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We study a first-price auction with two bidders where one bidder is characterized by a constant relative risk aversion utility
function (i.e., a concave power function) while the other has a general concave utility function. We establish the existence and
uniqueness of the optimal strategic markups and analyze the effects of one bidder’s risk aversion level on the optimal strategic

markups of him and his opponent’s, the allocative efficiency of the auction, and the seller’s expected revenue, respectively.

1. Introduction

Though the rules of a first-price auction are simple, the same
cannot necessarily be said for the case that bidders are
asymmetric, especially when the bidders are risk averse.
Previous studies on the asymmetric auctions with risk
neutral bidders within the independent private value (IPV)
model have been extensively studied by Lebrun [1], Maskin
and Riley [2, 3], Kirkegaard [4], and Kaplan and Zamir [5].
Also, the symmetric auctions with risk-averse preferences
have been much studied in the literature (e.g., Riley and
Samuelson [6], Matthews [7], and Hu et al. [8]). In this
paper, we build on the model outlined by Maréchal and
Morand [9] (henceforth MM) and study first-price sealed-
bid auctions with asymmetric bidders in terms of risk
aversion.

The MM’s model is initiated by Von Ungern-Sternberg
[10] (henceforth VUS) in his theoretical analysis on Swiss
construction industry of simultaneous sealed-bid multi-
object auctions, where each bidder are ex ante symmetric
relative to the informational knowledge and he can predict
his private valuation with certainty but has no grounds for
believing it to be higher or lower on average than his op-
ponent’s. Formally, VUS models this by assuming that the
different bidders’ valuations are independent drawings from
a uniform distribution with an unknown mean; thereby, the

bidders can use this information to infer the mean and
indirectly infer his opponent’s valuation. Therefore, the ex
ante and ex post distribution are not the same, which is the
main difference between the standard IPV model and the
VUS model.

MM follows the VUS model and extends it to the case of
two risk-averse bidders who had the same parametric family
of (CRRA) functions, but their measures of risk aversion
differ. Then, they derive the explicit expressions of asym-
metric bidding equilibrium. To the best of our knowledge, it
seems that only Maréchal and Morand consider asymmetric
first-price auctions where two bidders assume different
CRRA utility functions. By allowing risk aversion levels of
both bidders to vary simultaneously, they show that as one
bidder becomes less risk averse and the other one becomes
more risk averse, (i) the less risk-averse bidder reduces his
markup when asymmetry in terms of risk aversion between
both bidders is sufficiency large; (ii) the allocative efficiency
decreases when asymmetry increases; and (iii) the seller’s
expected revenue increases as bidders become more
asymmetric in terms of risk aversion.

We generalize the work by MM to a more general case
where one bidder is characterized by a CRRA utility function
while the other has a general concave utility function. Our
work makes a contribution to the asymmetric auction lit-
erature and is different from MM in several respects: (i) we


mailto:slliu@uibe.edu.cn
https://orcid.org/0000-0003-3083-5597
https://orcid.org/0000-0003-2778-0310
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/5592402

establish the existence and uniqueness of the optimal
strategic markups of two bidders (see Propositions 1 and 2);
(ii) we study effects of one bidder’s risk aversion on bidding
behavior. We find that when one bidder becomes more risk
averse and the other bidder’s risk averse remain unchanged,
both bidders reduce their optimal strategic markups, and an
illustrative example shows that the rate at which his markup
decreases is higher than the rate at which his opponent’s
markup decreases (see Propositions 3 and 4); (iii) the
allocative efficiency becomes complicated as one bidder
becomes more (less) risk averse (see our Proposition 6); (iv)
we study effects of one bidder’s risk aversion on expected
revenue. We find that the seller’s expected revenue increases
when one bidder becomes more risk averse, given that the
other bidder’s risk averse remain unchanged (see Proposi-
tion 7). Section 4 concludes the paper.

2. Model

In this paper, we study a two-bidder first-price sealed-bid
auction selling an indivisible single item whereas adopting
the framework of the model as in MM. Differentiating from
their framework, we further generalize the MM model by
accommodating the case where one bidder has a general
concave utility function and the other still has a CRRA utility
function.

2.1. The MM’s Model. In MM, the key assumptions conclude
the following: (a) both bidders are ex ante symmetric relative
to the informational knowledge; (b) each bidder has a private
valuation; (c) the valuations are independently drawn from a
known uniform distribution F and distributes around the
unknown mean y over [y —a, y+a] with frequency 1/24,
where g is common knowledge; (d) the optimal strategy is to
bid a simple markup b below his valuation and the markup b
is independent of his valuation.

Such as bidder «, when he observes his own valuation v,,
since assumption (c), he can draw inferences about
y€lv,—a, v,+a] according to the cumulative F, with
corresponding density f,. Due to assumption (a), he can
indirectly draw inferences about his opponent’s valuation
vg € [v, —2a, v, +2a] according to the cumulative Fg with
corresponding density fg.

Suppose bidder i € {«, 8} has a private valuation of v; and
places a bid B;. Due to assumption (d), the bid has the form
B, (v;) =v; — b;. When his competitor chooses a markup equal
to b_; (-i means i’s opponent), bidder i’s probability of
winning Prob, (win) is given by

J- prob(B; > B_;) f, (u)dp. (1)
#
Consider bidder «, the probability of winning P is

sz Fﬁ(va—b“+b5)fﬂ(‘u)d‘u, Ue [vy—a,v, +al.
U
(2)

Then, we have
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b, +bsg+v, -
sz 1<a ot Op v, .u)dy. 3)

ﬂi 2a

Similarly, consider bidder §, the probability of winning
Qis

Q= JHF“(vﬁ —bg+ bu)fy (wdu, ue [v/; —a, vg+ a].
(4)

Then, we have

1 (a+b,—bg+vy—p
Q:j@( o )du- (5)

2.2. 'The General Utility Function of Bidders. Bidders are risk
averse and one Dbidder has a CRRA utility
functionu; (x) = xP (with 0 < p;< 1), while the other bidder
—i has a general utility function u_; (x) satistying u_; (0) =0,
u!;(x)>0,and u_? (x) <0, x is bidder’s income. Specifically,
we consider two models as shown in the following:

