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Stochastic Lotka—Volterra model driven by small a-stable noises is used to describe population dynamics perturbed by random
environment. However, parameters in the model are always unknown. The contrast function is given to obtain least squares
estimators. The consistency and the rate of convergence of the least squares estimators are proved, and the asymptotic distribution
of the estimators are derived by Markov inequality, Cauchy-Schwarz inequality, and Gronwall’s inequality. Some numerical
examples are provided to verify the effectiveness of the estimators.

1. Introduction

Stochastic differential equations are basic tools for modeling
random phenomena in the financial field. Due to the
widespread application of the stochastic differential equa-
tions in the field of financial economics, it has attracted a
large number of scholars to devote themselves to research in
this field [1-3]. However, the parameters in stochastic model
are always unknown. In the past few decades, the parameter
estimation problem for economical models has been studied
by many authors. For example, Yu and Phillips [4] utilized
the Gaussian method to estimate the parameters of con-
tinuous time short-term interest rate models. Faff and Gray
[5] discussed the estimation and comparison of short-rate
models by the generalised method of moments. Rossi [6]
applied particle filters and maximum likelihood estimation
to solve the parameter estimation for Cox-Ingersoll-Ross
model. Wei et al. [7] utilized the Gaussian estimation
method to investigate the parameter estimation for dis-
cretely observed Cox-Ingersoll-Ross model. However, it is
well known that many financial processes exhibit discon-
tinuous sample paths and heavy tailed properties (e.g.,
certain moments are infinite). These features cannot be
captured by Brownian motion [8, 9]. Therefore, it is natural
to replace the driving Brownian motion by Lévy noises. In
recent years, with the development of Lévy process theory

and its application in the fields of engineering systems,
economic systems, and management systems, it has attracted
great attention from scholars. Therefore, some authors
considered parameter estimation for stochastic differential
equations driven by Lévy noises. For example, Li and Ma
[10] discussed the asymptotic properties of estimators in a
stable Cox-Ingersoll-Ross model. Long [11] analyzed the
least squares estimator for discretely observed
20rnstein-Uhlenbeck processes with small Lévy noises.
Then, Long et al. [8] tackled the least squares estimators for
discretely observed stochastic processes driven by small Lévy
noises. Singh et al. [12] utilized a randomized response
model under Poisson distribution to estimate a rare sensitive
attribute in two-stage sampling. Wei [13] used least squares
estimation to discuss the discretely observed CoxClnger-
sollCRoss model driven by small symmetrical stable noises
and studied the consistency and asymptotic distribution of
the estimators. There have been many applications of small
noise asymptotics to mathematical finance [14, 15]. From a
practical point of view in parametric inference, it is more
realistic and interesting to consider asymptotic estimation
for diffusion processes with small noise based on discrete
observations.

Lotka—Volterra model is often used to model population
growth of a single species. However, systems are more or less
influenced by random factors. Thus, stochastic


mailto:chaowei0806@aliyun.com
https://orcid.org/0000-0001-7585-1414
https://orcid.org/0000-0003-4468-059X
https://orcid.org/0000-0002-4443-3575
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/8837689

Lotka-Volterra equation, being a reasonable and popular
approach to model population dynamics perturbed by
random environment, has recently been studied by many
authors both from a mathematical perspective and in the
context of real biological dynamics [16-19] to explain the
change of biodiversity also over time [20-23]. For example,
Mao et al. [24] investigated a multidimensional stochastic
Lotka-Volterra system driven by one-dimensional standard
Brownian motion. They revealed that the environmental
noise could suppress population explosion. Later, Mao [25]
discussed a finite second moment of the stationary distri-
bution under Brownian noise, which is very important in
application. Bao et al. [26] and Bao and Yuan [27] con-
sidered a competitive Lotka-Volterra population model
with Lévy jumps. Zhao et al. [28] studied the parameter
estimation for stochastic Lotka—Volterra model by using the
maximum likelihood method from continuous time ob-
servations. However, due to the limitation of instrument
precision, it is impossible to observe the system from
continuous time. Moreover, few literatures considered the
consistency and asymptotic distribution of parameter esti-
mators for stochastic Lotka—Volterra driven by a-stable
noises. We consider the parameter estimation problem for
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discretely observed stochastic Lotka-Volterra model with
small a-stable noises. The contrast function is given to obtain
the least squares estimators. The consistency and asymptotic
distribution of the estimators are discussed by Markov in-
equality, Cauchy-Schwarz inequality, and Gronwall’s
inequality.

