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Tis paper investigates the dynamic pricing strategy for perishable products sold through online and ofine channels with the
consideration of consumers’ low-carbon preferences. Te MNL stochastic utility model is used to describe the purchasing
decisions of consumers with diferent low-carbon preferences. On this basis, we establish a dual-channel dynamic pricing model
for perishable products to maximize the frm’s expected revenue by using the dynamic programming method. We also study the
infuence of consumers’ low-carbon preferences on optimal prices. Te conclusions show that the low-carbon utility and the
proportion of consumers with high low-carbon preference have positive efects on the optimal prices of the dual sales channels.
Moreover, consumers are more inclined to purchase products through the online channel in the presence of low-carbon
preference, so the optimal price of the online channel product is higher than that of the ofine channel product.

1. Introduction

With the rapid development of the Internet and commu-
nication technology, the traditional ofine sales pattern has
gradually shifted to the online one and the online sales have
increasingly become the most popular sales pattern today.
According to the data published by Tmall, the largest
e-commerce platform in China, the cumulative sales of
Tmall Double 11 Shopping Carnival Season (November
1th–November 11th) in 2021 has reached 540.3 billion yuan,
which increased by 8.45% compared with that of the same
period in 2020. Because of the importance of the dual-
channel sales, e-commerce platforms and ofine physical
stores actively seek cooperation with each other, which
promotes the development of the dual-channel sales pattern
driven by service and experience. For example, in addition to
more than 1,600 ofine physical stores, Suning has also
provided an online sales channel. Xiaomi also actively
sought cooperation with Suning and announced an alliance
with Suning at the product launch in the spring of 2016.
Xiaomi 4S mobile phones were exclusively sold by Suning

ofine physical stores, which shows that Xiaomi has already
changed the original single online sales pattern and actively
established entities to open up a dual-channel sales pattern.

In recent decades, carbon emission has been regarded as
the main inducement of global warming and extreme cli-
mate change, which has aroused widespread concern from
governments of various countries. Many governments have
taken relevant measures and vigorously carried out emission
reduction activities. For example, the Chinese government
proposed to increase the supply of green and low-carbon
products, innovate the supply mode of green services, guide
green consumption, and build a new engine for green
growth in the “14th Five-Year Plan for Industrial Green
Development.” With the gradual enhancement of con-
sumers’ low-carbon awareness and the improvement of
online shopping’s convenience, consumers’ preferences for
consumption channels have also changed. More and more
consumers choose online shopping to achieve the purpose of
low carbon and environmental protection. Data surveys
show that 67% of consumers in the United States consider
the importance of low-carbon factors when purchasing
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products [1] and are even willing to pay extra carbon
emission reduction costs for low-carbon products [2].
Considering the rapid increase in consumers’ environmental
awareness, more and more frms are also spontaneously
implementing low-carbon operations to strengthen their
brand image and expand their market shares [3]. For ex-
ample, Gree Group, a Chinese manufacturer, adheres to the
core competitiveness of energy conservation and emission
reduction and has provided traditional physical stores and
online sales channels at the same time. In 2017, the ofine
revenue of Gree Group was 91 billion with an increase of
26.5% over the previous year, and the online revenue of Gree
Group was 10.5 billion with an increase of 218% over the
previous year, which indicates that the growth rate of online
revenue is much higher than that of ofine revenue. Under
the dual-channel sales pattern, consumers’ purchasing de-
cisions are not only afected by product prices but also by
consumers’ own preferences. In themeantime, there must be
sales conficts between the online and ofine sales channels.
If the sellers can set a reasonable price and coordinate the
conficts between the two sales channels, they will ensure the
maximization of their own revenues. Terefore, we focus on
the dynamic pricing problem based on the characteristics of
the sales channel, the green characteristics of the product,
and consumers’ low-carbon preferences.

