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Financial risks, such as inflation and interest rate changes, significantly affect the costs and benefits of infrastructure projects.
Nevertheless, there is a dearth of research concerning financial investment (government subsidies) for infrastructure projects in
the context of inflation and interest rate changes. Accordingly, this study builds a stochastic differential equation model based on
inflation rate and interest rate, through which the expression of government subsidies in public-private partnership is optimised.
Specifically, the Monte Carlo simulation was used to undertake a calculation of the present value of operating loss subsidy and
risk-sharing subsidy for theNCityMetro Line 3. Subsequently, the effect of inflation, nominal interest rates, interest rate volatility,
as well as inflation volatility, on the present value of operating loss subsidies was investigated. It was established that the dynamic
random discount rate based on inflation rate and interest rate may effectively simulate the effect of inflation rate and interest rate
changes on project operating loss. Moreover, it is feasible to calculate the present value of the risk-adjusted operating loss subsidy
and the present value of the risk-sharing subsidy. Inflation rate, inflation volatility, and interest rate volatility are positively
correlated with the present value of operating loss subsidies, whereas the interest rate is negatively correlated with the present
value of inflation-adjusted operating loss subsidies. Inflation volatility has the greatest effect on the present value of subsidies,
followed by interest rate volatility and inflation rate. Ultimately, this paper provides an effective tool for quantitative simulation of
and risk-sharing in public-private partnership projects, which can facilitate a regional economy’s sustainable development.

1. Introduction

Given that infrastructure projects have public welfare and
quasi-commercial aspects, it is far from straightforward to
anticipate that decent revenue may be derived from social
capital. Generally, local governments distribute some sub-
sidies to facilitate such social capital becoming proactively
involved in infrastructure projects. In 2014, the Ministry of
Finance issued the Operation Guide for Government-Private
Capital Cooperation Model (Trial) [1], hereafter referred to
as Guidelines, identifying that viability gap funding is a
significant source of a project’s income in relation to social
capital. Nevertheless, regarding financial investment (gov-
ernment subsidies) in infrastructure projects, the challenges
of insufficient subsidies and excessive subsidies are raised
during the implementation process. Insufficient subsidies

potentially deter social capital from investing in projects,
whereas excessive subsidies potentially result in the loss of
state assets, corruption, and further problems. /e existing
research into public-private partnership government sub-
sidies has concentrated primarily on two aspects. One is the
calculation of reasonable government subsidies via means of
real option and option game model, while the other is re-
search into government subsidy mechanisms and risk-
sharing via the evolutionary game model. Contrastingly,
limited research has focused on the inflation and discount
rate, although these are the principal parameters involved in
the calculation of government subsidies for infrastructure
projects.

Generally, infrastructure projects timescale exceeds 20
years, with financial risks, such as inflation fluctuation and
interest rate fluctuation, likely to have a tremendous effect
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on them [2–5]. /erefore, inflation is one of the principal
risks faced confronting such projects. Increased labour and
operating costs stemming from inflation have a significant
effect on the income of infrastructure projects [2, 6–8]. For
example, inflation in Argentina since 2002 has resulted in a
dramatic increase in organisational costs for parties involved
in the Buenos Aires water system infrastructure project. /e
government locked the charges for the water supply system
with the aim of maintaining social stability, which ultimately
caused the withdrawal of social capital. A further example is
how inflation in China in 1994 significantly raised the social
capital costs of those participating in the Guangzhou-
Shenzhen-Zhuhai project, causing heavy losses. A similar
process occurred relating to Pakistan’s Karachi power
project, the North-South Highway project in Malaysia, and
the Prince Edward Island Bridge in Canada [9, 10]. In
addition, the interest rate is a significant parameter in the
value evaluation system of infrastructure projects [6].
Generally, the government is supposed to establish an ap-
propriate interest rate as the discount parameter for the DCF
valuation of infrastructure projects, with fluctuation of the
interest rate having a tremendous effect on how government
subsidies are calculated. Even so, due to financial uncertainty
concerning risks, for example, inflation and interest rate
changes, the interest rate has often been measured poorly as
part of the current infrastructure project evaluation process
[11–15]. Challenges relating to the transaction process will
result in poor performance of public-private partnership
projects [16]. /us, the ambiguities surrounding infra-
structure projects must be comprehensively considered
during the decision-making evaluation process; otherwise,
there is a strong risk that the government’s subsidies re-
quired for investment in the projects will be underestimated.
/e unreasonable distribution of risks relating to uncer-
tainty between the government and social capital may result
in the withdrawal of social capital and failure of the infra-
structure projects. Consequently, identifying an appropriate
method for conducting a more scientific simulation of the
effect of inflation, interest rate, and risk-sharing on gov-
ernment subsidies, in addition to the calculation of a more
reasonable present value of government subsidies in public-
private partnership, is meaningful to investigate.

