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Mixture cure models are widely adopted in credit scoring. Mixture cure models consist of two parts: an incident part which
predicts the probability of default and a latency part which predicts when they are likely to default. -e two model parts describe
two quite relevant credit aspects. So, it is reasonable to expect that the two sets of the coefficients are somewhat related. Moreover,
in practical cases, it is difficult to interpret the results when the two sets of the coefficients of the same variables have conflicting
signs. Most existing works either ignore the interconnections of the two sets of coefficients or impose a strict constraint between
them. We proposed a mixture cure model considering the variable effect consistency using a sign-based penalty. It is a more
flexible model that allows the two sets of coefficients to be in different distributions and magnitudes. To accommodate high-
dimensional credit data, a group lasso penalty is also imposed for variable selection. Simulation shows that the proposed method
has competitive performance compared with alternative methods in terms of estimation and prediction. Furthermore, the
empirical study illustrates that the proposed method outperforms the alternative method and can improve the interpretability of
the results.

1. Introduction

Credit scoring is an effective and crucial approach for
evaluating credit risk [1, 2]. A slight improvement in the
prediction precision of credit scoring models can bring
considerable benefits. -erefore, credit scoring has attracted
increasing attention of scholars and practitioners. Many
studies treat it as a classification problem to distinguish
noncreditworthy customers from creditworthy ones [2, 3].
-ese studies focus on classification techniques including
logistic regression, support vector machine, neural network,
and random forest [4, 5]. For example, Zhou et al. [6]
proposed a logistic regression method with clustering
analysis for credit risk evaluation. Zhang et al. [7] proposed a
cost-sensitive logistic regression model to assess the credit
risk. Considering the high cost and time consumption of

credit scoring, a credit granting process using three-way
decisions is proposed to make efficient credit decisions [8].
Since the exposure to risk and the losses caused by default
are strongly related to the time when they default [9], credit
risk prediction overtime is of great significance for timely
risk management.

Survival analysis, with its ability of predicting the
probability of default over time, has been first applied in
credit scoring in 1992 [10]. It can be more informative than
the binary classification model. Subsequently, various sur-
vival analysis models are proposed to predict credit risk over
time. For instance, Cox proportional hazards (PH) model is
adopted to predict early repayment and time to default in
personal loans and investigated the effect of different vari-
ables on time to default [11, 12]. In addition, macroeco-
nomic factors and time-varying data are also incorporated in
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survival analysis to improve the performance of prediction
in credit scoring [13, 14]. And the models are further ex-
tended by a survival gradient boosting decision tree ap-
proach to enhance the prediction performance [15].

However, standard survival analysis assumes that the
loan term is long enough and every customer will eventually
default. In practice, a substantial proportion of customers
will not default during the entire loan term. Since mixture
cure models applied in medicine assume that some patients
have been cured and will not die during the follow-up
period, it is more appropriate in the credit market and was
first introduced to credit scoring by Tong et al. [16].

Recently, the mixture cure model, an extension of the
standard survival analysis, is widely adopted in credit
scoring for its ability of predicting not only whether cus-
tomers will default but also when they are likely to default.
Results showed that the mixture cure model is more suitable
for credit data compared with standard survival analysis
models and the mixture cure model incorporating penalized
spline has better performance in prediction [17]. Mixture
cure models have been further developed by identifying
different risk patterns of customers, considering the influ-
ence of competitive risk, and the relationship between the
default times and the variables [18–20].

Mixture cure models consist of two parts: an incident
part which predicts the probability of default and a latency
part which predicts when they are likely to default. In the two
model parts, the two sets of the coefficients indicate the two
sets of the variable effects on the credit risk. -e two model
parts describe two quite relevant credit aspects. Neverthe-
less, most of the existing studies ignore the relations between
the two sets of coefficients in two model parts. -ese works
generally assume that there are no direct constraints between
the two sets of coefficients, which may get conflicting results
of variable effects. For example, Dirick et al. [21] propose a
mixture cure model incorporating macroeconomic factors
to predict credit risk. -e results show that the customers’
annual income has the opposite effect on whether and when
to default. In other words, according to the results, cus-
tomers with lower annual income have a lower probability of
default, but they are more likely to default earlier. It is
difficult to interpret the conflicting results and apply them in
practice.

In fact, the two model parts describe two quite relevant
credit aspects, namely, the probability of default and survival
(nondefault) time. Customers with high default probability
are more likely to default earlier. So, it is reasonable to expect
that the two sets of the coefficients are somewhat related.
-eoretical derivations [22] and empirical analysis [23] also
suggest that relaxing the independence of two sets of coef-
ficients can improve the model performance. -e assumption
has been relaxed by establishing a joint distribution of the
defaulting predictor and the logarithm of the hazard rate in
[23]. Note that the two model parts still describe two different
aspects of default. -e assumption of a joint distribution may
be too strict. So, we consider a more flexible model that allows
the two sets of coefficients to be in different distributions and
magnitudes. Sign consistency penalty is proposed to promote
the similarity in sign to get more interpretable results by

Zhang et al. [24]. In this paper, we propose a variable effect
consistency mixture cure model with a sign-based penalty.
-e proposed method can promote the similarity in the signs
of variable effect in the two model parts to improve inter-
pretability. To accommodate high-dimensional credit data, a
group lasso penalty is also imposed for variable selection [25].