Te remainder of this paper is organized as follows: In
Section 2, we review the related works in the literature. In
Section 3, we propose a dynamic pricing decision model for
dual sales channels. We then characterize the optimal prices
in Section 4 followed by a numerical study presented in
Section 5. We fnally summarize this paper in Section 6.

2. Literature Review

Te proposed research is mainly related to the following
streams of the literature: (1) pricing for the dual sales
channels, (2) pricing for green products, and (3) pricing in
the presence of consumers’ low-carbon preferences. Par-
ticularly, this study focuses on dynamic pricing for dual sales
channels based on consumers’ low-carbon preferences.
Accordingly, a brief survey of the literature on the basis of
these aspects is presented in this section.

In terms of pricing for the dual sales channels, most of
the related works discuss static product pricing. Ren et al.
researched price and service competition for dual-channel
supply chains with consumer returns in both centralized and
decentralized scenarios and designed a new contract to
enable both the retailer and the manufacturer to be a win-
win [4]. Xiao and Shi considered the pricing and sales
channel selection problems for online sales and physical
retail in the case of supply shortages [5]. Wang et al. studied
the pricing and service decisions for complementary
products under the dual-channel sales pattern and obtained
the analytical equilibrium solution of the decision-making
model using reverse induction and game theory [6]. Rah-
mani and Yavari proposed a pricing model for green
products under the dual-channel sales pattern when market
demand was interrupted and demonstrated that the optimal
price would increase when demand disruption increased

market scale or when green cost decreased [7]. Li et al.
researched the pricing and return strategies under the dual-
channel sales pattern and established a two-stage Stackelberg
game model [8]. Ranjan and Jha considered the joint pricing
problem for green products and nongreen products under
the dual-channel sales pattern and proposed mathematical
models under centralized, decentralized, and collaborative
scenarios [9]. He et al. explored channel structure and
pricing decisions for the manufacturer and government’s
subsidy policy with competing for new and remanufactured
products in a dual-channel closed-loop supply chain [10]. He
et al. studied inventory and pricing decisions simultaneously
for a dual-channel supply chain with deteriorating products,
established models for centralized and decentralized prob-
lems, and also proposed proper algorithms to obtain the
optimal decisions of prices, ordering frequencies, and or-
dering quantities [11].

Regarding the pricing for green products, most of the
existing literature considers the homogeneity of consumers.
Li et al. proposed a Stackelberg game model for green
product pricing under the competitive dual-channel sales
pattern and concluded that green costs would signifcantly
afect the prices and the green degrees of products [12]. Liu
and Yi considered the pricing problem for green products
based on the targeted advertising investment and the green
cost and demonstrated that the optimal price was negatively
related to the green degree and the investment level of
targeted advertising [13]. Yang and Xiao examined the
impact of channel leadership and government intervention
on product prices and the green levels under the uncertainty
of manufacturing costs and consumer demand [14]. Jamali
and Rasti studied the decision-making problem of the
product prices and the green degrees in the case of com-
petition between green products and nongreen products
[15].

Due to the diferent levels of income, education, values,
and so on, consumers’ low-carbon preferences vary widely.
Low-carbon preference will afect consumer’s choice be-
havior and product pricing [16, 17]. Hong et al. investigated
the pricing problem for green products considering con-
sumers’ environmental awareness and nongreen product
references [18]. Gong et al. examined the impact of con-
sumers’ low-carbon preferences on the prices of new en-
ergy vehicles and the profts of sellers and established
pricing game models for centralized and decentralized
scenarios [19]. Zhang et al. considered the two-stage
product pricing and low-carbon decision-making problems
for a dual-channel supply chain based on consumers’ low-
carbon preferences [20]. Meng et al. proposed a product
pricing model for a dual-channel green supply chain by the
Stackelberg game theory, in which consumers’ green
preferences and channel preferences were considered [21].
However, these research studies do not consider the choice
behavior of consumers with low-carbon preference.