2. Literature Review

2.1. Discount Rate of Government Subsidy. Generally, the
annual discount rate of the net present value of government
subsidies must be considered for the year in which the fiscal
subsidy expenditure occurs. /is should also be determined
on a reasonable basis by referring to the yield of local
government bonds over the identical time period. However,
this method does not account for the increase in costs as well
as incomes stemming from inflation. Accordingly, the extant
research on government subsidies for infrastructure projects
typically provides a comprehensive appraisal of the two
factors of interest rate and inflation rate. Burinskas and
Burinskiene [17] measured the growth of Lithuania’s
transportation sector by applying Gordon’s growth model.
Furthermore, Prianka and Malik [11] investigated

infrastructure projects in the form of franchising, providing
the calculation expression of operating costs during the jth
year as follows: OMCj � cm 

j

k�0 (1 + fM
k ), where cm

presents the initial annual operating cost of the project, while
fM

k is the growth coefficient in light of inflation.
Shen et al. [12] calculated the net present value (NPV) of

the concession period for infrastructure BOT projects,
considering the discount rate of the government and the
private sector to be formulated as follows:

d �
(1 + I)

1 + Inf 
− 1, (1)

where I represents the interest rate, while Inf represents the
inflation rate. Based on these two rates, Shen and Wu [13]
calculated the risk-adjusted build-operate-transfer (BOT)
project concession period NPV. To reflect the discount rate
change during the concession period, the discount rate has
been determined to comply with the normal distribution, with
the discount rate simulated using the Monte Carlo simulation.
Furthermore, Wu et al. [14] calculated the net transfer value of
BOTprojects, while Hanaoka and Palapus [15] investigated the
reasonable concession period of BOT projects in the Philip-
pines. All of these researchers adopted formula (1) as a means
of calculating the discount rate for public sector subsidies.

Certain studies have determined that the method of
estimating inflation and interest rates as part of the current
government subsidy calculation procedure is rather
straightforward. /e effect cannot be conveyed by the in-
flation and interest rates of government subsidies during the
franchise over 20 to 30 years. Moreover, the traditional
model may reflect the risk-sharing between the government
and social capital to a limited extent. Accordingly, this study
will enhance this process in this regard.

2.2. Inflation Rate and Interest Rate. With the aim of sim-
ulating the impact of infrastructure project government
subsidies on inflation, the infrastructure project’s future cash
flow must be amalgamated with the term structure of interest
rate and inflation rate. In accordance with the stochastic
differential equation model which adheres to geometric
Brownian motion, Scholes and Black [18] proposed the
Black–Scholes option pricing formula./is has proven to be a
significant breakthrough for the stochastic differential
equation in the asset pricing field. Subsequently, Merton [19]
assumed that the bond price follows geometric Brownian
motion and priced it accordingly, although the trend between
the bond price and the stock price is particularly different. Via
statistical research, it has been determined that the interest
rate has the characteristics of mean reversion. Consequently,
Vasicek [20] adopted a stochastic differential equation with
mean reversion to represent the dynamic process of interest
rate, ultimately devising the Vasicek model. Cox et al. [21]
proposed an alternative stochastic differential equation model
referred to as the CIR model, to represent the dynamic
process of interest rate. Given that the interest rate cannot be
negative in the CIR model, this diverges from the Vasicek
model. In addition, Heath et al. [22] considered there to be a
connection between the drift rate and the standard deviation
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of the forward interest rate, ultimately proposing the HJM
model. Concerning the pricing of inflation-related derivatives,
Jarrow and Yildirim [23] stripped standard coupon bonds to
obtain real and nominal zero-coupon bond price curves.
Following this, by fitting a three-factor arbitrage-free term
structure model with the time series data of the consumer
price index (CPI) in addition to real and nominal zero-
coupon bond price curves, the term structure parameters
were estimated, and the pricing of inflation index call options
was completed. By combining the Vasicek model and CIR
model, Pelizzari and Paolo [24] proposed a stochastic model
based on interest rates and the CPI index; this was verified
based on TIPS price data published by the Federal Reserve.
/e researchers suggested that the model could effectively fit
TIPS pricing. Nevertheless, this model did not adopt the
standard method of cross-sectional estimation of the term
structure in relation to the real interest rate, instead simpli-
fying the estimation process. Abrahams et al. [25] adopted an
affine term structure model with six principal components
extracted from treasury bond yields and TIPS to price the US
Treasury inflation index bonds. In addition, certain academics
have adopted statistical-econometric methods for investi-
gating inflation’s effect on the capital market, as well as the
effect of monetary policy on the consumer market [26, 27].
According to the above analysis, given that the option pricing
formula was established in 1973, the stochastic differential
equation has been pervasively adopted in the asset pricing
field. Particularly in terms of simulating the asset price trend,
the stochastic differential equation plays an irreplaceable role.

/e major challenge in terms of simulating the discount
rate of government subsidies pertains to the complexity of its
financial structure. /erefore, it is necessary to combine
future government subsidies with interest rates and inflation
rates, in addition to inflation risk-sharing between the gov-
ernment and private sector. Nevertheless, as previous research
has determined, the calculation method for formula (1) that is
typically applied by academics cannot comprehensively and
effectively convey the dynamic changes in inflation and in-
terest rates, while usually failing to establish the share of
inflation risk between the government and the private sector.
In certain studies of interest rates and inflation rates, aca-
demics have attempted to distinguish interest rates and in-
flation rates from TIPS bond yields. Other researchers, for
example, Pelizzari and Paolo [24], sought to adopt other
perspectives to fit TIPS via the interest rate and CPI index,
ultimately obtaining sound outcomes. In the environmental
risk field, people adopt the ELECTREmodel andmulticriteria
decision analysismethods for decision analysis, whereas in the
financial risk field, people seldom adopt complex models to
investigate the effect of associated risk factors on infra-
structure [28, 29]. As China did not issue TIPS-like inflation
protection bonds, this research will apply the inflation
underpricing method to establish a two-factor stochastic
differential equation model of interest rate and inflation rate,
thus enabling calculation of discount rates based on formula
(1) combined with Pelizzari and Paolo’s research. Subse-
quently, the present value of government subsidies is cal-
culated, and the risk-sharing parameters are established, as a
means of simulating risk-sharing between the government

and private sector. /is research considers the effect of in-
terest rates and inflation rates on government subsidies across
various periods, which also reflects the risk-sharing principle.