-e contributions of this paper are as follows. First, we
propose a variable effect consistency mixture cure model.
-e proposed method can lead to more interpretable results
by promoting the similarity in the signs of coefficients in the
two parts of the mixture cure model. Second, a group lasso
penalty is imposed to select important variable subgroups
and accommodate the high-dimensional data. -ird, sim-
ulation and empirical analysis of credit data illustrate that
the proposed method can improve the prediction accuracy
as well as interpretability, which has important practical
significance for applying the prediction results to the credit
business.

-e remainder of the paper is organized as follows.
Section 2 introduces the variable effect consistency mixture
cure model. Computational algorithm is presented in Sec-
tion 3. Simulation is carried out in Section 4. Empirical study
is presented in Section 5. Finally, conclusions are discussed
in Section 6.

2. Methods

In this paper, we consider credit data with n customers and p

variables. Denote U as the time to default and C as the time
of censoring. Let Y be the unobservable binary variable with
Y � 0 indicating that the customer is cured and will not
default (U �∞), whereas Y � 1 indicates an uncured cus-
tomer and will eventually default.

Denote δi � Ι(Ui <Ci) as the censoring indicator of
customer i, where Ui and Ci are the time to default and
censoring time of customer i, respectively. δi � 0 if censored
and δi � 1 otherwise. Note that there are three possible credit
states of customers. (a) δi � 0 and Yi � 0: censored, cured
customers who will not default; (b) δi � 0 and Yi � 1:
censored, uncured customers who will eventually default
and have not been observed to default in censoring time Ci;
(c) δi � 1 and Yi � 1: uncensored, uncured customers who
have been observed to default.

Denote ti � min(Ui, Ci). Note that, in many practical
cases, variables can be naturally grouped. For instance, many
categorical variables may have several levels and can be
represented by subgroups of dummy variables [26]. -e
additive model with polynomial or nonparametric com-
ponents can be expressed as groups of basis functions [27].
In addition, grouping structure can also be introduced by
taking advantage of prior knowledge. For example, genes
belonging to the same biological pathway can also be
considered a group [28]. Let x � (xΤ1 , . . . , xΤJ )Τ be the var-
iable vector with J subgroups. xj � (xj1, . . . , xjpj

)Τ is the
j-th subgroup of variable vector, and 

J
j�1pj � p. -e ob-

servable data are (ti, δi, x), i � 1, . . . , n.
-e incident part of themixture curemodel describes the

probability of default, for which we adopt a logistic
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regression model. Let πi be the probability of cured (non-
default) customer i.

πi � Pr Yi � 0|x(  �
1

1 + exp α0 + xΤα 
, (1)

where α0 is the intercept, α � (αΤ1 , . . . , αΤJ )Τ is the vector of
unknown regression coefficients, and the j-th subgroup of
the coefficient vector is αj � (αj1, . . . , αjpj

)Τ.
In the latency part, for uncured customers, we adopt an

exponential model for survival. Note that the exponential
model has been commonly adopted in mixture cure models
[29, 30]. It is easy to capture the relations between the
probability and the time to default for it includes only one
parameter [23]. -e survival function is

Si t|Yi � 1, x(  � exp −λit( ,

λi � exp βo + xTβ ,
(2)

where λi is the hazard function of customer i, β0 is the
intercept, β � (βΤ1 , . . . , βΤJ )T is the vector of unknown re-
gression coefficients, and the j-th subgroup of the coefficient
vector is βj � (βj1, . . . , βjpj

)Τ. Survival function Si(t|Yi �

1, x) � P(Ui > t|Yi � 1, x) indicates the survival probability
of uncured customers in time t, that is, the probability of
default in time t given the customer will default.

-e mixture cure model can be given by

Si(t|x) � πi + 1 − πi( Si t|Yi � 1, x( , (3)

where Si(t|x) is the survival probability of customer i in time
t.

For observable data (ti, δi, x), the objective function can
be written as follows.

Q α0, α, β0, β(  � −L α0, α, β0, β(  + P(α, β), (4)

where L(α0, α, β0, β) is the log-likelihood function, which is

L α0, α, β0, β(  � 
n

i�1

δi log 1 − πi(  + log λi(  − λiti( 

+ 1 − δi( log 1 − πi( exp −λiti(  + πi( 
 ,

(5)

with πi � 1/(1 + exp(α0 + xTα)), and λi � exp(βo + xTβ).
Here, P(α, β) is the penalty function, which is

P(α, β) � μ1 

J

j�1

��
pj


αj

�����

����� + βj

�����

����� 

+
μ2
2



J

j�1


pj

k�1
sign αjk  − sign βjk  

2
,

(6)

where μ1 > 0 and μ2 > 0 are tuning parameters, ‖ · ‖ is the l2
norm, and sign(·) is the sign function. In many practical
cases, grouping structure arises naturally. In addition, it is
hard to interpret the results when coefficients corresponding
to the same variables have conflicting signs. -erefore, we
consider a flexible mixture cure model with sign consistency
and group variable selection penalties. -e first penalty is a
group lasso penalty. It can conduct estimation and group

variable selection by shrinking the coefficients of insignifi-
cant groups to 0. It considers grouping structures and has
good prediction performance [26]. -e second penalty is the
sign consistency penalty. It promotes the sign consistency of
α and β in the two parts of themodel, which can lead to more
interpretable results [31].

3. Computational Algorithm

In this section, the Expectation Coordinate Descent (ECD)
algorithm is developed to optimize the objective function. In
E-step, a latent unobserved Yi is introduced to obtain a
complete log-likelihood function. In CD-step, group coor-
dinate descent is adopted to iteratively update a single pa-
rameter with the remaining parameters fixed at their most
recent values. Sign function sign(·) is difficult to optimize for
its discontinuity and nondifferentiability. -erefore, refer-
ring to [24, 32], we propose the approximation as follows:

sign αjk  − sign βjk  
2
≈

αjk

αjk



 + τ
−

βjk

βjk



 + τ
⎛⎝ ⎞⎠

2

, (7)

where τ is a small positive constant (more discussions
below).