Diferent from the above works, this paper studies the
multiperiod dynamic pricing problem for the online and
ofine sales channels in the presence of consumers’ low-
carbon preferences. We explicitly model the consumer’s
dynamic choice process by the multinomial logit (MNL)
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choice model, in which the probability of purchasing a
product is specifed as a function of the low-carbon pref-
erence. At each decision period, the frm dynamically de-
termines the prices for the online and ofine sales channels
in order to maximize the expected revenue over the selling
horizon. Given the consumer choice model, we formulate
the dynamic pricing problem using the dynamic pro-
gramming method based on the consumer’s low-carbon
preference. Ten, we obtain the optimal pricing strategies.
Finally, numerical experiments demonstrate the positive
efects of the low-carbon utility and the proportion of
consumers with high low-carbon preference for dynamic
pricing strategies.

3. Dynamic Pricing Formulation for the Dual
Sales Channels

We frst present a dynamic pricing decision framework to
capture consumers’ low-carbon preferences. Assume that a
risk-neutral frm sells products through online and ofine
sales channels. Te online sales channel is eco-friendly,
which can provide consumers with more low-carbon
utility. Te frm’s goal is to maximize the expected revenue
from the selling horizon by setting the appropriate price for
each sales channel in each period. Tat is, in each period t,
for the current remaining online inventory level xe and
ofine inventory level xc, the frm must determine the
prices pe

t and pc
t for the online and ofine sales channels,

respectively. For simplicity, we denote x � (xe, xc) and pt �

(pe
t , pc

t) as the inventory level vector and the price vector,
respectively.

Suppose that the selling horizon is divided into Tdiscrete
time periods such that there is at most one consumer arrival
in each time period and each consumer purchases no more
than one unit of perishable product. Te time period is
counted in reverse chronological order. Terefore, the frst
time period is T and the last time period is 1. At the initial
time period T, the inventory levels of the online and ofine
sales channels are c1 and c2, respectively. At the end of the
selling horizon, the unsold product has no salvage value.
Consumer’s return and frm’s replenishment are generally
not considered. In each time period, consumers arrive in-
dependently, and there is one consumer arrival with
probability λ.

Tere are two types of consumers in the market: con-
sumers with high and low low-carbon preferences, the
corresponding proportions are θ(θ ∈ [0, 1]) and 1 − θ, re-
spectively. Without loss of generality, assume that the low-
carbon utility provided by the online sales channel to

consumers with high and low low-carbon preferences are τ
and 0, respectively. Suppose that the product value ] follows
a uniform distribution between [0, 1]; then, the frm sells the
product to consumers through the online and ofine sales
channels at prices pe and pc, respectively.

When the frm sells products through the dual sales
channels, for consumers with high low-carbon preference,
the utilities gained from purchasing products from the
online and ofine sales channels are Ue

h � ] − pe + τ + ξ and
Uc

h � ] − pc + ξ, respectively; for consumers with low low-
carbon preference, the utilities gained from purchasing
products from the online and ofine sales channels are Ue

l �

] − pe + ξ and Uc
l � ] − pc + ξ, respectively, where ξ is a

random variable following Gumbel distribution with a shift
parameter zero and scale parameter one. Suppose that Θi

(i� e, c) represents the attractiveness of the sales channel
variable i [22], and the expected demand of each sales
channel variable is proportional to the attractiveness of the
sales channel variable. Under the framework of the MNL
model, we defne Θe and Θc as

Θe
� θe

]− pe
t +τ

+(1 − θ)e
]− pe

t ,

Θc
� θe

]− pc
t +(1 − θ)e

]− pc
t � e

]− pc
t .

(1)

Let qe
t and qc

t be the probability that a consumer chooses
the online and ofine sales channels in each period t. Based
on the MNL choice model [23], we obtain the purchase
probability qe

t and qc
t as

q
e
t �

θe
]− pe

t +τ
+(1 − θ)e

]− pe
t

1 + θe
]− pe

t +τ
+(1 − θ)e

]− pe
t + e

]− pc
t

,

t � 1, 2, . . . , T,

q
c
t �

e
]− pc

t

1 + θe
]− pe

t +τ
+(1 − θ)e

]− pe
t + e

]− pc
t

,

t � 1, 2, . . . , T.