Model I: suppose that bidder « has a utility function
u, (x) = xf= (with 0 < p, < 1) and bidder  has a general
utility function u, (x) satisfying u, (0)=0, u,(x)>0,
and u, (x)<0. Then, the respective expected utility
maximization problems for bidders a and 8 are

max By, = (b)"*P(bas bg), (6)

n}];ax Eu/; = Mﬁ(bﬁ)Q(bwbﬁ)’ (7)

where P (b, bg) and Q (b, bp) are the respective
probabilities of winning of bidder a and 8 when they
choose strategic markups b, and bg,

(2a b, +b,)’

2 b
8a

P(berby) = ®

4a” + 4a(b, — by) —(b, — by)

8a’

(9)

2
Qba by) = ~

Model II: suppose that bidder « has a general utility
function u, (x) and bidder § has a utility function
ug (x) = xP* (with 0 <pg<1) (see page 109 of MM for
the detailed proof). Then, the respective expected utility
maximization problems for bidders a and 8 are

n}ﬂfxEua =u, (ba)P(bmb/s)a (10)

maxg (5" Q(buty). )

where by, bg, P (ba, bg), and Q (be, bpg) have the same
meanings as in Model L.

Define y; = u;/u;. Let R; = —u/u; denote the Arrow-
Pratt measure of absolute risk aversion. Since
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Y = [(z/ﬁi)z - uiu'i']/(u'i)2 =1- (yiu'i')/zii, y; is related to R;
byy; = 1 + R;y;. Since y; (x)>0 and R; (x)>0 for x>0,
¥;(x) > Oforx > 0. Let #; be another utility function of bidder
i satisfying the same assumptions as u;, with an absolute risk
aversion measure 1A2,~ (x) such that ﬁi (x) > R;(x) on (0, oo].
Then, Ri(x) >R; (x)on (0, co) implies P;(x)>y;(x) on (0,
00) (see page 1191 of Hu et al. [8]).

Throughout the paper, we keep the assumption of
by = bg. (Similarly, as in MM, the two probabilities given in
(8) and (9) will be changed when we assume that b, < bg.
With this assumption, we can get results that are entirely
parallel to the existing propositions in Section 3.) That is
used to derive the two probabilities of winning of (8) and (9)
as in MM. The following examples verify this assumption.

Example 1. Suppose that bidder « has a CRRA utility
function u, (x) = xP« with 0<p,<1, and bidder f has a
constant absolute risk aversion (CARA) utility function ug
(x) =1 —exp (-0px) with 6> 0. Substituting us (x) into (15)
yields

—1 + &%t ~ 24 (P +2) ~ bg +2a 12)

eﬁ bﬁ+2a pa+2.

This and (14) constitute a system. Let a=1. Solving the
respective six systems associated with six pairs of (pq, 0), we
obtain six pairs of optimal markups as shown in Table 1.

Table 1 shows the optimal markups satisfy b, > bg.

Example 2. Suppose that bidder o has a CARA utility
function u, (x) =1 —exp (-0,x) with 6, > 0, and bidder f8 has
a CRRA utility functionuﬁ (x) =x with 0<pg<l.
Substituting u, (x) into (18) yields

~14elte 2a-b, + \/(Za ~b,)" + 8a2(p2 + Zpﬂ)
0, 2(2+py) '

This and (17) constitute a system. Let a = 1. Solving the
respective six systems associated with six pairs of (6,, pp) as
shown in the following Table 2, we obtain six pairs of optimal
markups.

Table 2 shows that the optimal markups satisfy b, > bg.

(13)

3. Optimal Strategic Markups and
Their Properties

3.1. Existence of Optimal Strategic Markups

Proposition 1. Consider Model 1. Then,

(i) The optimal strategic markups for both bidders (b,,
bp) are characterized by (when uﬁ(x) = xP¢, we get
the same optimal strategic markups as in MM)

b, - pa(Za + bﬂ), (14)
2+ Py
vp(bs) = G(bg). (15)

where

3
TaBLE 1: Verification of the assumption b, > bg.
Pa 0.8 0.8 0.9 0.9 0.9 0.9
g 0.6 0.7 0.3 0.7 0.8 0.9
b, 07971 0.7926  0.8955 0.8726  0.8674  0.8624
bg  0.7900  0.7743  0.8858 0.8118 0.7951 0.7790
TaBLE 2: Verification of the assumption b, > bg.
0, 0.2 0.3 0.35 0.4 0.41 0.8
Pp 0.7 0.8 0.8 0.8 0.8 0.2
b, 0.8762 0.8635 0.8492 0.8354 0.8328  0.6400
bg  0.7915 0.8347  0.8269 0.8194 0.8179 0.3114
2
2a +2) x+2a
G =28 Pt X428 1o ) (16)

X +2a Pout2

(ii) There exists a unique optimal strategic markup (b,,
bg) with b, bg € (0, ap,].

(iii) by and bg increase with the uncertainty parameter a.

Proof. See Appendix.

Part (iii) of Proposition 1 is in line with intuition and
conventional results in auction theory (see among others
Klemperer [11] and Krishna [12]). [
Proposition 2. Consider Model II. Then,

(i) The optimal strategic markups for both bidders (b,
bp) are characterized by (when u, (x) = xP«, we have
the same optimal strategic markups as in MM)

bg = g(b,), (17)

Va (ba) = L(by), (18)
where g (x) and L (x) are defined on [0, 00),

(1 + pﬁ) (x—2a)+ \/(Za -x)+ 8a2(p§ + Zpﬁ)

(x) = 240, ,
(19)
2a - 2a-x)" +8a*(p5+2
L) = a x+\/( a-x)"+ a(pﬁ+ pﬁ).
2(2+ pp)
(20)

(ii) There exists a unique optimal strategic markup (b,
bp) with by, bg€ [app, a).

(iii) b, and bg are increasing with respect to the uncer-
tainty parameter a.

Proof. See Appendix. O

3.2. Impact of the Degrees of Risk Aversion on Bidders’ Optimal
Markups. Suppose that bidder «’s risk aversion level re-
mains unchanged. Then, Proposition 3 (i) shows that the



optimal strategic markups for both bidders « and  decrease
in risk aversion of bidder 8. Part (ii) shows that a change in
bidder f’s optimal strategic markup is greater than a change
in bidder «’s optimal strategic markup as bidder 3 becomes
more risk averse.