-e ECD algorithm updates (α0, α, β0, β) in the m–th
iteration as follows.

3.1. E-Step. Denote the observation of the latent Yi as yi and
denote the complete data as (ti, δi, yi, x), i � 1, . . . , n . -e
complete log-likelihood is

L
[m]

� 
n

i�1
1 − yi( log π[m]

i  + yilog 1 − π[m]
i  

+ 

n

i�1
δi β[m]

0 + xTβ[m]
  − yiti exp β[m]

0 + xTβ[m]
  

≔ L
[m]
1 + L

[m]
2 ,

(8)

where

π[m]
i �

1
1 + exp α[m]

0 + xTα[m]
 

. (9)

-e expectation of yi is

E yi(  �

1 δi � 1

1 − π[m]
i exp −λ[m]

i ti 

π[m]
i + 1 − π[m]

i exp −λ[m]
i ti 

δi � 0

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

, (10)

where

λ[m]
i � exp β[m]

0 + xTβ[m]
 . (11)

When customer i is observed to default (δi � 1), the
unobserved yi � 1, whereas the expectation of yi is related to
the probability of cured and the uncured but censored
customers.
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In E-step, we take the expectation of L[m] with respect to
E(yi) given the complete data (ti, δi, yi, x), i � 1, · · · , n .

E L
[m]

  � E L
[m]
1  + E L

[m]
2 , (12)

where

l
[m]
1 � E L

[m]
1  � 

n

i�1
1 − E yi( ( log π[m]

i  + E yi( log 1 − π[m]
i  ,

l
[m]
2 � E L

[m]
2  � 

n

i�1
δi β[m]

0 + xTβ[m]
  − E yi( ti exp β[m]

0 + xTβ[m]
  .

(13)

3.2. CD-Step. In CD-step, group coordinate descent is
adopted to iteratively update (α0, α, β0, β). -e intercept
α[m+1]
0 is updated by

α[m+1]
0 � α[m]

0 −
z2l[m]

1

z α[m]
0 

2
⎛⎜⎝ ⎞⎟⎠

− 1
zl

[m]
1

zα[m]
0

. (14)

For α[m+1]
j ∈ Rpj , we adopted a fast unified algorithm,

Groupwise Majorization Descent (GMD) proposed in [33]
to solve the group lasso penalized objective function in (4).
-e upper bound of the objective function is as follows:

− α[m+1]
j − α[m]

j 
Τ αl

[m]
1

zα[m]
j

+ μ2V
[m]
1j

⎛⎝ ⎞⎠ +
M

[m]
1j

2
α[m+1]

j − α[m]
j 
Τ
α[m+1]

j − α[m]
j 
Τ

+ μ1
��
pj


α[m+1]

j

�����

�����. (15)

Here, V
[m]
1j is pj-length vector, and M

[m]
1j is a constant as

follows:

V
[m]
1j �

1
α[m]

jk



 + τ

β[m]
jk

β[m]
jk



 + τ
−

α[m]
jk

α[m]
jk



 + τ
⎛⎝ ⎞⎠⎛⎝ ⎞⎠

1≤ k≤pj

,

M
[m]
1j � ψ −

z2l[m]
1

zα[m]
jk1

zα[m]
jk2

⎛⎝ ⎞⎠

1≤ k1 ,k2 ≤pj

⎛⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎠ + maxk μ2
1

α[m]
jk



 + τ
⎛⎝ ⎞⎠

2

⎛⎝ ⎞⎠,

(16)

where ψ(·) is the maximum eigenvalue function.
Similarly, the intercept β[m+1]

0 is updated by

β[m+1]
0 � β[m]

0 −
z2l

[m]
2

z β[m]
0 

2
⎛⎜⎝ ⎞⎟⎠

− 1
zl

[m]
2

zβ[m]
0

. (17)

For β[m+1]
j ∈ Rpj , consider the optimization function:

− β[m+1]
j − β[m]

j 
Τ zl

[m]
2

zβ[m]
j

+ μ2V
[m]
2j

⎛⎝ ⎞⎠ +
M

[m]
2j

2
β[m+1]

j − β[m]
j 
Τ
β[m+1]

j − β[m]
j  + μ1

��
pj


β[m+1]

j

�����

�����. (18)

Here, V
[m]
2j is pj-length vector, and M

[m]
2j is a constant as

follows:
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V
[m]
2j �

1
β[m]

jk



 + τ

α[m]
jk

|α[m]
jk | + τ

−
β[m]

jk

β[m]
jk



 + τ
⎛⎝ ⎞⎠⎛⎝ ⎞⎠

1≤ k≤pj

,

M
[m]
2j � ψ −

z2l
[m]
2

zβ[m]
jk1

zβ[m]
jk2

⎛⎝ ⎞⎠

1≤ k1 ,k2 ≤pj

⎛⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎠ + maxk μ2
1

β[m]
jk



 + τ
⎛⎝ ⎞⎠

2

⎛⎝ ⎞⎠.

(19)

-e tuning parameters, μ1 and μ2, are selected by 5-fold
cross-validation. -e parameter τ in the approximation of
the sign function controls the degree of approximation [24].
A smaller τ leads to a better approximation but less stable
estimation. -e proposed method is valid as long as τ is not
too large, and the parameters with different signs can be
distinguished [34]. -erefore, as suggested in [31], we set
τ � 0.1, which leads to satisfactory results.