(2)

Terefore, in each period t, the probability that a con-
sumer decides not to purchase any product is
qt � 1 − qe

t − qc
t .

Given the remaining inventory level xt � (xe
t , xc

t), let
Vd

t (xt) be the optimal expected revenue from the period t to
the last period. Ten, we can use the following dynamic
programming to formulate the dynamic pricing problem for
the dual sales channels.

V
d
t xt(  � max

pt

λ q
e
t p

e
t + V

d
t− 1 xt − εe

(  + q
c
t p

c
t + V

d
t− 1 xt − εc

(   + qtV
d
t− 1 xt(  + 1 − λ)V

d
t− 1 xt(  . (3)

Tere are boundary conditions Vd
0(xt) � 0, for all xt, and

Vd
t (0) � 0, for t � 1, 2, ..., T, where εe � (1, 0) and εc � (0, 1).

For the expected revenue function Vd
t (xt), we defne the

marginal revenue of the dual sales channels as
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ΔiVd
t− 1(xt) � Vd

t− 1(xt) − Vd
t− 1(xt − εi), (i � e, c). Using this

notation, we can rewrite (3) as follows:

V
d
t xt(  � max

pt

λ 
i�e,c

q
i
t p

i
t − Δi

V
d
t− 1 xt(   + V

d
t− 1 xt( 

⎧⎨

⎩

⎫⎬

⎭.

(4)

4. Optimal Pricing Strategy for the Dual
Sales Channels

We next investigate the optimal pricing strategy. To facilitate
a description of the structural properties, we defne

φ pt, xt(  � 
i�e,c

q
i
t p

i
t − Δi

V
d
t− 1 xt(  . (5)

Tis can be proved to be a unimodal function with
respect to pt � (pe

t , pc
t) inTeorem 1. Intuitively, φ(pt, xt) is

the expected additional revenue realized in the period t by
selling one unit of the remaining inventory level xt at price
pt. We interpret φ(pt, xt) as the marginal revenue of time at
the remaining inventory level xt in the period t when prices
are set at pt. Consequently, we set the optimal prices in order
to maximize φ(pt, xt). Terefore, exploring the structural
properties of φ(pt, xt) is the key to fnd the optimal prices.
We discuss the structural properties of φ(pt, xt) as follows.

Teorem 1. φ(pt, xt) is unimodal with respect to pt.

Proof. Proof of this theorem is carried out in Appendix
A. □

Theorem 1. implies the uniqueness of the optimal price
vector for the dual sales channels. Furthermore, the optimal
policy can be characterized in an easier way.

Theorem 2. For all xt > 0, the optimal price for each sales
channel is to set the price

p
i
t xt(  � ηt + Δi

V
d
t− 1 xt( ,

(i � e, c),
(6)

where ηt � 1/qt. Te expected revenue is given by

V
d
t xt(  � λ 

t

t1�1
ηt1

− 1 . (7)

Proof. Proof of this theorem is carried out in Appendix B.
Teorem 2 gives the simplifed forms of the optimal

prices and the expected revenue for the dual sales channels.
Te optimal price for the channel i can be expressed as
pi

t(xt) � ηt + ΔiVd
t− 1(xt)(i � e, c), where ηt represents the

marginal revenue from selling one unit of the product for the
channel i in the period t and ΔiVd

t− 1(xt) represents the
revenue loss caused by one unit of the remaining product for
the channel i in the period t − 1, which can be understood as
the future value of one unit of the remaining product for the
channel i.