Proposition 3. Consider Model 1. Let b, and bg be the
optimal strategic markups for bidder o and f3 associated with
utility functions u,(x) = xP« and ug (x), satisfying that
by>bp. Let b, and by be the optimal strategic markups for
both bidders associated with utility functions u, (x) = xPe
andiig, satisfying that b, > bg. Then, we have the following:

(i) by <b,, by <by
(i1) by — by <bg — by ~
(i.e,(v,—b,)— (v,—b,) < (v/; - b/;) - (vﬁ - bﬁ))

Proof. See Appendix.

The following Examples 3 and 4 illustrate the influence of
the degrees of bidder f’s risk aversion on the markups of
both bidders. O

Example 3. Consider Example 1 again. Suppose that bidder
B becomes more risk averse. Let g become 63 + ¢, where eis a
positive real number. Then, the optimal strategic markups b,
and by satisfy

l+e (65+2)s 2a%(p, +2) Eﬁ +2a
(6s+e)

by+2a  Put2’
~ 2a+b (21)
b :P“( ﬁ)

o

2+ Py

E(X’ Eﬁ (0’ “ptx]'

Figure 1 depicts the optimal strategic markups b, and bg
for €€ (0, 0.1) (the choice of ¢'s range must guarantee the
optimal strategic markups exist in the interval (0, ap,),
where a=1, 63=0.6, and p,=0.8. It shows that both op-
timal strategic markups are declining with ¢, implying that
as bidder 8 becomes more risk averse, both b, and bg
decrease (i.e., part (i) of Proposition 3 holds), bg is more
rapidly decreased than b,, and the magnitude of the
asymmetry effects on the optimal bid markup becomes
smaller for bidder o but becomes bigger for bidder g. It also
shows that the magnitude of the asymmetry effects is less
for bidder « than that for bidder g (i.e., part (i) of Prop-
osition 3 holds).

Example 4. Consider that both bidders exhibit constant
relative risk aversion (CRRA) utility functions, u; (x) = x*
(with 0<p;<1, i€{a, B}), where 1—p; is the Arrow-Pratt
measure of CRRA. Then, we can derive explicitly the optimal
strategic markups for both bidders
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F1GURE 1: Plot of the optimal strategic markups b, and bg increase
with the degrees of bidder f’s risk aversion.

b _ap,(1+A)
“ 24 p+pg
(22)

_a(+p)A-2-p,—2p5)

b
24Pt pp

whereA = /1 +2pg (2 + p, + pp).

Suppose that bidder  becomes more risk averse. Let pg
become pg—0, where § is a positive real number. Then, we
have

~ ap“(1+;\)
by = 2Pl T )
2+p,tps—90
~ (23)
o _al@+p)A-2-p~2ps-9))
F- 24p,+ps—0

>

where A = 1+2(pﬁ—6)(2+pa+pﬁ—8).

Figure 2 depicts the optimal strategic markups b, and bg
for 6 € (0, 0.55), where a=1, p,=0.9, and pg=0.6. It shows
that both optimal strategic markups are declining with &,
implying that as bidder 8 becomes more risk averse, both b,
and by decrease (i.e., part (i) of Proposition 3 holds), bg is
more rapidly decreased than b,, and the magnitude of the
asymmetry effects on the optimal bid markup becomes
smaller for bidder a but becomes bigger for bidder 5. It also
shows that the magnitude of the asymmetry effects is less for
bidder « than that for bidder § (i.e., part (ii) of Proposition 3
holds).

Suppose that bidder B’s risk aversion level remains
unchanged. When bidder a becomes more risk averse,
Proposition 4 has a similar meaning as Proposition 3.

Proposition 4. Consider Model II. Let b, and bg be optimal
strategic markups for bidder o and B associated with u, (x)
and ug(x) = x*¥, satisfying that b, > bg. Let b, and bg be the
optimal strategic markups for both bidders associated with
utility functions ug(x) = xPfandu,, satisfying that b, 25/5.
Then, we have the following:

(i) b, <b,, Eﬁ <bg
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(ll) %_Bﬁ<b(x_got (i.e., (Vﬁ_Eﬂ)_ (Vﬁ_bﬁ)< (le—
by)— (vy—b,))

Proof. See Appendix.

The following Examples 5 and 6 illustrate the influence of
the degrees of bidder «’s risk aversion on the markups of
both bidders. O

5
091 |
0.90 |
=% b
2 0.89 ¢
=
=
0.88 |
bg
0.87 |
0.02 0.04 0.06 0.08 0.10

¢

F1GURE 3: Plot of the optimal strategic markups b, and b increase
with the degree of bidder «’s risk aversion.

Example 5. Consider Example 2 again. Suppose that bidder
a becomes more risk averse. Let 0, becomes 0, + {, where ( is
a positive real number, and the larger { is, the bidder «
becomes more risk averse. Then, the optimal strategic
markups satisfy

| 14 e(00b 2a—Dy + \/(Za - l;a)2 +

8" (p} + 2py)

0, +¢ 2(2+py)

, andEa,Eﬁ € [ocpﬂ, oc). (24)

(1 + pﬂ)(E“ - Za) + \/(201 - Ea)z + 8a2(p/23 + 2pﬂ)

2+pﬂ

Figure 3 depicts the optimal strategic markups b, and b for
{€(0, 0.1), where a=1, 0,=0.18, and pg=0.85. It shows that
both optimal strategic markups are declining with {, implying
that as bidder « becomes more risk averse, both b, and b/;
decrease (i.e., part (i) of Proposition 4 holds), b,, is more rapidly
decreased than bg, and the magnitude of the asymmetry effects
on the optimal bid markup becomes smaller for bidder  but
becomes bigger for bidder «. It also shows that the magnitude
of the asymmetry effects is less for bidder 8 than that for bidder
a (ie., part (ii) of Proposition 4 holds).

Example 6. Consider Example 4 again. Suppose that bidder
a becomes more risk averse. Let p, become p,—6, where §is a
positive real number. Then, the optimal strategic markups
(22) become

E _a(pa_a)(1+z)
C 2+p,—0+ps

o

(25)

E _a((2+Pot_8)2_2_(/)01_6)_2(!)[3))
F- 2+p,—8+pg

>

where A = \/1 +2p5(2 +p, = 8+ pp).

Figure 4 depicts the optimal strategic markups b,, and bg
for § € (0, 0.69), where a=1, p,=0.9, and pg=0.2. It shows
that both optimal strategic markups are declining with §,
implying that as bidder a becomes more risk averse, both b,
and bg decrease (i.e., part (i) of Proposition 3 holds), b, is
more rapidly decreased than bg, and the magnitude of the
asymmetry effects on the optimal bid markup becomes
smaller for bidder 3 but becomes bigger for bidder a. It also
shows that the magnitude of the asymmetry effects is more
for bidder « than that for bidder 3 (i.e., part (ii) of Prop-
osition 3 holds).