/ree major contributions are made by this article.
Firstly, it provides an innovative tool for calculating gov-
ernment subsidies. /e stochastic differential equation
model is applied for optimising the calculation method for
the discount rate of government subsidies, with the gov-
ernment subsidy calculation model based on interest rates
and inflation rates being proposed. Secondly, it provides a
risk-sharing method for public-private partnership. /e
risk-sharing parameter is incorporated into the government
subsidy calculation model, with the government subsidy
amount under the change of risk-sharing being calculated,
while the effect of toll adjustment frequency on government
subsidies is investigated. /is research observes the effect of
interest rate, inflation rate, and interest rate volatility, as well
as inflation volatility, on government subsidies based on the
modelling, with meaningful conclusions being drawn.

3. Modelling

/e computation model of the present value of the gov-
ernment’s operation loss subsidy may be expressed as
follows:

S � 
T

0

Ct − It

(1 + d)
t, 0≤ t≤T. (2)

In formula (2), Ct refers to the infrastructure project’s
operating cost; It refers to the infrastructure project’s op-
erating income; and S represents the present value of the
operation loss subsidy calculated based on the operating
cost, operating income, and the discount rate It (hereafter
referred to as the subsidy’s present value). Nevertheless,
discount rate d in the model does not account for the in-
creased costs caused by inflation. Furthermore, in general, in
the numerical calculation, discount rate d pertains to the
interest rate for local government bonds during the current
year, which might not reflect interest rate changes over the
30-year construction and operation period. Consequently,
based on formula (1) and in accordance with Pelizzari’s
research, a two-factor discount rate model has been con-
structed based on the inflation rate and interest rate.

Following this, the research incorporated the inflation rate
i(t) and the nominal interest rate r(t). /e inflation rate i(t)

and the nominal interest rate r(t) are compliant withVasicek’s
[20] stochastic differential equation model. r(t) and i(t) may
be expressed as the following dynamic random process:

di(t) � αi − βii(t)(  dt + σi dWi(t), (3)

dr(t) � αr − βrr(t)(  dt + σr dWr(t). (4)

In formulas (3) and (4): αi, βi, αr, βr, σi, and σr are
constants; αi/βi is the long-term equilibrium inflation rate; σi

is the inflation rate volatility; αr/βr is the long-term equi-
librium interest rate; σr is the nominal interest rate volatility;
Wi(t) and Wr(t) are both standard Brownian motion in the
probability space; F is the σ algebra of the sample space Ω
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which makes the probability a defined subset, while P is a
probability measure. /is research assumes that Wi(t) and
Wr(t) are correlated, as in the case dWi(t)dWr(t) � ρi,r dt.

Typically, the government provides subsidies on an
annual basis to the social capital participating in the in-
frastructure project. /e principal component of the subsidy
includes labour costs as well as operation and maintenance
costs, with all of these costs being affected by the inflation
rate. /e corresponding government subsidies increase
when the inflation rate rises and surpasses the social capital
commitment, whereas deflation occurs and the government
subsidy amount diminishes when the inflation rate de-
creases. It is assumed that the prices of public goods will be
adjusted in accordance with inflation. As the aforemen-
tioned features convey, the expression of the government
operation loss subsidy amount CFt at time t is

CFt � Ct − It( max CIt − q, 1( , (5)

CIt indicates the cumulative inflation rate when calculating
the year t subsidy amount. CIt � eDi(0.t) represents the
random compound change of the inflation rate between time
0 and time t. q represents the social capital’s exposure to
inflation risk. Di(0.t) takes the following form [20]. With λi

and λr presenting the market price risk of inflation rate and
nominal interest rate, respectively:

Di(0.t) � 
t

0
i(s) ds + 

t

0
λi(s) dWi(t) −

1
2


t

0
λ2i (s) ds, t> 0.

(6)

/e process entails discounting the government oper-
ation loss subsidy CFt from time t to time 0 during each year
of project operation, according to the Guidelines. eDr(0.t) is
used to represent the random compound discount process of
the nominal interest rate, where

Dr(0.t) � − 
t

0
r(s) ds + 

t

0
λr(s) dWi(t) −

1
2


t

0
λ2r(s) ds, t> 0.

(7)

With E representing the expectation of a random process,
the present value PCt of CFt can be expressed as follows:

PCt � Ct − It( E max e
Di(0.t)

− q, 1 e
Dr(0.t)

 . (8)

In formula (8), E[max(eDi(0.t) − q, 1)eDr(0.t)] represents
the expectation regarding the discount rate in relation to the
operating costs. For convenience, max(eDi(0.t) − q, 1) may be
tagged as the inflation operator IAt, while eDr(0.t) can be
tagged as the discount operator RAt. As a means of obtaining
the expression of PCt, the risk-neutral method [19] may be
adopted to convert the actual measure P into a risk-neutral
measure P. Subsequently, i(t) and r(t) are martingales
under P. According to Gossanov’s theorem and Radonian
Condim derivative, the inflation rate i(t) and the nominal
interest rate r(t) may be expressed in the following manner
under the probability measure P:

di(t) � ai − bii(t)(  dt + σi d Wi(t), (9)

dr(t) � ar − brr(t)(  dt + σr d Wr(t). (10)

ax � αx + λxσx, bx � βx, d W � −λx dt + dW(t), and
x � i, r. W(t) is the standard Brownian motion under P,
while d Wr(t)d Wi(t) � ρi,r dt. Under the risk-neutral mea-
sure we have

PCt � Ct − It( E max e
Di(0.t)

− q, 1 e
Dr(0.t)

 , (11)

Di(0.t) � 
t

0
i(s) ds,

Dr(0.t) � − 
t

0
r(s) ds.