-e ECD algorithm is summarized in Table 1.

4. Simulations

In this section, some experiment examples are given to il-
lustrate the performance of the proposed method compared
to alternative methods. -e proposed method is a mixture
cure model with group lasso and sign consistency (MCGS).
Two alternative methods are the standard mixture cure
model without variable selection and sign consistency
penalty (Full) and the mixture cure model with group lasso
penalty (MCG), respectively. For comparison, alternative
methods both adopt the logistic regression in the incident
part and the exponential model in the latency part.

Here, we set sample size n � 1000 and consider low-
dimensional data with p � 60 and high-dimensional data
with p � 200. -e censoring time is generated from an
exponential distribution with censoring rates η � 0.25, 5{ }.
We consider three examples regarding different grouping
structures of coefficients and different types of variables. -e
true values of coefficients are generated according to the
following settings in three examples:

Example 1: for each subgroup, we set pj � 10. Intra-
group variables xjkm

and xjkn
are generated from a

multivariate normal distribution with the correlation
coefficient ρ � 0.3|km− kn|, whereas intergroup variables
are independent. Denote the true coefficients as αtrue
and βtrue. -e coefficients of the two scenarios are
shown as follows:

Scenario 1:

αtrue � (0.1, . . . , 0.1√√√√√√√√√√
10

, −0.4, . . . , −0.4√√√√√√√√√√√√
10

, 0, . . . , 0)√√√√√√

Τ

p−20

,

βtrue � (0.4, . . . , 0.4√√√√√√√√√√
10

, −0.3, . . . , −0.3√√√√√√√√√√√√
10

, 0, . . . , 0)√√√√√√

Τ

p−20

.

(20)

Scenario 2:

αtrue � (0.5, . . . , 0.5√√√√√√√√√√
10

, 0.2, . . . , 0.2√√√√√√√√
8

, −0.2, −0.2, 0, . . . , 0)√√√√√√

Τ

p−20

,

βtrue � (0.4, . . . , 0.4√√√√√√√√√√
10

, −0.3, . . . , −0.3√√√√√√√√√√√√
8

, 0, . . . , 0)√√√√√√

Τ

p−20

.

(21)

Example 2: the settings are similar to Example 1 except
for the subgroup settings.We set 15 variables in the first
subgroup, 5 variables in the second subgroup, and 10
variables for the remaining subgroups. -e coefficients
are shown as follows:

αtrue � (0.5, . . . , 0.5√√√√√√√√√√
15

, −0.4, . . . , −0.4√√√√√√√√√√√√
5

, 0, . . . , 0)√√√√√√

Τ

p−20

,

βtrue � (0.4, . . . , 0.4√√√√√√√√√√
15

, −0.3, . . . , −0.3√√√√√√√√√√√√
5

, 0, . . . , 0)√√√√√√

Τ

p−20

.

(22)

Example 3: consider the case with some discrete var-
iables. For each subgroup, we set pj � 10. A latent
variable Zj is generated from a multivariate normal
distribution with the intragroup correlation coefficient
ρ � 0.3|km− kn| and intergroup correlation independent.
-e coefficient setting is the same as Example 2. xjk is
defined as follows:

xjk �

I Zj > 0  j≤
p

2
,

Zj j>
p

2
.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(23)

-e performance of each model is me asured by 5
measures. Denote θ ∈ α, β, (αΤ, βΤ)Τ , θ as the estimation
of θ, π as the estimation of π, and λ as the estimation of λ.-e
true positive rate (TPR), false positive rate (FPR), and mean
square error (MSE) with respect to α, β, and (αΤ, βΤ)Τ can be
written as follows:

TPR(θ) �
TP

TP + FN
,

FPR(θ) �
FP

TN + FP
,

MSE(θ) �


p

j�1 θtruej − θj 
2


p
j�1 θtruej 

2 ,

(24)
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where

TP � 

p

j�1
I θtruej ≠ 0∩ θj ≠ 0 ,

TP + FN � 

p

j�1
I θtruej ≠ 0 ,

FP � 

p

j�1
I θtruej � 0∩ θj ≠ 0 ,

TN + FP � 

p

j�1
I θtruej � 0 .

(25)

-e relative root mean square error of the cure rate
estimation (RMSEπ) and the relative root mean square error
of the hazard function estimation (RMSEλ) are

RMSEπ �


n
i�1 πi − πi( 

2


n
i�1π

2
i

,

RMSEλ �


n
i�1

λi − λi 
2


n
i�1λ

2
i

.

(26)

Tables 2–5 show the mean TPR, FPR, and MSE of the
coefficients, as well as the standard deviations over the 100
replicates for each example.

As indicated in Tables 2–5, the two group selection
methods (MCGS andMCG) perform significantly better than
the Full method. -is is expected since the group lasso can
select important subgroups of variables. Comparing the two
group methods, the proposed method has competitive per-
formance compared with the MCG method. It indicates that
promoting sign consistency improves the performance in
terms of estimation. For instance, under Scenario 1 in Ex-
ample 1 with η � 5 and p � 200 in Table 2, the meanMSEs of
α, β, and (αΤ, βΤ)Τ for the proposed method are 0.12, 0.04,
and 0.09, respectively, compared to 1.00, 0.05, and 0.63 for the
MCG method and 17.3, 2.38, and 11.56 for the Full method.

Tables 6–8 show the mean RMSE of π and λ, as well as
the standard deviations over the 100 replicates for each
example. -e results illustrate the performance in terms of
prediction of the probability of nondefault and survival.

