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Ca2+ oscillations play an important role in various cell types. /us, understanding the dynamical mechanisms underlying
astrocytic Ca2+ oscillations is of great importance. /e main purpose of this article was to investigate dynamical behaviors and
bifurcation mechanisms associated with astrocytic Ca2+ oscillations, including stability of equilibrium and classification of
different dynamical activities including regular and chaotic Ca2+ oscillations. Computation results show that part of the reason for
the appearance and disappearance of spontaneous astrocytic Ca2+ oscillations is that they embody the subcritical Hopf and the
supercritical Hopf bifurcation points. In more details, we theoretically analyze the stability of the equilibrium points and illustrate
the regular and chaotic spontaneous calcium firing activities in the astrocytes model, which are qualitatively similar to actual
biological experiment. /en, we investigate the effectiveness and the accuracy of our nonlinear dynamical mechanism analysis via
computer simulations. /ese results suggest the important role of spontaneous Ca2+ oscillations in conjunction with the adjacent
neuronal input that may help correlate the connection of both the glia and neuron.

1. Introduction

/ere are two types of cells (namely, the neuron and the glia)
in the central nervous system (CNS). Neuron is the basic
structural and functional elements of the CNS and has the
function of contacting and integrating input information and
transmitting information [1, 2]. With the aid of electron
microscope, it was found that the neuron is divided into two
parts: the cell body and the protrusion. /e role of the
protrusion is to receive the impulse from the axon of other
neurons and transfer to the cell body. Unlike the neuron, as
another type of cell, the glia also has the protrusion, but
without the dendrites or the axons. It is demonstrated that the
glia, of which ratio of the amount to neuron is about 10 :1, is
widely distributed in the CNS. /e glia includes astrocyte,
oligodendrocyte (combined with the astrocyte as macroglia),
andmicroglia. In the past decades, the role of astrocytes in the
CNS has been recognized that the transmission and inte-
gration of information is performed by network of neurons.
/e glia is the only passive auxiliary role, supporting, pro-
viding nutrition, and assisting metabolism [3, 4]. In recent

years, lots of studies have attempted to show that the glia has
great potential to provide new insight into other roles
(assisting the functional activities of neuron) besides having
an effect on supporting and isolating the neighboring neurons
[5]. /e evidences that indicate that the glia cooperates with
the neuron come from a large number of experiments by
Newman and Zahs [6]. As the second messenger, calcium
oscillation is referred to cytoplasmic calcium ions as trans-
ducing information in a manner of concentration oscillation,
which affects various processes such as cell differentiation,
maturation, and apoptosis. One of the earliest reactions
produced by all cells after physiological stimulation is of an
increase in the concentration of calcium ions in the cytoplasm
[1]./e astrocyte located near synapse of neighboring neuron
responds to glutamate, ATP, etc., with evaluation of calcium
oscillations. Excitatory glutamate released by neuron can
activate not only the neighboring neuron but also glutamate
receptor of astrocyte increasing the calcium ion concentration
[7]. It is shown that calcium oscillation is not only the basic
way of astrocyte excitement but also the basic mode of bi-
ological information exchange between the neuron and
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astrocyte [8, 9]. In contrast with the neuron, astrocyte gen-
erates neuronal-dependent and spontaneous calcium oscil-
lation, which is similar to the glutamate-dependent calcium
waves, releasing glutamate affected by the neuron [10].

In the last decades, based on biological background of
calcium oscillation in the neuron and astrocyte, a wide
variety of mathematical models are constructed to investi-
gate in detail the stability and dynamical mechanism of
calcium activities in the neuron and astrocyte [11–15]. It has
long been appreciated that the location of the bifurcations is
of great interest in many dynamical systems and it has
emerged as a major component in the analysis of mathe-
matical models. It is well known that there are three tra-
ditional software packages (Matlab and AUTO) that are used
to solve the continuation and the bifurcation of mathe-
matical models [16, 17]. /erefore, flexible, yet computable,
and dynamical analysis of calcium oscillations (separately,
firing, bursting, quasi-periodic, and chaotic activity), as well
as waves involved in the biological process in the CNS is
required. Regular oscillatory activity is classified into firing
and bursting, which is based on the dynamics of fast and
slow systems [18]. For quasiperiodic and chaotic activity, it
refers to seemingly random irregular motion that occurs in a
deterministic system described by deterministic theory with
uncertainty and unpredictability. In a large number of the
free calcium oscillation experiments of the neuron and
astrocyte, it was found that bursting is of an important role
in information transmission [19–23].

