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Based on the linear multistep methods for ordinary differential equations (ODEs) and the canonical interpolation theory that was
presented by Shoufu Li who is exactly the second author of this paper, we propose the linear multistep methods for general
Volterra functional differential equations (VFDEs) and build the classical stability, consistency, and convergence theories of the
methods. The methods and theories presented in this paper are applicable to nonneutral, nonstiff, and nonlinear initial value
problems in ODEs, Volterra delay differential equations (VDDEs), Volterra integro-differential equations (VIDEs), Volterra delay
integro-differential equations (VDIDEs), etc. At last, some numerical experiments verify the correctness of our theories.

1. Introduction

VEDEs contain many subtypes, such as VDDEs, VIDEs,
VDIDEs, etc. Certainly ODEs are also a subtype of them.
VFDEs are widely applied in many fields of science and
technology (see [1-5] and their references), for which there
have been remarkable theoretical and numerical analysis
research results. As for VDDEs, please refer to [6-19], as for
VIDEs, please refer to [20-23], and as for VDIDEs, please
refer to [24-29]. In recent decades, Li [30-35] has carried on
systematic research for stiff general VFDEs and the nu-
merical methods for them. In 2014, Li [36] established the
classical stability and convergence theories of Runge-Kutta
methods for nonstiff, nonlinear general VFDEs. It is well
known that in solving ODEjs, linear multistep methods have
significant advantages in the aspects of format simplification
and computation cost, and experts have presented many
famous linear multistep methods such as Backward Dif-
ferentiation Formula (BDF) methods and Adams methods.
Based on the linear multistep methods for ODEs and the
canonical interpolation theory presented by Li [34], we
propose the linear multistep methods for general VFDEs and
build the classical stability, consistency, and convergence
theories of the methods. The methods and theories presented

in this paper are applicable to nonneutral, nonstiff, and
nonlinear initial value problems in ODEs, VDDEs, VIDEs,
VDIDEs, etc., and are interesting companions to the
methods and theories in [36]. Furthermore, the paper may
have some value for the study of numerical methods for
fractional order VFDEs because many numerical methods
for fractional-order differential equations are presented by
extending the methods for integer-order differential
equations.

This paper is organized as follows. In Section 2, the linear
multistep methods for general VFDEs are introduced. The
classical stability of the linear multistep methods is discussed
in Section 3. The classical consistency and convergence
analyses are carried out in Section 4. Some numerical ex-
periments are carried out in Section 5, which verifies the
correctness of the theories presented in this paper.

2. Derivation of the Numerical Methods

Let R be the m-dimensional Euclidean space with standard
inner product {-,-) and the corresponding norm || - ||. For
any given closed interval I ¢ R, let C,, (I) denote the Banach
space consisting of all continuous mappings x: I — R™
with the maximum norm [|x| = max,llx (¢)|.
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2
Consider VFDEs of the form [30-32, 34, 36]
{ Yy () =fty®),y(), teloT] W
)’(t) = §0(t)) te [_T) O]a
where T € (0,+00) and 7 € [0,+00] are constants,

¢(t) € C,,[-7,0] is an initial function, and f: [0,T] x R™ x
C,,[-7,T] — R™ is a given continuous mapping which
satisfies the classical Lipschitz conditions [36]:

llf(t>”1) v() = f(tu,, 1//(‘))" <L, ”“1 - “2“>
vt € [0,T],u;,u, € R",y € C,[-1,T],

uf(t’”) ¥ (O) - f(tu v, ())" <L, Eg[ji)i]”% -, (£)||>

vt € [0,T],u € R", v, v, € C,[-1,T],
(2)

where L, and L, are classical Lipschitz constants. Equations
(1) has a unique solution y (¢) [37], and we further make the
same  assumption as [36] that the system
Y ()= f(t,y(®),y())(t € [0,T]) in (1) is stable for the
initial function ¢ (¢) € C,, [T, 0], which is to say there exists
a function C(t) > 0(t € [0, T]) which satisfies max, o /C (¢)
has only moderate size such that

h h
Vi (8) = Ty (69 715 s -

for the VFDEs (1), where k>1, all «; and f3; are real con-
stants, a #0, |yl + 1Sl >0, p(&) = Zf;o a;& is called the
characteristic polynomial of the method (6), h = (T/N) is
the stepsize, N is a given appropriate positive integer, t, =
nh(n=0,1,...,N) are grid points, y € C,[-7,0] is an
approximation to the initial function ¢(t), y,: = y(0),

k k
Z X Ypii = h Zﬂif(tm—i’y;ﬁi’yZi ('))>
i=0 i=0
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ly(t)—z®)<C(t) Eg[{a%] lo (&) —x(Ol, Vtelo,T],

