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In this study, we deal with the chemotaxis system with singular sensitivity by two stimuli under homogeneous Neumann boundary
conditions in a bounded domain with smooth boundary. Under appropriate regularity assumptions on the initial data, we show
that the system possesses global classical solution. Our results generalize and improve previously known ones.

1. Introduction

Chemotaxis is a well-known biological phenomenon de-
scribing the collective motion of cells or the evolution of
density of bacteria driven by chemicals, including embryo
development, skin wound healing, cancer invasion, and
metastasis. The pioneering works of the chemotaxis model
was introduced by Keller and Segel in [1], describing the
aggregation of cellular slime mold toward a higher con-
centration of a chemical signal, which reads

{ut =Au-V- (uVvy),

v =Av—-v+u,

x €Q,t>0,
(1)

x € Q,

where Q ¢ RN (N >1) is a bounded domain with smooth
boundary. The mathematical analysis of (1) and the variants
thereof mainly concentrate on the boundedness and blow-
up of the solutions (refer to [2-6] and the references
therein), that is, it is well-known that for all suitably regular
initial data (u, v,), an associated Neumann initial boundary
value problem, posed in a smooth N-dimensional domain
Q, Osaki and Yagi [4] proved that system (1) always pos-
sesses a global bounded classical solution in one-dimen-
sional bounded domain, Nagai et al. [3] showed that system
(1) also admits a global bounded classical solution in two-
dimensional bounded domain if [|ug[| 11 () is small, as N > 3,
Winkler [5] proved that for each g> (N/2), p> N, one can
find & >0, such that if the initial data (u,v,) fulfill

ol () <& and [[vollr (o) <€ for some e<ey, then the so-
lution is global in time and bounded; this is complemented
by corresponding findings on the occurrence of finite-time
blow-up of some solutions emanating from smooth but
appropriately large initial data [2, 6]. In the past few decades,
system (1) has attracted extensive attentions.

Keller and Segel [7] introduced a phenomenological
model of the wave-like solution behavior without any type of
cell kinetics, a prototypical version of which is given by

u, = Au—-xV. (EVV), x €Q,t>0,
! 2)

v, = Av—uv, x€Q,t>0.

where u represents the density of bacteria and v denotes the
concentration of the nutrient. The second equation models
consumption of the signal. In the first equation, the che-
motactic sensitivity is determined according to the
Weber-Fechner law, which says that the chemotactic sen-
sitivity is proportional to the reciprocal of signal density.
Winkler [8] proved that if initial data satisfy appropriate
regularity assumptions, system (2) possesses at least one
global generalized solution in two-dimensional bounded
domains. Moreover, he took into account asymptotic be-
havior of solutions to system (2) and proved that v (-, £)=0in
L*®(Q) and v(-t) — 0 in LP(Q) as t —> oo provided

olo <m, —len(vo/Ilvolle(Q))SM, where m, M are the
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positive constants. When uv is replaced by g(u)v,
g €C'(R),and 0< g(u)<uf, B (0,1), y € (0,1), and any
sufficiently regular initial data, Lankeit and Viglialoro [9]
showed that system (2) has a global classical solution.
Moreover, if additionally m = [[u]| 11 () is sufficiently small,
then also their boundedness is achieved. When system (2)
has a logistic source f (u), Lankeit and Lankeit [10] showed
that system (2) possesses a global generalized solution for
any x>0, r>0, and u>0 if f(u)=rxu—pu®. As
fu)=ru —‘uuk, and 1/v is replaced by ¢(v),
¢ (v) € C'(0,00), satisfying ¢(v) — 0 as v — o0o. Zhao
and Zheng [11] proved that system (2) possesses a unique
positive global classical solution provided k>1 with N =1
or k>1+ (N/2) with N >2. When 1/v is replaced by 1/v%,

v, =Av—uv,
w, = Aw — uw,

ou_ov_ow_,
ov ov ov

where Q ¢ RN (N >2) is a bounded domain with smooth
boundary 0, (0/0v) denotes the derivative with respect to
the outer normal of 9Q), and u(x,t), v(x,t), and w(x,t)
represent the density of the cell population, the concen-
tration of the chemoattractant substances, and the con-
centration of the chemorepellent substances, respectively.
We assume that m>1, ¢, (u), ¢, (1) € C'*? ([0, 00)), where
o € (0,1) and satisfies

0< ¢, (s)<Ts™,
¢1(0) =0,

0<¢,(s)<T,s™,
$,(0) =0,

with T}, T,>0, and a;,a, <2 (a; #,) are the constants.
Furthermore, we assume that the initial data (u, vy, w,)

satisty
{ u, € C°(Q),

Vo wy € WHP(Q), v, (x), w, () > 0in Q.