/ere is strong experimental evidence for bidirectional
information communication between the glia and neuron in
biological signaling pathway [22]. As the major neuro-
transmitter, glutamate released from the neuron may have
an autonomous effect on the adjacent glia by the intracellular
calcium oscillations. Trying to recognize the dynamical
mechanism of different phenomena of calcium oscillatory
activities, based on the bidirectional signaling pathway be-
tween the neuron and glia of the CNS in different brain
regions, critical and constructive analysis of existing pub-
lished review literatures are provided both from experi-
mental and theoretical point of view [24–26]. /e
establishment of the first dynamic model describing the
process of generating neuronal firing activities began with a
series of work by Hodgkin andHuxley in the 1950s. Based on
the bioelectric theory and giant axon experiment, they

successfully established a mathematical neuron model for
the first time through a series of nonlinear differential
equations that reproduce different oscillatory patterns of
neuron observed in the experiment. On this neurophysio-
logical basis of their finds, many other mathematical models
associated with cell membrane ion channels were established
with purpose of describing rich firing oscillations of different
types of neurons in the experiment [27]. Although these
neuron models are the mathematical reduction of the HH
model, they can simulate the experimental phenomena from
a wide variety of cell types and thus have been extensively
studied [28].

In order to understand the dynamical mechanisms in-
volved in spontaneous Ca2+ oscillations in the astrocyte,
Lavrentovich and Hemkin proposed a dynamical model of
how the different types of Ca2+ oscillations occur in real
astrocyte in the CNS [29]. Spontaneous Ca2+ oscillations
have been extensively observed in the cytosol of the glia both
in situ and in vivo originating in the hippocampus and
thalamus of the brain [30]. Although the functional and
structural perspective of spontaneous behaviors is not yet
well understood, many physiological experimental results
indicate that, in conjunction with outer input, spontaneous
Ca2+ oscillations may help correlate the connection between
the glia and neuron. It is known that different types of these
oscillatory activities in astrocytes vary with bifurcation
principles, stability analysis, and simulations that underlie
activation and inhibition of regular and chaotic Ca2+ os-
cillations which should be discussed in detail both from
theoretical and experimental point of view.

2. Model Description

In this study, we analyze a two-compartment astrocyte
model proposed by Lavrentovich and Hemkin as an example
of a system that exhibits regular and chaotic calcium os-
cillations. /is model involves currents such as the free
calcium concentration (Cacyt) in cytosol and in ER (Caer),
and IP3 concentration as intracellular messenger in astrocyte
(IP3). VCICR and Vserca denote calcium flux from ER to
cytosol and sarcoplasmic reticulum ATPase that reach ER
from cytosol, respectively [31–34]. /e model can be de-
scribed as follows:

dCacyt
dt

� vin + VCICR − 0.5Cacyt − vM2
Ca2cyt

Ca2cyt + 10−2
⎛⎝ ⎞⎠ + 0.5 Caer − Cacyt ,

dCaer
dt

� vM2
Ca2cyt

Ca2cyt + k22
⎛⎝ ⎞⎠ − kf Caer − Cacyt  − VCICR,

dIP3

dt
� 0.05

Ca2cyt
Ca2cyt + k2p

⎛⎝ ⎞⎠ − 0.08 IP3,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1)
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where

VCICR � 4 Caer − Cacyt vM3
0.27nCancyt

Cancyt + 0.27n  Cancyt + knCaI 
⎛⎝ ⎞⎠

×
IPm

3
IPm

3 + kmip3
⎛⎝ ⎞⎠.

(2)

Since the parameter vin is calcium ion flux from outer
extracellular space through membrane of the astrocyte and
into the cytosol, in this work, we choose vin to be the bi-
furcation parameter to control the spontaneous calcium
oscillatory activities. /e other physiological parameter
values are vM3 � 40 s−1, kCaI � 0.27 μMs−1, kip3 � 0.1 μMs−1,
vM2 � 15 μMs−1, k2 � 0.1 μM, kf � 0.5 μMs−1, and
kp � 0.164 μM.

3. Stability Analysis and
Bifurcation of Equilibrium

Let x� (x, y, z)T � (Cacyt, Caer, IP3)T, r� vin, system (1) can be
rewritten as

_x �
1
2
y +(r − x) − 15 d1 − 11.4xnd2zmd3,

_y �
1
2

(x − y) + 15 d1 + 11.4xnd2zmd3,

_z � 10− 2 5x2d4 − 8z ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

where d1� x2/(x2 + 10−2), d2� (x-y)/(xn + 7×10−2), d3�1/
(zm+ 6×10−3), and d4�1/(x2 + 27×10−3).