(3)
where z () is the solution of the perturbed problem:
2 (t) = f(tz(t),z()), teloT], @
z(t) =x(t), te[-1,0]

We use D(L;, L,) to denote the problem class consisting
of all the equations of form (1) which satisfy condition (2)
and all the other assumption conditions made above. The
problem class D(L,,L,) contains nonneutral initial value
problems in ODEs, DDEs, IDEs, DIDEs, etc. [36].
Combine the linear k-step method:

k k
Z & Vnvi = h Zﬁif(tnﬂ" yn+i)’ (5)
i=0 i=0

for ODEs with piecewise Lagrangian interpolation operators
IT", which are constructed based on canonical interpolation
theory [34, 36], and we get the linear k-step method:

)yn+k)> _TStStn_H',i:O,l,...,k,

(6)

y,, € R is an approximation to the true value y(t,), and the
piecewise  interpolation  operators II;  RxC,
[-7,0] x R""™K — C [-1,t,,;,] based on p-degree
piecewise Lagrangian interpolation polynomials are defined

as follows: if p =0,

Hh(t )_ V/(t)> tE[—T,O], (7)
W GV Y Voo Yuuk ) = yja fG(fjfl,tj],j=l,2,...,?’l+l',
and if p>1,
Hh(t )_ V/(t)’ te[_T’O]’ (8)
w\ GV Va5 Vnrk Lj,p(t)’ tG(tj_l,tj],jzl,z,...,i’l+i,
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with

p
L, =Yl Oygn q=j—Jpj=1L2...,n+i,
v=0

t

t—t
qts
@ = [T —
s=0,s#v q+v q+s
where the integer j can be freely determined under the
conditions

1<j<j, j+p-n-k<j<p. (10)

—T<t<t,.,

Vy,x€C,l-1,0L,y,2z; €R", j=1,2,...,n+k

where the constant ¢, >1 only depends on the polynomial
order p and does not depend on n,h, y;,z;, y and . In this
paper, we always assume that c,, is of moderate size. In fact,
Li [34, 36] has given the computational formula of ¢, and
found c,, respectively, equals 1, 1, 1.250, and 1.631 when p,

J’Zi(t) = HZi By Y-

and now the method is an explicit linear k-step method
which is a special case of (6).

In particular, we point out that when the linear k-step
method (6) for VFDEs starts, on the one hand, like method (5)
for ODEs, it needs k starting values, and on the other hand, it
may need several grid points as interpolation nodes to con-
struct interpolation operator I1".. Based on the_above state-
ments, in this paper, we always assume the k — 1 (k > tk) values
VYoo Vi which are called additional starting values,
should be provided in advance by other ways, and method (6)
starts with n = k — k> 0. By the Banach contraction mapping
principle, we conclude that, for any given starting data
Y €C,l-1.0L y1 y5 -5 ¥y €RT, method (6) can

uniquely determine the sequence {y,,n = E,E +1,...,N }
when h <h,, where h,, can be any number under the condition

O0<h, < lak'

_ 13
¢ |ﬁk|(L1+Can) (1

3. Stability Analysis

Firstly, we list some concepts and elementary facts about
scalar linear difference equations as follows [35, 38, 39].

max [0 (695 71 v Vo) = Ty (260202055 Ze) | <4 maX{ max

o> Vinrk-1 )’

©)

q=j-jv=01...,pj=12,...,n+i,

According to [34, 36], we know a piecewise interpolation
operator Hf’u- defined by (7) or by (8) and (9) which satisfies
the canonical condition

yj—zjil,Iggouw(t)—x(t)n}, o

1<j<n+k

respectively, equals 0, 1,2, and 3. We call method (5) as the
mother method of method (6).

If B, = 0 in method (6), in order to reduce the amount of
calculation, we define

—T<t<t,,i=01,....,k-1, (12)

= "n+i>

Consider the kth order scalar linear difference equation
with constant coeflicients:

k
Y AT =by M=qpqy+ 1., (14)
=0

here and later, g, >0 is an integer constant, and where k > 1
is an integer constant, every a; is a complex constant, a; # 0,
any b,, is a complex number depending on m. If a complex
number sequence jqo,jqoﬂ, s satisﬁes equation (14?, it is
denoted by {7,,}, in this paper, and is called a solution of
(14). It is easily known that equation (14) has a unique
solution When given k i.nitial Val.ues Vaw Vaprtr - - > Vapak-1- 1
every b,, is zero, equation (14) is a so-called homogeneous
equation:

k
zaj7m+j=0) m=qmpqy+1,.... (15)
j=0

A system of k linearly independent solutions
WL 2L 7%} of equation (15) is called a fun-
damental system of (15), and the general solution {7,,} of
equation (15) can be written by



k
:Zdi,(r?, m=qyqy+1L...,

(16)
i=1
where each d; is an arbitrary complex constant.
Call the algebraic equation
k .
YaE =0 (17)
j=0