(12)

/e Vasicek stochastic differential equation of interest
rate has an explicit solution:

i(t) � e
− bitIR(0) +

ai

bi

1 − e
− bit  + σie

− bit 
t

0
e

bis d Wi(s).

(13)

While the stochastic differential equation has the fol-
lowing form:

i(t) − i(0) � 
t

0
ai − bi

i(s)(  ds + 
t

0
σi d Wi(s). (14)

Substitute equation (13) into equation (14), we obtain

Di(0.t) � 
t

0
i(s) ds �

ait

bi

+ i(0) −
ai

bi

 
1 − e

− bit

bi

  +
σi

bi


t

0
1 − e

− bite
ais  d Wi(s). (15)

Similarly, the discount operator RAt may be expressed as

e
Dr(0.t)

� exp − 
t

0
r(s) ds 

� exp −
art

br

+ i(0) −
ar

br

 
1 − e

− brt

br

  +
σr

br


t

0
1 − e

− brt
e

ars
  d Wr(s)  .

(16)
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According to the properties of Ito integrals, let Mit � E

( Di(0.t)) � ait/bi + (i(0) − ai/bi)(1 − e− bit/bi), CumVit � V
ari(

Di(0.t)) � 
t

0 a2
i /b

2
i (1 − e− biteais)2 ds, and Y � −σi/bi 

t

0

(1− e− biteais) d Wi(s)/
���������������������


t

0 a2
i /b2i (1 − e−biteais)2 ds



∼ N(0, 1).

Subsequently, the expectation of the inflation operator
IAt is

E max e
Di(0.t)

− q, 1  

� E e
Di(0.t)

− q |e
Di(0.t) > 1 + q  + E 1|e

Di(0.t) > 1 + q 

�
1
���
2π

√ 
log1/(1+q)+Mit/

�����
CumVit

√

−∞
exp Mit −

�������
CumVit


Y e

− Y2/2( ) dY −
1
���
2π

√ 
log1/(1+q)+Mit/

���
Varit

√

−∞
e

− Y2/2( ) dY + 1

� e
Mit+ CumVit/2( ) N

log1/(1+q)
+ Mit + CumVit�������
CumVit

  − N
log1/(1+q)

+ Mit�������
CumVit

  + 1.

(17)

In summary, from formulas (2), (11), (16), and (17), the
expression of the present value S of the government subsidy
is

S � 
T

0
PCt � 

T

0
Ct − It( E IAt × RAt 

� 
T

0
Ct − It( E max e

Di(0.t)
− q, 1 e

Dr(0.t)
   

T

0

� 
T

0
Ct − It(  e

Mit+CumVit/2 N
log1/(1+q)

+ Mit + CumVit�������
CumVit

  − N
log1/(1+q)

+ Mit�������
CumVit

  + 1 E e
Dr(0.t)

  + Ct − It( Covt .

(18)

/emain aspect of the subsidy present value expression (18)
is the expression of the discount rate E[max(e

Di(0.t)

−q, 1)e
Dr(0.t)]. It may be established from the formula structure

that the government subsidy (Ct − It) per period is linked to
the inflation operator IAt and discount operator RAt of the
current period./is conveys how the characteristics are affected
by both interest rates and inflation rates. /e risk-sharing
parameter q in the inflation operator reflects the government’s
assumption of inflation risk for the cash flow per period.

4. The Application of the Government
Subsidy Model

4.1. Basic Information concerning the Project. /e N City
Metro Line 3 plans to implement a public-private part-
nership for investment and construction. /e civil con-
struction project was initiated towards the end of 2016,
with an expectation that it will enter into operation by the
end of 2020. /e line’s total length is approximately
28.34 km, with all of the lines being laid underground. A

total of 22 stations will be constructed, with the mean
station spacing being 1.33 km; the largest station spacing is
2.235 km, while the smallest station spacing is 0.607 km.
/e project’s total investment is approximately 21.585
billion CNY. /e BOT mode of mechanical and electrical
equipment is adopted, which is to say, the PPPmode of Part
A plus Part B. /e project’s financial analysis and calcu-
lation period is 28 years, during which time the con-
struction period will be 3 years (2018–2020), while the
franchise operation period is 25 years (2021–2045, in-
cluding a trial operation during 2021).

According to the viability gap funding subsidy formula
presented in the Guidelines, the government adopts partial
responsibility for direct payment during the project’s op-
erating subsidy period. /e annual direct government
payments include the annual mean construction costs and
operating loss subsidies undertaken by the social capital. As
the construction costs have been determined following the
conclusion of the construction period, this study will con-
centrate primarily on the simulation calculation for the
annual operating loss subsidies.
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4.2. Data Resources. Firstly, regarding the instantaneous
nominal interest rate, the content in the Guidelines stipulates
that “When considering the annual discount rate, the year in
which fiscal subsidy expenditures occurred should be taken
into account, with reference to the yield of local government
bonds over the same period reasonably.”/e government bond
yield (0-year/overnight) is adopted to measure the instanta-
neous nominal interest rate level. Accounting for the data
availability issue—given that the time interval for China Bond
local government debt data provided in the Wind database is
for the period from 4 January to the present—the beginning of
the nominal interest rate measurement period in this research
is 4 January 2010. As the project has been operational since
2021, 4 January 2020 is the deadline for data selection. Con-
sequently, the time interval for data selection is between 4
January 2010 and 2 January 2020, with a sample size of 2402.
Given that this is a continuous timemodel, linear interpolation
is adopted for filling in the data gaps for legal holidays.

