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This paper proposes a new method to determine the viability of a switched system on a cone and an unbounded polyhedron. First,
we investigate the viability condition on a cone. Then, a sufficient viability criterion for a polyhedron, which is expressed by
a convex hull of finite number of extreme points and a nonnegative linear combination of finite extreme directions, is presented by
using nonsmooth analysis. Based on this criterion, instead of all boundary points, just several extreme points and extreme
directions are needed to be verified whether satisfying some conditions. The advantage of the proposed methods is that de-
termining the viability for a switched system is easy to be implemented. Finally, an example is listed to illustrate the effectiveness of

the proposed methods.

1. Introduction

Viability is an important research topic in control theory,
and the viability of a dynamic system on a region means that
the system states stay inside the region under any initial
conditions in the region [1]. The research on viability focuses
on continuous evolution of a dynamic system within
a constraint region, aiming to maintain the system state
within the constraint region by describing the possible
trajectories and trying to select appropriate control, which
provides essential guarantee for the safe and continuous
evolution of the system, making the study of viability theory
of great importance. Viability theory has brought a new
research approach to the safe evolution of dynamic systems,
and it has now been applied to fishery ecosystems [2], re-
newable energy systems [3, 4], robot control [5, 6], and
system fault detection [7].

The research on viability mainly includes two aspects. A
determining criterion for dynamic systems regarding
whether a given region satisfies viability is established
[8-10], and algorithms for computing the viability kernel of
dynamical systems are constructed [11-16]. Although the
author of [1] has given a sufficient and necessary condition

of determining the viability, it is difficult to implement and
not feasible in practice because each boundary points of
viability constraints have to be checked based on the dif-
ferential inclusions and the tangent cone. Thus, researchers
have considered the viability for some simple systems on
special forms of regions. In [8], the viability of a linear
system on a region with nonsmooth boundary is studied. In
[9], the viability of a class of differential inclusion at a point is
verified by determining the consistency of a system of linear
inequalities. A viability verification of a polyhedron for
a linear control system is researched in [17], and the method
of determining the viability for a bounded polyhedron,
which is expressed by a convex hull of a finitely many points,
can be transformed into verifying the viability condition at
vertices. Chen has discussed the viability of a linear system
on a bounded polyhedron, and the method of determining
viability is transformed into solving a finite number of linear
programming problems (see [18-20]) in [21]. Blanchini has
characterized the viability condition for a linear system on
polyhedral set and ellipsoidal set in [22]. Computation of the
viability kernel for dynamical systems is a fundamental
problem in the viability theory. It has traditionally been
computed using the viability kernel algorithm [12] and level
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set approach [23]. Mitchell et al. in [23] has presented an
algorithm by proofing that the reachable set is the zero
sublevel set of the viscosity solution of a particular time-
dependent Hamilton-Jacobi-Isaacs partial differential
equation. Neznakhin has constructed the viability kernel for
a generalized dynamical system by an attainability set in [24]
and constructed the viability kernel in the phase constraints
for a nonlinear controlled system with a target set in [25].
However, these methods require gridding the state space,
and hence, their time and memory complexity grow ex-
ponentially with the state dimension. Thus, these methods
are feasible only for dynamical systems with low dimension.
Deffuant et al. proposed an algorithm for computing the
approximation of the viability kernel by support vector
machines in [26]. It uses support vector machines as clas-
sification techniques and finds a viable control at each time
step by gradient optimization techniques. This algorithm
allows us to avoid the exponential growth of the computing
time with the dimension of the control space.

