Hindawi

Discrete Dynamics in Nature and Society
Volume 2023, Article ID 1110179, 15 pages
https://doi.org/10.1155/2023/1110179

Research Article

@ Hindawi

Drive-Response Synchronization for Second-Order
Memristor-Based Delayed Neural Networks with Settling Time
Estimation via Discontinuous Feedback Control

Tiecheng Zhang(» and Dasong Huang

School of Mathematics and Statistics, Hubei Normal University, Huangshi, China

Correspondence should be addressed to Tiecheng Zhang; zhangtiecheng@hbnu.edu.cn

Received 9 February 2023; Revised 26 April 2023; Accepted 29 April 2023; Published 25 May 2023

Academic Editor: Ya Jia

Copyright © 2023 Tiecheng Zhang and Dasong Huang. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

In this paper, the settling time estimation of synchronization issues for inertial memristive neural networks (IMNNs) with mixed
time-varying delays is investigated. First, by using a new reduced order approach and introducing free-weighted coefficients #; and
&; into variable transformation, the original second-order derivative system is transformed into a first-order differential system.
Second, appropriate controllers are designed for IMNNS to guarantee the system synchronization in a settling time. In addition,
the settling time is explicitly estimated and dependent on time delays and the initial values of the coupled system. Finally, two
numerical examples are presented to demonstrate the effectiveness of the theoretical results.

1. Introduction

The circuit memristors (as a contraction of memory and re-
sistor) were first proposed in 1971 [1]. The prototype of the
memristor was identified and built [2]. Due to the feature that
rapid variation of voltage resulted in irregular change of
memristance, memristor behavior was introduced to integrate
circuit design [3]. Owing to some successful applications in
various areas, more and more people paid attention to the
dynamical characteristic analysis of memristor-based neural
networks. In [4], passivity analysis of memristor-based neural
networks has been considered by constructing appropriate
Lyapunov-Krasovskii functionals. However, using the in-
equality techniques and useful Lyapunov functionals, paper [5]
studied global exponential periodicity and stability of a class of
memristor-based recurrent neural networks with multiple
delays. Meanwhile, finite-time synchronization of memristor-
based Cohen-Grossberg neural networks with time-varying
delays was investigated in [6]. By designing Lyapunov-like
function method and average dwell time technique, some
delay-dependent sufficient conditions were given to guarantee
the exponential stability of uncertain switched neural networks

in [7]. In addition, in [8], prescribed time synchronization of
coupled memristive neural networks was considered.

On the other hand, neural networks with inertial items
have a strong practical application background in biology and
engineering, and then most scholars started to pay more at-
tention to this realm [9-11]. Global exponential stability in
Lagrange sense for inertial neural networks was proposed [12].
In [13], matrix measure and Halanay inequality were used in
synchronization analysis of IMNNs. Through impulses effect
and periodically intermittent control, the global exponential
synchronization of coupled IMNNs was investigated [14].
Synchronization of coupled IMNNs with reaction-diffusion
terms was discussed by pinning sampled-data control in [15].

In recent years, many scholars have interest in various
types of synchronization problems of IMNNs with time
delays [16-20], and the solution theory of differential
equation in the sense of Filippov has received great attention
[21]. Meanwhile, the finite-time synchronization issues of
IMNNs with time delays via different control ways were
being given increasing amount of attention [22-26]. The
finite-time stabilization control problems were discussed in
present of discontinuous activations and several delays for
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IMNNSs [27]. In IMNNs with discrete and distributed delays,
global synchronization and passivity analysis were in-
vestigated in [28, 29], respectively. In [30, 31], the dynamical
analysis employed adaptive control approach and the theory
of differential equations with discontinuous right-hand
sides. The authors investigated the finite time and fixed
time synchronization of IMNNs using the Lyapunov sta-
bility theory and Filippov discontinuous theory [32]. In [33],
some novel and effective criteria were built to achieve as-
ymptotic synchronization and finite synchronization in the
fractional-order model for IMNNs. Novel sufficient con-
ditions were given to guarantee finite-time synchronization
with the drive and response delayed IMNNs [34].