E’”_qo

j ’(“"_%)ET_%’---’(””_%)(”"_%_1)

form a fundamental system of equation (15), and when
ay =0, which means equation (17) has zero root and we
further suppose &, = 0 is a r,-tuple root of the characteristic

8(m7q0)q’ q=0,1,...,r1

&0, (m=qp)8i ™™, ..., (m—qo)(m-qy-1)..

form a fundamental system of equation (15), where &;; is the
Kronecker function:

Remark 1. Some explanations about the proof of Proposi-
tion 1 are as follows:

0, wheni#j,
1)

21
wheni = j. (2D

(i) When a;#0 and g, = 0, P. Henrici has given the
proof in the famous book [38].

(ii) When a, #0 and g, # 0, from the conclusion in the
case that a,#0 and g, =0, the proof is easily
completed.

(iii) When a, = 0 and g, = 0, the corresponding part of
Proposition 1 is based on the proof [38] in the case
that a;#0 and g, = 0 mentioned in the above (i)
and some conclusions in the case that a, = 0 and
qo = 0 in [35], and we offer the explanations about
the proof as follows. Firstly, &, = 0 is a r,-tuple root
of the characteristic equation (17) which means that

ay=a;=---=a, =0, and it is easily further
k
1 Zajyfnﬂ. =0, m=0,1,...,y, =
=0
Remark 2. In this paper, when g < p, we define Z ;=0

and max,;.,Q; = 0, where each Q; is any a given express10n
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which corresponds to (14) or (15) the characteristic equation.

Proposition 1 (see [35, 38]). Suppose &,,&,,. .., fko (ky<k)
are all different roots of the characteristic equation (17), and
let rid denote the multiple number of § ;. Then, when a, # 0, the
k= Z] 1 7 sequences with the elements V,, which can be
equal to

(m=go-r;+2)8, j=1,2,.. .k, (18)

equation (17), the k = Z
which can be equal to

jo1 Tj sequences with the elements y,,

-1, (19)

(m=—go-r;+2)8™,  j=2,3,.. Kk, (20)

known as the r; sequences with the elements y,, =
O(m-gq(@=0,1,...,r; = 1) are the solutions of
equation (15). Secondly, based on the proof pre-
sented by P. Henrici mentioned in the above (i), we
can know the sequences with the elements shown in
(20) are solutions of equation (15) and that the
solutions with the elements shown in (19) and (20)
are linearly independent.

(iv) When g, = 0 and g, #0, from the conclusion in the
case that g, =0 and g, =0, the proof is easily
completed.

Proposition 2 (see [35]). When the initial values

Vo = Vo1 =+ = Vgyek1 = 0, the solution {y,,} of equation
(14) is given by
m—k
In= 2 by M=dpdo+ L., (22)
S=qo
where each y? satisfies the homogeneous equation:
# . . 1
M1 =Vk2=00 Y = a (23)
k

Remark 3. By Theorem 5.2 in [38], Proposition 2 is easily
shown.
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Proposition 3 (see [35]). Suppose {7,(,?} (i=12,...,k)isa
fundamental system of equation (15) and {y;,} is the solution
of the homogeneous equation (23). Then, the general solution
{3} of equation (14) can be expressed by

k . m—k
=Y TN A Y b Ymes M=dpde+ L., (24)

$=qo

where each c; is an arbitrary constant.

Proposition 4 (discrete Bellman inequality). Let
Uity 20, >0, Ny Magst> -~ > 1IN be a sequence of nonneg-
ative real numbers which satisfy

m—1

'1m51h+#1h217j, m=qqqo+1,...,N. (25)
7=

h

h

Z,; (t) :H(t;x,zl,zz,...
ni

i=0 i=0

with starting data

X € C,[-7.0],20: =x(0),2),2,,...,2; | €R", satisfy

max ||z —yn||<C< max ”Z —y]||+ max ||X(t)

k<nsN 1< ]<k—1

where y,; (t) € C,, [-71,t,,;] and ¢, € R" are both pertur-
bations, 0 < h sho, the constant h; >0 depends on method
(6), L, and L,, and the constant C is independent of h.

Definition 2. We say method (6) satisfies the root condition
it for all roots of the characteristic polynomial
p(&) = Zl 0 & E the moduli of them are all no larger than 1,
and among them any root whose modulus equals 1 is simple
root.

Theorem 1. Method (6) is zero-stable if and only if it satisfies
the root condition.