Equilibrium of (3) takes the form

x � 2r,

z �
5
8
x2d4,

y � 2 15 d1 − 11.4x2.02z2.2d2 d3 + r .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(4)

Let (x0, y0, z0)T be the root of (3) and x1 � x–x0, y1 � y–y0,
and z1 � z–z0, and we are able to obtain the following
equations:

_x1 � r − x +
1
2

2y −
p2x

2

d2
  −

p3x
2.02z2.2

(x − y)

d2 d3
,

_y1 �
1
2

x − y + p2d1(  + p3x
nd2p3d3,

_z1 � 10− 2 5x2d4 − 8z .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(5)

/e Jacobian matrix is

A � aij 3×3, i, j � 1, 2, 3, (6)

where

a11 � p2d1 − q1
p3 − p4q2

σ
+ p5d2 d3

1
σ

− 1,

a12 �
p3q1
σ

+
1
2
,

a13 �
p1x

2.02q2z
3.04d3

σ
−
p1q1q2
σz

,

a21 � −xp1 + d1p2 +
p3q1 + p4q2

σx
−
p5x

3.04q2q1d1
σ

+
1
2
,

a22 � −
p3q1
σ

−
1
2
,

a23 � −
d3p1x

2.02q2z
3.04

σ
+
p1q1q2
σz

,

a31 � x d1 − 10− 1x3p1q2,

a32 � 0,

a33 � −
2
25

,

σ �
d2
d3

,

p1 � 25,

p2 � 30,

p3 � 11,

p4 � 23,

p5 � 46,

q1 � xnzm,

q2 � x − y.

(7)

Clearly, the characteristic equation of system (5) is

λ3 + Q3λ
2

+ Q2λ + Q1 � 0. (8)

/eHurwitz matrix with the coefficientsQi of the matrix
characteristic polynomial can be rewritten as follows:

H1 � Q1( ,

H2 �
Q1 1

Q3 Q2
 .

(9)

By simple computation, one can easily verify that the
eigenvalues are negative or of negative real parts if the
determinants of Hurwitz matrix are positive:
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de t Hi( > 0, i � 1, 2, 3. (10)

Now, motivating the Routh–Hurwitz method, we ana-
lyze the bifurcation points of system (4) for the parameter r
(that is, vin):

r1 � 0.0193,

r2 � 0.0772.
(11)

Summarizing the above stability analysis, we have lin-
earized the model at the origin of portrait state and the
following results can be described as follows:

(1) System (5) has a stable node as 0r< 0.0193
(2) System (5) has a nonhyperbolic equilibrium

O1 � (0.03858, 2.66776, 0.03277) as r� 0.0193
(3) System (5) has a saddle node as 0.0193r< 0.0772
(4) System (5) has a nonhyperbolic equilibrium

O2 � (0.15432, 0.675115, 0.29351) as r� 0.0772
(5) System (5) has a stable node as r> 0.0772

We denote r� r0, x1 � x−x0, y1 � y−y0, z1 � z−z0, and
r1 � r−r0, and the equilibrium of system (5) is (x0, y0, z0). For
the purpose of applying the Hopf bifurcation theory, a new
variable r1 is added to the model, where dr1/dt� 0. /e
system takes the form

_x1 � r1 + r0(  − d2 d3p3x
2.02z2.2q2 − p1 − 1( d1 −

1
2
p2,

_y1 �
1
2

+ p1 − 1( d1 + p3q1q1d1 d3,

_z1 � − z1 + z0( 
x2

x2 + Q3
,

_r1 � 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(12)

For r1 � 0, the point (0, 0, 0, 0) is the equilibrium of
system (12), which has the same stability as the one in (3).
For r0 � 0.01929, the Jacobian matrix of system (12) is

−6 × 10 7 × 10− 1 4 × 10 1

6 × 10 −7 × 10− 1
−4 × 10 0

10− 1 0 −8 × 10− 2 0

0 0 0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (13)

Four eigenvalues of (5) are ξ1 � −58.0969, ξ2 � 0.0225i,
ξ3 � –0.0225i, and ξ4 � 0, respectively./erefore, we can have
the associated eigenvector:

x∗
y∗
z∗
r∗

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
� U

u

v

w

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (14)

/erefore, system (12) can be written as

_u

_v

_w

_s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
� A

u

v

w

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ S, (15)

where

A �

−38 0 0 0

0 0 −2 × 10− 2 0

0 2 × 10− 2 0 0

0 0 0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

S � U− 1

f1
f2
f3
0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
− A

u

v

w

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(16)

Next, we analyze the center manifold of system (12). By
simple computation, we have

Wc
loc O1(  � (u, v,w, s)ÎR4  u � h∗(v,w, s),Dh∗ � 0 .