From Teorem 2, we get the optimal price for channel i.

p
i
t xt(  � 1 + θe

τ
+ 1 − θ( e

]− pe
t + e

]− pc
t + Δi

V
d
t− 1 xt( ,

(i � e, c).
(8)

When the channel i has surplus inventory (xi ≥ t), the
future revenue of a surplus unit is 0, that is, ΔiVd

t− 1(x) � 0, if
xi ≥ t. Terefore, we conclude that all products with in-
ventory surplus should be set at the same price. However,
when the channel i has inventory shortfalls (xi < t), the
future revenue of a surplus unit is greater than 0, that is,
ΔiVd

t− 1(x)> 0, if xi < t. Terefore, it is not optimal to set a
uniform pricing scheme for products with inventory
shortfalls (xi < t), and any product that has an inventory
shortfall is set to a higher price than that with an inventory
surplus, from which the following conclusion can be
summarized. □

Theorem 3. In the presence of the consumer’s low-carbon
preference, the optimal price for each sales channel has the
following properties:

(i) Te optimal prices of products with surplus inven-
tories are the same, i.e., for all xe ≥ t, xc ≥ t,
pe

t(x) � pc
t(x)

(ii) Te optimal price of a product with inventory shortfall
is set to be higher than that with the inventory surplus,
i.e., for all xi ≥ t, xj < t(i, j � e, c) and pi

t(x)<p
j
t (x).

Theorem 3. reveals that in the presence of consumers’ low-
carbon preferences, the price diference between the online and
ofine sales channels is closely related to whether there is a
surplus inventory, regardless of the proportion of various
consumers and the low-carbon utility of consumers with high
low-carbon preferences.

96 7 8 10541 32
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6P

7

8

9

online channel
offline channel

Figure 1: Optimal prices for the dual sales channels in the time
remaining (t).
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5. Numerical Examples

In this section, we numerically illustrate the efects of
consumers’ low-carbon preferences on the optimal price for
each sales channel. We examine sets of examples with the
dual sales channels in which the product value v � 1, con-
sumer arrival probability λ � 0.7, initial inventory levels c1 �

4 and c2 � 6, and the proportion of consumers with high
low-carbon preference θ � 0.8 and low-carbon utility τ � 8.

Figure 1 depicts the optimal prices for the dual sales
channels with respect to the remaining time, at fxed in-
ventory levels xe � 4, xc � 6. In Figure 1, we observe time
monotonicity, the optimal price for the online sales channel
increases in the remaining time t; on the contrary, the
optimal price for the ofine sales channel decreases in the
remaining time t. Furthermore, the optimal prices for both
sales channels converge to an identical value. Tis means
that the uniform pricing strategy begins to take efect when
the remaining inventory level is abundant relative to the
consumer demand.

Specifcally, when the remaining time t≤ 4, the online
and ofine sales channels have surplus inventory. Terefore,
during this period, the optimal prices for the dual sales
channels are equal. When the remaining time 4< t≤ 6, the
online sales channel has inventory shortfalls and the ofine
sales channel has surplus inventory. Terefore, during this
period, the optimal price for the online sales channel is
higher than that for the ofine sales channel. When the
remaining time t> 6, the online and ofine sales channels
both have inventory shortfalls. Since the initial inventory
level of the online sales channel is less than that of the ofine
sales channel, the optimal price for the online sales channel
is still higher than that for the ofine sales channel.

Figure 2 illustrates the optimal prices for the dual sales
channels as a function of the remaining inventory level of the
ofine sales channel in period 6, with the remaining

inventory level of the online sales channel fxed as 4. Te
optimal prices for the online and ofine sales channels are
nonincreasing with respect to the remaining inventory level
of the ofine sales channel.