(4)

foralls >0,

Uy >0in Qandu, = 0 aswell as,

(5)

It is different from model (3); the following is the at-
traction-repulsion Keller-Segel model where the signal is
produced and not consumed by the cells:

[ u(x,0) = uy(x),v(x,0) = vy (x), w(x,0) = w,(x),
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a>1 and Av turned into ¢Av, Zhao et al. [12] obtained the
global existence of classical solutions with N = 1. Moreover,
for any global classical solution (u, v) to the case of N, it is
shown that v converges to 0 in the L*°-norm as t — oo with
decay rate established whenever &€ (g,1) with
& = max{O, 1- ()(/(ocllvollf;lm)))}. When u is replaced by
f(u)and 0< f (1) <K (u + 1), Liu [13] showed that for any
sufficiently smooth initial data, system (2) admits a global
classical solution when either N =1 and a <2 or N >2 and
a<1— (N/4). When Au is replaced by Au™ (m > 1), Lankeit
[14] proved that if m > 1 + (N/4), system (2) admits a global
classical solution or global locally bounded weak solution.

This study deals with a chemotaxis system with singular
sensitivity by two stimuli, which is given by

'ut:V-((u+I)m_IVu)—V-((pl—(u)Vv)+V-<¢2—(u)Vw), x €O, t>0,
v w

x € Q,t>0,

xeOt>0, (3)

x €0Q ,t>0,

x € Q),
u, =V (Dwu) —xV- (uVv) +&V. (uVw), x € Q,t>0,
TV, = Av + au — B, xeQ,t>0,
T,w, = Aw + yu — dw, x€e€O,t>0,

(6)

which was proposed in [15] to describe how the combination
of chemical might interact to produce aggregates of cells. In
two space dimensions, when D(u) =1, 7, =1, and 7, = 0,
Jin et al. [16] proved that if ya — &y <0, then system (6)
possesses a unique global uniformly in-time bounded
classical solution, and if ya—&y>0, _[Quo (x)<  (4n/
(xo — &y)), the same result is also obtained; to the contrary, if
f;”o (x)> (47/ (yor — &y)), the solutions blow up in finite or
infinite time. Ulteriorly, Xu et al. [17] showed that if
&yB > yad, the global classical solution of system (6) con-
verged to the unique constant state (i, (a/f)u,, (y/6)u,) as
t — 00, where u,= (l/IQI)fQuO. When D(u) =1,
7, =1, =0, Li et al. [18] proved that if Iﬂuo (x)|x — x,|* is
sufficiently small, either of the following cases holds: (i)
x> &y, 82 P, and [ g (x) > (87/ (yo — &)); (i) yad > €y,
d0<pf, and IQMO (x)> (87/ (yad — &yp)), the corresponding
solution of (6) blows up in finite time. Hu et al. [19] showed
that if ya>&y and |, u,(x)> (87/(ya —&y)) hold with
f olo (X)|x - xol2 small enough, the solution of (6) blows up
in finite time. In high dimensions, when D(u) =1,
7, =7, =1, Jin [20] proved that if &y>ya, system (6)
possesses global classical solution in dimensions and weak
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solution in three dimensions with large initial data. When
7,=1,17,=0, D(s)>0, s>0, and D(s) = D, (s)s™? for all
s> 0 with some D, >0 and 0 € R, Lin et al. [21] showed that
if < (2/N) — 1, for any nonnegative initial data, system (6)
admits a unique classical solution which was global and
bounded; if 6> (2/N) — 1, the radially symmetric solutions
may blow up in finite time. When 7,,7, >0, D(u) >0 for
u>0and D(u)>du™ ' withd>0and m>1forallu>1, Li
et al. [22] proved that the corresponding initial boundary

u, = Au—V- (uS; (x,u,v,w)Vv) + V - (uS, (x,u, v, w)Vw),

v, = Av—uv,

w, = Aw — uw,

where Q ¢ RN (N >1) is a bounded domain with smooth
boundary 0Q. Under mild assumptions on S, (x,u, v, w),
S, (x,u, v, w), system (7) admits at least one global gener-
alized solution.

Throughout above analysis, compared with system (6),
the theory of system (3) is so fragmentary. To the best of our
knowledge, the global classical solution of model (3) in N >2
has never been touched. No matter biological relevance or
mathematical meaning, we find it is worth addressing the
basic solvability theory of the model (3). Inspired by the
arguments in previous studies [8, 13, 14, 26, 27], we mainly
investigate the global classical solution in a chemotactic
movement with singular sensitivity by two stimuli. Theorem
1 partially generalizes and improves previously known ones.