As is well known, time delays in particular mixed time-
varying delays unavoidably appear during the finite switching
speed of neurons. Then, the IMNNSs with mixed time-varying
delays have become a complicated switched delayed nonlinear
system, which means its dynamic analysis tends to be more
challenging. During modeling neural networks, mixed time-
varying delays are inevitably encountered in the signal
transmission among the neurons because of the finite
switching speed of the neurons and amplifiers [35]. Mean-
while, owing to the presence of an amount of parallel
pathways of kinds of axon sizes and lengths, it is desired that
continuously distributed delays are introduced over certain
duration of time, such that the distant past has less influence
compared to the recent behavior of the state [36]. Hence, it is
necessary to pay close attention to discrete and distributed
time delays. Taking the influence of actuator failures into
account for IMNNs with mixed time-varying delays, im-
proved delay-independent reliable controllers were designed
to guarantee finite-time synchronization in [37]. However, to
the best of authors’ knowledge, there was little work reported

d’x; (1) _dx (1)
@
n t
+ 3 by (x, (1) J
=1 t—o (t)

where i=1,2,...,n,x;(t) represents the state of the ith
neuron at time ¢, and the second derivative is called an
inertial term of (1). a; >0 and b, > 0 are constant. cij (x; (1)),

¢ (x; (1) = {
dy (x; (1)) =

hy (x; (1)) =

Cy»
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on settling time estimation of synchronization issues of
IMNNSs with mixed time-varying delays.

Motivated by the abovementioned observations, we
consider the settling time estimation of synchronization for
IMNNs with mixed time-varying delays. The main contri-
butions of this paper include the following aspects:

(1) A novel reduced order approach is proposed, and
free-weighted coeflicients #; and &; are introduced
into variable transformation, which is less conser-
vative and extend existing results. In previous paper,
&; was only introduced.

(2) However, designing new discontinuous controllers,
some recent conditions are given to realize the
settling time estimation of synchronization for
driven-response system for IMNNs with mixed
time-varying delays.

(3) Without using existing finite-time stability theorems,
synchronization can obtain a settling time for
IMNNSs via combining new Lyapunov-Krasovskii
functionals with recent inequality skills.

This paper is organized as follows: In section 2, model
description and preliminaries are presented. In Section 3, we
give the main results and its proof. In Section 4, two ex-
amples with simulations are presented to illustrate our main
results. Finally, the conclusion of this paper is given in
Section 5.

2. Preliminaries and Model Description

In this paper, the following inertial neural network is
considered:

—bx; () + Y (i (0) f(x;(0) + Y dy (%, (D)) f;(x;(£ - 7, (1))
j=1 j=1

fi(x;(9)ds + L), t=0,

dij (x;(t)), and hij (x;(t)) are connection weights related to
the neurons without delays, with discrete delays and dis-
tributed delays, respectively. They are given as follows:

x ()| < T
& |x, ()] > T,
dy, | (1] < T,
&ij, |x; (0)] > T @
hys |, ()] < T,

]:lij’ |x; ()] > T
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are known constants with respect to memristance. f ; (1)
stands for neuron activation function of jth neuron at time ¢
with f i (0) = 0. The T; (t) is the time-varying delay which

in which switching jump T; >0, and ¢ h, and hy

dx; (s)
dt

x;(s) = ¢; (s),

where ¢, (s) and ¢, (s) € C([-7,0]; R").

Assumption 1. The activation function f i (-) meets with the
Lipschitz condition, i.e., there exists positive constants [; >0
such that for any x, y € R, the following inequalities hold:

[f; = F;0|<llx-ylj=12..,n (4

L

where «; = —(£i2/11i) + a;&; — by, B; = a; — (&;/n;). The ini-
tial conditions can be written as follows:

{ X (s) = (/5,‘(5),

v (8) = 0;0;(s) + & (8)9; (s) 2 y;(s),s € [-7,0], 7= max {Tj,a}.
Jj=12,...n

Remark 2. In [11], only &; was introduced in certain variable
transformations, but we introduce free-weighted coefficients
#; and &; into variable transformation (5) in our paper. The
different variable transformations can be obtained by
selecting #; and &; with different values, which make our
results less conservative.

Remark 3. In systems (1) and (6), since cij(t), dij(t), and
hij (t) are discontinuous, the classical definition of the so-
lution for differential equations cannot apply here. To solve
the problem, Filippov presented a solution concept for the
differential equation with discontinuous right-hand side.
Based on the definition, a differential equation with dis-
continuous right-hand side has the same solution set as
certain differential inclusion.