Proof. Firstly, we prove method (6) satisfies the root con-
dition if it is zero-stable. Consider the ODEs:

{y'(t)zf(t,y(t)), tel0,T],

(29)
y(t)=mn, t=0,

’Zn+k)+)/m'(t)>

k k
Z(xiznﬂ' = h<<Zﬁif(tn+i>Zn+i’ZZi( )

Then,

N <t (m=ao)h 4y = doqdo +1,...,N. (26)

Definition 1. We say method (6) is zero-stable if the se-
quence y., ¥y .- YN determined by method (6) applied
to equation (1) e D(L,,L,) with starting data
v € C,[-7.0Lyo: =v(0)y1, 9. y; | €R” (the
method (6) starts with n=k-k) and the sequence

Z;,Z; >+ -»2y determined by the perturbation equations

-1<t<t,,;,i=0,1,...,k
(27)
>+£n+k>’ n:;{’—k,%—kﬁ'l,...,N_k)
-yOl+ max max max lyg@] + maxfe] ). 28
k—kzs<N—k OSi<kte[-nt, k<jsN

which are a special case of (1), where T' € (0, +00), 1 € R™,
and the continuous mapping f: [0,T] x R" — R sat-
isfies the classical Lipschitz condition:

Nf(l‘,ul)—f(t,uz)"sLl"u1 —u2", vt € [0,T],u;,u, € R",

(30)

where L, is a classical Lipschitz constant. For the ODEs (29),
method (6) degrades into its mother method (5). Method (6)
is zero-stable implies that its mother method (5) is zero-
stable, which means method (6) should satisfy the root
condition if it is zero-stable [35, 40].

We assume that method (6) satisfies the root condition,
and now we prove it is zero-stable.

Denote §,=z2,-y,,n=0,1,...,
we obtain

N. From (6) and (27),

k ~ ~
Y 8, =b, n=k-kk-k+1,...,N-k (31

i=0

where



6
by =h{ { DB (f (tinZain 2 ()
i=0
Using Proposition 1 and considering that all «; are real
constants, we can find a real fundamental system

(381{w{"} (i = 1,2,...,k) of the following scalar homoge-
neous equation:
k ~ ~
Zoocjwwzo, n=k-kk-k+1,... (33)
=

and by applying Proposition 3 to (31), we obtain

k
{Zajy;j:O, n=0,1,...,y, =
=0

From the assumption that method (6) satisfies the root
condition, we can conclude for all ¥ and y* _, in (34),
there exists a constant M which is only dependent on the

mother method (5) such that
|| <M,y <M. (36)

It follows from (34) and (36) that

k n-k - -
||8n||§M(Z||c,-||+ 3 ||b5||>, n=k-kk-k+1,..,N.
i=1 s=k—k

(37)

Setting n=E—k,%—k+1,...,E—1 in (34), we thus
find
i=12,...

)k;

k
(38)
=)

€= Jz (W_l)ijai-k_uj’

[0, < MWl max o] + M
k-k<j<k-1

It is known from (2), (6), (11), (27), and (32) that

_f(tn+i’yn+i’yfu‘( : )))> +£n+k>'

n-k -
O o
s=k—k

Discrete Dynamics in Nature and Society
(32)

n—k - -
cl + Z by, o n=k-kk-k+1,...,N,
s=k—k

6:

n

™M~

Il
—

(34)

where each ¢; € R™ is a constant vector and each y satisfies
the scalar homogeneous equation:

1
D e (35)
k
where the matrix
RO
k—k k-k k—k
(1) (2) (k)
W= “ikn Yikn Y | (39)
w(l) w(2) w(k)
k-1 k-1 k-1
By (38), we know
k
Yled<lw ) max o (40)
i=1 k—k<j<k-1

where |[|[W™!| = Z:-szl I(W‘l)ijl. Combining (37) with (40),
we have

=
|
=~
+
-

(41)



Discrete Dynamics in Nature and Society 7

k

[l < (1B a2 2 C )= F iy Y] ) ) # ]

i=0

&M»

(I/i(\lf(tﬁ, w20 = (Lo Ve 25 ()

1t

2<Iﬁl(\|f<ts+l w280 = [t Y 2i ()
ﬂf(twym 26 )) = f (ti Yoris Vi ))ll) + e

i (181l 1, ma A0 5h00] ) )+ e

Shi(l&i@”%”+th€m;}g;]||]_Li(t;x,zpzz ..... )

[

e
oy 2 = oy () )+h||es+k||
(-

(42)