Next, we examine how the proportion of consumers with
high low-carbon preference afects the optimal prices for the
dual sales channels. Specifcally, we depict the change of the
optimal prices for the dual sales channels as the proportion
of consumers with high low-carbon preference when t � 6,
xe � 4, and xc � 6. We keep the low-carbon utility constant;
that is, τ � 8. Te proportion of consumers with high low-
carbon preference can be chosen from 0.1 to 1. In Figure 3,
we observe that the proportion of consumers with high low-
carbon preference signifcantly afects the optimal prices for
the dual sales channels. Given the remaining inventory level

96 7 8 10541 32
xc (offline channel inventory)
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offline channel

Figure 2: Te optimal prices for the dual sales channels in the
remaining inventory level of the ofine channel.
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Figure 3: Efect of the proportion of consumers with a high low-
carbon preference on the optimal prices.
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Figure 4: Efect of the low-carbon utility on the optimal prices.
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and time, the optimal prices for the dual sales channels are
nondecreasing with respect to the proportion of consumers
with high low-carbon preference. Terefore, when the
proportion of consumers with high low-carbon preference is
greater, the frm can set a higher price for the product.

Finally, the efect of the low-carbon utility on the optimal
prices is numerically examined using Figure 4. Te pa-
rameters in Figure 4 are the same as those in Figure 3 except
that the proportion of consumers with high low-carbon
preference is now set to be 0.8 and the low-carbon utility is
chosen from 1 to 10. Figure 4 illustrates that the optimal
prices for the dual sales channels are nondecreasing with the
low-carbon utility. Terefore, when the low-carbon utility is
greater, the frm can set a higher price for the product. As
shown in Figures 3 and 4, in the presence of the low-carbon
preference, consumers are more inclined to purchase
products from the online sales channel, so the optimal price
for the online sales channel is higher than that for the ofine
sales channel.

Te study results provide some guidelines on dual-
channel dynamic pricing when consumers have low-carbon
preferences. First, if frms adopt the dual-channel operation,
consumers with high low-carbon preference will purchase
products through the online sales channel, so the ofine sales
channel should reduce carbon emissions or improve service
quality to reduce revenue loss. Second, the optimal price
increases with the proportion of consumers with high low-
carbon preference and low-carbon utility after frms adopt
dual-channel operations. Terefore, frms should take steps
to promote consumers’ low-carbon awareness and create a
low-carbon supply chain to achieve economic goals and take
on social responsibility.

6. Conclusion

In this paper, we study the dynamic pricing problem for dual
sales channels over the fnite selling horizon in the presence
of consumers’ low-carbon preferences. We use the Bellman
equation to obtain the optimal prices. Furthermore, we
present numerical experiments to investigate how con-
sumers’ low-carbon preferences afect the optimal prices for
the dual sales channels. According to the numerical ex-
amples, we conclude that consumer’s low-carbon preference
has a positive impact on optimal prices. Meanwhile, in the
presence of low-carbon preferences, consumers are more
inclined to purchase products from the online sales channel,
so the optimal price for the online sales channel is higher
than that for the ofine sales channel.

Despite our research’s several major contributions to the
literature on consumer’s low-carbon preference and dual-
channel dynamic pricing, there are still some limitations and
defciencies for future research to address. Firstly, our paper
assumes deterministic arrival probability. So, further re-
search can consider the nonhomogeneous Poisson arrival in
modeling and analysis. Secondly, our results are established
by assuming the frm’s risk neutrality. In practice, some
frms are risk-averse. Terefore, it is also important to

consider the sales frm’s risk aversion in the dynamic pricing
problem. Finally, our paper focuses on discussing the dual-
channel dynamic pricing problem. Hence, future research
can study the strategy combining dynamic pricing and in-
ventory control in our model.

Appendices

A. Proof of Theorem 1

Te frst-order condition of φ(pt, xt) is as follows:

zφ pt, xt( 

zp
j
t

� 
i�e,c

zq
i
t

zp
j
t

p
i
t − Δi

V
d
t− 1 xt(   + q

j
t � 0,

(j � e, c).

(A.1)

Ten, we derive

pt � ht + Δt− 1, (A.2)

where ht � − qt(zqt/zpt)
− 1, Δt− 1 � (ΔeVd

t− 1(xt), ΔcVd
t− 1

(xt)), qt � (qe
t , qc

t), (zqt/zpt) is the Jacobian matrix of qt

with zqi
t/zp

j
t as its element (i, j), and (zqt/zpt)

− 1 is the
inverse of (zqt/zpt).