As shown in Tables 6–8 the prediction performance of
group selection methods is significantly better than that of
the Full method, and the proposed method has competitive
performance compared with the MCG method. For ex-
ample, in Example 2 with η � 0.25 and p � 200 in Table 8,
the mean RMSEπ and RMSEλ for the proposed method are
0.01, and 0.07, respectively, compared to 0.04 and 0.12 for
the MCGmethod and 0.27 and 10.01 for the Full method. In
addition, compared with the results regarding low- and
high-dimensional settings, the group selectionmethods have
greater advantages in prediction performance when the
dimensionality is higher.

Results of simulation reveal that the proposed variable
effect consistency mixture cure model can improve the
performance in terms of estimation and prediction com-
pared with alternative methods.

5. Empirical Study

In this section, we applied our proposed method to real data
on credit loans. -e data come from the personal loan de-
partment of a city commercial bank in China, which contains
4796 personal loan samples from 2014 to 2019 after pre-
processing. -e data include mortgage loans and credit loans,
covering consumer durables, personal housing decoration
loans, and other personal consumption loans. Censoring time
Ci is the interval between the loan value date and either default
or the end of observation (June 1, 2019). -erefore, censoring
times of customers vary from individual to individual. It has a
mean of 1.93 years and a standard deviation of 0.8. Customers
whose time to default Yi is longer than the censoring time Ci

are censored (δi � 0). 47 out of 4796 customers are censored.
By transforming the discrete variables into dummy variables,
the data contain 27 variables. Table 9 provides a list of variables
and their descriptions.

In this section, the alternative method is a mixture cure
model with group lasso (MCG). Different from the simu-
lation, the real values of parameters α and β are unknown in
real data. Referring to [30, 35], we adopt the (1) log-rank
statistics and (2) negative log-likelihood to evaluate the
performance of the models instead of TPR(θ), FPR(θ),
ME(θ), RMSEπ, and RMSEλ in simulation.

Log-rank statistics is a commonly used indicator in
survival analysis to test the null hypothesis that there is no
significant difference in survival distribution between two or
more independent groups. It is calculated by cross-valida-
tion. We sequentially take 1/10 samples as the validation set
and the remaining as the training set. Apply the proposed
and alternative methods to obtain the estimation of α and β
and then calculate the xΤα and xΤβ for the validation set.
Results of xΤα and xΤβ are based on 10 replicates. Divide the
calculated xΤα into two groups at the median and calculate
the log-rank statistics. Similarly, divide the calculated xΤβ
into two groups at the median and calculate the log-rank
statistics. -e mean log-rank of the proposed and the al-
ternative methods is 5.6 and 4.3 respectively, indicating
better performance of the proposed method.

Figure 1 shows the Kaplan–Meier curves stratified by
different groups. Kaplan–Meier curves are commonly used
to describe the change of the survival probability overtime in
survival analysis [36, 37]. -e probability of being cured is
negatively related to xΤα, and the survival time is negatively
related to xΤβ. In Figure 1, a group is denoted by “low risk”
with lower xΤα (a) or lower xΤβ (b) whereas another group is
denoted by “high risk.” As indicated in Figure 1, there are
clearly different trends in the curves in different groups.
Customers with lower xΤα and xΤβ have lower risk and are
less likely to default.

To assess the performance of the model, the data are
randomly divided into training set and test set by 2 :1. -e
training set is used for fitting the model and the test set is
used for evaluating the prediction performance of the
fitted model. -e tuning parameters are selected by 5-fold
cross-validation. -e mean (standard deviation) negative
log-likelihood of the proposed method (MCGS) and the
alternative method (MCG) is 106.04 (16.04) and 118.60
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(19.09), respectively. -e result is based on 100 duplicates. It
indicates that the proposed method performs better than the
alternative in terms of model fit and prediction.

Table 10 reports the estimations of the MCGS method
and the MCG method. A positive coefficient α indicates that
the variable is positively related to the probability of default,
and a positive coefficient β indicates that the variable is
negatively related to default time. Both probabilities of
default and default time are two quite relevant credit aspects.
Compared with the alternative method, the signs of the α
and β of the proposed method are promoted to be more
consistent, whereas the business type in the MCGmodel has
an opposite effect on the probability and time to default. -e
results show that promoting variable effect consistency can
improve prediction performance as well as interpretability.

-e coefficient results of the proposed method reveal
that interest rate, loan line, business type, gender, education,
and employment status are important variables that affect
the probability of default and the time to default. Loan term,
age, medical insurance, entrusted payment, early repayment,
annual household income, type of workplace, and housing
status have no significant impact on credit. -e impact of
occupation and professional title on credit is not clear.

From the perspective of loan products, we find that
interest rate has a negative impact. -is is not surprising, as
higher interest rates lead to higher costs, and the customers
are more likely to default. -e loan line has a positive effect.
One possible explanation is that low-risk customers are
more likely to obtain a higher loan line. Loan term, entrusted
payment, and early repayment have no effect on the credit.

Table 1: ECD algorithm.

Expectation Coordinate Descent algorithm
Initialize m � 0, α[m]

0 � β[m]
0 � 0, and α[m] � β[m] � 0J×p. Compute π[m]

i and λ[m]
i from (9) and (11)

Repeat
E-step
Update E(yi) from (10)

CD-step
Update α[m+1]

0 from (14)
For j � 1, . . . , p, update α[m+1]

j from (15); update π[m+1]
i from (9)

Update β[m+1]
0 from (17);

For j � 1, . . . , p, update β[m+1]
j from (18); update λ[m+1]

i from (11)
m � m + 1

Until max ‖α[m+1]
j − α[m]

j ‖, ‖β[m+1]
j − β[m]

j ‖ ≤ 10− 3

Table 2: Results of the estimation performance in scenario 1, Example 1.