Switched systems, which consist of two or more sub-
systems and a switching rule orchestrating switching be-
tween these subsystems, have attracted extensive attention in
recent years. To the best of our knowledge, the viability of
switched systems has received little attention. Gao has
characterized the viability for a hybrid system in [27] and an
uncertain impulse system in [28]. Haimovich has developed
the problem of invariant set computation for a switched
linear system in [29]. Lv and Gao have proposed a method of
computing the viability kernel for a switched system in [14].
Lv et al. have studied the viability problem for switched
nonlinear systems in [30]. A determining approach of
a viable set and an attraction region for switched systems in
which Lyapunov functions are piecewise smooth has been
proposed. However, these results have not given a specific
method for determining viability on an unbounded region.
Although method of determining the viability for switched
systems has been proposed in [10], it should be noted that
this work only considers a bounded polyhedron. In fact, an
unbounded region can also be regarded as the security re-
gion for a switched system. Determining the viability of an
unbounded region makes the viability criterion more
complex. However, this determining criterion plays an
important role in security evolution of systems. As we know,
any unbounded region can be approximated by some un-
bounded polyhedrons. Thus, considering the viability for
a switched system on an unbounded polyhedron is mean-
ingful and important. We study this problem in the paper
based on the results of [10]. Our contribution is extending
the results of [10] to a cone and an unbounded polyhedron.
It is not a natural extension due to the complex features of
a switched system. We have constructed the viability cri-
terion for a switched system on a cone and an unbounded
polyhedron by means of nonsmooth analysis theory.

The rest of the paper is organized as follows: Section 2
provides some necessary preliminaries. Sections 3 and 4 are
presented the viability of a cone and an unbounded poly-
hedron, respectively. In Section 5, we give an example to
illustrate the effectiveness of the given methods. Section 6 is
the conclusion.
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2. Preliminaries

Consider the following switched system
x(t) = Ayx (t) + Byu (1), (1)

where x € R” is the system state variable, the switching rule
o(t): [ty,+00) — A is a segmented constant-valued
function of time t, the indicator set is A ={1,2,---,N},
and o(t) =i(i=1,2,---,N) indicates that the i-th sub-
system x (t) = A;x comes into play. u is a control variable.
The system jumps at the moment of switching, and its so-
lution is continuous everywhere and nonsmooth.

Definition 1 (see [1]). Let W c R” be nonempty. If for any
initial state x, € W, there exists a solution x (¢) = x (¢, x,) of
system (1), such that x (#) € W for all £ > 0, then the set W is
called viable under system (1). The solution x () is said to be
a viable solution.

The tangent cone of the set is required in the viability
criterion, and it is defined as follows.

Definition 2 (see [1]). Let W c R"” be nonempty and the
tangent cone of the set W at x € W is defined as

1
T (x) = {U € R* [ liminf dyy (x + t0) = o}, 2)

where dy, (x) represents the distance from x to W, i.e.,
dy (x) = infy€W|x -y

It is convenient to have characterization of the tangent
cone in terms of sequences: v € Ty, (x) if and only if there
exist a sequence of ;. > 0 converging to 0" and a sequence of
v, € R” converging to v such that

X+ hkUk [S W, Yk > 0. (3)

Tangent cone is the generalization of tangent plane from
smooth case to nonsmooth case. We give some tangent
cones at some boundary points in Figure 1. With this notion,
a viability condition is given by the following lemma.

Lemma 1 (see [1]). The nonempty closed set W C R" is viable
under the system x = f (x) if and only if

Tyw(x)Nf(x)+D,Vx e W, (4)

where & is an empty set.

Applying Lemma 1 to the switched system, the following
conclusion is reached.

Theorem 1. The nonempty closed set W c R" is viable under
system (1), if and only if

i

TW(x)n<§1 (Aix+Biu)> +0 VxeW. (5

According to the definition of the tangent cone, when x is
an inner point of W, Ty, (x) = R", and then, equation (5)
always holds. Therefore, to determine whether the equation (5)
holds, it is only required to consider the boundary points of W.



Discrete Dynamics in Nature and Society

Ficure 1: Tangent cones at points on set W.

3. Viability Determining on a Cone

We will discuss the viability on a cone for switched system
(1) in this section. Let

W = cone{d,,---,d,,}, (6)

be a cone, where d; € R",1<i<m denote the extreme di-
rections. Figure 2 gives a cone represented by d; = [1 0 ]T
andd, = [0 1]".

We consider the viability for the switched system (1) on
the cone represented by (6). Let the control input set be
a cone. Based on the nonsmooth analysis, an approach for
determining the viability on a cone has proposed.

