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In this paper, we consider the following Kirchhoff problem {

—%a+bJ [Vul*dx)Au + AV (x)u = [ulP %y, in R’
R3
ue H' (R

where a,b>0

are constants, A is a positive parameter, and 4 < p < 6. Under suitable assumptions on V (x), the existence of nontrivial solution is
obtained via variational methods. The potential V' (x) is allowed to be sign-changing.

1. Introduction and Main Results

In this paper, we consider the following Kirchhoft type
problem:

—(a N bJ |Vu|2dx>Au AV (Ou = [u” P, inR
R3
ueH%ﬁ)
(1)

where a,b>0 are constants, A is a positive parameter,
4<p<6, and the potential V satisfies the following
conditions:

(V,)V € C(R%R) and V is bounded below

(V,) there exists a constant ¢>0 such that the set
{x e R V(x)<c} is nonempty and
meas{x € R*: V(x) <c} < + 0o, where meas denote the
Lebesgue measure in R®

This kind of assumptions was first introduced by Bartsch
and Qiang Wang [1] in the study of the nonlinear
Schrodinger equations and has attracted the attention of
several researchers.

In recent years, the Kirchhoff problem on a bounded
domain Q ¢ RN

—(a + bJ |Vu|2dx>Au +V(x)u= |u|p72u, in Q,
R3

onoQ},
(2)

has been studied by many authors (see, for example, [2-8]).
More recently, many researchers focused on the Kirchhoff
problem defined on the whole space R, i.e., the following
problem:

u=0,

i JIVuIde Au+AV (= fleu), R

R3
ueH'(R),
(3)
where V:R*— R is a potential function and

f € C(R*xR,R). In [9], Wu studied (3) by using a sym-
metric Mountain Pass Theorem under the following as-
sumptions about potential V'
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(V) V e C(R%,R), infSV(x)zaO >0, where a,>0 is a
X€ER

constant. Moreover, for any M>0 , meas{x €eR:V
(x) < M} < + 00, where meas denotes the Lebesgue measure
3

- RUhder this condition, by Lemma 3.4 in [10], the em-
bedding H! (R*)—L*R? is compact for any s € [2,6). Hence,
the corresponding results in [9] have been obtained by using
the variational techniques in a standard way. In [11-13], the
authors considered Kirchhoff type problem (3) with a steep
potential well. Precisely, the potential function satisfies the
following conditions besides (V,):

(V;)V € C(R*R) and V>0 on R’

(V)Q =intV-1(0)isa nonempty open set with locally
Lipschitz boundary and Q = V-1 (0)

By using this conditions, Sun and Wu [11] considered (3)
in the case where the nonlinearity f (x,s) is asymptotically
k-linear (k =1,2,4) with respect to s at infinity. Du et al.
[12] studied (3) when f(x,u) behaves like [ulP~2u with
4 < p<6 and proved the existence and asymptotic behavior
of ground state solutions. Zhang and Du [13] investigated
the existence and asymptotic behavior of positive solutions
for (3) by combining the truncation technique and the
parameter-dependent compactness lemma for b small and A
large in the case where f(x,u) behave like [ulP~%u with
2 < p<4. For more results about Kirchhoff type problems,
we refer the reader to [14-18] and the references therein.

Under the assumption of (V,), the potential V may
change sign. The purpose of this paper is to consider the
multiplicity of solutions for (1) in this case. To our best
knowledge, there is no existence result of solutions for (1)
with sign-changing potentials. Our main result as follows.

Theorem 1. Suppose that (V) and (V,) and 4 < p <6 hold.
Then, system (1) possesses infinitely many distinct pairs of
nontrivial solutions whenever A >0 is sufficiently large.