From Proposition 3 and Proposition 4, we can find that
the two bidders make uniformly higher bids as bidder 8 or
bidder & becomes more risk averse. This is consistent with
the traditional result on symmetric auctions.

3.3. Impact of the on

Allocative Efficiency

Degrees of Risk Aversion
Proposition 5

(i) Suppose vg >v,. Both auctions associated with Models
I and II are always efficient.
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(ii) Suppose v, > vg. For Model I, the auction is inefficient
if and only if v, — vp<2 (apa—bp)/(2 + p,); the auc-
tion is efficient if and only if v, —vg>2 (ap.—bg)/
(2 + pg). For Model 11, the auction is inefficient if and
only if v, —vg <p (ba); the auction is efficient if and
only if vy = vg>p (ba), where

1
p(b,) = m(ba + 2a(1 +pﬁ) - \/(Za ~b,) + 8a2(pz + ZpE) )

(26)

Proof. See Appendix.
Notice that if v5 > v,, the auctions are always efficient. In
the following, we just consider that v, > vg. O

Proposition 6

(i) Consider Model I, suppose that bidder «’s risk
aversion level remains unchanged. (a) If the auction is
inefficient, as bidder 3 becomes more risk averse, the
more inefficient the allocation can be, while as bidder
B becomes less risk averse, allocative efficiency be-
comes ambiguous. (b) If the auction is efficient, as
bidder 3 becomes less risk averse, allocative efficiency
becomes ambiguous, while as bidder 5 becomes less
risk averse, the auction is still efficient.

(ii) Consider Model II; suppose that bidder P’s risk
aversion level remains unchanged. (a) If the auction is
inefficient, as bidder o becomes more risk averse,
allocative efficiency becomes ambiguous. Consider
Example 2. Suppose that v,-vg=0.02 and a=1.
Substituting a = 1 and the related data in column 2 of
Table 2 (i.e., 0,=0.3, pg=0.8, and b, =0.8635) into
(26), we have p(b,)=0.0260. Thus, v, — Vg <p(by),
implying that the auction is inefficient by Proposition
5 (ii). Now, suppose that bidder o becomes more risk
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averse such that 0,=0.35 or 6,=0.41. For 6, =0.35,
using the data of column 3 in Table 2, we have v, — vy
< p (by) =0.0223, implying that the auction is inef-
ficient. But for 0, = 0.41, using the data of column 5 in
Table 2, we have v, —vg>p (by)=0.0149, implying
that the auction is efficient by Proposition 5 (ii), while
as bidder o becomes less risk averse, the auction
becomes more inefficient. (b) If the auction is efficient,
as bidder « becomes more risk averse, the auction is
still efficient, while as bidder a becomes less risk
averse, allocative efficiency becomes ambiguous.

Proof. See Appendix.

The following Examples 7 and 8 illustrate the magnitude
of the asymmetry effects on the efficiency established in
Proposition 6. O

Example 7. Consider Example 1 again. Suppose that v, > vy
in Proposition 6 (i). Then, the auction is efficient if
Vo —ba>vp— bg (i.e., v, — Vg > by — bp).

Let 6g become 63 + ¢, implying that bidder 8 becomes less
risk averse and let 63 become 6 — ¢, implying that bidder
becomes more risk averse, where ¢ € (0, 0.06):

(a) If the auction is inefficient. Let v, —v;=0.0025,
03=0.6, po=0.8 and a=1, we have b, — bg=0.0071.
Then, v, —vg < by — bg. Figure 5 shows the relation-
ship between b, — bg and v, — v4 as bidder 3 becomes
less or more risk averse. The b, — bg is found to be
increasing as 5 becomes more risk averse. And the
higher the b, — by is, the more inefficient the allo-
cation can be. While as 8 becomes less risk averse,
b,— bﬁ declines to be lower than v, — Vg, the auction
may be efficient.

(b) If the auction is efficient. Let v,—v;=0.0117,
03=0.6, p,=0.8 and a=1, we have b, — bg=0.0071.
Then v, —vg > by — bp. Figure 6 shows the relation-
ship between b, — bg and v, — v; as bidder g becomes
less or more risk averse. Clearly, as § becomes less
risk averse b, — by is always lower than v, — vg, then,
the auction is still efficient. While as § becomes more
risk averse, b, — bg may be higher than v, — vg, then,
the auction may become inefficient.

Example 8. Consider Example 2 again. Suppose that v, > v,
in Proposition 6 (ii). Then, the auction is efficient if
Vo= ba>vp—bp, i€, vy —vg>by—bg.

Let 0,, becomes 6, + € implies that bidder 5 becomes less
risk averse and let 6, becomes 0, — ¢ implies that bidder «
becomes more risk averse, where €€ (0, 0.1):

(a) Consider the auction when inefficient. Let
vy — v =0.020, 0, =0.18, ps=0.85, and a = 1; we have
by—bg=0.026. Then, v,- vg < by—bg. Figure 7
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FIGURE 6: Plot showing that allocative efficiency is affected by the
increase of the degree of bidder f’s risk aversion.

depicts the relationship between b, —bg and v, — 4
as bidder a becomes less or more risk averse. Clearly,
b, —bp is increasing as a becomes less risk averse.
And the higher the b, — by is, the more inefficient the
allocation can be. While as « becomes more risk

a+u
ER = I
by—bgt+u—a

a=b,+bg+u
v (v = s (v + b= ) F v + |

u—a

By simplifying it, we have

1 /4 1
ER = — (Sa' + apa’ = 20 (b + bg) +a(be~ ) -~ 5(ba - by)')
(28)

Proposition 7

(i) In Model I, given that bidder «’s risk aversion level
remains unchanged, the seller’s expected revenue
increases as bidder [ becomes more risk averse.

7
0.04 - a becomes more risk averse
0.03 |+
inefficient
'QQ
[ inefficien Vo=V,
< 0.02 i
efficient
0.01 a becomes less risk averse
0.02 0.04 0.06 0.08 0.10

¢

FIGURE 7: Plot shows that allocative efficiency is affected by the
increase of the degree of bidder ’s risk aversion.

averse, b, — bg declines to be lower than v, —v; the
auction may become efficient.