Theorem 2. Let the nonempty cone W be given by (6). If
there exists a subsystem A (k € A) of (1) such that A, satisfies
the viability condition at any direction on each facet of W,
then switched system (1) is viable on W.

Proof. By the literature [31], the cone W can be expressed as
w={x|c?xso,i=1,--.,p}. @)

Define the following index set:
I(x)={i|ciTx=0,i€ {1,---,p}}. 8)

According to constraint qualifications shown in [10], the
tangent cone can be expressed as

TW(x):{yER”

ciTySO,iGI(x)}. (9)

We only need to consider the viability for boundary
points of W. In other words, we need to consider the points
which make the index set to be nonempty. If the index set
I(x)# &, then x is on the one of the facet of W. Assuming
that x is on the facet H,

Iq

H:cone{dil,---,d },il,---,iqe{l,-n,m}, (10)

then, there exist y; (x) >0,i=1,---,g, such that
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FIGURE 2: A cone generated by d; = [1 0]" and d, = [0 1]".

x = py () + -+ pg (X)d; (11)
By known condition, there existu; € U,i = 1,---, g, such
that the following formulas hold:
Ty (d,) N (Ad;, + By ) # By, TW<diq>
(12)

n (Akdiq + Bkuq> +0.

In nonsmooth optimization, two frequently used con-
straint qualifications are shown as follows. Let the function
g(x) <0 be the boundary of the region W. Then, we have

Constraint Qualification 1 There exists y, € R", such
that g (x; y,) <O0.
Constraint Qualification 2 cly(x) = T'(x), where

y(x)z{yeR”’g'(x;y)<O}, )
I'(x) ={y € R"‘gl(x;y)SO}.

In fact, the set W satisfies Constraint Qualification 1 or 2
at x € R", and then, T}, (x) = I'(x). On the other hand, the
cone can be expressed as W = {x | ¢;,Tx<0,i=1,---, p}, and
then,

TW(x):{yER"

ciTySO,ieI(x)}. (14)

Substituting tangent cone given by (14) into (12), we will
get

[ [y« R”|ciTy£0,i € I(dil)} N(Agd;, + By, ) # 2,

iy eR"

¢/ y<0,ie I(diz)} N (Ad;, + Biuy) # 2,

ciTys 0,i ¢ I<diq>} N (Akd,-q + Bkuq> +O.

iy eR"




Thus,

) {y € R”|C,-T(Ak‘7li2 + Bkuz) <0i¢€ I(dfz)} *9,

"lef (Axd;, + By ) <0,i € I(d,»l)} +0,

(16)

" C?(Akdiq N Bkuq> <0.ie I(diq)} +0.

They are equivalent to the consistency of some linear
inequalities as follows:

ci Ayd;, + ¢ Byuy <0,i € I(d, ),

c; Aydy +c; B, <0,i € I(d,), )

¢; Ad; +c; By <0,i € I<diq).
Since the extreme directions d ---,d; on the same facet
of W, then I(d; )n --- nI(d; ):ﬁ Q and (Li7) is meaningful.

Multiplying p, (x), - yq(x) on each inequality of (17),
respectively, and adding up, we can obtain

ciTAk(#l ()i, +---+ 4ty (x)diq> (18)

+ ciTBk(yl (uy + -+ Uq (x)uq) <0.

Letting u = p, (X)u; +--- + Hq (x)uq. Since the set U is
a cone and u;eU(i=1---,q9), u>00i=1,---,9),
according to the definition of the cone, then e U. Thus, (18)
can be rewritten as

¢! (Agx + By) <0,i € I(d, ) -+ ) I(d,.q>. (19)

It implies that

This concludes the proof of the theorem.

Theorem 2 has presented a method of determining the
viability of a cone for the switched system. For each facet of
the cone, we can find all the extreme directions contained in
this facet. We next determine whether the viability condition
on these directions is satisfied for each subsystem. If there
exists a subsystem satisfying the viability condition at any
direction on a facet of the cone, then the points on the facet
are viable. If each facet of the cone satisfies the viability
condition, then the cone is a viable region.