η p
α β (αΤ, βΤ)Τ

Full MCG MCGS Full MCG MCGS Full MCG MCGS

0.25

60

MSE 0.65 0.13 0.07 0.13 0.04 0.03 0.34 0.07 0.05
(0.23) (0.04) (0.02) (0.03) (0.01) (0.01) (0.10) (0.02) (0.01)

TPR — 0.92 1.00 — 1.00 1.00 — 0.96 1.00
(0.14) (0.01) (0.00) (0.00) (0.07) (0.00)

FPR — 0.18 0.28 — 0.59 0.48 — 0.38 0.38
(0.18) (0.19) (0.16) (0.18) (0.13) (0.17)

200

MSE 29.04 0.17 0.08 1.05 0.04 0.04 12.38 0.09 0.06
(9.28) (0.04) (0.02) (0.18) (0.01) (0.01) (3.76) (0.02) (0.01)

TPR — 0.83 1.00 — 1.00 1.00 — 0.91 1.00
(0.20) (0.00) (0.00) (0.00) (0.10) (0.00)

FPR — 0.02 0.07 — 0.28 0.20 — 0.15 0.14
(0.03) (0.05) (0.09) (0.09) (0.05) (0.07)

5

60

MSE 9.17 0.42 0.23 0.51 0.07 0.07 4.01 0.21 0.13
(3.02) (0.21) (0.04) (0.14) (0.02) (0.02) (1.23) (0.09) (0.02)

TPR — 0.55 1.00 — 1.00 1.00 — 0.77 1.00
(0.24) (0.00) (0.00) (0.00) (0.12) (0.00)

FPR — 0.03 0.04 — 0.67 0.06 — 0.35 0.05
(0.08) (0.07) (0.15) (0.11) (0.09) (0.09)

200

MSE 17.30 1.00 0.12 2.38 0.05 0.04 11.56 0.63 0.09
(2.12) (0.00) (0.02) (0.48) (0.01) (0.01) (1.26) (0.00) (0.02)

TPR — 0.00 1.00 — 1.00 1.00 — 0.50 1.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

FPR — 0.00 0.02 — 0.35 0.02 — 0.17 0.02
(0.00) (0.01) (0.08) (0.01) (0.04) (0.01)

Note. In each cell, there is mean (standard deviation).
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Table 4: Results of the estimation performance in Example 2.

η p
α β (αΤ, βΤ)Τ

Full MCG MCGS Full MCG MCGS Full MCG MCGS

0.25

60

MSE 0.35 0.13 0.07 0.09 0.04 0.02 0.25 0.09 0.05
(0.13) (0.03) (0.02) (0.02) (0.01) (0.01) (0.08) (0.02) (0.01)

TPR — 1.00 1.00 — 1.00 1.00 — 1.00 1.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

FPR — 0.37 0.08 — 0.76 0.12 — 0.57 0.10
(0.24) (0.06) (0.09) (0.07) (0.13) (0.06)

200

MSE 20.24 0.23 0.09 0.68 0.04 0.02 12.70 0.16 0.06
(4.57) (0.05) (0.02) (0.12) (0.01) (0.01) (2.81) (0.03) (0.01)

TPR — 1.00 1.00 — 1.00 1.00 — 1.00 1.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

FPR — 0.02 0.04 — 0.37 0.06 — 0.20 0.05
(0.04) (0.02) (0.09) (0.03) (0.05) (0.02)

5

60

MSE 4.72 0.98 0.10 0.30 0.04 0.03 3.02 0.62 0.07
(1.08) (0.10) (0.02) (0.07) (0.01) (0.01) (0.66) (0.06) (0.02)

TPR — 0.05 1.00 — 1.00 1.00 — 0.53 1.00
(0.22) (0.00) (0.00) (0.00) (0.11) (0.00)

FPR — 0.00 0.03 — 0.64 0.04 — 0.32 0.03
(0.00) (0.03) (0.17) (0.03) (0.09) (0.03)

200

MSE 17.30 1.00 0.12 2.38 0.05 0.04 11.56 0.63 0.09
(2.12) (0.00) (0.02) (0.48) (0.01) (0.01) (1.26) (0.00) (0.02)

TPR — 0.00 1.00 — 1.00 1.00 — 0.50 1.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

FPR — 0.00 0.02 — 0.35 0.02 — 0.17 0.02
(0.00) (0.01) (0.08) (0.01) (0.04) (0.01)

Note. In each cell, there is mean (standard deviation).

Table 3: Results of the estimation performance in scenario 2, Example 1.

η p
α β (αΤ, βΤ)Τ

Full MCG MCGS Full MCG MCGS Full MCG MCGS

0.25

60

MSE 0.51 0.11 0.11 0.13 0.04 0.04 0.33 0.08 0.08
(0.19) (0.03) (0.03) (0.03) (0.01) (0.01) (0.11) (0.02) (0.02)

TPR — 0.99 0.99 — 1.00 1.00 — 0.99 0.99
(0.03) (0.03) (0.00) (0.00) (0.01) (0.01)

FPR — 0.33 0.33 — 0.71 0.71 — 0.52 0.52
(0.23) (0.23) (0.13) (0.13) (0.14) (0.14)

200

MSE 24.30 0.16 0.16 1.01 0.05 0.05 13.40 0.11 0.11
(6.60) (0.03) (0.03) (0.19) (0.01) (0.01) (3.50) (0.02) (0.02)