In this study, we use symbols C; and ¢; (i =1,2,...) as
some generic positive constants which may vary in the
context. For simplicity, u(x,t) is written as u, the integral
fﬂu(x)dx its written as IQu(x), and '[g jQu (x)dxdt is

written as | | u(x).

n, = An; —|an|2 +u,
n, = An, —|V142|2 +u,

ou onm

_anz_
) h_Yh

v ov o

u(x,0) = uy(x), n, (x,0) =nyy(x) =

1, (x,0) = 1y (x) = — ln<

”woan(n)

w(x,t)

value problem possesses a unique global bounded classical
solution for m>2 — (2/N). In particular, in the case 7, = 7,
and ya =&y, the solution is globally bounded if
m>2— (2/N) = ((N +2)/(N* = N +2)). When the system
has a logistic source, the relevant results can be found in
[23-25].

To the best of our knowledge, Dong et al. [26] first put
forward the following chemotactic model with general ro-
tational sensitivity caused by two stimuli:

x € O,t>0,
x € O, t>0,
x € O,t>0,

(7)

The rest of this study is organized as follows. In Section 2,
we summarize some useful lemmata in order to prove the
main result. In Section 3, we give some fundamental esti-
mates for the solution to system (3) and proof of Theorem 1.

2. Preliminaries and Main Result

In this section, we give the main theorem and the local
existence of the classical solution to (3) and also summarize
some useful lemmata in order to prove the main result.
Noting the singular chemotaxis term, we let

—ln< v(x,t) >
”VOHLw(Q)

(4, =V. ((u + 1)m71Vu) + V- (¢ (w)Vny) = V- (¢, (w)Vn,), x€Q,t>0,

nl =
(8)

)t =

n, = —In 7w(x ) s (x, t) € Qx [0, OO)

“w()"LOO(Q)
Then, we can rewrite (3) as

x € Q,t>0,
x €O, t>0,
x €0Q ,t>0, 9)

—ln< v(x,t) >
”v()"LOO(Q)
>, x € Q.



At first, we give the main result of global existence of the
classical solution to (3).

Theorem 1. Let Q ¢ RN (N >2) be a bounded domain with
smooth boundary. Assume that min{l — (2/N), 2 - (6/
(N+2)}<m<2— (2/N), ¢, (u), ¢, (u) satisfy (4) and

1-m)N
(X1<1—l,
4
(10)
(1-m)N
a,<1- .
4

Then, for any choice of the initial data (u, vy, w,) ful-
filling (5), there exists a triple (u,v,w)e€ (C°(Qxt
[0,00)) NC>! (Q x (0,00))’ which solves (3) classically.
Moreover, we have u>0 and v,w>0 in Q x [0, c0).

Remark 1. Theorem 1 shows that system (3) admits a global
classical solution nothing to do with I'; and T.

Remark 2. Theorem 1 partially generalizes and improves the
results in ([14], Theorem 1.1) and ([13], Theorem 1.1).

Remark 3. If we replaced the terms uv and uw in system (3)
by uf, (v,w) and uf, (v,w), respectively, Theorem 1 still
holds provided that both f, and f, are nonnegative dif-
ferentiable  functions  satisfying  f,(0,0)=0 and
f2 (0> 0) =0.

In the sequel, we will consider system (9) to obtain the
local boundedness of v, w and then come back to system (3)
to prove the main theorem. Under the framework of fixed
point theorem, we will prove the local existence of classical
solution to system (3) in the following lemma. The proof is
quite standard, and a more detailed display of a similar
reasoning in a related circumstance can be found in [14].

Lemma 1. Let Q ¢ RY (N >2) be a bounded domain with
smooth boundary. Assume that m > 1, ¢, (u), ¢, (u) satisfy (4)
and oy <2,a,<2. Then, for any initial data (u,, vy, w,)
fulfilling (5), there exist T, € (0,00] and a triple
(v, w) € (CO(Qx [0,T,,))NC> (A x (0,T,,))° solv-
ing (3) classically in Q x (0,T,,,,), where T, .. denotes the
maximal existence time. Moreover, the solution (u,v,w)
satisfies

J u(x,t)=J uy(x), forallt>0,

Q Q
0 <V <[Vl o0y (11)
O<w <||w0”Loo(Q) in Q x (0, c0),

if T hax < + 00, then

lim sup [|u (-, £)|| foo () = ©O-
o L= (Q) (12)
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Lemma 2. The solution of (9) satisfies

t
J J |Vn1|2§J ny +Ct, forallt € (0,T,,), (13)
0Ja Q

t
J J |Vn2|2sj ny + Ct, forallt € (0,T,,), (14)
olo o

where C = jQuO (x).