/is research considers the monthly data for the con-
sumer price index published by the National Bureau of
Statistics of China (previous month� 100) as a means of
measuring the inflation rate. /e data interval provided in
the Wind database is from January 1995 to the present. To
match the cut-off date of the interest rate data, as well as to
cover the inflation rate’s historical changes to the greatest
extent possible, this article selects the data interval of January
1995 to January 2020. Given that the CPI data released by the
National Bureau of Statistics of China are monthly, it is
necessary to convert those into daily ones. /is article will
apply the linear interpolation to transform CPI data, while as
a means of ensuring data availability, one period lagging CPI
data will be used. Consequently, the CPI data (indicated by
CPIDt) on the d day of the mth month following the ini-
tiation of the operation period may be stated as follows:

CPIDt � CPIm−2 +
d − 1
gm

CPIm−1 − CPIm−2( , (19)

with gm being the total number of days in the mth month
following the project starting operating, while CPIm is the
actual price index in the mth month./e collected daily data
for CPIDt are processed to obtain daily data for inflation rate
i. Table 1 presents the descriptive statistics for the data.

4.3. Parameter Estimation. According to the calculation
formula (18) for the present value of subsidy S, nine pa-
rameters must be estimated for the calculation, namely:
αi, βi, σi, λi, αr, βr, σr, λr, andCovt.

According to models (2) and (3), i(t) and r(t) are both
stochastic differential equations under actual measurement
P. Generally, the random difference method is adopted for
estimating the stochastic differential equation model’s pa-
rameters. By setting dt � 1, equations (2) and (3) can be
rewritten as

x(t) � αx + 1 − βx( x(t − 1) + εx(t); x � i, r. (20)

To test the correlation of the disturbances in models (2)
and (3), it is necessary to make a combined estimation of i(t)

and r(t), applying the Breusch–Pagan test. /is article

considers the interest rate and inflation rate data from 4
January 2010 to 2 January 2020, adopting the seemingly
uncorrelated regression means to calculate. /is method is
appropriate for regression equations which potentially in-
clude related disturbances./e p value of the Breusch–Pagan
test is 0.9654. Accordingly, the null hypothesis may be ac-
cepted that “the disturbances of each equation are mutually
independent”, namely ρ � 0, with the parameter being set to
Covt � 0.

Since changes in the related parameters could be ob-
served over a long period of time, this paper adopted the
rolling regression method. /e first-year data for inflation
and interest rates were analysed as the basic samples, with
the sample range then gradually expanded. Subsequently,
the daily parameter values for the inflation rate between
January 1996 and January 2020, in addition to the interest
rate between January 2011 and January 2020, were obtained.
/e changes are presented in Figures 1 and 2.

/e results in Figure 1 show that αi and βi fluctuated
significantly prior to 2001, after which they became gradually
more stable. /e value of σi remained high prior to 2002,
although declined gradually afterwards. /is may be a
consequence of the drastic economic fluctuation in China
before 2000. Post-2000, following the launch of a more stable
monetary policy, the inflation rate has become increasingly
robust over a long period of time. It is evident from Figure 2
that αi, βi, and σi have become increasingly stable post-2013;
thus they may be deemed suitable to establish as the nu-
merical simulation parameters. /e values of αr, βr, and σr

fluctuated significantly between 2013 and 2014, although less
fluctuations occurred subsequently. In addition, they be-
came increasingly stable after 2018, thus being suitable to set
as the numerical simulation parameters. /e overall re-
gression results for the inflation and interest rates are
presented in Table 2.

According to the estimation results presented in Table 2,
it may be established that αi � 0.00008, αr � 0.0010,
βi � 0.0030, βr � 0.0439, σi � 0.0038, σr � 0.0021, and ρ � 0.
/e estimated results indicate that the parameter of inflation
rate significantly differs compared with the interest rate
parameter. /e difference between βi and βr shows that
interest rates have stronger mean-reverting characteristics,
whereas the inflation rate indicates stronger cyclical vola-
tility. /is verifies the low correlation result between in-
flation rate and interest rate as obtained in the previous
article. /rough the estimated parameters, it may be cal-
culated that the long-term equilibrium inflation rate is
αi/βi � 0.0267, while there is a long-term equilibrium in-
terest rate αr/βr � 0.0228, with both being approximate to
the descriptive statistical mean of the previous sample, thus
indicating that the estimated results have greater credibility.
In addition, the long-term equilibrium inflation rate is below
0.03, suggesting that China’s inflation rate has remained at a
low level over a significant period of time.

Long-term interest rates are representative of market
expectations regarding future economy growth, while short-
term interest rates reflect the money markets’ supply and
demand. Differences exist between the interest rates for
bonds on different maturities. /e longer the maturity of
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bonds, the greater the risk that investors will suffer. /e
difference between the long-term interest rate and the short-
term interest rate conveys the compensation of the term risk,
referred to as the risk premium. /is paper adopts the
yield to maturity of local government bonds (1 year)

minus the yield to maturity of local government bonds
(0 year/overnight) to establish the interest rate risk premium.
/e specific time series data are presented in Figure 3. /e
mean value of the risk premium is 0.0086, while the standard
deviation is 0.0043. It is apparent from Figure 3 that besides

Table 1: Descriptive statistics of interest rates and inflation rates.