TPR — 0.98 0.98 — 1.00 1.00 — 0.99 0.99
(0.03) (0.03) (0.00) (0.00) (0.02) (0.02)

FPR — 0.04 0.04 — 0.35 0.35 — 0.19 0.19
(0.05) (0.05) (0.08) (0.08) (0.06) (0.06)

5

60

MSE 5.56 0.32 0.33 0.53 0.10 0.11 3.21 0.22 0.23
(1.83) (0.10) (0.07) (0.15) (0.03) (0.03) (0.97) (0.06) (0.04)

TPR — 0.63 0.87 — 1.00 1.00 — 0.81 0.93
(0.19) (0.20) (0.01) (0.01) (0.10) (0.10)

FPR — 0.07 0.08 — 0.70 0.36 — 0.38 0.22
(0.13) (0.11) (0.15) (0.33) (0.11) (0.19)

200

MSE 24.46 0.60 0.39 4.52 0.11 0.13 15.13 0.37 0.27
(3.45) (0.25) (0.04) (0.85) (0.03) (0.03) (1.71) (0.14) (0.02)

TPR — 0.38 0.93 — 1.00 1.00 — 0.69 0.96
(0.21) (0.17) (0.00) (0.02) (0.11) (0.08)

FPR — 0.00 0.02 — 0.32 0.08 — 0.16 0.05
(0.00) (0.04) (0.12) (0.13) (0.06) (0.08)

Note. In each cell, there is mean (standard deviation).
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Different coefficient of business type reveals that, compared
with other personal loans, consumer durables are more
likely to default.

From the perspective of the influence of the variables of
the customers, employed customers have a positive impact.
Age, annual household income, housing status, and type of

workplace have no significant effect on the credit. Compared
with women, men are more likely to default. -is is con-
sistent with the results of [38] and the personality charac-
teristics of men’s risk preference [39]. Customers with
higher education are less likely to default. Bachelor degree or
above has a positive effect on credit. Generally, customers

Table 6: Results of the prediction performance in Example 1.

η p
RMSEπ RMSEλ

Full MCG MCGS Full MCG MCGS

Scenario 1

0.25
60 0.06 0.02 0.01 0.57 0.10 0.12

(0.02) (0.01) (0.00) (0.80) (0.08) (0.08)

200 0.37 0.03 0.02 24.10 0.12 0.16
(0.04) (0.01) (0.01) (57.28) (0.08) (0.10)

5
60 0.33 0.19 0.10 6.32 0.23 0.18

(0.05) (0.18) (0.03) (20.47) (0.28) (0.09)

20 0.41 0.96 0.02 >10̂ 3 0.15 0.10
(0.03) (0.04) (0.01) (>10̂ 3) (0.15) (0.08)

Scenario 2

0.25
60 0.06 0.02 0.02 0.52 0.12 0.12

(0.01) (0.01) (0.01) (0.71) (0.07) (0.07)

200 0.31 0.03 0.03 72.58 0.15 0.15
(0.03) (0.01) (0.01) (387.68) (0.10) (0.10)

5
60 0.30 0.08 0.14 5.72 0.21 0.27

(0.06) (0.04) (0.06) (10.42) (0.18) (0.15)

200 0.53 0.26 0.17 >10̂ 3 0.26 0.35
(0.04) (0.24) (0.04) (>10̂ 3) (0.17) (0.17)

Note. In each cell, there is mean (standard deviation).

Table 5: Results of the estimation performance in Example 3.

η p
α β (αΤ, βΤ)Τ

Full MCG MCGS Full MCG MCGS Full MCG MCGS

0.25

60

MSE 0.33 0.19 0.10 0.04 0.03 0.02 0.22 0.13 0.07
(0.08) (0.05) (0.02) (0.01) (0.01) (0.01) (0.05) (0.03) (0.01)

TPR — 1.00 1.00 — 1.00 1.00 — 1.00 1.00
(0.01) (0.00) (0.00) (0.00) (0.00) (0.00)

FPR — 0.53 0.29 — 0.66 0.29 — 0.60 0.29
(0.15) (0.12) (0.08) (0.12) (0.09) (0.12)

200

MSE 2.42 0.48 0.17 0.20 0.05 0.03 1.56 0.31 0.11
(0.57) (0.14) (0.02) (0.03) (0.01) (0.01) (0.35) (0.08) (0.01)

TPR — 0.95 1.00 — 1.00 1.00 — 0.98 1.00
(0.18) (0.00) (0.00) (0.00) (0.09) (0.00)

FPR — 0.05 0.14 — 0.57 0.16 — 0.31 0.15
(0.07) (0.06) (0.10) (0.06) (0.07) (0.06)

5

60

MSE 1.31 0.99 0.43 0.08 0.03 0.03 0.83 0.62 0.27
(0.33) (0.08) (0.29) (0.02) (0.01) (0.01) (0.20) (0.05) (0.18)

TPR — 0.01 0.83 — 1.00 1.00 — 0.51 0.92
(0.10) (0.38) (0.00) (0.00) (0.05) (0.19)

FPR — 0.00 0.14 — 0.51 0.36 — 0.25 0.25
(0.02) (0.14) (0.13) (0.17) (0.07) (0.12)

200

MSE 6.94 1.00 0.28 0.51 0.04 0.05 4.47 0.63 0.19
(1.12) (0.00) (0.06) (0.07) (0.01) (0.01) (0.68) (0.00) (0.04)

TPR — 0.00 1.00 — 1.00 1.00 — 0.50 1.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

FPR — 0.00 0.17 — 0.34 0.22 — 0.17 0.19
(0.00) (0.06) (0.08) (0.06) (0.04) (0.06)

Note. In each cell, there is mean (standard deviation).
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with higher education have a higher chance of getting decent
jobs and income. -ey tend to maintain good credit records
and are less likely to default. Compared with other

employment groups such as self-employed, freelance, and
unemployed ones, the employed group has a more stable
income and is less likely to default.