4. Viability Determining on an
Unbounded Polyhedron

We restrict our attention to determining the viability on an
unbounded polyhedron in this section.

The representation of an unbounded polyhedron is
presented below. Leta,,---,a,, € R, 1;>0,i=1,---,m, and
Yomdi=1,a=Y" Ma; is called a convex combination of
a;,--+,a,, The convex hull of the set S, denoted coS, is a set
formed by all convex combinations in S. In other words,
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a € coS, if and only if a can be expressed as a = 5 Aag

where k is a positive integer, Z; Ai=1 and
a; € $,1;20,i=1,---,k. For the set {a;,---,a,,}, where
a; € R%i=1,---,m, its convex hull cofa,,---,a,} can be
expressed as
m m
cofa,-++,a,,} = Zkiai Z/\i =1,1,20,i= 1,---,m}.
= i=1
(21)

All bounded convex polyhedron in space R” can be
expressed in the form of the above equation, where a; (i =
1,---,m) is geometrically seen as the vertices of the corre-
sponding polyhedron. An unbounded polyhedron can be
expressed in the following form:

W = co{w,, -, w,} + cone{d,,--,d,}, (22)

where w,,---,w,, represent the extreme points, and
d,---,d, represent the extreme directions of the poly-
hedron. According to (22), for any x € W, there exists
#;20,1;20,i=1,---,m;j=1,---,m ¥ u; = 1 such that

x = Z.”iwi + Z n;d;s (23)
i=1 =

holds. Figure 3 presents an unbounded polyhedron repre-
sented by the convex hull of w,,w, and the nonnegatlve
linear comblnatlon of d,d, where w,=[00]",
w,= [0 1]%d, = [1 0] and ey = [1 1]

Viability of the switched system (1) on a region depends
on whether the boundary points of the region satisfy the
viability condition, that is, for each boundary point, whether
there exists a subsystem A;, where k € A, such that the vi-
ability condition holds. However, this method is not feasible
in practice as the region has infinite number of boundary
points. In what follows, the viability of the switched system on
an unbounded polyhedron is studied, and a sufficient viability
criterion has proposed based on nonsmooth analysis.

Let the control input set of the switched system (1) be
a convex set. The viability condition of the unbounded
polyhedron W is presented as follows.

Theorem 3. Let the nonempty unbounded polyhedron W be
given by equation (22), H be any facet of W, and
H= co{wl, W+ cone{dl, N }, if there exists a sub-
system Ay (k € A) of (1) such that A, satisfies the viability
condition at extreme points wy,- -+, w,, and for any extreme
directions d,,---,d,, there exist A\, >0(r = 1,---,q) such that
Ad; = Y1\, d, holds, then the system (1) is viable on W.

Proof. Tt is sufficient to prove that the boundary points of W
satisty the viability condition. Let x be any boundary point of
W, then x must be located on a facet of W. Let x be on the
facet H of W, then we have

p q
x =) pwi+ Y nd; (24)
i=1 =1
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FIGURE 3: An unbounded polyhedron.

where y; 20, Y7 ;= 1, 7;20,j=1,---,q. Letus prove that
the system (1) satisfies the viability condition at x.

Since the subsystem A, satisfies the viability condition at
the extreme points wy,---,w,, ie., there exist u; € U,i=
1,---, p such that

(Agw; + Byy;) € Ty (w;),i = 1,---, p. (25)
By the definition of tangent cone, if y € Ty, (x), there

exist s >0,& € W such that y = s (£ — x) holds. Therefore, for
each w; in (25), there exist s;>0, ; € W such that

s1(§; —wy) = Aqw, + By,
$, (&, —w,) = Aqw, + Bu,, (26)
Sp(fp — wp) = Akwp + Bkup)
where
&= Zakwabu pi=bep,
(27)
Zak— 1,ay>0,b;;20,j=1,-
k=1
Take s = {nax{ s;}, and let
<p
Yi:wi+;l(£i_wi)’ i=1-,p. (28)

Substituting &; into the above equation, we will get

;= W, +—<Za,kwk+2b,]] wi>,
Yi = <1——>

m

Z% ,kwk+z bl]d],z—l P

k=1
(29)

Since the coefficient (1 -s;/s)+s;/sY; a3 =1, and

1=5;/s20, (si/s)ay 20, (s;/s)b;; >0, that is, y; can be

expressed as a convex combination of extreme points of W
and a nonnegative linear combination of extreme directions.