Now, we introduce the concept of Filippov solution [21].
Consider the following differential system:

satisfies 0< 7, (t) < T ‘i‘j (1) < ui<l o(t) is the distributed
delayand 0< o (t) <0,0(t) <o < 1. I;(¢) is the external input
on the ith neuron at time ¢ and |I; (¢)| < I;. I; is the: constant.
The initial conditions of system (1) are as follows:

=g;(s),s € [—T,O],T:max{rj,a},j:1,2,...,n, (3)

and there exists positive constants F; such that | f iOI<F;.
Resorting to the following variable transformation,

dx, (1)

AGES" " +&x,(1),m;#0,i=1,2,...,n, (5)

the inertial neural network (1) can be written as follows:

’ dxét(t) = _zzxi(t) + %yi (£),
3 d}’(;t(t) =Ly (t) + a;x; () + 1 Z Cjj (x,' (t))fj(xj (t)) +; Z dij (xi (t))f]-(xj(t -7 (t))) (6)
j=1 j=1

n t
o, Y hy (3 ) J Fi(x,9)ds + il (8), t20,i=1,2,...,m,
=1 t—o ()

(7)

2
ZT’; ~ (), (8)

where f (t,x) is discontinuous in x.

Definition 4. Consider the set-valued map F: R x R* — R"
defined as follows:

Fex=N N 5[f(t,B(;8))], 9

550 u(N)=0

where B(x, §) is the ball of center x and radius J, y () is the
Lebesgue of set N. A vector-value function x (¢) defined on
a nondegenerate interval I C R is called a Filippov solution
of system (8), if it is absolutely continuous on any sub-
interval [t;,t,] of I and for a.a. t € I. x(t) satisfies the
differential inclusion as follows:



> =F(t,x). (10)

K e (x; (1))] ={
K[d; (x;(1))] ={

K [hy; (x; (1))] ={

fort € Randi, j=1,2,...,n Itis obvious thatK[cij (x; ()],
K[dij (x; ()], and K[hij (x;(1))] are all closed, convex, and
compact.

We define the Filippov solution of system (6) as follows.

[ dx; (¢) &
e —_—
dt n

1
(1) +—y; (1),
X,()+niy,()

dy; (1)

+1; i K[hij (x; (t))] JZ_

o(t)

or y;€Kley(x; (1), {€Kld(x;(1)], and ;€K
[hij(xi(t))] satisfy

( dx; (t) & 1
= —2x. () +—y,; (1),
i U'xl()+’7y,()

i i

dy; (1)

n t

+77izvijj

=1 t—o(t)

fora.ate[0,T),i=12,...,n

+1; i K [dy (x; ()] f (¢

fj(xj (s))ds + 1,1 (1),
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Next, let us consider the differential equation system (6).
Let the set-valued maps be as follows:

G X (0| < T,
& |x; (D] > T,
dy, | (1) < T,
dj, |2 (8)] > T, ()
hys |x; (D] < T,
hy, |x; (8)] > T,

Definition 5. (Filippov solution [21]). A function x (t) is said
to be a solution of system (6) on [ (0, T) with initial condition
(7), if x (¢) is absolutely continuous on any compact interval
of [(0,T) and satisfies differential inclusions

ke PHORTEAOR Y Ky (i (0)]£(x; 1)
j=1

(12)

- 7;(1))

£i(x;(9))ds + ;1 (b),

T —Biyi () + ox; (£) + 1 Zl v i(x; () + 1, Zl Gf j(x,(t - 7;,®))
i= i=

(13)
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Based on the concept of drive-response synchronization,
the corresponding response system of (13) is given in the
following form:

’dm,-(t)_ ¢
&t

i i

dw; (t)

n

+’7iz

J=1

| fora.a.t € [0,T),i=1,2,...,n

where  j,; € K[c; (m;(t)],  {; € K[d;;(m; ()], and
vy € K[hij (m; (t))]. We define error state e; (t) = m;(t) —

dey; (t) _ _E

dt e ()

i i

dey; (t)

n
j=1

n

+’7iZ( ij lJ)fJ( (

j=1
n t
i ;(% - Vi)) Jt—o(t)

where fj(elj(t)) = fj(mj(t)) _fj(xj(t)), fj(eu(t_'f]
1)) = fj (mj (t- T (t))) - fj (xj (t- T 1)).

Definition 6 (see [18]). The system (13) is said to be syn-
chronized with (14) in a settling time under suitable
designed feedback controllers u,; () and u,; (t), if there exists
a constant t; >0 (t; depends on the initial state vector error
value and time delay) such that lim, — (lleg
@)l +lley ®)1,) = 0 and e, (#)l, + lley (B)], = 0 for Ve >t
where e, (0l + llex (O = Xy ()] + 7 ley (1)
e (1) = (ell(t),en(t),-u,eln(t)) , and e, (£) = (ey; (1), €5,
(), e5, ()T, t, is called the settling time.