Table 9: Description of variables.

Variables Description
Business type Consumer durables, personal housing decoration loans, and other personal consumption loans
Interest rate [0.029, 0.095]

Loan line (0, +∞)

Loan term (0, +∞)

Early repayment Yes, no
Entrusted payment Yes, no
Age [18, 70]

Gender Male, female
Education Master/doctor, bachelor, vocational education, high school, and below
Medical insurance Yes, no
Housing status Self-purchasing (with mortgage), self-purchasing (without mortgage), and others
Employment Employed and others
Type of workplace Government organization/institution, firm, and others
Occupation Managers, commercial and service workers, and others
Professional title Advanced, intermediate, primary, and no professional title
Annual household income (RMB) ≤200, 000, 200, 000 − 400, 000, 400, 000 − 600, 000, ≥600, 000, and unknown

Table 7: Results of the prediction performance in Example 2.

η p
RMSEπ RMSEλ

Full MCG MCGS Full MCG MCGS

0.25
60 0.05 0.02 0.01 0.36 0.10 0.06

(0.01) (0.01) (0.00) (0.35) (0.07) (0.05)

200 0.27 0.04 0.01 10.01 0.12 0.07
(0.03) (0.01) (0.00) (33.80) (0.17) (0.06)

5
60 0.26 0.88 0.02 1.98 0.21 0.09

(0.03) (0.16) (0.01) (4.56) (0.30) (0.08)

200 0.41 0.96 0.02 >10̂ 3 0.15 0.10
(0.03) (0.04) (0.01) (>10̂ 3) (0.15) (0.08)

Note. In each cell, there is mean (standard deviation).

Table 8: Results of the prediction performance in Example 3.

η p
RMSEπ RMSEλ

Full MCG MCGS Full MCG MCGS

0.25
60 0.21 0.11 0.06 0.04 0.03 0.02

(0.04) (0.03) (0.02) (0.01) (0.01) (0.01)

200 0.83 0.28 0.10 0.30 0.05 0.03
(0.10) (0.08) (0.02) (0.07) (0.01) (0.01)

5
60 1.00 0.77 0.34 0.09 0.03 0.03

(0.19) (0.09) (0.21) (0.03) (0.01) (0.01)

200 2.62 0.72 0.21 0.99 0.04 0.04
(0.21) (0.06) (0.10) (0.33) (0.01) (0.01)

Note. In each cell, there is mean (standard deviation).
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Figure 1: Kaplan–Meier curves stratified by different groups: (a) divided by the median of xΤα and (b) divided by the median of xΤβ.

Table 10: Estimation of coefficients of the methods.

MCG MCGS
α β α β

α0/β0 −1.17 −4.07 −1.43 −3.67
Business type
Consumer durables 0.15 0.70 0.11 0.12
Personal housing decoration loans −0.02 0.21 0 0

Interest rate 0.54 0.17 0.34 0.28
Loan line −0.06 0 −0.03 −0.03
Loan term 0 0 0 0
Early repayment (yes) 0 −0.24 0 0
Entrusted payment (yes) −0.13 0 0 0
Age 0 0 0 0
Gender (male) 0 0.82 0.25 0.30
Education
Master/doctor −0.03 −0.32 −0.02 −0.02
Bachelor −0.04 −0.22 −0.06 −0.06
Vocational education 0.02 0.32 0.05 0.05

Medical insurance (yes) 0 0.34 0 0
Housing status
Self-purchasing (with mortgage) 0 −0.01 0 0
Self-purchasing (without mortgage) 0 0.04 0 0

Employment (employed) −0.08 −0.31 −0.24 −0.21
Type of workplace
Government organization and institution −0.14 −1.53 0 0
Firm −0.14 −0.40 0 0

Occupation
Managers 0.09 0.09 0.04 0.04
Commercial and service workers −0.25 −0.29 −0.11 −0.11

Professional title
Advanced 0.04 0.41 0.04 0.04
Intermediate −0.02 −0.25 −0.04 −0.04
Primary 0 −0.03 0 0

Annual household income (RMB)
≤200, 000 0 0.05 0 0
200, 000 − 400, 000 0 0.38 0 0
400, 000 − 600, 000 0 −0.29 0 0
≥600, 000 0 −0.19 0 0
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6. Conclusions

-e mixture cure model is widely adopted in credit scoring
for its ability of predicting whether customers will default
and when they are likely to default. However, most of the
existing studies ignore the relations between the two sets of
variable effects in the two model parts which may get
conflicting results of variable effects. It can be difficult to
interpret the results and apply them in practice.

In this paper, we propose a variable effect consistency
mixture cure model, to promote the similarity of the sign of
variables in the two model parts by imposing a sign con-
sistency penalty. Meanwhile, to accommodate the high-di-
mensional credit data, we also impose a group lasso penalty
to conduct variable selection and parameter estimation.
Simulation shows that the proposed method has competitive
performance compared with the MCG method and signif-
icantly outperforms the Full method in terms of estimation
and prediction. Furthermore, the empirical study illustrates
that the proposed method can improve prediction perfor-
mance as well as interpretability. -e results of the variable
effect consistency mixture cure model also offer additional
insights into the relationship between the variable effect
before and after loan.
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