Proof. Integrating the second equation of (9) with respect to
(x,t) € Q% (0,T,,,.), we have

Jo= o= Lo« [, ]

t
<= [ [ o ecr
0JQ

Due to the positivity of n,;, we obtain (13) immediately.
Likewise, we get (14). The proof is complete. O

(15)

Lemma 3 (Gagliardo-Nirenberg interpolation inequality
[28]). Let 0<O< p< (2N/(N - 2)). There exists a positive
constant Cgy, such that for all u € W (Q)n L% (Q),

1,
lullzo < Con (IVUlSs oy lull ity +lulliogy)s  (16)

is  walid with a= ((N/) - (N/p))/(1- (N/2)+

(N/0))) € (0,1).

Lemma 4 (See [29]). Let T >0 and y € C°([0,T)) nC' (0,
T) be such that

y' () +ay(t)<g(t), forallte (0,T), (17)

where g € L, _(R) has the property that
t+7
% J- g(s)ds<b, forallt e (0,T), (18)
t

with some 7>0 and b> 0. Then,

br

y(t)<y(0) + ——=

forallt € [0,T). (19)
1-e

3. Proof of Theorem 1

In this section, we establish some priori estimates for so-
lutions to system (9); we first establish a bound for #, (x,t)
and n, (x, t) in the one-dimensional case, which differs from
that in the multidimensional settings.

Lemma 5. Let N>2 and suppose that min{l - (2/N),
2-(6/(N+2))}<m<2— (2/N), (4) holds with o € (0,1),
I,I,>0, and a;<1-((1-m)N/4), a,<1-((1-m)
N/4). Then, there exists C5,C4 >0, such that the solution of
(9) satisfies
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J ul—ZaISC3’
¢ (20)

J u1—2a2 Sc4, forallt € (O»Tmax)’
Q

t
j j WP < Cy (1 4+ 8),
Q

- o

J j WG <C (14 1), forallt € (0,T,,).
0JQ

(21)

e — 1 e —
+2LIJ L2 m¢§(”)lvnl|2+_Llj o 20 1Vl
Q 2 Ja

Proof.  Multiplying the first equation in (9) by
2(1 - a)u'"?%, integrating by parts, using (4) and Young’s
inequality, we have

J WM =2(1- “1)J w2V ((u+ )" IVu) + V- (¢ (0)Vny) = V- (¢, ()Vn,))
Q Q

(22)

d
dt
< _LIJ W™ v —2L1j u ¢, (u)Vu - Vn,
o o
+2L, JQu_ 2%, (u)Vu - Vn,
a— 1 a—
< —or, [ wre 1|Vu|2+—L1J W20 gy
Q 2 Ja
+2L, Qul_zal_m¢§(u)|Vn2|2
<

- 2
+2L1TZJ u! T2 gy )
o

for all t € (0,T,,,,), where L, = (1 — a;) (1 - 2¢,), and we
have used the facts that L, >0 due to a; <1 — ((1 —m)N/4);
since &, # a,, without loss of generality, we let a; > a,; by

d
dt

1-2a,
>

Multiplying the first equation in (9) by 2(1 — a,)u
similar to (23), we have

d
dt

_J Wy Llj w2 |Vul? S28}+2“272a17mL1r2J' |V"2|2 + 25}_’”L1F1J |V”1|2'
Q Q Q o

_LIJ T \ e +2L1F1J u17m|Vn1|2
o o

Lemma 1, we know that there exists a constant §; >0, such
that u > §,, and with some rearrangements, we have

(23)

2-2 ~20,-1)g, 2 1420, - 200, 2
J u “2+LZJ u™ T |V §2L2F1J ' TR gy |
o o o

(24)
+ 26}""L2rzjo|v;¢2|2,
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where by Lemma 2, we know that there exists a constant Let ¢, = max{c}Jrz“mem, 8?2“172“2%}, we have
¢; >0, such that [ull;: o) <c;.
1420, -20,-m .
e 2am c VTR iftm <1+ 20y - 24y,
6}+2“1_2“2_m, itm>1+2a, - 2a,.
(25)
d 2-2a, m—2a,— 1 2 2 61—m 2 26
—| u +L| u [Vul* <2, LIy | |[Viny|" +28,"'L,T, | |Vny|™. (26)
dtJa Q Q Q