—m; (t) + ﬂiwi (£) +uy; (1),

5D = B, (0 + am, (t)+11,ZyUf](m (t))+n,ZCl,f,( i(t

w1 ) (B = v) £ ) + 1Y Ty (et
j=1

@)y

| fora.a.t € [0,T),i=1,2,...,n,

-7;(1))

(14)

x;(t) and ey; (t) = w; (¢) — y;(t). Then, we can obtain error
system from (13) and (14).

1
+—ey; (1) +uy; (1),

dt _BteZI (t) + a;ey; (t) +1; Z YI]f](elj (t))

- 7;(1))
(15)

n

7, L_gm £,(e1;(9))ds

Jj=1

£i(5;(9))ds + uy (1),

3. Results

In this section, suitable controllers are designed for the
finite-time synchronization in (13) and (14). By using
Lyapunov functionals method and some analytical tech-
niques, several sufficient conditions to ensure synchroni-
zation of IMNNSs are obtained.

The controllers are designed as follows:

Qyisgn (eli (t))’

{ uy; (t) = =K yey; () - (16)
Qyisgn (e (1)),

uy; (£) = —Kyey; (£) -
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where Ky; (t), Ky; (), Qy; (t), and Q,; (¢) are control gains, Theorem 7. If f (-) meets Assumption 1, there exists Q,; >0

and sgn (-) is the standard sign function. and K,;, K,;, and Q,; satisfy the following inequalities:
The following theorems and corollaries are our main
results.
K Im 1l s
WS- +|“|+Z|’71|Cﬂl +Z Z Jzﬂl o, (17)
K21 | | ﬁz’ (18)
Q> M, (19)

Then, the systems (13) and (14) are synchronized in
a finite-time under controllers (16). Moreover, the settling
time is estimated as follows:

1 ” n n o n 0
3_ {;'eli(o)l + ;'eZi (0)] + papa 1] ; J 'elj (s)'ds
(20)

n o n . 0 0
. Z Z 1|111|'c‘fhijlj J:a L'elj (u)|duds] - j:I}}Za,.).(.,n{Tj’ a},

where ¢, l],dl],du,hu,h j are known constants with respect Proof. Define  the following  Lyapunov-Krasovskii
. - functional:
to memristance, ¢ = max {|c |, €1}, dy; = max {ldijl, Id;1},
3
iy = max {lyl, it} M, = I X1 ley = &1F; + Ini 21y V()= ) Vi), (21)

_aijl F;+ |’1i|2j:1|hij hilejO’ by = mini:l,Z,...,n{(QZi - M),
Qb a; = _(512/711) +o;§ —mb;, and B = o = (§/1;),i= 1, where

2,...,0.
Vi)=Y le (O] + ) lex (1)),
V=YY% Il e [ ey (5)]ds
2T L 1—u; i -7 (t) 1 ’ (22)
i=1 j=1 J j
R PP L
V0= i, [ ) [ Jeuyaofauas.
i=1 ]:1 (2 +Ss
Considering the upper right-hand derivative of V; (¢) (i = V(1) = Z sgn (ey; (£))é; (1) + Z sgn (e (1))éy; (1) (23)
i=1 i=1

1,2, 3) along the trajectory of the error system (15), the proof

of process will be given as follows: Through combining (15) with (23), we can obtain
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Vi) = Z sgn (ey; (1)) [‘%eu (t) + nlezi (1) - Kyiey; (6) - Qyisgn ey (t))]
i=1 i i
|:Z Sgn (621 (t)) ﬁleZI (t) + o elz (t) + 1’]1 Z yl]f](elj (t)) + 1’]1 Z(ylj - YIJ)f]('x] (t))
i=1 1
" (24)
+; leijfj(eu(t ~7;(1)) + 1, Zl( j = i) fi(xi(t=7,0)) +my ZI%- L_J(t) filerj(9))ds
J= Jj= j=
+h; Z(v - 1/J) J‘ © fj(xj (5))d5 - Ky, (1) — Qysgn (ey; (t)):|-
j=1 t—o(t
By Assumption 1, and let cj; = max {|cij|, eyl di; =
max {Idijl, Iglijl},hi}f = max {Ihijl, IEUI}, we can have
sgn (e (1)) [’71‘ Z 7ijfj(elj (t)) i ZZijfj(elj(t -7 (t))) T Z Vij J ot fj(elj (5)):|d5
B = - (25)
< Zcul]|elj(t)| + |1 Zdu j el]( T (t))‘ +|ni Zhu j J 'eli (S)|ds’
and
sgn(w){m 571 1)1, 0) 1. 3G~ -0 1 S5 -0) [ 1 <s>>ds}
i=1 i=1 1 t—o(t
j = j= (26)
S ‘||’7i| Z'éij _Eij|Fj +|i] Z|aij 1J|F +|74] Z|hu }|sgn ey (1))| = M,|sgn (e, (1))]-
= =1
- , A (1) = QA
When e; (1) #0, we will find that sgn (e (0)Qusgn (e (1) = ~Quhy @7
—sgn (ey; (£))Qy;sgn (ey; (1)) = —Q,;, otherwise —sgn (ey; (1)) “sgn (e (£))Qysen (621‘ (t)) - Qb (28)