Variables Mean Standard deviation Minimum value Maximum value Quantity
r 0.0233 0.00714 0.0077 0.1220 3427
i 0.0270 0.0866 −0.1940 0.5590 9075
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the period between May and June 2013, short-term interest
rates rose dramatically as a consequence of insufficient li-
quidity in the interbank market, with the long-term interest
rates being surpassed. China’s interest rate risk premium
remained stable for a long period of time post-2010.

Peter and Oreste [30] considered the inflation risk
premium over a period of time to be equal to the anticipated
inflation rate within this period of time, minus the expected
inflation target. /is article combines the interest rate risk
premium algorithm with Peter and Oreste’s perspective.
With the inflation risk premium equal to the mean inflation
rate within the 12 months minus the current inflation rate,
formula (21) may be presented as

λi(t) �
1
12



12

j�1
it−6+j − i(t). (21)

Figure 4 presents the results obtained via the data
calculation. /e mean value of the inflation risk premium
is −0.0004, while the standard deviation is 0.0724. /e
inflation risk premium fluctuated markedly since the early
stage, after which it gradually decreased. /is potentially
contributed to the noted drastic fluctuations. /e mean
value is rather close to 0, while the inflation risk premium
graph is essentially a long-term mean regression model
around the average value. Accordingly, the trend for the
inflation risk premium has remained stable over the long
term.

/rough the above estimation process, all the parameters
required by model (18) are obtained: αi � 0.00008,
αi � 0.00008, αr � 0.0010, βi � 0.0030, βr � 0.0439, σi �

0.0038, σr � 0.0021, cov � 0, λi � 0, and λr � 0. /is study’s
proposed government subsidy calculation formula provides
a preevaluation model for the government during an

infrastructure project’s decision-making stage. At this
present point in time, the project’s analysis is undertaken
based on historical data. If it is necessary to constantly
evaluate the subsidies or risks confronted by the project
during the subsequent franchise period, the aforementioned
rolling regression method may be applied for calculating the
parameters, having obtained the updated data.

5. Numerical Simulation

5.1. Simulation of theGovernment Subsidy. /e basic income
and cost data for N City Metro Line 3 over the franchise
period from 2021 to 2045 are presented in Table 3.

Adopting the previously estimated parameters and
formulas (15) and (16), this research established the social
capital inflation commitment parameter q in
E[max(e

Di(0.t) − q, 1)e
Dr(0.t)] to 0 temporarily, with MAT-

LAB then used to perform 1000 times (Repeat � 1000)
Monte Carlo on the interest rate and inflation operator
simulation. Daily discount operator and inflation oper-
ator values between 1 January 2021 and 31 December
2045 were obtained. With the simulation time limit being
25 years, a simulation step (time step) was recorded every
single day, with the total step length being 9125. /e
simulated discount and inflation operator data for the
franchise period between 2021 and 2045 are presented in
Table 4.

/e simulation process of the discount operator and the
inflation operator is presented in Figures 5(a) and 5(b).

/e discount operator curve gradually diverges from the
initiation point, progressively increasing from 1./e final value
is distributed in the interval of 1.5 to 2.8, with the majority of
curve points being located around 2. /e inflation operator
curve presents a gentle exponential growth, while as formula

Table 2: Model parameter estimation results.

Dependent
variable Constant Slope Standard deviation GOF F-test Sample size Estimation

method
i αi0.00008∗ (1.89) 1 − βi 0.9970∗∗∗ (1177.85) σi 0.0038 R2 0.9981 p � 0.0000 9073 OLS
r αr 0.0010∗∗∗ (2.66) 1 − βr 0.9560∗∗∗ (891.77) σr 0.0021 R2 0.9144 p � 0.0000 3425 OLS
Note./e value in the parentheses below the regression coefficient is the p value of the coefficient; ∗, ∗∗, and ∗∗∗ indicate significance at the 10%, 5%, and 1%
significance levels, respectively.
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(15) shows, the final value is located between 0 and 4./e 1000
Monte Carlo simulation values are averaged so as to obtain the
final simulation value for the interest rate and inflation op-
erator at each point of time. /e simulated IA curve presented
in Figure 6 is the result of the inflation operator simulation.
Evidently, the real value fluctuates around the simulated value
when compared to the real inflation operator between 1995 and
2020 (1995 to 2020 IA). Comparable growth trends were ap-
parent for these two curves, thus confirming that the simulated
value may fit the real value rather well. Consequently, it is
reasonable to utilise the simulated value to estimate the future
in accordance with the historical information.

According to the calculated inflation operator, discount
operator, operating income, and operating cost data, this
research adopts formula (9) to calculate the present value of

inflation-adjusted operating income, in addition to the
present value of inflation-adjusted total operating costs. /e
results are presented in Table 5.

According to the data in Table 5, the present value of
operating income should be subtracted from the present value
of inflation-adjusted operating costs per annum, with a per
annum accumulation of the results as formula (17) presents.
Based on an annual increase in the operating income
according to annual inflation, with the social capital inflation
assumption parameter q being 0 (which is to say, the gov-
ernment assumes all inflation risks), the final calculated
current value (S) of the inflation-adjusted government sub-
sidy is CNY 118.672 million. Compared with the current
value of subsidies (CNY 102.941million) calculated according
to traditional calculation methods, an increase of 15.4% has

Table 4: Annual discount and inflation operator.