Combining with (23) and (26), we obtain that

d
dt

<2l (8,"L, + Csz)JQIanlz +2,(8,"L, +

By the Gagliardo-Nirenberg inequality with (16), there

exist ¢;,c, >0, such that

J' S22 “u(m— 2a2+1)/2|| (2(2-2a,)/ (m-20,+1))
o

1 (2(2-201)/ (m-20341)) (Q)

<c "Vu ((m-2a,+1)/2)

L2(Q)

_ d _ 9 9
J LA +_J s +L1J 2 1|V“|2+sz U2 gy
Q dt Ja Q Q

(27)
8i+2a2—2a1—le)JQ|Vn|;

(2 (22 )/ (m=20,+1))6, "u ((m-20,+1)/2) “ (2 (2-2a)/ (m=2a,+1)) (1-6,)

L(z/(m—2a2+1)) Q)
(28)

re, ”u( (m-20,1)12) ” (2(2-20))/ (m—2a,+1))

1(2 (m=2a3+1)) Q)

< C4J T I | Y e
o

with

((m—-2a, = 1)N/2) = ((m - 2a, - 1)N/4(1 — ay))
1—(N/2) +((m-2a, - 1)N/2)

6, = € (0,1),

(29)

due to @; <1 — ((1 —m)N/4). Similar to (28), there exists
¢5 >0, such that

J w < CSJ u™ 2 g Cs. (30)
Q Q

Choose e]ppropriate €4 Cs, such that ¢, <L, and ¢; <L,.

Let y(O) = | w2+ [ u?2  g()= [ _|Vn >+ \Y
n2|2>y() Q [a g0 = [V P+ [

cg =min{L; — ¢4, L, — cs},
¢; = max{2ly(8)7"Ly + c,L, ), 20, (8, "Ly + 8,244 7L, )|
(31)
By (26), we have

Y (@) +y@)+ c6jgu_ 20 vy* + C6J0u_2“2 IVul” <c,g(t).
(32)

As from Lemma 3 and Lemma 4, we readily obtain (28).
(21) follows by integrating (32) in time. The proof is
complete. O

Lemma 6. Let N>2 and suppose that min{l- (2/N),
2-(6/(N+2)}<m<2- (2/N), (4) holds with o € (0,1),
I, r,>0 and a;<1—- ((1-m)N/4), a,<1—- ((1-m)N/
4). Then, there exist p>1 and q> 1, such that

t
Juuug,,(mgcaﬂ), forallt € [0,T,,).  (33)
0

Proof. By the Gagliardo-Nirenberg inequality, there exist
p>1and g>1, such that
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| ((m- 20c1+1)/2)” (2q/ (m-2a,+1))

|u||LP (Q) _| 1.Cpl (m20141)) ()

(2q/ (m-2a,+1))9,
()

((m-20y+1)12) (=20 +1)/2)||(2‘7/('” 22+1)) (1-6,) (34)

SCSHVL{ (4 (1= )/ (m-201+1)) ()

(Zq/ (m—2¢x1+1))

( (m— 2a +1)/2)
+ CS"” l ‘ L(a(1=a)/ (m-20141)) ()’

| ” || ((m 2a, +1)/2)“ (Zq/(m 21x2+1))
u Lr(Q) — (ol (m2a3+1)) ()
(2q/ (m-20,+1)) 65
L2(Q)

((Wl—Z:x +1)/2) (2q/(m—2¢x2+1))
* C9||” ’ HL<4(1—az)/(m—zaz+1>> @’

Sc9||Vu((’"‘2"‘2“)’2) 4, (- 2a2+1)/z)"(2‘1/("1 20,+1)) (1-63) (35)

(4(1-ap)/ (m-2ap+1)) Q)

2- 20,
for all t € (0,T,,,) with some cs,c >0 and JQM <¢00

0 - ((m=2a; +1)N/4(1 - a;)) = ((m - 2a; + 1)N/2p)
2 1-(N/2) +((m-2a; + 1)N/4(1 - ;)

forallt € (0,T,.x)>

2-2
€ (0,1), Jou “<eyp

t
(36) J J um—Z(xl—llvu|2SC11 (1 + t),
as well as ? o forallt € (0,T )
0. ((m—-2a,+1)N/4(1 - ay)) — ((m - 2a, + 1)N/2p) € (0.1) JO Jgum’z“z’llwlz <c(1+1),
} 1-(N/2) +((m - 2a, + 1)N/A(1 - a,)) T (38)
(37)

Substituting above four inequalities into (34) and (35),

In accordance with Lemma 5, there exist some we have

€10 €11 > 0, such that

(Zq/ (m—2a1+1))9
L (Q)