Qy;sgn(ey; () = 0. Similarly, —sgn (ey; (£))Q,;sgn (ey; (1)) =
—Q,; for e, (t)#0 and —sgn(e,; (£))Qysgn (e, (¢)) =0 for
e,; (t) = 0. Therefore,

where A; =1 if e;(£)#0, otherwise A; =0; A,, =1 if
e,; (t) #0, otherwise 1, = 0.

Substituting the systems (25-28) into (24), it is derived
that

Vi< Z{ (‘%_Klt +|o |>|e1,(t)| +|ni ZCUZJ'elJ(t)‘ *|il Zdu ilen(t - Tf(t))'

i=1 !

(29)

+l’71 Z hz] j J |61] (5)|d5 +(| | B1 K21)|621 (t)| Qllllt + (M QZI)AZI }
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It is obtained from V, (), V5 (t) that

i|(1—7;(0)
Va () = Z ey ®]-3 Y '" = O) e o=, 0)
i=1 j=1 i=1 j=1 ]
(30)
> 1'7" ey @]~ 33 e (- 7,0}
=1 =1t T Hj i=1 j=1
and
: , ; ) ‘
Vi) = Z Z |11 ~h1leU(t)|elJ (t)| - Z M}lrjll J o) 'elj (5)|dS
i=1 j= i=1 j=1
J= j= (31)
Z Z 1- ~h3110(t)|611 (t)| - Z Z |milhiil J |elj (S)|ds‘
i=1 j=1 i=1 j=1
From (29-31), one has
vl & Im
V() < Z _;_K11+|0‘|+Z|’71|CJ1 i ]11 Z )1 1 lelz(t)|
i=1 1 j=1
(32)
n 1 n
+ Z(m -Bi- K21)|ezi (t)l + Z [(M; = Qu)Ay = Quidys)-
=1 \|"Mi i=1
li t t
When |le; (), + lley (£)Il; #0. From (17-19) and (32), we t;mﬁ("q ( )”1 +"62( )”1) (35)
can obtain that = 0and ||e1 (1.‘)“1 +||e2 (1.‘)”1 =0,Vt>t,.
V()< i [(Qy — M)Ay — Quiry;] < — 6, <0, (33) By virtue of (34) and (35), there obviously exists t, = ¢, +
i=1 max;_j, {71], 0} such that
where 6, = min;_;, {(Qy — M,),Q}. lim V(t) =0andV (t) =0, Vt>t,. (36)
Integrating both sides of the inequality (33) from 0 to ¢, e
we can get the following inequality: From (33) and (36), we can get that V (t) < — 6, for t <t,.
V() -V (0)< - yt. (34) gllt:grating both sides of the inequality from 0 to t, obtains
a

There exists t; € (0,+00) such that

n n

t, < V(OO) 91‘|Z|e11(0)| ;|ezz(0)| uJJO 'elj(5)|ds > 3 ’”J'(;J'f|elj(u)|duds}. 7

i=1 j=1 i=1 j=1

According to ¢, =1, —max;_;, , {Tj, a}, the inequality =~ Remark 8. In [6, 22, 25, 26], the authors considered finite-
(20) can easily be derived. This completes the proof. = [0  time synchronization by finite-time stability theorem based
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on the inequality V(x)< —aV"(x), where a> 0, 0 < n<l
are constants, o (|x])<V(x)<a,(|x]) withx - class
function «; (*) and , (*). V (x) is a continuous and positive
definite function. In this paper, some recent inequality
techniques are used to guarantee the system synchronizing
in a settling time, which is explicitly estimated and de-
pendent on time delays and initial values of the coupled
system. On the other hand, the discontinue controllers are
designed. Then, the error system is not discussed with using
existing finite-time stability theorems.