Year IA RA Year IA RA
2021 1.03 1.03 2034 1.47 1.54
2022 1.06 1.07 2035 1.51 1.58
2023 1.08 1.10 2036 1.55 1.63
2024 1.11 1.14 2037 1.59 1.67
2025 1.15 1.17 2038 1.64 1.72
2026 1.18 1.21 2039 1.68 1.77
2027 1.21 1.25 2040 1.73 1.82
2028 1.24 1.29 2041 1.78 1.87
2029 1.28 1.33 2042 1.83 1.92
2030 1.31 1.37 2043 1.89 1.98
2031 1.35 1.41 2044 1.94 2.03
2032 1.39 1.45 2045 2.00 2.09
2033 1.43 1.49

Table 3: /e basic income and cost data of N City Metro Line 3 Project.

Year Forecast daily passenger volume
(10,000 people)

Average length of
haul (km)

Ticket income
(10,000 RMB)

Operating costs
(10,000 RMB)

Operation loss subsidy
(10,000 RMB)

2021 26.04 7.81 16,156.04 29,093.19 13,132.13
2022 28.97 7.66 17,611.39 29,609.81 12,021.59
2023 31.90 7.50 18,993.68 32,192.91 13,247.55
2024 34.83 7.34 20,302.89 32,239.77 11,793.03
2025 37.76 7.19 21,539.03 32,286.63 10,422.54
2026 40.69 7.03 22,702.10 32,333.49 9136.09
2027 43.61 6.87 23,792.11 32,380.35 7933.66
2028 46.54 6.71 24,809.04 32,427.21 6815.27
2029 49.47 6.56 25,752.90 32,878.31 6221.52
2030 52.40 6.40 26,623.70 34,727.07 7235.25
2031 54.03 6.42 27,539.36 34,770.80 6229.91
2032 55.67 6.44 28,460.21 34,814.54 5218.60
2033 57.30 6.46 29,386.25 34,858.28 4201.33
2034 58.93 6.48 30,317.48 34,902.01 3178.09
2035 60.57 6.50 31,253.89 34,945.75 2148.89
2036 62.20 6.52 32,195.49 34,989.48 1113.72
2037 63.83 6.54 33,142.28 35,033.22 72.59
2038 65.47 6.56 34,094.25 35,076.96 −974.51
2039 67.10 6.58 35,051.41 35,120.69 −2027.57
2040 68.73 6.60 36,013.76 35,164.43 −3086.59
2041 70.37 6.62 36,981.29 35,208.16 −4151.58
2042 72.00 6.64 37,954.01 35,251.90 −5222.54
2043 73.63 6.66 38,931.91 35,295.64 −6299.46
2044 75.27 6.68 39,915.01 35,925.52 −6743.45
2045 76.90 6.70 40,903.29 41,044.09 −2300.72
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occurred. /erefore, it is apparent that inflation has con-
siderably affected the operating loss subsidies.

5.2. Changes in Inflation Risk-Sharing. In formula (18),
parameter q in the discount rate E[max(e

Di(0.t) − q, 1)

e
Dr(0.t)] represents the social capital’s commitment to in-
flation. Given the risk-sharing between the government
and social capital, parameter q varies between 0 and 0.2;
thus, the cumulative inflation that the social capital will
bear is 0% to 20%, while the government will bear the
outstanding inflation risk. In the context of the operating
subsidy income being adjusted according to annual in-
flation, the result of the change in the present value of the
simulated subsidy is presented in Figure 7. /e subsidies’
present value declines in relation to the increase in social
capital’s inflation burden, presenting an inverse propor-
tional function relationship. Based on the observation
presented in Figure 7, it is apparent that the zero point of

the second derivative lies approximately between 0.2 and
0.3. In this case, the social capital inflation risk taken on by
the government and social capital will be situated in the
range of approximately 20% to 30%. /is may significantly
diminish the government’s risk exposure s without making
social capital unacceptable.

5.3. Toll Adjustment Frequency. In 2019, large-scale riots
broke out in Santiago, the capital of Chile, as a conse-
quence of a limited increase in subway fares. Despite the
riots caused by the fare rise being an extreme event with
only a limited probability of occurring, it may also reflect
how resistance and the social impact of quasi-public
products’ price increases are relevant to a certain extent.
Government and social capital are supposed to take into
account the mechanism and frequency of the increase in
quasi-public product prices influenced by inflation. Oth-
erwise, they can have a significant effect on the project’s
government subsidies or social capital profits. Figure 8
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illustrates how the government’s operating loss subsidies
effect tolls when the government comprehensively takes on
the inflation risk (q � 0). As Figure 8 presents, tolls are
adjusted in accordance with inflation every 10, 5, 3, and 1
year, thereby markedly increasing project operating in-
come and thereby reducing government operating loss
subsidies. However, government operating loss subsidies
decline alongside the frequency of toll adjustments in-
creases. /e sum of the present value of government
operating loss subsidies declined by 60% between once a
year and once a decade./is indicates that the frequency of
adjusting tolls according to inflation significantly affects
government operating loss subsidies.

5.4. Changes in the Present Value of Subsidies in a Multi-
dimensional Situation. In the multidimensional case,
numerous variables potentially affect the present value of
subsidies. Figure 9(a) simulates how the subsidy’s present
value will alter according to differing rates of interest and
inflation. /e allowance of operating losses increases as
inflation rises, while the allowance of operating losses
declines as interest rates rise. In addition, inflation rate has

a larger slope in relation to operating loss subsidy, thus
suggesting that the inflation rate affects the operating
subsidy to a greater extent than the interest rate.
Figure 9(b) simulates the effect of inflation volatility and
inflation rates on the operating subsidies’ present value.
Figure 9 clearly shows that the inflation rate is positively
correlated with the present value of operating subsidies.
Meanwhile, volatility is positively correlated with the
present value of operating allowances. /e effect of in-
flation volatility on the present value of subsidies is
characterised by a large slope, thus suggesting that op-
erating subsidies’ present value is characterised by greater
sensitive to volatility. /e greater the volatility, the more
likely that inflation will occur in future. Ultimately, ex-
pectations concerning future inflation have resulted in
higher operating expenditure.