Therefore, y; € W, and

vm s LG w) = s w) = s (G- w). G0

According to equations (26) and (30), we get

s(y; —w;) = Aqw; + B, i = 1,---, p, (31)

where y; € W. Let
Yi= Ztuikwk-i_ Zrlljd]’l = 1,...’p’

k=1 ]':1
(32)

m
Z/‘ik: L,LlikZO,r],-jZO,j: 1,---,m
k=1

Substituting y; into equation (31), we have

S<Z”ikwk+2’7ijdj—wi> = Ayw; + Bpuyi=1,-+-, p,

k=1 j=1

S<z‘“"kwk+znijdj> —sw; = Agw; + By i = 1o, py
k=1

=
s(Z YWy, + Z r]ijdj> = (Ag + sDw; + By,
k=1 =
i = 1) “ee ,p.
(33)

Both ends of the above equation are multiplied by y,
when i = 1, and multiplied by y, when i = p, we get

<Z Pibh Wi + 2#1’71] ]> = (Ag + suywy + By,
= j=1

s(kz U ot p W + Zl/,tpr/pjdj> = (A + sI)ypwp + Byt
—1 i=

(34)
Adding up the above p equations, we obtain
n P
Zﬂl Zﬂ,kwk + Z Zﬂi”ij d
i=1 =1\ i1
(35)

P P
= (A +I) Zl:(.”iwi) + By le (wits;)-

Add A (2?2111 ;4;) to both ends of the above equation,
then
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() $50)5)

p p el
= (Ag +I) Z (uiw;) + By Z (uiws) + Ay <Z ’7jdj>’
i=1 i=1 j=1

(B(3) ) ()

:Ak<i i >+BkZ(u, +SZ(H1w)

(36)

P q P
= Ak(ZHz’wi + Z ’7jdj> + By Zﬂi”r
i=1 j=1 i=1

Substitute the given Aid; = 1_1.d, into the left end of
equation (36), then

Mz
=
S
g
s
\_/
s
/\
[N
=
=
~.
N——
=~
+
M
=
i
>
ﬂm
M
F
\N/

(37)

n(p 1 3 q q P q
Z(Zﬂiﬂij)dj +; Zlﬂj ZlArdr + Z; ’dej - <Z;,.“iwi + Z; ’7jdj>>
j=1  r= = i= =

j=1

P q P
= Ak(Z.“iwi + Z ’1jdj> + By Z/"iui'
i1 = i1

Since U is a convex set, where u; e U,y; 20,i=
Yl =1, let w= Y2 uu, then tie U. According
to (24), the above equation is transformed to

p m n

S<Zyi<2yikwk> Z(Z“%J)d +- ZnJZAd +ZI1] i x>:Akx+Bkﬁ, (38)

i=1 k=1 j=1 r=
m p p m p

The left of the above equation shows Z Zﬂ, = Z Yi Z Hik = Z #i =1 (39)

Y (Eilapuwr) = Xiy (XL piptn)wyo and the coefficient k=
of the extreme points w; satisfy

_.
i
-
I\
-
x~
ii
-
I
5



Discrete Dynamics in Nature and Society

It implies Y2 u; (Y}L phixwy) is a convex combination of
extreme points of W. On the other hand,
n [ p 1 4 q q
2\ 2w |di+ Yon A+ Y ndy,  (40)
1 [y =1

j=1 \li=

is a nonnegative linear combination of the extreme di-
rections dj (j=1,---,n) of W. Letting

p m n p
{=Z”i<21"ikwk>+z< Hiﬂij)dj
i=1 k=1 1

=1 \i=
(41)
1 4 q q
+2 2 2 A+ Y
j=1 r=1 j=1
Then, { € W, and we have
s({-x) = Ax + B, (42)

It shows that for any x, we can obtain s >0, € W, e U,
such that equation (42) holds, i.e.,

Akx + Bkﬁé TW (X) (43)

Therefore, the system satisfies the viability condition at
x, and by the arbitrariness of x, we know that the switched
system (1) is viable on W. This concludes the proof of the
theorem.