[ dx; (t)
dt

f s+ i (D),

dy; (t)

+Zv,] L U(t) (x (s))ds+ I,
j=t

| fora.at € [0,T),i=1,2,...,n,
where & = -& + a;f; - b, Bi=a,—&,i=1,2,...,n By the
system (38), we can get slave system and give Corollary 10.
Corollary 10. If f(-) meets Assumption 1, there exists

Q;;>0, and K,;, Ky, and Q, satisfy the following
inequalities:

K> - f+|a|+ch+Z

n

E Jlll 0,
1-5J
j=1

>1-p;,

Q,; > M;

i

(39)

Where Mi = Z;'l:l |ij _EulF + z;‘ 1
| —AlFa,ij=12 CGN O = E+0cf b;,
fl, and 0, = min,_ , {(Qy - M;),Q}.

d; —dylF; + T,
ﬂl_a

,,,,,

P —/j’lyl(t)+(xx (t)+ZyUf](x (t)) Z;(ijfj(xj(t
i=

%bM@IZhwhzzl

Remark 9. Theorem 1 is achieved on the basis of 1-norm and
the inequality (33) is the key step. The inequality (33) cannot
be obtained if we use the 2-norm-based Lyapunov functions
as those in [6, 22, 25, 26], and we draw inspiration from the
ideas of [18, 27]. So, we get some new results about finite-
time synchronization for IMNNSs with time-varying delays.

When 7, =13 =1,2,...,n), we will get the following
master system:

-7;(0))

(38)

Then, the master-slave-based systems are synchronized
in a finite-time under controllers (16). Moreover, the settling
time is estimated as follows:

" IJ]J 'elj(s)'ds
j

i=1 j=1
(40)

n o n 0 0
+ZZ - hf]ljj UJ |e11 (u)|duds:| — max {Tj,O'},

j=1,
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Remark 11. When #;=1 (i=1, 2, ... n), the system (38)
becomes the system in [27, 38]. Corollary 10 considers the
external input and expands the existing results.

(dx () _ &

1
2t —y. (1),
i +—y; (1)

ii i

h dyz(t)

| fora.a.t € [0,T),i=1,2,...,n,
where o, 8; (i, j = 1,2, . .., n) are the same as the system (13);
we can get slave system and we will give Corollary 12.

Corollary 12. If f (-) meets Assumption 1, the Q,; >0, K,;,
K,;, and Q,; satisfy the following inequalities:

K> —%+|5¢,~|+Z|n, l+z Iﬂ’
i j=1

]1 1’

. 42
Ky Zi - B )

|

Q> M;.
Zlen (0)] + Zlez:w)l >y
i=1 j=1
where Ml = |’7i|Z;L:1|Cij 1]|F + |’11|Z] 1|d1] d1]|F17
ming_;, . {(Qy — M), Qyi}, = _(f /) + o;&; — by
Bi=a;— (&/n)ij=1,2,...,n, and 6y =min_,, ,

{(Qy = M), Qy}-

Define the following Lyapunov-Krasovskii functional:

2
V() =) V), (44)
i=1

where V, (¢) and V, (¢) are the same as definition of (21). The
means of the proof are similar to Theorem 7.

Remark 13. When ;=1 and hij (x;(t)=0(,j=1,2,...,n),
the system (1) is same to the system in [11, 24]. Corollary 12
obtains the condition of finite-time synchronization for the
system (41) with #; (#; is not a constant). Therefore, our
paper is more general.

dt _ﬁzyz(t)+“x (t)+’712%]f](x (t))+1112(1]f]( (
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When hij (x;(1)=0(,j=12,...
following master system:

,n), we will get the

1, (0)) + 1L (0), (41)

Then, the master-slave-based systems are synchronized
in a finite time under controllers (16). Moreover, the settling
time is estimated as follows:

(43)

] ools] - g o)

Remark 14. When ;=1 (i, j=1, 2, ... n),
hij (x;(t)) = h(hisaconstant,i, j = 1,2,...,n), we can gain
the result which is similar to Theorem 2 in [17].

Remark 15. In the above theorems and corollaries, since
Cj (1), dij (1), and hij (t) are discontinuous, the solution way
for differential equations in [24] cannot apply here. To solve
the problem, Filippov et al. have presented a solution
concept for the differential equations with discontinuous
right-hand side [23, 27]. Based on the definition, a differ-
ential equation with discontinuous right-hand side has the
same solution set as certain differential inclusion.