The structure is that the stochastic Lotka—Volterra model
driven by small a-stable noises is introduced and the con-
trast function is given to obtain the least squares estimators
in Section 2. In Section 3, the consistency of the estimators is
proved and the asymptotic distribution of the estimators is
studied. In Section 4, some simulations are made. The
conclusion is given in Section 5.

2. Problem Formulation and Preliminaries

(Q, #,P) is a basic probability space equipped with a right
continuous and increasing family of g-algebras (#,),., and
Z = (Z,,t=0) is a strictly symmetric a-stable Lévy motion.

A random variable # is said to have a stable distribution
with index of stability & € (0, 2], scale parameter ¢ € (0, c0),
skewness parameter f3 € [-1,1], and location parameter
u € (—00,00) if it has the following characteristic function:

exp{—a“lul“(l - iﬁsgn(u)tan?) + i‘uu}, ifal,

¢, (u) = Eexpliun} =

1

2
exp{—alul(l + iﬁ;sgn(u)loglul) + iyu}, ifa=1.

We denote # ~ S, (0,8, u). When u =0, we say 7 is
strictly a-stable; if in addition = 0, we call # symmetrical
a-stable. Throughout this article, a-stable motion is strictly
symmetrical and & € (1,2).

We study the parametric estimation problem for sto-
chastic Lotka-Volterra model driven by small a-stable
noises described by the following stochastic differential
equation:

Since the stochastic Lotka-Volterra model is driven by
small a-stable noises and due to the complexity of the
a-stable noises, it is difficult to obtain the likelihood func-
tion. Thus, the maximum likelihood estimation cannot be
used. Therefore, the contrast function is given to obtain least
squares estimators.

Consider the following contrast function:

2
n|X, - X, -X, (a-pX, )At,
dX, = X, (60— pX,)dt + eX,dZ,, te [0,1], Puc(0.p) = Y Tt t';( )| NE)
(2) = £X, At
Xy = x5
where At,_, =t;,—t,_, = 1/n.
where 0 and 8 are unknown parameters, ¢ € (0,1]. e e
We obtain the estimators:
n X X n X 2on X2 n X. /X n XZ
- ”Zi:1( t t,-_l)Zi:I t, TN Yic1 t, nyi t,-/ ti_IZi:l t,
9"’8 = n 2 n o2 >
(Zi=1Xt,-_1) _nZi=1XtH
(4)
2 2
B n Z?:I(Xt,- - Xt,-,l) +n Z?:IXtH - nz:qut,-/Xt,-,lZ?thi,l
ne .

(Z?=1Xti_l)2 - ”Z:’l:lxi,l
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The work will be carried out under the following
assumptions.

Assumption 1. 0 and f are positive true values of the
parameters.

Assumption 2. supg.,., E|X,|* < co.

3. Main Results and Proofs

X" = (X?,t>0) is the solution to the underlying ordinary
differential equation under the true value of the parameters:

dxy = X7(6-px})dt, X = x,. (5)

Discretizing equation (2), we obtain
t.

ti i tt
X, -X, =0 J X.ds—B J Xds + ¢ I X4z,
(6)

Then, a more explicit decomposition for 8, . and 8, can
be given

£ L 2
)y [ Xdsim¥l X, -6¥L [, XX, dstn}l X;

ne

2 2
(1n¥L, X, ) - Un¥i, X; |

BELs J? Xf/Xri,ldsl/nZ?:IXf,l -BYi Ji‘ X§d51/”2?:1xt,-,1
+ i-1 v i-1
n 2 n 2
(Unyl, X, ) - Uny L, X;

—eyr, i XJX, dZ1nYL X;

n (L n
+ SZi=1 LH XsdzslanzElXti,l

2 2
(1/”2?:1Xt,-,1) - I/HZ?:IXtH

>

(7)

t t;
oYL [ Xds-03L, [ XX, dstnYl X,

/';n,s -

2 2
(UYL X, ) - UnYL,X;

By [} XX, dsln¥l, X, - BYi, [ Xids
+ i-1 i-1 i-1 i-1
(Uny, X, )~ Unyi X2

tt tr’
82?21 J-tH XSdZS - 82?21 .[tH XS/Xti—1dZ51/nz?:1Xti—1

2 2
(1myl, X, ) - UnYyiL, X

Before giving the theorems, we need to establish some
preliminary results.