(17)

Substituting (17) into (15), we have
_h∗(v,w, s)

_v

_w

_s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

� A

h∗(v,w, s)

v

w

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ S. (18)

Let h(v, w, s) � av2 + bw2+ cs2 + dv w + evs + fws +

· · · , and the center manifold of (12) is

N(h) � 0, (19)

where a� 0.000567, b� −0.1828, c� −1.95096, d� 0.049818,
e� −1638.5116, and f� −0.75265./en, system (12), which is
confined to the manifold, is

_v

_w
  � B

v

w
  +

f∗(v,w)

f∗(v,w)
 . (20)

/us, we can obtain

d �
d(Re(ξ(s)))

ds

O1

< 0. (21)

Having applied the above formulas and computations,
the sufficient conditions for stability can be obtained.

Conclusion 1. System (3) has a subcritical Hopf bifurcation
at r0 � 0.01929. If r> r0, the equilibrium loses its stability,
which means that a periodic solution occurs and the system
oscillates.

Using the same notations above, we construct the ei-
genvalues of equilibrium point O2 � (0, 0, 0, 0) as
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ξ1 � –0.08959, ξ2 � 3.3864i, ξ3 � –3.3864i, and ξ4 � 0, re-
spectively, as r0 � 0.07716. On the center manifold, system
(12) has the form

_u

_v

_w

_s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
� U− 1

u

v

w

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ S, (22)

where

S � U− 1f − B

u

v

w

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (23)

Note that, on the above center manifold of the system, we
have

N(h) � 0. (24)

In this case, the system confined to the center manifold is
as follows:

a � 6 × 10− 1f1 + 2 × 10− 2f2 � −2265.4> 0,

d � −7 × 10− 4 < 0.
(25)

Based on the above analysis and computation, we can
obtain the following result:

Conclusion 2. System (3) has a supercritical Hopf bifurca-
tion when r0 � 0.07716. If r< r0, the equilibrium becomes
unstable, system (3) begins to oscillate.

4. Numerical Examples

In this section, we study the effects of calcium ion flux from
outer space through membrane of astrocyte and into cytosol
on the dynamics of full system. Regular Ca2+ oscillations of
the full system as vin increases from vin � 0.02 μM/s and
vin � 0.04 μM/s (blue curve) are plotted in Figure 1. /ese
figures are the result achieved by solving the ordinary dif-
ferential equations in model of Lavrentovich and Hemkin
using Matlab software.

As expected, regular periodic oscillations in cytosolic
are generated from numerical simulations. In Figure 1,
time evolution of Cacyt are illustrated for two examples of
regular calcium oscillations, that is, a simple spike os-
cillation with a period of the order of 2000 s at
vin � 0.02 μM/s (Figure 1(a)), a burst oscillation with a
period of the order of 400 s at vin � 0.04 μM/s (Figure 1(c)).
/e corresponding three-dimensional phase portrait di-
agram in (x, y, z)-plane for vin � 0.02 μM/s (Figure 1(b))
and vin � 0.04 μM/s (Figure 1(d)) are also plotted, re-
spectively. In Figure 1(c), free calcium ion flux from the

outer space into the cytosol caused a large initial peak,
which is followed by a small one. In this case, the 3D phase
portrait diagram in (x, y, z)-plane is also significantly
different.

Based on the stability analysis, we concluded that, in this
case, the model has a saddle node for the value of vin. It is
seen that the number of peak and the magnitude of each
burst increase accordingly, as shown in Figure 2 as
vin � 0.045 μM/s. Compared to spike oscillation, burst is
found to be one of the elementary modes in many cell types,
including the neuron and glia. Unlike the case of
vin � 0.04 μM/s, the free calcium ion current from the outer
space into the cytosol caused a large initial peak, which is
followed by three small ones, as shown in Figure 2(a). At the
same time, the phase portrait diagram in (x, y, z)-plane is
rotated at least three times. In order to study the variation of
this regular oscillations in detail, two examples of chaotic
burst spontaneous Ca2+ oscillations are also performed, as
shown in Figure 3.