Figure 10(a) simulates the effect of interest rate vola-
tility and interest rates on the subsidies’ present value. /e
figure conveys that interest rate volatility is positively
correlated with the subsidy’s present value, while the slope
of the interest rate volatility is greater. /erefore, the
present value of subsidies appears to be more sensitive to
interest rate volatility compared to interest rates.
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Table 5: Present value of inflation-adjusted operating income and present value of inflation-adjusted operating cost (unit: 10,000 RMB).

Year Inflation-adjusted operating
income

Inflation-adjusted total
operating costs Year Inflation-adjusted operating

income
Inflation-adjusted total

operating costs
2021 16,061.37 28,922.70 2034 28,897.22 33,266.99
2022 17,413.94 29,277.83 2035 29,758.60 33,273.82
2023 18,687.31 31,673.65 2036 30,633.69 33,292.15
2024 19,885.47 31,576.93 2037 31,525.15 33,323.83
2025 21,007.83 31,490.37 2038 32,429.66 33,364.38
2026 22,058.39 31,416.69 2039 33,345.00 33,410.90
2027 23,037.30 31,353.08 2040 34,277.75 33,469.36
2028 23,945.18 31,298.09 2041 35,225.15 33,536.23
2029 24,786.09 31,643.99 2042 36,197.64 33,620.58
2030 25,559.07 33,338.40 2043 37,189.76 33,716.20
2031 26,377.91 33,304.37 2044 38,192.59 34,375.25
2032 27,207.24 33,281.81 2045 39,210.68 39,345.66
2033 28,049.50 33,272.60
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Figure 10(b) simulates the effect of interest rate volatility
and inflation volatility on the subsidies’ present value. It is
observable that the slope for inflation volatility effect on the
present value of subsidies exceeds that of interest rate
volatility. /erefore, the present value of subsidies is
characterised by greater sensitivity to inflation volatility.

Following a rigorous comparison, it may be concluded that
among the four variables of inflation rate, interest rate,
inflation volatility, and interest rate volatility, it is inflation
volatility that has the profoundest effect on the present
value of subsidies, followed by interest rate volatility, in-
flation rate, and then interest rate.
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6. Conclusion

/is study applied a stochastic differential equation model as
well as the Monte Carlo simulation method to conduct
research into government subsidies for operating loss, under
the conditions of uncertain inflation rate and interest rate.
Ultimately, a reasonable tool was developed through which
the government can evaluate the project’s operating costs
and the benefits of infrastructure projects, thus enhancing
the effectiveness of infrastructure projects’ operations, while
further promoting steady growth in China’s economy.

/e research was undertaken on the basis of the op-
erating loss subsidy model of the two-factor continuous
time model, including the interest rate and inflation rate.
Moreover, the pertinent parameters for the operating loss
subsidy model were estimated on the basis of a rolling
regression and a seemingly uncorrelated regression model.
Analysis of the dynamic conditions of the relevant pa-
rameters was undertaken, with the obtained parameters
being established as stable and appropriate for numerical
simulation. Furthermore, estimates were used to obtain the
parameters. Monte Carlo simulation was adopted for the
operating loss subsidy model via MATLAB, to realise the
simulation calculation for the government operating loss
subsidy’s present value. /is value is simulated in the
context of inflation risk-sharing. Changes in subsidies’
present value under the influence of interest rates, inflation
rates, inflation rate volatility, and interest rate volatility
have been determined. Furthermore, the sensitivity of
operating subsidies’ present value to interest rates, inflation
rates, inflation volatility, and interest rate volatility has
been explored.

Certain significant conclusions may be emphasised.
Firstly, the dynamic random discount rate according to
inflation rate and interest rate successfully simulated the
effect of inflation rate and interest rate changes on the
project’s operating loss. In addition, accurate calculation was
possible for the present value of the adjusted operating loss
subsidy, alongside the present value of the risk-sharing
subsidy. /is may prove beneficial for the government
during the project decision-making process. Secondly, the

government subsidies’ present value diminishes as the social
capital inflation risk-sharing increases; that is, they are in-
versely proportional function relations. Inflation and the
frequency of toll adjustments significantly affect government
operating loss subsidies. During infrastructure projects’
evaluation, the government should account for their ad-
justment mechanisms into account, while also sharing risks
with social capital. /irdly, the inflation rate, inflation
volatility, and interest rate volatility are positively correlated
with operating loss subsidies’ present value, whereas interest
rates are negatively correlated with inflation-adjusted op-
erating loss subsidies’ present value. Overall, inflation vol-
atility has the greatest effect on subsidies’ present value,
followed by interest rate volatility and inflation, then interest
rates. /ese conclusions indicate that local governments
should ideally pay greater attention to inflation risks’ sharing
and management between the government and social cap-
ital, during the process of evaluating financial affordability
and value. Moreover, it is significant to continue focusing on
a more reasonable selection of discount rates. In this
manner, infrastructure projects may be perceived as sound
value for money, while more stable and superior economic
development could be attained and effectively promoted.
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