[ (vl w)aes | |Vu|2dx+|VC|2/3(J |u|6dx)
R R v,

< max{l +|VC|2/3871,671}‘[ (IVuI2 + V(x)uz)dx,
R3

which implies that the embedding E,—H"' (R?) is contin-
uous. Here, S is the best constant for the embedding of
D' (R?) in L®(R®). Combine with the continuity of the
following embedding:

Hl(R3)qLS(R3), 2<s<6. (10)
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2. Preliminaries

As a matter of convenience, without loss of generality, we
may assume that a =1 and b = 1. Consequently, we are
dealing with the Kirchhoff type problem as

—<1 + j IVulzdx)Au + AV (X)u =|ul’ *u, inR’
K (4)
ueH'(R).
Let
H'(R’) ={u e L*(R*): Vu e L*(R%)}, (5)

be the usual Sobolev space with the standard inner product
and norm as follows:

(u,v) = J [VuVy + uv]dx,
R3

12 (6)
lll =( | (19ul + o))
R3
In our problem, we work in the space defined by
E, = {u € H'(R): J (IVul® + AV* (x)u? )dx < + oo},
R3
(7)
with the inner product and the norm as follows:
(u,v)g, = J (Vu - Vv + AV (x)uv)dx,
K (8)

1/2
leellg, =< )

where V*(x) = max{+V (x),0} and V(x)=V*(x)-
V™~ (x). It follows from the conditions (V) and (V,) and the
Holder and Sobolev inequalities that

2
+— J V (x)utdx
cJryw, (9)

There is a constant a, >0 such that

lull < agllullg, Vu € E,. (11)

As a consequence, the functional I,: E; — R given by

1 =(5) [ (19 427 (o) +(i>(JR3|vM|2>2 —(%)Jmlulpdx. (12)

is well defined, and it is of class C' with derivative
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<Iy(u), v>= J VuVvdx + J AV (x)uvdx + J IVuIdeJ VuVvdx — J
R3 R3 R3 R3

for all u,v € E,. As in [19], let
Fy ={u € Ey: suppu ¢ V' ([0,00))}, (14)

and denote the orthogonal complement of F, in E, by Fj.
Consider the eigenvalue problem

“Au+ V" (X)u=uV (x)u, ueF;. (15)

In view of (V,) and (V,), the quadratic form
un—»J' na (x)u*dx is weakly continuous. We have the fol-
lowing proposition.

Proposition 1 (see Lemma 2.1 in [19]). Suppose (V) and
(V,) and V™ #0 hold. Then, for each fixed j,

(i)yj()t) —0asl — +00
(if)u; (A) is a non-increasing continuous function of A

where H 1) = 1nfdlmM>]McFlMsup{lluHE ueM,
IR3AV (x)uzdx =1}(j=1,23,...) is sequence of
positive  eigenvalues of problem (P) satisfying
M) <p, (M) < -+ <p;(A) — oo as j — oo and the
corresponding eigenfunctions {ej ()L)};:l.
Let
E; = spanfe; (A): p; (M) <1}, 06
EX = span{e]- (A): U A)> 1}.

Then,

3
lul?” *uvdx. (13)
R}

Moreover, dim E; < + oo for every fixed A > 0.
To complete the proof of our theorem, we need the
following results.

Theorem 2 (see Theorem 9.12 in [20]). Let E be an infinite
dimensional Banach space, and let I € C'(E,R) be even,
satisfying (PS) condition and I1(0) = 0. If E = V&X, where V
is finite dimensional and I satisfies the following:

(I,) there are constants p,a >0 such that I|aBp Ax20

(I,) for each finite dimensional subspace E CE, there is
an R = R(E) such that I<0 on E/BR(E)

then I possesses an unbounded sequence of critical
values.

3. Proof of Main Results

Lemma 1. Suppose that 4< p<6 and (V) and (V,) hold.
Then, there exist o, p>0 such that I)(u) >« for all u € E,
with |lull, = p.

Proof. By Proposition 1, for each fixed A > A, there exists a
positive integer 1) such thaty; (A) <1for j<m andy; (1) >1
for j>mn,. Thus, for any u = u, +u, € Ef®F,, we have

B =)t -(5) ] v (x)uzdx+<}l><JR3|Vu|2dx>z—(%)Jmlulpdx

I\

1
2

v

[\

l
2

1

(
(
(
|
L6

for all u € B,(0), where Bp(O) = {u € EyoF): |lullg, <p}.
Since p > 2, the conclusion follows by choosing p sufficiently
small.