Lemma 1 (see [29]). Z is a strictly a-stable Lévy process and
¢ € L% . Then,

Jt $(s)dZ, = 7' o Jt 6 (s)ds — 2" o Jt 6% (s)ds, a.s
0 0 0
(8)

If Z is symmetric, th%t is, B = 0, then, there exists some
a-stable Lévy process Z'=Z, such that

Jt (5)dZ, = Z'° Jt 1 (5)|"ds, a.s. )
0 0

Lemma 2. When ¢ — 0 and n — 0o, we have

sup | X, - X°| = 0. (10)

0<t<1

Proof. Integrating on both sides of equation (2) and (8), we
have

X x0 =0 (X - x0as g [[ (X2 (x2) Jas
0 0 (11)
t
+ sJ X dZ..
0

By using the Cauchy-Schwarz inequality, we obtain
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t 2 t 2 t 2
X, - X' < 36° j (X, - X*)ds| +3p° j (2= (x0))as +3¢ j X4z,
0 0 0
2 (f 0|2 202 [ 02 o 2
<3t J |X, - X[ ds + 12tB°K J |X, - X[ ds + 3¢ J X,dZ,
0 t 0 t i 0 (12)
=3t(6° + 4p°K*) J |X, - X°ds + 3¢ j X, dz,
0 0
t t
<3t(6" + 4p°K”) J X, - X°|"ds + 3¢ sup J X.dz7’|,
0 ost<11J 0
IG,0 2 P (M) oon2
where K is the upper bound of X,. " (Xt,.,l) — ], (x}) dt. (19)
According to Gronwall’s inequality, we have i=1
02 2 3 (G B K t 2 According to Lemma 2, when ¢ — 0 and n — o0, we
|X, - X" <36 (O gup J X.dz|.  (13)  have
0<t<11J 0
Squaring on both sides of equation (17 li X2 —(x0 ) <li|x + X, |X t-nx] |
quaring on both sides of equation ( t), n 2\ t, S Ll T R p f-nX,
sup | X, - X?| < VBee?? (O sup J XdZ,|.  (14) »
o<t<l1 o<t<11J 0 <2K sup |Xt _ X‘t)l_, 0.
ost<1
By the Markov inequality, for any given & >0, when = (20)
e — 0, we have
t According to equations (23) and (24), we obtain
[FD( V3 e () gup J X, dZ || >6) Lo .
o<t<1| J o 2 P 0)2
t —) X, — JO (x7) at. (21)
S(?_l\/gseyz(gzﬂﬁzm)[E[ sup J X,dZ, ] .
0st<11J 0 (15) The proof is complete.

Applying the same methods used in Lemma 3, we have

1/a
<Co 3ee 2 (T HER)E |:(Jl X‘:ds) ]
0

sC&fl\/geem(ezﬂ'Bsz)K —0,

1 2 P 1 0

-y X, — X, dt. (22)
E t, t

i3 0

namely, In the following theorem, the consistency of the least

squares estimators is proved. O
P
sup |X, - X;| — 0. (16)
ost=t Theorem 1. When ¢ — 0, n— oo, and en'”V* — 0,
The proof is complete. O  the least squares estimators 0,, and f, . are consistent,
namely,
Lemma 3. When ¢ — 0 and n — 00, we have ~ p - p
n 1 971,8 - e’ﬂn,s - /3 (23)
1 2 P 0\2
—) X, — JO (x7) dt. (17)

i=1
Proof. According to Lemma 3, we have

P . A n 2 n 2
100 As (%y) Ly L(J:det) [ ayae

lixz zli( 0 )2+li<Xz —(XO )2) (18) i=1 i=1 0
nia o i=1 i nia i fi (24)
we obtain When ¢ — 0 and n — 00, we obtain

