manufacturer and retailers prefer
centralized decision-making. When the lagged time of
product quality improvement is long, the lagged time will
promote the manufacturer to invest more in product quality
and improve the product quality level of the manufacturer.
However, it will also lead to an increase in the cost of the
manufacturer, and the cost under centralized decision-
making will be greater than that under decentralized deci-
sion-making. As a result, a long lagged time will reduce the
profit of the whole supply chain. .erefore, when the lagged
time of product quality improvement influencing on
goodwill exceeds a certain range, the profit under

decentralized decision-making will be greater than that
under centralized decision-making.

Finally, the influence of the competition coefficient beta
on the profit of the supply chain is analyzed.

As shown in Figure 6, with the increase in the com-
petition coefficient, the overall trend of the profits of retailer
1 and retailer 2 is decreasing. When competition is low, the
influence of competition on the profit of the retailers is not as
evident. With the increase in competition, its influence on
the retailers is greater and is unfavorable to them. .e in-
fluence of the competition coefficient on the profit of the
manufacturer under decentralized decision-making is
shown in Figure 7.
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Figure 5: Impact of the lagged time on supply chain profit under decentralized and centralized decision-making.
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For manufacturers, as retailers compete more and more
fiercely, the manufacturers’ profits will increase slowly. On
the one hand, retailers compete fiercely with each other,
leading to increased market demand and increased sales
revenue for manufacturers. On the other hand, increasing
competition makes manufacturers reduce the share of ser-
vice costs that they pay, and it increases the overall profits of
manufacturers. .erefore, increasing competition is bene-
ficial to manufacturers but not to retailers.

Further analysis shows that, with the increase in com-
petition, the profit of the supply chain shows a downward
trend, as shown in Figure 7. When the degree of competition
is low, the profit of the supply chain under decentralized
decision-making is less than that under centralized decision-
making. When the degree of competition increases and
exceeds a certain threshold, the profit of the supply chain
under decentralized decision-making is greater than that
under centralized decision-making. .is result shows that
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Figure 7: .e impact of the competition coefficient on supply chain profit under decentralized and centralized decision-making.
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when the competition level is low, the supply chain tends to
adopt centralized decision-making. When the competition
level is intense, it is appropriate for the supply chain to adopt
decentralized decision-making.

At the same time, we can also find that, under centralized
decision-making, the profit of a supply chain with a longer
lagged time is less than that of a supply chain with a shorter
lagged time. However, under decentralized decision-making,
the profit of a supply chain with a longer lagged time is larger
than that of a supply chain with a shorter lagged time. .is
result shows that when the lagged time is small, centralized
decision-making is preferred. Additionally, decentralized
decision-making is preferred when the lagged time is large.

7. Conclusion

Quality is the lifeline of an enterprise. Quality improvement
is the driving force for the sustainable development of en-
terprises. .e lagged time is a common phenomenon in the
process of quality improvement, which plays an important
role in making quality strategy of supply chain. According to
previous literatures, this paper establishes a differential game
model considering the lagged time and retailers’ competition
to study the relationship between the optimal quality level,
the product goodwill, and the profit under the two decision
scenarios, whether the delay time affects the profit and
quality decision, and how competition coefficient affects the
relationship of supply chain profit. Some interesting con-
clusions can be obtained as follows:

(1) .e optimal values of product goodwill, product
quality, service quality, and demand under central-
ized decision-making are higher than those under
decentralized decision-making. However, in contrast
to previous studies, the overall profit of a supply
chain under centralized decision-making is not al-
ways better than that under decentralized decision-
making. .e relationship between the overall profits
in two scenarios is affected by the lagged time in the
process of product quality improvement.

(2) When the lagged time in the process of product
quality improvement increases, manufacturer’s op-
timal profit will decrease. .is means that the lagged
time of product quality improvement is negatively
related to the manufacturer’s optimal profit and
positively related to the optimal profit of retailers.

(3) .e lagged time of the product quality investment is
positively correlated with the product quality im-
provement. With the increase in the lagged time, the
manufacturer will improve its product quality.

(4) Increased competition has negative impact on cen-
tralized decision-making in the supply chain. When
competition is low, the profit of a supply chain under
decentralized decision-making is less than that under
centralized decision-making. When the degree of
competition increases and exceeds a certain
threshold, the profit of a supply chain under
decentralized decision-making is larger than that

under centralized decision-making. .is shows that
when the degree of competition is low, supply chain
tends to adopt centralized decision-making. When
competition is intense, it is appropriate for supply
chain to adopt decentralized decision-making.

In accordance with the conclusion above, we could hence
be enlightened as follows:

First of all, for the manufacturers in a supply chain, they
should try their best to shorten the lagged time of product
quality and reduce the lagged time. .e longer the lagged
time of product quality is, the better it will promote the
manufacturers’ investment in product quality and benefit
the retailers, but it is not good for the profits of the man-
ufacturers and the overall profits of the supply chain. In
order to promote the coordination of the supply chain, the
manufacturers should try their best to shorten the lagged
time of product quality.

Secondly, manufacturers and retailers should consider
how the lagged time affects goodwill of product quality and
the threshold of retailer’s competition degree when making
centralized decision. When the lagged time and competition
degree are within a small threshold range, the overall profit
of supply chain under centralized decision-making is greater
than that under decentralized decision-making. When both
sides make centralized decision, the best effect will be
achieved. Otherwise, they should make decentralized
decision.

.e limitations of our study present direction for future
research. We establish a supply chain system that includes
manufacturer and two competitive retailers in our model
and assume they are homogeneous..e results may be more
insightful if we consider the heterogeneous competition.
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