J leallfy () < s Jt “Vu ((m-20,+1)12)

n CSJ ” ((m-2a+1)/2) || (2q/ (m=2a,+1)) (1-6;)

(4 (1-ap )/ (m=2a1 +1)) (Q)

((m 2a1+1)/2)|| (2g/ (m-20,+1)) (1-6,)

(4(1-a )/ (m-2a1+1)) Q)

(241 (m-20,+1) )0, (qr2 (m- 2¢x1+1))
12 (Q) + CgCyp

< Cscl((;; (1-6,)/2 (m—-2a,+1)) JO "Vu( (m-20,+1)/2)

<cppt + ¢y
t t
—2a,+1)/2
jo lullf, o <o JO [7ar (-2

te J; “u( (m-2a,+1)/2) " (2a/ (m—20,+1)) (1-65)

(2q/ (m-2a,+1))6; (39)

m-20,+ (2q/ (m-2a,+1)) (1-65)
by u(( 2 1)/2)"

L (4(1-ap)/ (m-2ay+1)) Q)

L (4 (1-ap)/ (m—2ap+1)) (Q)

(2q/ (m—2a,+1))6, + Cgcl(lq/z(m—zazn)) ¢
L2(Q)

< cyc (801072 (m-20241)) j; [7as(On-2020)

<ci3t +cq3

ny (x,t) <cyy (1+1),
forall t € (0,T,,,,) with some c,, c;3 > 0, where we used the forall (x,t) € Q% (0, ), (40)
fact that (q6,/ (m —2a; + 1)) <2 and (g05/ (m — 2a, +1)) < (% 1) <5 (1+1),
2, and the proof similar to Lemma 2.6 in [13]. The proof is
complete.
According to the proof of [14], we have from Lemma 6
that

with some ¢4, ¢;5 > 0. We claim that for any N > 2 and for all
T € (0,T,,,y) there exist some Y, (T),Y,(T) >0, such that
n (x, )<Y, (T) and n,(x,t)<Y,(T) in (0,T) x Q. This



together with the definition of n,,n, entails v>|v,ll
Lo (Q)eil(l (M and w > "wollLoo (Q)€7Y2 T in (0, T) x Q. Wlth
this in hand, we next consider system (3). O

Lemma 7. Let N>2, T € (0,T,,) and suppose that
minf{l — (2/N),2 - (6/(N +2))} <m<2 - (2/N), (4) holds
with o € (0,1), I';,I, >0, and
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1-m)N
(xl<1—( m) ,
4
(41)
(1-m)N
a,<1-
4

Then, for all p> 1, there exists C := C(T) >0, such that

2 -1
EJ' ”P"'L)zj |VM((P+m_1)/2)|2SCJ up+2a1—m—l|vv|2+cj P2 M=l (42)
dt (p+m-1) Q Q
Proof. Multiplying the first equation in (3) by puf~!, in-
tegrating by parts and Young’s inequality, we have
d . - ¢, (1) ¢, (1)
—| uf= Pl y. m-1 B (st s _y. 222
dt,[gu pJQu (V ((u+1) Vu)+V ( ” Vv) \Y ( ” Vw
<-plp- 1>j w2 1Vul’ + p(p - 1)[ w2t Wy, g,
Q Q v
-p(p- I)J uf” 2(bzi(u)Vu-Vw
Q
Q Q
-1 43
Q 4 Q
w@lﬂpwwﬁﬁw
Q w
1 e (1)
< _P(P2 )J up+m—3lvu|2 P(P ) J p+2ay— |V |
o "VOHL‘X’(Q) o
2 2Y, (T
P(P - Dle J W22y,
||w0”L°°(Q o
for all te€ (0,T), here we wused the fact that Applying the same arguments as in the proof of Lemma

-0 in (0,T) x Q.

}. (44)

V2 [[Vpll e (e (M and w> lwoll e (e
We obtain (42) if we let

czm4ﬂwﬂﬁ“,ﬂwnﬁ”

”VOHLm @

||w0||L°°(Q)

The proof is complete.