Chaotic oscillation means the system is of total confu-
sion with no order. Figures 1(c), 2(a), 3(a), and 3(c) show the
corresponding time series of Cacyt for two parameter values
of vin � 0.05025 μM/s and vin � 0.050252 μM/s, respectively,
for which the number of peak and the magnitude of each
burst increase with no order, indicating a state of total
confusion. In Figures 3(b) and 3(d), the phase portrait di-
agram simultaneously exhibits the corresponding attractor,
which has been rarely reported in the previous literatures in
this astrocyte model. /e main difference between the two
chaotic burst calcium oscillations is that the order of the
chaotic burst oscillation in Figure 3(a) is less than that of the
chaotic burst oscillation in Figure 3(c) in both frequency and
amplitude.

As the parameter vin increases to vin � 0.050254 μM/s, it
is observed that each burst comprises two similar spike
which means that a small correlation exists between each
burst. Compared with the previous finds, in this case, the
time evolution and the phase portrait would develop into the
long-term depression, as shown in Figures 4(a) and 4(b),
respectively. We can predict that as the parameter vin in-
creases further, a simple spike calcium oscillation would
occur. To further investigate the generation with respect to
the parameter vin, we perform a detailed Hopf bifurcation
analysis to the model.

Bifurcation diagram of the whole system with respect to
the parameter vin versus Cacyt (Caer) is displayed in
Figure 5(a) and 5(b). /e system begins to oscillate due to a
subcritical Hopf bifurcation at point H1 with
vin � 0.01929 μM/s; meanwhile, a stable limit cycle occurs.
With the parameter increasing further, the oscillatory ac-
tivities terminate and the steady state turns stable again after
the parameter vin � 0.07716 μM/s at the supercritical Hopf
bifurcation point H2. /e solid (dashed) curve in Figure 3
denotes the stable (unstable) equilibrium of the steady state.
/e Matlab software package enables one to simulate the
time series and the corresponding phase portrait diagram to
verify the effectiveness of our previous prediction.
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5. Summary

In summary, we have theoretically analyzed a spontaneous
Ca2+ oscillatory model in astrocyte based on the stability and
Hopf bifurcation theory. Firstly, we obtained the sufficient
conditions to ensure the model to be stable and the existence
of Hopf bifurcation by increasing the parameter vin and the

calcium ion current from extracellular space through the
membrane of astrocyte and into the cytosol. As vin is slightly
more than a critical value, these spontaneous Ca2+ oscilla-
tions will disappear. Moreover, we concluded that a sub-
critical Hopf bifurcation point and a supercritical Hopf
bifurcation point may be important for the occurrence of
spontaneous Ca2+ oscillations in astrocytes by applying the
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Figure 1: Time evolution of regular spontaneous Ca2+ oscillations in astrocytes. (a) Simple spike Ca2+ oscillations for vin � 0.02 μM/s. (b) 3D
phase portrait diagram in (x, y, z)-plane for vin � 0.02 μM/s. (c) Burst Ca2+ oscillations for vin � 0.04 μM/s. (d) 3D phase portrait diagram in
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Figure 2: Time evolution of regular burst spontaneous Ca2+ oscillations in astrocytes. (a) vin � 0.045 μM/s. (b) 3D phase portrait diagram in
(x, y, z)-plane for vin � 0.045 μM/s.
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Hopf bifurcation theorem. Moreover, the domain of oscil-
latory activities with respect to vin is determined by com-
putation using the Hurwitz stability criterion. Finally, based
on our theoretical analysis, we give some numerical ex-
amples to illustrate the regular and chaotic spontaneous
Ca2+ oscillations at some certain parameter values. /ese

results demonstrate and enhance our understanding of the
generation and transition mechanisms of complex Ca2+
oscillations in the astrocyte. /ese results may be potentially
able to better understand the bidirectional signaling pathway
between the neuron and glia from a mathematical point of
view. Future experimental studies should be undertaken to
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Figure 3: Time evolution of chaotic burst spontaneous Ca2+ oscillations in astrocytes. (a) vin � 0.05025 μM/s. (b) 3D phase portrait diagram
in (x, y, z)-plane for vin � 0.05025 μM/s. (c)vin � 0.050252 μM/s. (d) 3D phase portrait diagram in (x, y, z)-plane for vin � 0.050252 μM/s.
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Figure 4: Time evolution of regular burst spontaneous Ca2+ oscillations in astrocytes. (a) vin � 0.050254 μM/s. (b) 3D phase portrait
diagram in (x, y, z)-plane for vin � 0.050254 μM/s.

Discrete Dynamics in Nature and Society 7



discover mechanisms underlying spontaneous Ca2+ oscil-
lations in the astrocyte in detail.
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