(b) Consider the auction when efficient. Let
Vo — V3 =0.030, 6,=0.18, ps=0.85, and a = 1; we have
by—bp=0.026. Then, v,—vz>b,—bg Figure 8
shows that b,—bg is increasing as a becomes
more risk averse and as « becomes less risk averse,
b,— bﬁ increases to be higher than v, - Vs and the
auction may become efficient.

3.4. Impact of the Degrees of Risk Aversion on Expected
Revenue. Our following proposition shows that the seller’s
expected revenue increases with each bidder’s risk aversion,
which is the same as that in the standard first-price sealed-
bid auctions (see Riley and Samuelson [6], among others).
This result for the standard first-price auctions comes di-
rectly from the increase of a bidder’s equilibrium bid in risk
aversion. However, this result in this paper cannot be ob-
tained in the same way. The reason is as follows.

Under the assumption b, >bg, the seller’s expected
revenue can be derived as (equation (10) of MM)

(sz - btx)F(sz - bzx + bﬁ)f(va)dva

(27)

aty

o (V8= 0g) £ (vg) v
a=b,+bg+u

(ii) In Model 1I, given that bidder [5’s risk aversion level
remains unchanged, the seller’s expected revenue
increases as bidder o becomes more risk averse.

By Propositions 3 and 4, for Model I, the optimal bid
markups of both bidders & and 3 become smaller (i.e., both
bidders bid higher) as bidder § becomes more risk averse
and the risk aversion level of bidder « is fixed, similarly, for
Model II, the optimal strategic markups for both bidders
become smaller (i.e., both bidders bid higher) as bidder «
becomes more risk averse and the risk aversion level of
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FIGURE 8: Plot showing that allocative efficiency is affected by the
decrease of the degree of bidder «’s risk aversion.

bidder § is fixed. Intuitively, this implies that the seller’s
expected revenue will become higher. Clearly, this result is
not obvious by (28) (see the proof of this proposition for
details).

Examples 9 and 10 illustrate the magnitude of the
asymmetry effects on the seller’s expected revenue estab-
lished in Proposition 7.

Example 9. Consider Example 3 again. Suppose that bidder
B becomes more risk averse in Proposition 7 (i). Let 6
becomes 6+ &, where ¢ is a positive real number. Then, the
optimal strategic markups satisfy (21). Obviously, we cannot
derive the closed form of the optimal strategic markups for
both bidders. Then, we calculate it with numerical method.
Substituting the numerical results obtained into (28), the
seller’s expected revenue is

ER = L (éa3 + 4‘14(12 - 2a2(5a + Eﬂ) + a(Ea - l;ﬁ)z - é(g"‘ - Eﬂf).

42> \3

(29)

In addition, in order to satisfy the optimal strategic
markups for both bidders exist in the interval (0, ap,], the
range of parameter ¢ we set is very small. Therefore, the
nonlinear curve looks nearly linear in the following figure.

Figure 9 depicts the seller’s expected revenue ER for
£€(0, 0.1), where a=1, 63=0.6 and p,=0.8. It shows that
the seller’s expected revenue is increasing with ¢, implying
that as bidder § becomes more risk averse, the seller’s
expected revenue increases (i.e., part (i) of Proposition 7
holds).

Example 10. Consider Example 4 again. Suppose that bidder
B becomes more risk averse. Let pg become pg—6, where § is a
positive real number. Then, the optimal strategic markups
satisfy (23). By substituting (23) into (28), we obtain the
seller’s expected revenue (29).

Figure 10 depicts the seller’s expected revenueEgfor
0€(0,0.55),wherea=1,u=5,p,=0.9,and pg=0.6. It shows
that the seller’s expected revenue is increasing with §, im-
plying that as bidder $ becomes more risk averse, the seller’s
expected revenue increases (i.e., part (i) of Proposition 7
holds).
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FIGURE 9: Plot of the seller’s expected revenue ER increases with the
degree of bidder f’s risk aversion.
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FiGure 10: Plot of the seller’s expected revenue increases with the
degree of bidder s risk aversion.

Example 11. Consider Example 5 again. Suppose that bidder
a becomes more risk averse in Proposition 7 (ii). Let 6,
become 6, + (, where ( is a positive real number, and the
larger { is, bidder o becomes more risk averse. Then, the
optimal strategic markups satisfy (24). We cannot derive the
closed form of the optimal strategic markups for both
bidders. Then, we calculate it with numerical method.
Substituting the numerical results obtained into (28), we
obtain the seller’s expected revenue

By = (30" + dua’ = 20°(B, + ;) + a(b, - By) ~ (B~ 5;)').
(30)

Figure 11 depicts the seller’s expected revenue ER for
(€(0, 0.1), where a=1, u=5, 0,=0.18, and pg=0.85. It is
clear that ER increases with (. It shows that the seller’s
expected revenue is increasing with {, implying that as
bidder a becomes more risk averse, the seller’s expected
revenue increases (i.e., part (ii) of Proposition 7 holds).

Example 12. Consider Example 6 again. Suppose that bidder
a becomes more risk averse. Let p, become p,—§, where §is a
positive real number. Then, the optimal strategic markups
satisfy (25). By substituting (25) into (28), we obtain the
seller’s expected revenue (30).

Figure 12 depicts the seller’s expected revenue Ej for
0€(0,0.69), wherea=1, u=5, p,=0.9,and pg=0.2. It shows
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FIGURE 11: Plot of the seller’s expected revenue ER increases with the degree of bidder «’s risk aversion.
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FIGURE 12: Plot of the seller’s expected revenue increases with the degree of bidder «’s risk aversion.

that the seller’s expected revenue is increasing with §, im-
plying that as bidder & becomes more risk averse, the seller’s
expected revenue increases (i.e., part (ii) of Proposition 7
holds).

4. Conclusion

In this paper, we study the asymmetric first-price sealed-
bid auctions with two bidders where one bidder has a
general concave utility function and the other one has a
CRRA utility function. We first establish the existence
and uniqueness of the optimal strategic markups of both
bidders (then the existence and uniqueness of the
asymmetric equilibrium bidding strategies are proved).
Then, analyze the impact of one bidder’s risk aversion on
both bidders’ optimal markups, allocative efficiency of the
auction, and the seller’s expected revenue. We have
shown that when one bidder becomes more risk averse
and his opponent’s risk aversion level is fixed, (i) both
bidders will reduce their markups; (ii) the change in his
markup is greater than the change in his opponent’s
markup; and (iii) the seller’s expected revenue will in-
crease. In addition, the change of one bidder’s risk
aversion level can also add complexity to the allocative
efficiency.