1d : ]
= —J V] +j Vo212 D%y scj IV 1 c,
qgdt)a Q Q

1d ] ;
——J |Vw|2q+J IVl 2|D2w|2§CJ LIV +C, forallt € (0,T
qgdt)a Q Q

29 and Lemma 2.10 in [13], we have the following
Lemma. a

Lemma 8. Assume that Q ¢ RN (N >1) be a bounded do-
main with smooth boundary. Then, for all q>?2, there exists
C>0, such that

forallt € (0,T

max)’

(45)

max)‘
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Assume  min{l — (2/N),2-
(3) holds with ¢ € (0,1),

Lemma 9. Let N=>2.
(6/(N +2)}<m<2- (2/N),
Ir,r,>0, and

(1-m)N
a<1l-—
4
(46)
(1-m)N
ay<l——
4

Let p and g be the same as in Lemmas 7 and 8. Then, for
all T € (0,T,,,,), one can find some C> 0 fulfilling

flu(x, t)”LP(Q) <C,
IV (x, )l 24 () < C,

(47)

as well as

1V (x, )l 20y < C. (48)

Proof. We first consider the dimensional N > 2. Combining
with Lemmas 7 and 8, there exists some ¢4 = ¢4 (T) >0,
such that

d(J up+lJ. |Vv|2‘1+lJ- |vw|2f1)+2P(P_1)2J |Vu((p+m—1>/2)2
dt\Jo ql)a ql)a (p+m-1)"Ja

+ J- |V1/|2£1’2|D2v|2 + I |Vw|2q*2|D2w|2
Q o

< C16jgup+2a1—m— 1 |VV|2 + C16J0up+2(x2—m— 1 |Vw|2

+ 616‘[9142|Vv|2q_2 + CIGJQuZIVwIZq_z,

for all t € (0,T). By the Holder inequality, we have

J uP”"‘l"”‘llefs(j u(P+2an—m—1)n)(l/Tl)<J IVVIZT">(1/TD,
Q Q Q

/ , I
J uP*Z“Z’”“”IVwFs(J u(P+2azm1)rz>(”2)<J IVw|2’2)(”2),
Q Q Q

for all te (0,T), where 1,,7,:=((q+1)/q)
71,7, = q + 1. Moreover, by the Gagliardo-Nirenberg in-

equality, there exist some constants c;;,c;s >0, such that

(J u (pr2a,-m-1)r, ) (1/m) _ “u((pﬂrk 172) " (2 (p+20,-m-1)/ (p+m-1))
Q L

< C17||vu((p+m— 1)/2)

+Cyy

/
(J u(P+2“2_m_1)Tl>(l Tz) _ '|u((p+m— 1)/2)|
Q

(49)
(50)
(51)
and
(2 (p+2ay-m=1)11/ (p+m-1)) (Q)
(2 (p+200=m=1)IP)0u )1 ((prm-—1)12) " (2 (pr2ay-m-1)/ (p+m-1)) (1-6,) (52)
12(Q) u L(Z(Z*Zal)/(pwnfl)) Q)
” ((p+m-1)/2) || (2 (p+20,-m-1)/ (p+m-1))
u 1 (2(2-2a1)/ (ptm-1)) (Q) >
(2 (p+20,-m-1)/ (p+m-1))
1 (2(pr2ag=m=1)75/ (p+m-1) Q)
(2 (p+2a,-m—1)/p)6s (2 (p+2ay-m~1)/ (p+m-1)) (1-65) (53)

p+m—1)/2)

Sc18||Vu(( 2@

+ C18'|u((p+m_ 1)/2)|

u( (p+m—-1)/2) ||

L(z (2-2a)/ (p+m-1)) (Q)

(2 (p+2a,-m-1)/ (p+m-1))
1 (2(2-202)/ (prm-1)) (Q)

>
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with

((p+m—-1)N/2(2-2a;)) - ((p+m—1)N/2(p +2a, —m —1)1})

0 S Oal >
4 1-(N/2)+((p+m-DN/2(2-2a,)) € (0.1)
(54)
((p+m-1)N/2(2-2a,)) - ((p+m—-1)N/2(p +2a, —m - 1)1,)
0, = € (0,1),
1-(N2)+((p+m-1)N/2(2 - 2a,))
the reason analogous to (2.42) and (2.43) in ([13], Lemma
2.11). Therefore, combining with (20) and (52), we get
(J o (pr2e=m=1)7, ) (1m) <C19<J 'Vu((P+m—1)/2)'2> (((N (pr2ar=m=1)/4 (1-a))= (N127,)) (1-(N/2)+( (pm=DN/4 (1-01))) ) t e
Q
(55)
([ wirnmre) (1) e[ [ruttrmmop) (OO (o (=)
Q
(56)
for all ¢ € 50 ,T), where Ci9 = C17 C((p+2al_m_1)/2(l_al)) and
G = €15 CL PP DRI A 00" (55), (56) follows
from ([13], Lemma 2.9), (50), and (51), and we deduce
20— Ly 2 (pem- 1)) 2 (((N (pr2a;-m=1)74(1-a;)) = (N/27,) ) (1A(N/2)+( (p+m—-1)N/4 (1-a;)))) a2y 2\ V@)
Jﬂup (V| SCZI(JO'VM P ' ) (jQ|VV| T2 D%| )
(1/(q+1))
+c21(J |Vv|2q72|D2v|2) ! ,
Q
(57)
[ wrmrtvwl <o | vaton)) (N (pr202- o 1)/ (1-0))- (N1255))/ (L) (pomn- DN/ (1-45)))
Q Q (58)