n ot 13 A Do dE X, 1S s p (X (Yo
0y [ xadso Y x,, 50| xar| xtane) [* e > X, of sar] (X' 9
i= t

i i=1 i=1 ¥ Lo
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According to Lemma 2, we have

no ot n 4 1 2 1
i 2
6 Jde X, -6 j sd x 26 JXOdt -J X0Vt ). 2
] R ] R ()N 29
From equations (28) and (29), we obtain By the Markov inequality, we have
s _ ! 2 l . i)
ﬁZJ X, d ZX, 1 ﬁZJ X;ds ;XtH 0. (27)
nort; n t; n t; 1a
P sZJ X, dz|>8 S(?_leZ[EU X.dZ, SC(?_leZ[E(J X‘jds)
i=1 7 tia =1 17t i=1 fion (28)
<CKé 'en V" — 0,
where C is constant. According to Lemma 2, we obtain
As ¢ — 0, n —> 00, and en'"* — 0, we obtain
n t P
s; L X dz, —o. (29)
eiri *~dz Ssi J VX, dZ, <sz | ! '+| L] | J'r' X.dZ
i=1 ¥t Oty i=1 [t || J b |Xt0 ' |th—1 X?H| tict
(30)
n 1 t; 1 t
<€) |—— X dZ |+€ su ———J X.dz
; X?H J‘tifl : : Ostfl ? i-1 :
By the Markov inequality, we have
n t; . n t;
oY | J X4z, > 6 S(?_SZ—[EJ X.dZ.
=1 Ky i i=1 i1
(31)
z L e 1&| 1| P
SC(sleleE(J X?ds) SCK(SilSnlil/a— ZT — 0
=1, fira nia Xti—l
As ¢ — 0, n —> 00, and en'”* — 0, we obtain From equations (37) and (38), we have
L 1 £ P s dZ
el J VX.dz| 250 (32) 82 0. (34)
iy

=12,

According to Lemma 2, when ¢ — 0 and n — o0,

1

1[4 P
gsupl— - —5 J X dzZ| —0 (33)
t t

o<e<1|X¢

According to equations (27), (30), (31), (33), and (39),
1- 1/«

when ¢ — 0, n — 00, and en — 0,
) (35)

ne
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Using the same methods in Theorem 1, we obtain

J-t,- de—GZJ- Xsds—ZX 1—>0 (36)

tio1 i=1 iy

ﬁlzj P X ds_ Z ZJ X2ds — ﬁ((J;X?dt)z - J: (X?)zdt) (37)

i=1 =1

Together with the results that when ¢ — 0, n — 00, and en!"V* — 0, we have

nooct; = P

SZ J Xsts i) 0, (38) ﬁn,s - ﬁ (40)
= Jt,
e The proof is complete. O

=X 1 P
*dZ.- Y X 0,
8; JtH X, *n I:ZI i T (39) Theorem 2. When ¢ — 0, n — 00, and ne — 00,

) ((Ié (e J) xar - ) (X?)Zdt) d (( Jh xayrar) " - ;;xgdt)

(8, -0) 5 Sx(1,0,0),&7 (B, ~ ) 5(1,0,0)
€ ne 2 atd Y 0), € ne 2 a D H
1 1 2 1 1 2
<I0X?dt> _fo (X?) dt (IOX?dt> _Io (X(t)) d
(41)
Proof. According to the explicit decomposition for Gn o Wi
have
- 5_18(2211 _[? Xds - 1/”Z?=1Xti_l>1/”Z?=1Xt,-_1
e '(0,.-6) = p .
(1/”2?:1Xt,-_1) - U”Z?:lxti,l
e lg(l -y Jit,l Xs/Xt,._ld5>1/nZ?:1Xfi,l
(Uny X, )~ Unyi X2
(42)