Appendix

Proof of Proposition 1.
Part (i) The first-order condition of bidder «’s expected
utility maximization problem (6) is

__PaP(beby)

= P T8), (A1)
P (by by)

Substituting (8) into (A.1) and simplifying, the authors
obtain (14). The first-order condition of bidder ’s expected
utility maximization problem (7) is

uglb bob
v5(bs) = ”ZE”Z; ) fcjz((ba’bi))'

Substituting (9) into (A.2) and simplifying, the authors
obtain

(A2)

4a” + 4a(b, — by) (b, ~ by)’
vp(bs) = - (A.3)
2(2a+bs - b,)
By substituting (14) into (A.3) and simplifying, the
authors obtain (15). (ii) Differentiating (16) with respect to x,
the authors obtain
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2 2
G (x) = =2a" (p, +2) — (x + 2a)

(x +2a)* (p, +2) <0 (44)

Define F (x) =y (x) = G (x) on [0, 0o). Then, F (0) =y
(0) = G(0)=—G(0) <0 since G(0)=a((p, +2)*~ 2)/p, +
2> 0. The concavity of ug implies that yz (x) > x. Thus,

Discrete Dynamics in Nature and Society

F(x)zx-G(x) = H(x), (A.5)

where H (x) = x — ((2a® (2 + p,)/ x + 2a) — (x + 2a/2+ p,)).
Clearly, H (x)>0 for x€[0, 00). Solving H (x)>0, or
equivalently, (3+p,) x> +a (8+2p,) x—a’ (4+2p2 +8p,)
>0, we have x> x;, where H (x;) =0,

_ a
EEIEETN)

(~(8+ 200 + V(84 207 + 43+ p)(4+ 202 +8p,) ),

EETS

(-+p)+Jarp) +Grp(av2oi+80,) )

a

TGp) () + @t p 402+ p) + 20,3+ p) (44p0) )

(A.6)

= ﬁ(—(ﬁﬁpa) + \/(4+Pa +pa (3 +Pa))2)

= ﬁ (Pa(3+p4))
= aP(X'

Let x, > x;; then, H (x,) > H (x;) =0 since H (x) is in-
creasing. Thus, using (A.4), the authors have F (x,) > 0. By
the intermediate value theorem, there is a b} € (0, x,) such
that F(b;) =0. Combining the assumption of b,>bg with
(14), the authors have bg<ap,. Since x,>x; > ap,, there
exists bidder §’s optimal markup with b; € (0, ap,]. It follows
that bidder o’s optimal markup b;; also exists because of (14).
Since y'ﬁ(x) >0 and G’ (x)<0 for x>0, F' (x)>0 for x>0.
Thus, bz; is unique. It follows from (14) that b, is also unique.

Furthermore, the authors have 0<b}<p, (2a+ap,)/
(2 + pa) = ap, by (14). The authors need to verify b} >b;. In
fact, using (14) and ap,> b;, the authors ﬁave
by = (2bj +b3p)/ (2 +po) = bj.

Part (iii) Define F (a, pa; bg) =yp (bg) — G (bp). Then, by
(15) and part (ii) of Proposition 1, the optimal markup b}
over (0, ap,] satisfies F (a, po; bg) = 0. Since y;(x) >0 and Gﬂ’
(x) <0 forx=>0, Fb'ﬁ (a, 45 bﬂ) = y'a(bﬁ) -G (bﬁ) >0. Since
bg € (0, ap,], the authors have

aF(u, P bﬁ) —4a(p, + 2)2(19/5 + Za) +4a’ (p, +2) + Z(bﬁ + 2a)2

oda

(blg + 2a)2 (pe +2)

>

~4a(py +2)°by — 4a” (py +2) +2(by +2a)”

(bﬂ + 2a)2 (pa +2)

—da(p, + Z)Zbﬁ + 2bf3 —4a’p, + 8aby

(bﬁ + Za)2 (pa+2)

(A7)

(—4(1 (pa+2)" + 8a)b/; +2(ap,)’ - 4a’p,
<

(b/; + 261)2 (pa +2)

(—4(1 (pa +2)° + 8a)bﬁ + 4a2(pi - l)

(b/; + Za)2 (P +2)

<0.
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Thus,

by (a,ps) (aF(a, P bﬁ)/aa)
da aF(a,pa;bﬁ)/abﬁ

(A.8)

Then, by is increasing with a. It follows by (14) that b, is
also increasing with a. O
Proof of Proposition 2.

(i) The first-order condition of bidder ’s expected utility
maximization problem (11) is

b, - PiQborls)
P Qfbuty)

Similarly, the first-order condition of bidder «’s expected
utility maximization problem (10) is

_uy(by) P(b“’ bﬁ)
Va (ba) = u, (b,) - P,1(boc’bﬁ)'

Substituting (8) into (A.10) and simplifying, the authors
obtain

(A.9)

(A.10)

2a - (b, - by)

Ya (btx) = > (A.11)

Substituting (9) into (A.9) and simplifying, the authors
obtain

(40 + 4a(b, ~ by) - (b~ by’ |

11

After simplifying, the authors obtain a quadratic
equation with the unknown variable of bg:

(2 + pﬁ)bﬁ + 2(1 + pﬁ) (2a - b, )bg +(bi —4a® - 4aba)pﬁ = 0.
(A.13)
Solving it for bg, the authors obtain two solutions:
1+pg) (b, —2a) + VA
b};=( Pﬁ)(z PR e
(2+)

(A.14)
2 (1 +p5)(b,x —2a) - VA

’ (2+py)

>

where

A= (1 + pﬁ)2 (2a-b,)’ —(2 + pﬁ)pﬂ(bi ~4a’ - 4aba),
=(a-b,)" + 8(12(;)123 + Zpﬁ) >0.
(A.15)

Furthermore, the concavity of u, implies that y, (b,) > b,
for b,>0. Thus, using (A.11l), the authors have
by<[2a~-(by—bg)]/2. This and b,>bg imply that b,<a.
Since by<a, by <0. The authors reject by on economic
grounds and get (17) after omitting the subscript 1. By
substituting (17) into (A.11) and simplifying, the authors
obtain (18).