Theorem 3 has constructed a viability criterion for the
switched system on an unbounded polyhedron which
expressed by a convex hull of finite number of extreme
points and a nonnegative linear combination of finite ex-
treme directions. We have extended and developed the
viability criterion. The method we have proposed has three
advantages. First, determining the viability for the switched
system is transformed into determining the consistency of
a system of linear inequalities. It can be implemented in
practice easily, and the method is feasible. Second, the
method we have proposed only needs to verify the viability
condition for some of the extreme points and some of the
extreme directions for an unbounded polyhedron. Third, the
method has less computational operations in some
special cases.

5. Example

In this section, an example is employed to illustrate the
effectiveness of the proposed methods.

For the switched system x (t) = A,x(t), where, x € R?,
o€{l,2},

110
A =|l010]
(001 41)
10 0
A, =|110
(00 -1

The extreme points and extreme directions of W are
w,=[00 0], w,=[00 1],

(45)
d=[100]d,=[010]".

In fact, W is an unbounded polyhedron obtained from
the intersection of the first quadrant in the space rectangular
coordinate system and x; = 1.

In what follows, we will determine the viability of the
switched system on W. To facilitate presentation, the facet
where the x,x;-coordinate plane intersects W is denoted as
H,, the x,x,-coordinate plane is denoted as H,, the facet
where the x,x;-coordinate plane intersects W is denoted as
Hj, and the facet where x; = 1 intersects W is denoted as
H,. We discuss the viability for each facet, respectively.

For H,, it can be expressed as

H, = co{w,, w,} + cone{d, }. (46)
Since A,w, = [0 0 0], A,w, = [0 0 —1]", then
Aw,; € Ty (wy), Ayw, € Ty (w,). (47)

On the other hand, A,d, =d, +d,, according to The-
orem 3, the subsystem A, is viable on H,.
For H,, it can be expressed as

H, = cone{d,,d,}. (48)

Since A,d, =d,, Ad, =d, +d,, the subsystem A, is
viable on H,, and the subsystem A, also satisfies the viability
condition on H,.

For H;, it can be expressed as

H; = co{w,, w,} + cone{d,}. (49)

Since A,w, € Ty, (w,), A,w, € Ty (w,), and A,d, = d,,
the subsystem A, is viable on H;. However, since

Aw, =[0 0 1]" ¢ Ty (w,), (50)

the subsystem A, does not satisty the viability condition on
H . Thus, when the state reaches the facet H, it is sufficient
to switch the system to the subsystem A,. Similarly, we can
calculate and obtain that the subsystem A, satisfies the vi-
ability condition on H,. All of these show that the switched
system is viable on W. The example implies that the pro-
posed method is feasible and effective. For the case of
complex unbounded polyhedron, we can determine it in the
same way.

6. Conclusion

We discuss the problem of determining the viability for the
switched system on a cone and an unbounded polyhedron.
Based on nonsmooth analysis, we have proposed two
methods of determining the viability for a cone and an
unbounded polyhedron, respectively. We only need to verify
the viability condition on the some of the extreme points and
extreme directions on the facet of the unbounded poly-
hedron. These methods presented in the paper are simple



and feasible and can be directly used to determine viability.
The results are the improvement and development of the
viability criterion. There are still several research directions.
For instance, determining the viability on the other regions
is also important and meaningful. The viability for hybrid
systems is also a challenging problem, which leads to strong
mathematical difficulties. Finally, viability theory is still not
completely explored in practice applications. This deserves
more attention and more research activity on the subject in
the future.
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