1 t; 2 2 -1 ti 2
N e By LH Xs/Xti,ldSI/nZ?:IXti_l - BYL, LH XstI/nZ?:IXt,,l
2 2
(1/”Z?=1Xti,l) - l/nZ?:IXti_l

t; t 2
. i [, XAZAmYL X, - Y [ XJX, dZUnY] X
2 2
(1/”2?:1Xti,1 - 1/”2?:1Xt[,1-

From Lemma 2, when ¢ — 0,1 — 00, and ne — 00,
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no et 1 P
Z J X,ds - . ZXtH — 0,
' i=1

n n n
e'n! Z X IS e 'n! Z'XtH| =¢'n! Z‘Xtm - X?H + X(t)H| (43)
=1 i=1 i=1
R 0 0 1 0 0 P
-1 - - -1
<e 'n Z(|XtH - Xti_]' +|Xt,-_1|> <e'n sup(|Xt - X:I +|th) — 0.
i=1 0<t<1
From equations (45) and (46), we have
—1 t;
£ 0<Z?=1 LH X, ds - 1/n2?=1Xti_l>l/n2?=1Xti_] »
n 2 n 2 - 0’
(1UnYL X, ) - Un¥L, X}
(44)
-1 n t; n 2
€ 9(1 DY XS/Xtiilds>1/nZi=1Xtiil .
n 2 n 2 - 0’
(UYL X, ) - Un¥L,X;
-1 23 2 2 -1 £ 2
e pYL, JtH Xs/Xt,-,ldSU”Z?:lXt,-,l - BYL, LH Xsdsl/nz:’:lXti?1 Py (45)
—
2 2 :
(1Y X, ) - Un¥L, X,
According to Lemma 2, we obtain Using the Markov inequality and Holder’s inequality, for

noct any given § >0, we have

ir X.dz, = ZJ XSdZS+Zn:J

i=1 7 tis i=1 J tia i=1 ¥ tin

L

(Xs - X?)dZs.

(46)

t.

n
0
2 L (X, - X7)dz,

(5

[ (x-x0az,

i

>5>sa—1 [E< )
i=1

n t; 1/a n 1/2
<Cs! Z[E((J |X$—Xg|ads) >SC(?_IZ[E<sup|Xt—X?|n_”“) (47)
i=1 tioa i=1

0<t<1

<Co§” 11111/"‘[E( sup | X, - X?|> — 0,

0<t<1

as e — 0, n — 00, and n!~* — 0. According to Lemma 1, we have
Moreover, 1 n a 1
. i L [ (i o) as— [ (e
J ngZs = J z Xgl (tioti] (S)dZS 033 0
i=1 7 tia 05 o
1 n a (48) ’ 13 0 @ a.s. i ! 0\%
=Z'e J (x§1 (t 1] (s)) ds, ze JO 2 (XS YCEY (S)) ds — 7" Jo (X0)'ds. (50)
0 = i- 1N i=

where 7' £ 7. From equations (53) and (54),
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According to equations (45)-(51) and (55), we have

th x%dz, -4, <Jl(x°)‘”>”as (1,0,0.  (51)
y s s 0 " o (L, U, U).

((J XA ) (X?)Zdt>
(Foxar) - 3 (x'an

(8, - 0)

S, (1,0,0). (52)

From equation (8), we obtain

,I(A ) e 0y, ﬁil Xds—¢ 037, .[?,] XX, dslnyl X,
# el (1/”Z?=1Xt,-,l)2 - U”Z?:leH

-1 t 2 -1 t; 2
- BYLL [ X0X,, dsinyl X, —e 'BYL [, X(ds

2 : (53)
(1/”Z?=1Xti_1) - U”Z?:lxti,l
n t n t; n
+ Zi:l LH Xsts - Zi=1 J‘tH Xs/Xt,-,lesl/nz#lXt,-,l _ lﬁ
- B
(Uny, X, )~ UnYi X2
According to equations (25)-(27) and (55), we have
57192?:1 ,[? Xds - 87192?:1 ,[? XX, ldsl/nZ?:lXt, ., P
i-1 5 i-1 ’2’ - N 0, (54)
(1/”Z?=1Xti,l) - U”Z?:lXt,,l
5_1/32:;1 _[? Xi/Xt- 1d51/n2?=1Xt- T 5_1/32111 ? Xids 1, P
o T T T E PR ) T g P, (55)
(1YL, X, ) - Un¥i,X;
t; n t; n Jl (Xo)adt v - Il Xodt
Z?:I th Xsts - Zi:l J-[' Xs/Xt. 1dZsl/nZi:1Xt» 1 d 0 ! 0t
i1 - ;1 :l - LN > - S, (1,0,0). (56)
(UnELX,, ) - 1nYL X, (foxoar) = o (x0)a
From equations (54)-(56), we have The proof is complete. O
1/a
1 0\& 1,0
. 4 ((I o (x)ar) | oXtdt> 4. Simulation
3 (ﬁn,s_ﬁ) — 2 Sa(1’0>0)-
L x0 (M (x%)ar In this experiment, we generate a discrete sample
o Xpdt o (X ) d P - 8 at %