Part (ii) Combining b, > bg with (17) and (19), the au-
thors have

=- (A.12)
= 2(b, ~ by - 20)
by—bg=b,~g(b,) = ﬁ (ba + 2a(1 +pﬁ) - \/(2(1 ~b,) + Saz(plz; + Zpﬁ) > >0. (A.16)
Thus,
b, + 2a(l +p/5) - \/(Za —b,) + 8a2(pl2; + 2pﬁ) >0,
b, + 2a(1 + pﬁ) > \/(2(1 ~b,) + 8a2(p/23 + 2pﬁ), (A17)

b2+ 4a2<1 + pﬁ)2 + 4a(1 + pﬁ)b“ > (2a-b,)" + Saz(plz; + Zpﬁ),

ba(Z + pﬁ) > ap/;(Z + pﬁ).

Therefore, b, > app. Then, using b, < a from the proof of

part (i), the authors have b, € [apg, a].
Differentiating (20) with respect to x, the authors obtain

-1 +<ba - 2a/\/(2a - %)+ 8a2(p§ + 2pl3) )
<

L' (x) =
x 2(2+pﬁ)

(A.18)
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Define h(p )=1+44/1+ 8(p + 2pﬁ)/2(2 +p[3) on (0, 1].
Then, L (a)= ah (pp) by (20). Slnce

30 - 24/1 + 8(p} +2 16
+ (Pﬂ+ pg) + 16p >0, (A19)
4(2+ pﬁ) 1+38(p + 2p;)

L (a)=ah (pg)<ah (1)=a.

Define Q (x) =y, (x) — L (x) on [0, 00). Then, Q (0) =y,
(0) - L (0) <0by L (0) > 0. The concavity of u, implies that y,
(x) = x. Thus,

Q(a) =y, (a) — L(a),

,P/j—

>a-L(a)

2a-a+ \/(Za —a)l+ Saz(p/z; + Zpﬁ)
2(2+p4)

a<3 +2pg — \[8p5 + 16p; + 1 )

i 2(2+p)

of (3205 - (Vo3 16901 )

=da—

2(2 +pﬁ)<3 +2pp + (8p) + 16p; + 1 )

_ a(8 — 4p; — 4py) o,

2(2 +pﬁ)<3 +2pg + (8 + 16pg + 1 )

(A.20)

by g(apy) =

Discrete Dynamics in Nature and Society

By the intermediate value theorem, there is a b}, € (0, a)
such that Q (b})=0. Since the authors have proved that
by € [app, a], there exists bidder «’s optimal markup with
b, € app, a). It follows that bldder B’s optimal markup b
also exists because of (17). Since y,(x) >0 and L’ (x) <0 for
x>0, Q' (x) >0 for x> 0. Thus, b is unique. It follows from
(17) that b} is also unique.

Differentiating (19) with respect to x, the authors obtain

1+pﬁ \/(Za x)* +8a (pﬂ+2pﬁ)+(x 2a)
2+pﬁ \/(Za—x) +8a (p/;+2p/3)

g (x)= >0,

(A.21)

which implies that g (x) is increasing on [apg, a). It follows
from b € [app, a) and (17) that we have

2 +1Pﬁ <(1 - p5) = 20) = (200, + 805} + 20 ) = apg,

bﬁ<g(a):2

+P;;<(l + pﬁ) (a—2a)- \/(Za —a)l+ 8a2(plzg + Zpﬁ) >

(A.22)

a 2
=2+pﬁ<~(l+pﬁ)+ \l1+8pﬁ+l6pﬁ>

By (17), we need to verify by <b;. In fact, using (17) and

apg< by, we have

by <
P2+

2fpﬁ<{1+p,g)+ (3+2pﬁ)2):a.

1
Pﬁ<(1+pﬁ)b ~2a-2b" —\/(2a b:)’ +8(b.)" + 16ab’ )

b;. (A.23)
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Part (iii) Define F (a, pg; ba) = Y« (ba) — L (by). Then, by
(18) and part (ii) of Proposition 2, the optimal markup b}
over [apg, a) satisfies F (a, pg; by) = 0. Since y;(x) >0 and L’

13

(x) <0 forx >0, Fb"x (a, s bﬁ)
by € [app, a), the authors have

=9, (b,) = L' (b,)>0. Since

2 2 2/ 2
aF(a,pu; bﬂ) _ +(2(2a -b,) + Sa(p/j + Zpﬁ))\/(Za -b,) +8a (pﬁ + ZpB) 0 (A24)
da 2(2+py)
Thus, the authors assume Eﬂ = bﬁ. Then, )7/5 (l;ﬂ) =y (bﬁ)which
% 9F b Vo contradicts with ?ﬁ )> Vp ().
a(a>Pﬂ) _ (a’/)ﬁ7 a)/ a 0. (A.25) By Proposition 1 (i),
oa E)F(a, Pg; ba)/aba (2 -3 )
5 o Pal28T58) (A.27)

Then, b, is increasing with a. It follows by (17) that bg is
also increasing with a. O

Proof of Proposition 3.
Part (i) By Proposition 1 (i), the authors have

7p(bg) = G(By),  andyy(bg) = G(by)-

The authors proveb < by by contradiction. Suppose that
b/; >bg or bﬁ = bg. The authors first assume by > bg.
SinceRg ()> Ry (- )1mp11esyﬂ( > yﬂ( -), the authors have
y (b )>y(b ) Since yp (x) strictly increases in x,
Vp (b/;) > g (bﬁ) Therefore, the authors havezﬁ (b )> y(b ).
Since G (x) is strictly decreasing in x, G(b )<G(b ). It
follows from the first equality of (A.26), ys (bﬁ) <G (bﬁ),
which contradicts with the second equality of (A.26). Next,

(A.26)

o

2+p,

Using (14), (A.27), and b < b the authors haveb <b,.
(ii) Using (14) and (A.27), b b = pol (2 +pa)(bﬁ bﬁ)
Thus, by p, € (0, 1], the authors have by —b,<bg—bs. [

Proof of Proposition 4.

(i) By Proposition 2 (i), bg= g (b,) and y, (bs) =L (ba),
bﬁ = g(b,), andy, = L(b,). We can proveb <b,ina
similar way by which we proveb/; <bgin Propos1t10n
3. Thus, bﬁ < bﬁsince g(x) is increasing on [apg, a).