1, max ||y51(t)||>)+h”ss+k|| S_E_k,%_kﬂ ..... N-k

te[ -1t

Then, (42) yields

n—k
5 k3, 3 Bl mo ol s ) vk b1 40 S e
s=k—k <i<s+ =T, Tt

s=k—k
n k  n-k
<h Z (IﬁilL1H8j||)+chnhZ > (Iﬁilmax{ li?si’jk||5%||’te‘?1%?é]"X(”““””})

i=0 s—k—k

k n-k n—k o
Y (I 1) 7 o S RS A SRR
52 P

(43)
Setting 8 = max,;|B;| and noticing (43), we have
n-k n n—k
2 [Bdll= (kv BBy 37 5 | + (k+ 1)npLyc, Y max{ max o], max flx(t) —w(t)ll}
§= E k ] E k S:%_k 1<1<S k (44)
(k+1)hBL, Z grgag]ite[mﬁx ||ys,(t)||+tn£r<1]ja<>;”£j', kk+1,..., N
s=k—k ==

Denote

Qo =100 Q. = max{ o, max 5} < o] + Qi =1 (45)

O<i<n-1
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Combining (44) with (45), we conclude From inequalities (41) and (46), noticing Remark 2, we
obtain

Z [Bu]< G+ gL, Y Q; + (k+ DhBLyc, ZQ +(k

s=k—k j=k-k ik
n-k
+DRBLyc, Y, max ly(8) =y (O] + (k
s=k-k
n-k
+ 1)hpL, Z ongi)li max ||y51(t)||+t max" ",
shk te ksjsn

nzi,% 1,...,N.
(46)

||5n||SM|||W_1|||% max o] + (ke + DRBM (L, + Lyc,) Z Q-+ Uk + DBLac, Mt, max [x(t) =y (0

—k<j<k— j= Tk (47)
+(k+1)BL,Mt, max max max ||y$, (t)" + Mt, max" " —k-kk-k+1,...,N.
k—kss<nk OSisk te[-tt k<jsn

By (45), we have

< n-1 n-l1 - <
Z Q=Y Q+Q,s2 Y Qi+l n=kk+1..,N. (48)
j=k-k j=k—k i=k—k
It can be concluded from (47) and (48) that
I8, < MW max “8 H+ (k + 1)BL,c, Mt, max ||)((t)— () + (k + 1)BL,Mt, max max inax lvs (O] + Mt,, max” ”
k—k<j<k-1 k—kss<n—k OSisk te [-nt k<j<n
n-1 — -
+ (k+ DM (Ly + Lyc,)[8,]| + 2(k + DhBM (L, + Loc,) Y Q;, n=kk+1,...,N.
j=k—k
(49)

Let

d,=M|[w|| max ”6]||+(k+1)ﬁL2c Mt, max [x() = (Ol + (k+ DBLMe, max max max |y, o)
k—ksj<k- k—kss<n—k OSisk te [-zt;]

+ Mt, plax||ej'| (50)

k<jsn

+ max @O -y O+ max 3], n=0,1,...,N.
1<]<k 1
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From (49) and (50), we know that, for n=0,1,..., N,

n-1
18, <@, + (k + DABM (L, + Lyc,) |6, + 2k + DABM (L, + Lyc,) Y Q; (51)
j=k-k
n-1
(1= (k+ DABM (L, + Lyc,))[|8,]| <@, + 2(k + DhBM (L, + Lyc,) Y Q. (52)
j=k—k
For any given v, € (0, 1), set which depends on method (6), L, and L,, where h,, is defined
l—v in Section 2. Noticing k — k>0, when 0 <h <h, from (52),
hy = min : Jhy b, (53)  we obtain
(k+1)BM (L, + Lyc,) *

n-1

18| <vi'@, + 2vi" (k+ DABM (L, + Lyc,) Y Q;
Sk (54)
n-1
<v,'&, + 20" (k+ DABM (L, + Lyc,) Y'Q;, n=0,1,...,N.
=0
Because @, does not decrease as # increases, when n>1 It is concluded from (54) and (55) that
and 0<i<n-1, from (54), we know
n-1
8] < vi'@, +2v;" (k+ DRBM (L, + Lyc,) Y Q;, O<h<hy,
=0
(55)
n-1
Q,<v; &, +2v; (k+ DhBM (Ly + Lyc,) D' Qj, 0<h<hy,n=0,1,...,N, (56)
=0
which implies
i-1
Q<v'®, +2v]" (k+ DABM (L, + Lyc,) Y Q;; 0<h<hy,i=0,1,...,n,n=0,1,...,N. (57)
=0

From (57) and Proposition 4, we have

Qn < VIlanezvil (k+1)hnBM (L1+chn)’ O<h< ho, n=0,1,...,N, (58)

SO
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0<h<hyn=0,1,...,N, (59)