(X, )i1,...n and compute 0, and B, from the sample. Let
(57)  x, = 0.2. For every given true value of the parameters- (6, 3),
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TaBLE 1: Least squares estimator simulation results of 6 and f.

Absolute error

True value Average value
(6, ﬁ) Size n en,e ﬁn,s |9n,e -6l |ﬁn,e - ﬁl
1000 1.1526 2.1368 0.1526 0.1368
1,2) 3000 1.0379 2.0151 0.0379 0.0151
5000 1.0010 2.0007 0.0010 0.0007
1000 3.1643 4.1538 0.1643 0.1538
(3,4) 3000 3.0236 4.0320 0.0236 0.0320
5000 3.0012 4.0014 0.0012 0.0014
TABLE 2: Least squares estimator simulation results of 6 and f.
True value Average value Absolute error
(6’ ﬁ) Size n en,e ﬂn,s |6n,£ - 9' |ﬁn,s - ﬁl
10,000 1.1041 2.0925 0.1041 0.0925
1, 2) 30,000 1.0053 2.0087 0.0053 0.0087
50,000 1.0005 2.0007 0.0005 0.0007
10,000 3.1154 4.1025 0.1154 0.1025
(3, 4) 30,000 3.0127 4.0089 0.0127 0.0089
50,000 3.0009 4.0003 0.0009 0.0003
3r 3
2.5 2.5
2 2
= =
| |
g g
515 215
s k5]
= =
1 1
0.5 0.5
1000 2000 3000 4000 5000 10000 20000 30000 40000 50000
n-axis n-axis
(@) ®)
FiGure 1: The simulation of the estimator én,e with 0 = 1.
51 51
4.5 4.5
4 4t
o 35 Z 35t
Y g
2 3 2 3
s K]
£ =
- 25 - 25
15 F 1.5
1000 2000 3000 4000 5000 10000 20000 30000 40000 50000
n-axis n-axis

()

(®)

FIGURE 2: The simulation of the estimator ﬁn,s with § = 2.
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the size of the sample is represented as“Size n” and given in
the first column of the table. In Table 1, € = 0.1, the size is
increasing from 1000 to 5000. In Table 2, € = 0.01, the size is
increasing from 10,000 to 50,000. The tables list the value of
“0,"> “B.e and the absolute errors of least squares
estimators.

Two tables illustrate that when 7 is large enough and ¢ is
small enough, the obtained estimators are very close to the
true parameter value. Therefore, the methods used in this
paper are effective and the obtained estimators are good.

In Figure 1, 6 = 1; when ¢ = 0.1, the size is increasing
from 1000 to 5000; when ¢ = 0.01, the size is increasing from
10,000 to 50,000. In Figure 2, 3 = 2; when € = 0.1, the size is
increasing from 1000 to 5000; when & = 0.01, the size is
increasing from 10,000 to 50,000. Two figures illustrate that
when 7 is large enough and ¢ is small enough, the obtained
estimators are very close to the true parameter value.

5. Conclusion

The parameter estimation problem for discretely observed
stochastic Lotka—Volterra model driven by small a-stable noises
has been studied. The contrast function has been given to obtain
the least squares estimators. The consistency and asymptotic
distribution of the least squares estimators have been discussed
by using the Markov inequality, Cauchy-Schwarz inequality,
and Gronwall’s inequality. Further research topics will include
parameter and state estimation for partially observed stochastic
system driven by a-stable noises.
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