(ii) Let m= (2a— b) + 842 (p + 2p = (2a-b )

2+ 8a? (pﬁ +2pp). Then, using (17), we obtain

)+ R

— 1+p
i »<2+%

(14 py) (b~ B) +(( (20 - b.) ~(2a-B,)" vt + i)

_ (1) (0

2+P/5

—b,) +((by = by ) (by + by — 4a) )/v/m +

2+pg

b,+b,

(A.28)

(Lo b, b
(o T )5

b, +b, —4a

1+p .
<<2 +PZ (2+P/3)(1 +p/3)[4a—(Ea +ba)]>(b"‘ - b,

~—

<<;Z‘(z+pﬁf<l+pﬁ)>(ba—a)

1+p/;

(by —b,) <b, — b,
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The second equality = holds by  using
(vVm + +/n)(\/m — +/n) = m — n; the first inequality is true

Discrete Dynamics in Nature and Society

because a<2a-by<2aby b, [apg, a), 84> 4a’> (2a—b,)
2 and then

\/(Za ~b,) + 8a2(p2 + Zpﬁ) > \/(Za ~b,)" +(2a- ba)z(pfj + Zpﬁ),

=(2a - ba)(l + pﬁ).

Proof of Proposition 5.

(i) If vg > v,, we have vz — bg > v, — by, since b, > by that
is assumed throughout the paper. Thus, the auction
is always efficient.

(ii) If v, > Vg Substituting (14) into v, — b, < (>) vg— bg
and rearranging, we have v, — vg < (>) 2 (apa—bp)/
(2+p,). Substituting (17) into v, — b, < (>) vg— bg
and rearranging, we have v, —vg <(>) p (by). This
completes the proof. O

Proof of Proposition 6.

(i) Since the auction in Model I is inefficient. Equiva-
lently, we have v,-v;<2 (ap,—bg)/(2+ps) by
Proposition 5 (ii). When bidder S becomes more
(less) risk averse, we have 2(ap, - bﬁ)/(z +p,) <
(>)2(ap, —bp)/ (2+p,) since bg<(>)bg by
Proposition 3 (i). Thus, the auction may become
more inefficient (may be efficient or may be not).

Suppose that the auction in Model I is efficient.
Equivalently, we have v, —v3>2 (ap,—bp)/(2 + pa)
by Proposition 5 (ii). When bidder  becomes more
(less) risk averse, we have 2(ap, — bﬁ)/(Z +py) <
(>)2(ap, —bg)/ (2 +p,) since bg< (>)by by
Proposition 3 (i). Thus, the auction may be efficient
or may be not (is still efficient).

(ii) Since the auction in Model II is inefficient. Equiv-
alently, we have v, — vg<p (by) by Proposition 5 (ii).
Using (26), we have

1 4 2
Vi) =4 (40 + apat 202(M+
4a 3 2 + P,

Similarly, when the bidder 8 becomes more risk averse
and has a utility function i, the expected revenue of the
seller is ER (bﬂ) = V(bﬁ)

(8~ by)

Ex(bg) - Er(by) = mh@ﬁ’ bg),

where h(b bg) _4b,3 + (4bg + 12a 6apa) b+ 4bg + (12a -
6apa)b - 16a - 56a’p, — 20a a’p?, ﬁ, bge (0, apq]
and p, € (0, 1].

The authors have 4bg + 12a - 6ap, > 0, 12a — 6ap, > 0 for
bge (0, apy], po€(0, 1]. Whenbﬁ, bg=ap,, the authors

(A.32)

(A.29)
O
o (b,) = (2a-b,) S0,
Y24 \/(Za —b,) + 8a2(pl2; + 2pﬁ)
(A.30)

When bidder « becomes more (less) risk averse, from
Proposition 4 (i), the authors have b, < (>)b,, implying
p(Ea) < (>)p(by). Thus, v, - vg<p (by) < p(Ea) and then
the auction in Model II becomes more inefficient if bidder «
becomes less risk averse. But when the bidder a becomes
more risk averse the auction may be efficient or may be not
since the authors cannot conclude the inequality
Vo = Vg > p(by).

Suppose that the auction in Model II is efficient.
Equivalently, the authors have v, — v > p (b,) by Proposition
5 (ii). Since p’ (by) > 0, when bldder o becomes more (less)
risk averse, from Proposition 4 (i), the authors have
b, < (>)b,, implying p(b,) < (>)p(b,). Thus, v, —vg>p
(b“) > p(b,) and then the auction in Model I is st111 efficient
if bidder « becomes more risk averse. But when the bidder «
becomes less risk averse, the auction may be efficient or may
be not since the authors cannot conclude the inequality
va—vﬂ>p(5a). O

Proof of Proposition 7.

Consider Model I. Substituting (14) into (28), the au-
thors obtain the expected revenue of the seller Er (bg) =V
(bg), where

P (2a+x)

A.31
o (A.31)

)2 l(pa(2a+x) )3>
-x | ——-([P—=-x) ).
6 2+p,

obtainh (ap,, ap,) = —16a* — 32a’p, — 20a*p2 — 4a’p? <0
Then,Ah(bﬁ,bﬁ) < 0. Since bﬁ>bﬁ. Thus, the authors have
Ep < Ep.

Consider Model II. When bidder & becomes more risk
averse, the expected revenue of the seller is

_ 1 /4 T T T _% Y% B
EFy = 4712(§a3 " 4Ma2 _ 2a2(ba + bﬂ) + a(ba — bﬁ)z _g(b“ - bﬁ)3)
(A.33)

By (28), the authors obtain
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By~ B = (20°(B, ~ by + By~ bg) +a (b, ~ ) ~ (B~ By )+ o(Bu ) — (b~ b))

4a

By simplifying, the authors have

Ep,-Ez =
R R4a

5 (20%(b, = b+ by~ by) + (b~ ) (a

15

(A.34)

-5 (0= 5)) (B B)' (£ (B~ B) -a).

<(bu = b5 (a5 (bu~5) ) + (B - B)' (5 (B~ B;) - a)

:(a—é(ba—bﬁ)><(btx_bﬁ) (B = bg 2)

(A.35)

1 - -
<((@ =2 (b = b5) ) (b = b + by = By (b~ by ~ by + By) <0

where the first inequality follows from b, <b, and Eﬂ <bg

(Proposition 4) and the second one holds since
b, — bg <b, — bg(Proposition 4). O
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