2v;‘(k+1)TﬁM(L1+LZC”)( (M|||W71||| + 1) mavX ||6J'|
1<

j<k-1

H{(k + DBLyc,MT + M||W ™[] + 1) max [y -y Ol

+(k+1)BL,MT max max max ||y5,- (t )n + MT max "s]” ) (60)

k—k<s<N—k 0Sisk e [-tt.,;

k<j<N

SC< max "8]“ + térn[_z%] lx(®)—y(®l+ max max maxi]”ysi(t)" + max ||£j“>, 0<h<hy,

10
~1~ 2v; ! (k+1)t,BM (L, +Lyc,)
0,<Q,<v, &, e
“1— 297! (k+1)TBM (L, +L -1
max 8] < v, 'ayet ) AM(Litlace) <y e
0<i<N
1<j<k-1
where

k—keseN—k OSisk te [~t,,

k<j<N

C = vyle2 VM (Lithote) o IV |W | + 1, (K + DLy, MT + MW" ||| + 1, (k + DBL,MT, MT}, (61)

which is independent of h. This completes the proof. [

4. Consistency and Convergence Analyses

In this section, for equation (1), we assume the mapping f
possesses sufficiently high-order continuous partial deriv-
atives, and its true solution y(¢) possesses sufficiently high-
order continuous derivatives on the interval[0,T] and the
constants M; used later which are defined as

dy (1)
dr'

M; = sup
0<t<T

(62)

are all of moderate size except for some special cases such as
in the transient phase of a stiff problem.

Definition 3. It is said the piecewise Lagrangian interpola-
tion operator IT”; in (6) is consistent of order p(p > 1) if, for
any given function u: [-7,T] — R™ which is sufficiently
differentiable on the subinterval [0, T], there exists

max < @hp s
—T<t<t,.;

h
u(t) - H (tgu(ty)u(ty), .. u(tu)

(63)

[y () =yl < Co (£, )max max llg(£) ~ (1), max |y(¢

1<j<k-1

where the continuous functions C, (t) and C, (t) depend on
t, method (6), L,, L,, and some M, .

Theorem 2. If method (6) is consistent of order p and sat-
isfies the root condition, it is convergent of order p.

where the function ¢ is a restriction of the function u(¢) on
the subinterval [-7,0] and the constant g only depends on
some M; defined as M; = supyo1 (Id7w (¢)/dt)).

Remark 4. By Definition 3 and the Lagrangian interpolation
theorem, we know the piecewise interpolation operators 1",
in (6) which based on p(p=>0)-degree Lagrangian inter-
polation polynomial are all consistent of order p + 1.

Definition 4. It is said method (6) is consistent of order p if
its mother method (5) and the piecewise interpolation
operators _
mm=k-kk-k+1,...,N-ki=0,1,...,k) are all
consistent of order p.

Remark 5. As for the consistency of the mother method (5),
please see references [35, 38, 40].

if, for the sequence Yo Vi IN determined by
method (6) applied to any given equations (1) in D (L,, L,)
with the starting data
v eC,[-1,0L,yy: =v(0), ¥, - Vi, € R™  (the
method (6) starts with n = k — k), there exists a sufficiently
small positive number h, such that

Definition 5. Method (6{\is said to be conjfergent of order p

D-vil f G, n=kk+1,.. ,N,0<h<h  (64)

Proof. Assume method (6) is consistent of order p and
satisfies the root condition. In this proving course, we always
assume 0 < h < h, where h; is defined by (53). Using method
(6) to solve any given equations (1) € D(L,, L,), we easily
know the true solution y(t) obviously satisfies the pertur-
bation equations:
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h
yu () =[]ty (8, y(ty)o sy (tpi)) + ¥, (), —T<SE<t,i=0,1,.. .,k
(65)
Z“}’(tmz <<Zﬁf(tn+i’y(tn+z)ym( ))> n+k> Yl=;€l—k,i€,—k+l, ’N_k’
where
h
Y, (0) = y(£) - H(t; 0, y(t),y(ts) - y(tr)), -T<t<t,,i=0,1,...,k (66)
k
Tpy = Z (@iy (tusi) = BB f (tusis ¥ (s )s Vi ()))- (67)
i=0
From (1) and (67), we conclude
k - -
Ty = Z (9 (tnei) = hBiy (ta)), n=k-kk-k+1,...,N-k (68)
i=0
max max Trgeg( ||ym (t)” <gh?, (70)

Since the mother method (5) is consistent of order p,
equation (68) implies [35, 38, 40]

ITpi| <CH*, m=k-kk-k+1,...,N-k (69

where the constant C only depends on the mother method
(5) and M, defined above. Because all the interpolation
operators

M (n=k-kk-k+1,.. ,N-ki=01,...,
sistent of order p> by Deﬁmtion 3, we obtain

k) are con-

Iy (t) = yu < v

+ (k + 1)BLyc,Mt,, max |l () -
te[-71,0]