4, Illustrative Examples

In this section, two examples are given to present the ef-
fectiveness of our results achieved in this paper.
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Example 1. Consider the following IMNNSs:

dx, (1) dx, (p) 2
d;z = (it - 2x, (t)+;clj(x1(t))fj(xj(t))

2 2
23 dy (e O)F(x,(E- 1, 0)) + Y b, xl(t))j D) 10,
j=1

j=1
] (45)

&’ ,d S
X () _ dx () —ax, (1) + Y &5, (5, () f ()
i

dt’ dt

2 2
+ 3 dy i (x, (0) f(x,(t = 7;(0)) + Y hy; xz(t))J ()fj(xj(s))ds+12(t),
e j=1 t

with f;(x;) = cos(x;), 7, (t) = 7, (t) = 0.5sin(t) + 0.5, o () (t) +0.5,1, (t) = 100 + 5sin(¢), I, (t) = 100 + 5 cos (¢),
=0.5cos where

-0.2, |x|<0.5, 2.0, |x|<05,

2.5,

ha (%, (8)) = {

Due to 7,(t) = 7,(t) = 0.5sin(¢) + 0.5 and

cp (%, () = {
5: € (%, (1) = ‘l
di, (xl (t)) :{

22 ( Z(t)) {

0.1, |x,|>0.5,

0.2, |x,|>0.5.

3.0, |x|>0.5,
-0.1, |x,|<0.5,

2.0, |x|<0.5,
2.5, |xy|>05,
-0.1, |x,|<0.5,
-0.2, |x,|>0.5,

2.0, |x|=05,
hip (%, () =

3.0, |xy|>0.5,

-0.2, |x,|<0.5,
hy (%, (1)) =

(46)

When Q,,>0,Q,,>0, we let K;; =33,K,, =22,K,, =

cos(t) +0.5,wecanlett, =1, =1,4; =4, =05,0=1,6= 2,K,, =1,Q,, =6,Q,, =8,Q;; =2,Q,, =2. Then, we can
0.5. According to Assumption 1,weletl, =1, =1,F, =F, =  obtain 6, = 2. In the case that initial conditions are chosen as
1,§, =2,& = 4,5, = 1,5, = 2. Through simple computing,  x = (0.5,1)7, y = (=3,3)", trajectories of drive system (45)
we get a; =—-4,a,=-8,, =-1,5,=0,K,; =33,K,> are presented in Figure 1. We choose the 1n1t1a1 value of the
21.8,K,;=22,K,, >20.5,M; =3.5,M, =54,Q,,>3.5Q,, response system as m = (-0.5,1)",w = (-2, 2)7,t € [-1,0].
>5.4. So, ley; (0)] = le, (0)] = ey, (0)] = le,, (0)] = 1 and ¢, < 14.9.



12

Moreover, we know that the synchronization can be realized
before 14.9 by Figure 2. The theoretical analysis of Theorem
7 is verified.

dx, () _ EON
dr’ dr
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Example 2. Consider the following IMNNS:

2
8x, (£) + chj (%, (t))fj(xj (t))
j=1

2 2
e (1 (O (-7 0)) + D xl(t))j D) 10,
= st

1 (47)
d ;‘;2(” =622 s Zczj (x (0) f(; (D)
+ i dy; (5, O) £ (x,(t - 7,(0)) + ihzj (x5, (8) I o 5 ©)ds + 1),
L J= Jj=
with  f;(x;) = tanh(x;), 7, (t) = 7, (t) = 0.5sin(¢) + 1.5,0
(t) =0.5cos(t) +0.5,1, () =200 + 10sin (¢t), I, (t) = 200+
10 cos(t), where
L0, |x|<1, 2.0, |x|<1,
aulxn )= { 20, |xy|>1, (e () = { 3.0, |x|>1,
0.8, |xy|<1, 1.8, |x,|<0.5,
a(x(0) = { 10, |o|>1, 2 (e () = { 0.8, |x|>1,
dyy (x, (1)) = { o |x1| = dyy (x, (1)) = { s |x1| N
-1.2, x> 1, 08, |x|>1, 48)
dy (xz (1) = { 05 lxz| =b d,, (xz (t)) = ‘l b4 |x2| =0
L0, |x,|>1, —16,  |x,|>1,
(e, () = { -0.5, |x|<1, h (x, (0) = { 20, |x|<1,
-1.0, |xy|>1, 3.0, |xy|>1,
(5, ) :{ L0, |x,|<1, b (5,(6) :{ -16, |x,|<1,
20, |x|>1, -1.2, |x,|> 1L

Due to 7,(t) =1,(¢t) =0.5sin(¢) + 1.5 and o(t) =0.5
cos (t)+0.5 we can let 7, =71, =2,4; =, =0.5,0 =1,
o =0.5. By Assumption 1, let [, =1, =1,F, =F,=1,§, =
4,&, = 6,1, = 2,1, = 2. After simple computing, we get o
-8, = 6,8, =2,B,=3K, >34 K,>414, K, >-
1.5,K,, > — 2.5, M, = 8, M, = 6,Q,, >8,Q,,>6.