From zqi
t/zp

j
t �

− q
i
t(1 − q

i
t), i � j,

q
i
tq

j
t , i≠ j.

 , we have

zqt

zpt

 

− 1

� −

1 + θe
]− pe

t +τ
+ (1 − θ)e

]− pe
t

q
e
t

1
qt

1
qt

1 + e
]− pc

t

q
c
t

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(A.3)

It follows that

ht � q
e
t , q

c
t( 

1 + θe
]− pe

t +τ
+ (1 − θ)e

]− pe
t

q
e
t

1
qt

1
qt

1 + e
]− pc

t

q
c
t

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

� 1 + θe
]− pe

t +τ
+ (1 − θ)e

]− pe
t + e

]− pc
t , 1 + θe

]− pe
t +τ

+(1 − θ)e
]− pe

t + e
]− pc

t .

(A.4)

Substituting the above expression into (A.2), we get

p
i
t xt( 

(i � e, c).
(A.5)

(A.5) guarantees a positive optimal price for each
product. Next, we show that the optimal price is unique.
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From (A.5), we derive e]− pi
t(xt) � e− [1+(θeτ+1− θ)e

]− pe
t +e

]− pc
t ]−

[ΔiVd
t− 1(xt) − ]](i � e, c) . It follows that

e
θeτ+1− θ( )e

]− pe
t +e

]− pc
t θe

τ
+ 1 − θ( e

]− pe
t + e

]− pc
t 

� θe
τ

+ 1 − θ( e
− 1− ΔeVd

t− 1 xt( )+]
+ e

− 1− ΔcVd
t− 1 xt( )+]

.

(A.6)

Let z � (θeτ + 1 − θ)e]− pe
t + e]− pc

t ; then, (A.6) can be
rewritten as follows:

f(z) � ze
z

� θe
τ

+ 1 − θ( e
− 1− ΔeVd

t− 1 xt( )+]
+ e

− 1− ΔcVd
t− 1 xt( )+]

.

(A.7)

It is clear that (θeτ + 1 − θ)e− 1− ΔeVd
t− 1(xt)+] +

e− 1− ΔcVd
t− 1(xt)+] is independent of pt and z and only depends

on the marginal revenue ΔeVd
t− 1(xt) and ΔcVd

t− 1(xt). We
denote the Lambert function as W; then, we get the inverse
of the function f(z) � zez, i.e.,

z � θe
τ

+ 1 − θ( e
]− pe

t + e
]− pc

t

� W θe
τ

+ 1 − θ( e
− 1− ΔeVd

t− 1 xt( )+]
+ e

− 1− ΔcVd
t− 1 xt( )+]

 .

(A.8)

Note that W(·) is single-valued and injective in its
domain, if its domain is real and greater than or equal to
− 1/e. Since (θeτ + 1 − θ)e− 1− ΔeVd

t− 1(xt)+] + e− 1− ΔcVd
t− 1(xt)+] ≥ 0,

it is deduced that z � (θeτ + 1 − θ)e]− pe
t + e]− pc

t is the unique
solution of (A.6). Substituting (A.8) into (A.5), it yields that

p
i
t xt( 

+ Δi
V

d
t− 1 xt( (i � e, c).

(A.9)

We claim that pt(xt) � (pe
t(xt), pc

t(xt)) is the unique
solution to (A.1), and φ(pt, xt) is unimodal with respect to
pt.

B. Proof of Theorem 2

Let ηt � 1/qt. From (A.5), we have

p
i
t xt(  � ηt + Δi

V
d
t− 1 xt( . (B.1)

Substituting (B.1) into (4), we deduce

V
d
t xt(  � ληt 1 − qt(  + V

d
t− 1 xt(  � λ ηt − 1(  + V

d
t− 1 xt( . (B.2)

Applying the boundary conditions, we get the
following:

Vt xt(  � λ 
t

t1�1
ηt1

− 1 . (B.3)
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