Lemma 2. Suppose that 4< p<6 and (V,)and (V) hold.
Then, there is a large v >0 such that I(u) <0 on E/B, (0).

)

) (1wl av o)+ (5 )1ul, _(;) [ e

oo (e
)-(Gim)) o -t

( ( (A)))‘C”u"éf]llun;,

Proof. Since all norms are equivalent in a finite dimensional
space, there are constants Cp >0 and C > 0 such that

lullpra ey < Clul

- (19)
lull, >C,llullg,, Yu € E C E).

where ||u"%)1,2(R3) = _[R3|Vu|2dx. Hence, for all u € E,
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B = ()i, - (5) [ v G +G)<JR3|Vulzdx>2 —G)jmwdx
< (5 )t + (5 et —@)nung (20)
< (5t + (5 —<%)nuug

Since p > 4, consequently, there is a large r > 0 such that
I(u)<0 on E/B,(0). O I (u,) — ¢ (21)

"I)( (un)” —0,

lsalls, — + 0.

Lemma 3. Let 4<p<6 and (Vy)and (V,) be satisfied.
Then, there exists A >0 such that, for each ¢ € R, I satisfies a5 n — co, after passing to a subsequence. Set

the (PS), condition for all 1> A. w, = u,/|lu, IIE , we can assume that w,—w in E; and
. w(x)—»w(x)ae x € R3.
Proof. Let {u,} be a (PS). sequence, that is, I; (u,) — ¢ If w = 0, since ”'_).[R3V (x)uldx € is weakly contin-

and Ij(u,) — 0. If {u,} is unbounded in E;, up to a  yous, we have
subsequence, we can assume that

(nunE> )=t
TR N RN (o N

a contradiction. If w # 0, then the set Q = {x € R*: w(x) # 0} lu, (x)] — 00 as n — oo; Fatou’s lemma shows that
has positive Lebesgue measure. For x € ), one has IQIunlp"*wﬁdx — 00 as 1 — 00. Thus, by (9), we obtain

2
Up| fu " twtdx = 2l - v, | v outae s v ([ v Pax) o)

<172, |2, + 1/4|u,,||;(jm|wn|zdx)2 o) (23)

<Cl4+0(1).

This is a contradiction. This implies {u,} is bounded in  necessary, we can assume that there exists u € E, and A € R
E). We assume that [|u, |5, <T. Passing to a subsequence if ~ such that
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u,—u inkE,,
2 2
JR3|VM| dx — A s (24)

J |Vul*dx < A*.
R3

J VuVvdx + J AV (x)uvdx + AZJ VuVvdx — j
j:8 R R

Taking v = u in (25), we obtain

Then, Iy (u,) — 0 implies that

R3|u|P72uvdx =0, VveE,. (25)

j Va2 + J AV (x)uldx + AZJ VulPdx - J ulPdx =0, VveE, (26)
R3 R3 R3 R3

Let v, == u,, — u. It follows from (V,)and (V) that

1
= [, vidss [ s ()l +o.

(27)

V(x)<c

Moreover, Let 0<a<min{6 - p/2,1},2< p<6. Then,
2<2(p—-a)/2 —a<6. By Sobolev inequalities and Holder
inequality, one has

okl = [ bl ax

al2 2—al2
< <J |vn|2dx> (J |vn|2(p7“)/27“dx>
R? R? (28)

= |V”lg|vn g(_;‘—tx)/Z—tx

<CO) Py, [} +o(1),
we know
o (1) =<1} (1), 1,

[, = [ AV Goun + i3 - o -,
+ jR3AV‘ ()’ dx = A |[Vaa, [ +lual?

=l ~lally + A" = A%19uEE + 0 1)

> vl =l ol + 00

>[1-(2a,T)"°C” 0 2022 |, + 0 (1),

(29)

Letting A >0 be so large that the term in the brackets
above is positive when A > A, we get v, — 0 in E,. Since
v, =u, —uand v, — 0, it follows that u,, — u in E,. This
completes the proof. O

Proof of Theorem 1. Obviously, I (0) = 0. Furthermore, I is
even. The conclusion follows from Lemmas 1-3 and The-
orem 1. O
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