When Q;>0,Q;,>0, let K, =34,K, =42,K,
=2,K;, =1,Q, =10,Q, =8,Q;; =2,Q;, =2. Then, we
can obtain 0, =2. In the case that initial conditions are
chosen as x = (0.5,1)F ¥ = (=3, 3)7, trajectories of drive
system (47) are presented in Figure 3. We choose the initial
value of the response system as m = (0.7, 0.5, w = (-2,
2.2)",t € [-2,0]. So, le;; (0)] = 0.2, e}, (0)] = 0.5, ey, (0)] =
1, le,, (0)] = 0. 8 and ¢, < 16.05. Moreover, we know that the
synchronization can be realized before 16.05 by Figure 4. The
theoretical analysis of Theorem 7 is verified.

Remark 16. When #, is the selected different values and
other coeflicients are invariant in the abovementioned
examples, we get different K,; and K, thought simple
computing. Then, the settling time is explicitly estimated,
which depends on time delays and initial values of the
coupled system. Moreover, we can find the appropriate
value of #;, which makes the system synchronize more
quickly. The system dynamical characteristic with #; for
IMNNs would have specific physical meanings and bi-
ological backgrounds.

Remark 17. In Example 1, if ; is selected different values, we
can obtain different K,;,K,,,K,;,K5,, M|, M,, Q,;, and
Q,,. Accordingly, the settling time ¢, is estimated when other
parameters remain unchanged. Changed parameters under
different #; are shown in Table 1.
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35 T T T T T T 140 T T T T T T T T

1 120 ¢ 1

E 100 E

y2 (1)

0 . . . . . . 0 . . . . . . . .
0 10 20 30 40 50 60 70 =20 0 20 40 60 80 100 120 140 160

x1 (t) y1(t)
FIGURE 1: Trajectories of x(t) and y(¢) of (45) with initial conditions x = (0.5, I)T,y = (-3,3)".

1 . . : : 1 . . : :
0.8 | 1 0.8 1
0.6 1 0.6 1
0.4 1 0.4 H 1
S 02 12 o2} ]
(9] o
— o
S0 oo
= 02 {1 g -02¢} ]
) )
-0.4 1 -04 | 1
-0.6 1 —0.6 1 1
-0.8 1 -0.8 1
_1 1 1 1 1 _1 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
t t
—— ell (b — e21(t)
— el2(1) — e22(t)

FIGURE 2: State responses of error system under the feedback controllers (16).

18 r r r r r 120 r r r r r r r
16 | g
100 g
14 g
12 + 1 80 | E
~ 10} I
‘N’ : 60 g
% gl ] S
61 ] 40 ]
4l i
20 t g
2+ |
0 1 1 1 1 1 0 1 1 1 1 1 1 1
0 5 10 15 20 25 30 -20 0 20 40 60 80 100 120 140
x1 (t) yl(t)

FIGURE 3: Trajectories of x(¢) and y(¢) of (47) with initial conditions x = (0.5, 1)T,y = (-3,3).
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0.8

0.6

0.4

0.2

e21 (t), e22 (t)

— e21(t)
— e22(t)

FIGURE 4: State responses of error system under the feedback controllers (16).

TaBLE 1: Changed parameters with different #;.

m b M, M, Ky K, Ky Ky t
1 2 3.5 5.4 33 21.8 2 0.5 14.9
1 1 3.5 2.7 18 229 2 2 10.1
2 7 5.4 35 35.8 0.5 0.5 19.2
0.5 0.5 1.75 1.35 11 25.45 5 5 5.55

5. Conclusion

In this paper, the settling time estimation of synchronization
issues for IMNNs with mixed time-varying delays is dis-
cussed. By designing appropriate controllers and Lyapu-
nov-Krasovskii functionals, sufficient conditions are
obtained to guarantee synchronization in a settling time
without using existing finite-time stability theorem. Due to
taking free-weight coeflicients into account, the conserva-
tism is reduced and synchronization between master and
slave system can be quicker. Meanwhile, the obtained
conditions are more general and expend some existing re-
sultsin [17, 27, 37]. As we all know, various disturbances and
uncertainties are unavoidable in lots of practical systems for
IMNNs. Future work would concern the finite-time syn-
chronization of IMNN with stochastic disturbances and
parameter mismatch. On the other hand, pining impulsive
control approaches are a hot topic of concern [38, 39]. Then,
we would also pay close attention to them for IMNNS.
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