1 2v11(k+1)tnﬁM(Ll+ch ) M|||W'1|||

y (Ol + (k + 1)BL,Mt,

k—ksn<N—k 0Sisk =

where the constant g only depends on some M; defined
above. By Theorem 1 and assumption that method (6)
satisfies the root condition, we know method (6) is zero-
stable, which tells us that inequality (59) holds. From (6),
(27), (50), (59), (65), (69), and (70), we further conclude that

max y(4) -y
k—k<j<k-1

et B

+MT max [T + max lp(£) = ()l + max [y(£;) - yJ”)

k<jsn 1<j< <k-1

< vIleZVIl (k+1)t,BM (L +L,c,) (

max o () =y(Oll+ max [y (1) —y;| + M||w- I max liy ) -
1<j< <k-1

(71)

+ (ko DBLyc,Mt, max o) =y ()] + (k+ 1)BL,Me,gh + Mt,Ch')
te|-1,

<C, (t,,)max<| nax lo () =y (O, max ”J’(t])

1<j<k-1

where

—yj”}ﬁil(tn)h") n=kk+1,. ..,N,
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Co®) = v (MW [[ + (k + DBLsc, Mt +2)e™" <M (hrrtace),

(72)

61 (t) — VII ((k + 1)BL2M§ + Mé)t62vil (k+1)tpM (L1+LZC71)’

and v, M, [|[W~!||l, and 8 defined in the course of proving
Theorem 1 in Section 3. It can be seen that the continuous
functions CO (t) and 61 (t) depend on t, method (6), L,, L,,
and some M;. This completes the proof. O

Remark 6. In this paper, the strict condition (2) can be
generally weakened as the inequalities in (2) hold only in
some neighborhood of the true solution y(t) of the equa-
tions [35, 36, 38, 41].

5. Numerical Examples

In this section, the linear multistep methods formed as (6)
are used to solve VFDEs formed as (1) € D(L,, L,), and for
convenience, we give the starting data
¥ (£), Yo Y15 ¥2> - - -» ¥y, according to true solution, i.e., let

y(t) = ¢(t),~T<t <0,
v (73)

Yo=90),y;,=y(), i=12..., k-1

For a method formed as (6) whose stepsize is h, we
denote the maximum global error:

E(h) = max max|y, (t,) - y,, (74)
where y;(t,) and y,; are the ith components of the true
solution y(t,) and the approximation solution y,, respec-
tively, and furthermore, according to [36, 41], the observing
order p of the numerical method is defined as

~ E(h)

In order to adequately verify the correctness of the
theory presented in this paper, we use various different zero-
stable mother methods including the Adams-Bashforth
methods [38, 42], the Adams-Moulton method [38, 43], the
Backward Differentiation Formula (BDF) method, and the
Milne-Simpson method [44, 45] with corresponding
piecewise Lagrangian interpolation operator to build the
methods formed as (6), where each mother method and its
corresponding interpolation operator are both consistent of
the same order p(2 < p <4). According to Definition 4, these
methods are consistent of order p, and by Theorem 2, we
know they are convergent of order p. For convenience, these
methods are named the same as their corresponding mother
methods. For simplicity, let AB p denote the
Adams-Bashforth method which is consistent of order p, let
AM p denote the Adams-Moulton method which is con-
sistent of order p, let B p denote the BDF method which is
consistent of order p, and let MS4 denote the Milne-
Simpson method which is consistent of order 4.

Remark 7. We list the mother methods used in this section
as follows:

(i) The Adams-Bashforth method which is consistent
of order 2 takes the form
1 3
Va1 T Vn2 = h(_zf(tn’ yn) + Ef(tnﬂ’ yn+l)>'
(76)

p= logzm. (75) (ii) The Adams-Bashforth method which is consistent
(h/2) of order 3 takes the form
5 16 23
Yozt Vuz = h(ﬁf(tn’ yn) - Ef(tnﬂ’yml) + Ef(tmz’ yn+2)>' (77)

(iii) The Adams—Moulton method which is consistent of
order 2 takes the form

1 1
“Yut V1 = h(Ef(twyn) +Ef(tn+1’yn+l)>' (78)

1
“Ynt Yu2 = h(gf(tn’yn) +

Example 1. Consider the pantograph equations [36]:

(iv) The BDF method which is consistent of order 2
takes the form

1 3
Eyn - 2yn+1 + 5)’n+2 = hf (tn+2’ yn+2)' (79)

(v) The Milne-Simpson method takes the form

4 1
gf(tml’ yn+1) + gf(tn+2’ yn+2))' (80)
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y1(t) = =28y, () + 3.6y, (t) — 0.45in (0.5t) y, (0.5¢) + 0.8 5in (0.5¢) y, (0.5¢) + 1 + 10sint,
¥, (t) = 3.6y, (t) — 8.2y, (t) + 0.8sin (0.5¢) y, (0.5t) — 1.6 sin (0.5¢t) y, (0.5t) — 2 — 20sin t,
¥1(0)=2,9,(0) =1,