(1/(q+1)) (1/(g+1))

— 2 _ 2

(J IVw|*?|D?w| ) +c22<J [Vw]*?| D*w| ) ,
Q Q
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forallt € (0, T), with some constants ¢,,, ¢,, >0 determined Therefore, using the Young inequality, we derive
by T'. Similar to (2.45) in ([13], Lemma 2.11), we know that
(N(p+2a,-m—-1)/4(1-a;)) - (gN/2(q +1)) R
1-(N/2)+((p+m—1)N/4(1 - ay)) q+1
(N(p+2a,-m—-1)/4(1-a,)) - (gN/2(q + 1)) RN
1-(N/2)+((p+m—-1)N/4(1-a,)) q+1
(59)
- 2\ (((N (p+2a,-m=1)/4 (1-a,))- (N/27,) )/ (1-(N72)+( (p+m-1)N/4 (1-a;)))) - (1/(q+1))
C21<J |vu Prm=02)| ) (j V] 2|D2v|2>
Q Q
(60)
-1 - 2 -
sp—j |Vu<(p+m 1)/2)' + —J |Vv|* 2|D2v|2 +Cy35
degp o 8c16J 0
(O (1 1)) (v (-0 () :
2 N (p+2a,-m-1)/4(1-a,))—- (N/21,) )/ (1-(N/2)+( (p+m-1)N/4 (1-a, S
sz(J |vu((p+m—l)/2)' ) (J |vw|2q—2|D2w|2)q+1
Q Q (61)
-1 —op2 1 -
Sp—j |Vu((p+m 1)/2)| + —J |Vaw|* 2|D2w|2 + Gy
dcigp o 8ci6J 0
praa-2g. 2 P 1 ((prm=1)12) |2
forallt € (0, T), with some constants c¢,3, ¢,4 > 0 determined JQu LA 4c,6p JQ'VM '
by T'. Once more, employing Young’s inequality, there exist
some constants ¢,s, ;¢ >0 determined by T, such that N LJ |Vv|2q—2|D2v|2 POSI
([ wsrsong ) < L [ i+ Hede
el | IVv v “8ec)a v V| + Cps, (64)

(62)

as well as

(1/(g+1))
_ 2
c22( JQIVwIZq ’|D*w| )

1 _ 2
Sgls JQ'VwW ‘[0l + e
(63)
for all £ € (0,T). Combining with (57)-(63), we obtain

P_

_ -1 _ 2
s ZIVwIZSP J |Vu((p+m 1)/2)|
4cip o

Jo

1 2g-21142, .2
+— | [Vw|" " * D w|” + cyy + Cop,
pol PRI LT R IREY
(65)
for all t € (0,T). Analogous to (64) and (65), we have

_ 1 _ 2 1 _
J WV < J |Vu((P+m 1)/2)| +—J |Vv|* 2|D2v|2+c27, (66)
Q 4cigpJa de6)a
_ -1 _ 2 1 _
J W2V ZSP—J |72, (=102 +—J IVwlT 2| D?w|’ + ¢y, (67)
Q deigpla dci6)

forallt € (0,T), with some constants c,;, ;5 > 0 determined
by T. By the Gagliardo-Nirenberg inequality, there exists a
constant ¢,y > 0, such that

p-1

p
jﬂu <2 (68)

_ 2
J ‘Vu((p-f—m voP
Q

Together with (49) and (64)-(68), we have

d 1 1
(J uP+—J |VV|2q+—J |Vw|2q)SC30, (69)
Q qla qla

dt
for all t € (0,T) with some constants c;, > 0. The proof is
complete.
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Finally, we prove the main theorem. O

Proof. of Theorem 1. From Lemma 9 and the
Moser-Alikakos iterative technique in Lemma A.1 of [30],
we have for all T € (0, T ,.¢),

4 (o )l 0 < C (70)

for all t € (0,T) with some constant C > 0 determined by T
Thus, the global existence is a consequence of (70) and the
extensibility criterion provided by Lemma 1. O
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