0<t<l,
0<t<l, (81)

whose unique true solution is From Table 1, we can see for the pantograph equation
v, (t) =sint +2e7 ', y, (f) = -2 sint + e '. Equation (81) is a (81) the observing orders of the three methods AB2, AM2,
special case e D(L,,Ly), where  and B2 are all very close to the theoretical convergent order

L, =10and L, = 25in 0.5 = 0.9588[36]. We use the methods 2.
AB2, AM2, and B2 with h = (1/(80 x 21)) (i = 0, 1,...,5) to
solve (81), respectively. The maximum global errors E (h)

and the observing orders p are listed in Table 1. Example 2. Consider the nonlinear VIDEs [46]:

' yi(t) =2y, (t) - §t4 +cos(y, (1) -1+ Jt (2ssin(y,(s)) + sty,(s))ds, 0<t<1,
0

) ¥, () = 1—tsin(y,(t)) - %tz sin(y, (1)) + Jt (st2 cos(y; (s)) +tcos(y, (s)))ds, 0<t<l, (82)
0

¥1(0) =0,y,(0) =0.

The unique true solution of equation (82) is
¥, (t) =t*and y, (t) = t. Let

y(®) =y @), 3, 0],

t
2u, — %t4 +cosu; — 1+ J (2ssin(y, () + sty, (s))ds,
0

f(t:u7W()) = >
1-tsinu, — L i u; + r (st2 cos (v, (s)) + t cos (v, (5)))ds
2 0

(83)

where 0<t<1, u= [ul,uz]T e R?, andy € C,[0,1]. Then,
equation (82) can be written in form (1)e D(L,, L,), where
L, and L, are both of moderate size. We use the method AB2
with h = (1/(80x2))(i =0,1,...,6) to solve (82), re-
spectively. The maximum global errors E(h) and the ob-
serving orders p are listed in Table 2.

Y 0 =70+ 2y0-25(t-3) 1253 )

y(t) =sint,

The unique true solution of equation (84) is y (t) = sint.
Equation (84) € D (L, L,) in the sense of Remark 6, where L,
and L, are both of moderate size [36]. We use MS4 with

t—1 t~(7/2)
>+J y(z)dz+coszt—1,
t

From Table 2, we can see, for the nonlinear VIDEs (82),
the observing orders of the method AB2 are all very close to
the theoretical convergent order 2.

Example 3. Consider the nonlinear VDIDEs [36]:

0<t<e6,
o (84)

-m<t<O0.
h = (0.01/2") (i = 0, 1,2, 3) to solve (84), respectively, and list

the maximum global errors E (h) and the observing orders p
in Table 3.



14

Discrete Dynamics in Nature and Society

TaBLE 1: The maximum global errors E (h) and the observing orders p produced by AB2, AM2, and B2 when applied to equation (81).

L AB2 AM2 B2
E(h) P E(h) p E(h) p

1/80 5.179403 x 107> 9.921322 x 107° 4.066459 x 107>

1/160 1.297365 x 10~° 1.997201 2.497546 x 10~6 1.990021 1.021635 x 107° 1.992893
1/320 3.246682 x 10~° 1.998546 6.265474 x 1077 1.995016 2.560343 x 10~6 1.996471
1/640 8.120817 x 1077 1.999269 1.569068 x 1077 1.997516 6.408666 x 10~7 1.998241
1/1280 2.030719 x 1077 1.999634 3.926050 x 10~ 8 1.998757 1.603144 x 1077 1.999120
1/2560 5.077445 x 1078 1.999816 9.819351 x 10~° 1.999379 4.009081 x 108 1.999561

TaBLE 2: The maximum global errors E(h) and the observing
orders p produced by AB2 when applied to equation (82).

h E(h) P
1/80 2.567537 x 10°°

1/160 6.421382 x 1077 1.999429
1/320 1.605505 x 1077 1.999857
1/640 4.013861 x 1078 1.999965
1/1280 1.003472 x 1078 1.999990
1/2560 2.508682 x 107° 1.999999
1/5120 6.271714 x 10710 1.999998

TaBLE 3: The maximum global errors E(h) and the observing
orders p produced by MS4 when applied to equation (84).

h E(h) p
0.01 6.757335 x 1077

0.005 4.041475 % 1078 4.063501
0.0025 2.483531 x 107° 4.024417
0.00125 1.524486 x 10710 4.025998

From Table 3, we can see, for the nonlinear VDIDEs (84),
the observing orders of the method MS4 are all very close to
the theoretical convergent order 4.
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