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The study of the existence and uniqueness of solutions to 2D systems utilizing the generalized proportional fractional derivative
operator is the focus of this work. We also derive a finite difference scheme in order to numerically approximate such an operator,
and we prove that the method we propose is convergent. Several tests are performed at the end to illustrate the robustness of our

algorithm.

1. Introduction

Fractional calculus is a branch of mathematics that allows for
the differentiation and integration of noninteger orders,
extending the scope of traditional calculus. It involves the
study of derivatives and integrals of arbitrary order. This
allows for a more general approach to calculus, offering
greater flexibility and accuracy. Fractional calculus can be
used to model various physical phenomena, including
turbulent fluid flow and the diffusion of gases. It is also used
in signal processing applications, such as in the design of
filters, and in the analysis of fractal images. The goal of
fractional calculus is to provide a more comprehensive
understanding of phenomena by allowing for the study of
derivatives and integrals of arbitrary order. By allowing for
the differentiation and integration of noninteger orders,
fractional calculus is able to offer greater accuracy and
flexibility in the study of various phenomena and has a wide
range of applications (see [1-4]). Ordinary and partial

fractional differential equations have developed significantly
in recent years (see [5-9]).

In [10-12], authors have generalized the Caputo pro-
portional fractional derivatives with respect to another
function involving exponential functions. The Caputo de-
rivatives are used to represent the fractional order of de-
rivatives with respect to initial conditions. The exponential
functions in the kernels of the derivatives provide a de-
scription of the time dynamics of the system. This type of
fractional derivatives allows for a more precise description of
complex nonlinear systems and provides a better repre-
sentation of fractional order dynamics (see [13-17]).

The Darboux problem for partial hyperbolic differential
equations is an important topic of research in mathematics.
It concerns the existence and uniqueness of solutions to
certain partial differential equations (PDEs). In recent years,
there have been numerous articles discussing the Darboux
problem. For instance, readers can refer to [5, 6, 18-22] for
further information.
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This paper extends [18] to the case of the GPF-Caputo
derivative of order ® with respect to ¢,,0,. The main
contribution of this article is to investigate the existence,
uniqueness, and numerical solutions of the following frac-
tional partial differential systems:

DY (1 42) = F (ko % (00 X0)) (o) €7
=[a;,b] x[a,,b,],
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derivative of order @ with respect to o, and o,; and
F: xR —R, ¢: [a;,b;] — R, and y: [a,,b,] — R
are given continuous functions.

2. Preliminarily

This section presents the definitions, lemmas, and propo-
sitions necessary for our findings. In the rest of this paper, we
take J = [ay,b,] x [a,,b,].

(1)

Definition 1. Let g, € Ct([a, b,],R) and

U(xa,) = 9(x)sx1 € [a1,b1]s 0, € C'([a,, b,], R) be positive strictly increasing functions

Ula,y,) = , b, 2 such that oy (x,),0,(x,)#0 for all y, € [a;,b;] and

(@122) = ¥ () )z € [z o] @) X, € [ay,b,]. The GPF-integral of order @ of

¢(ar) = v(a), U (x> x,) € L' (J) with respect to 0y, 0, is defined as
where a= (a;,a,) €R?, @ =(®,,d,) € (0, 1)?, and
v=(v,v,) € (0,1)% < ("1"’2)Df:v is the GPF-Caputo
("1"’2)[@’”%) = ! rﬁ JXZU' s)o, (1) ex (vl -1 o —0,(s )
( a (tox2) v?‘v?zr(wl)l"(a)z) o )a, 1(s)a, (t) exp o (01011) = 0,(5))
(3)

Uy, —

[

exp (

where = (ay,a,),® = (@;,®,),v = (v, v,) € (0, 1)?, and @,
and @, are positive real numbers.

Definition 2. Let o, € C'([a,b,],R) and
0, € C' ([a,, b,], R) be positive strictly increasing functions

(al,az)Dl,u

; ! (0,(x2) — 0, (t))>

U (s,t)
(0, (1)) = 0,(9)) ™ (03 (1) - 0, (1) ™™

dtds.

such that oy (x,),0,(x,)#0 for all y, € [a;,b;] and
X» € la,,b,]. The GPF-Riemann-Liouville derivative of
order ® of % (x,, x,) € L' (J) with respect to 0y, 0, is defined
as

((ol,oz)Df,v%>(Xl,X2) =%

0, @0 r(1-0,)r(1-o,

U] —

X exp(

U;

U

(01 =) oo

; JX jX ol ()04 (1)

U

(4)

; ! (0,(x2) — 0, (t))>

[

(s,) dtds,

o) -

0,(9))" (05 (1) = 0, ()™



Discrete Dynamics in Nature and Society

where = (a,,a,),® = (®;,d,) € (0, 12 v= (v, vy) €
(0’ 1)2)(01,02)D1,v — (JlDl’Vl) (ole,vz)’ (UlDl,Vl %) (XI’XZ) —
(1 =v)% (x15 x2) +v10, % (X1, )10, (xy), and (DY 9)
(X1 X2) =(L=v)U (X15X2) +v20, U (15 X2) 05 (X2)-

(Ci(gl,gz)DSiv%> (XI’XZ) = (‘71’ ‘72)D1’V (‘71’ 02)1;+®’V[%(X1>X2) - exp(

V1

- exp(
+exp(

where a= (a;,a,),® = (@,,®,) € (0,1)%
(v, v,) € (0,1)%

v

Y1

and v=

Lemma 4. Let % €C(]), o0, €C'([a;,h],R), and
0, € C' ([ay, by], R) be positive strictly increasing functions
such that o{(x,),0,(x,)#0 for all x, € [a;,b;] and
Xz € la,,b,]. Then, we obtain the following relation:

oz (D ) e
() 1),

_ ( (0102) Ifjﬁ”%) (X x2),

(6)

(JI’UZ)IS»:V( (01’02)[5’:/%) (X]:Xz)

1
P PSR (@)1 (@)1 (BT (B,)

J’ X2
a

J’Xl
ay

J

N

a

o) -o (ao))%(al,xz)

o) - 1) Jeso{

1

; ! (0, (x2) = 0, (t)))

<o 01 00) - 0, 9) Joun(
1
X exp(vlv: L (0,(s) =0, (T)))(&Xp(vz‘; L
U (1,u)

J

Definition 3. Let o, € C'([a;,b,],R) and o0, €
C' ([a,,b,], R) be positive strictly increasing functions such
that o, (x,), 0, (x,) #0 for all x; € [a;,b,] and y, € [a,,b,].
The GPF-Caputo derivative of order @ of % (x;,x,) € L' (J)
with respect to oy, 0, is defined as

V)

; ! (0,(x2) — 0, (“2)))%()(1»“2)

1%

(5)

v, —1

(0206) - 02(0:) ) (.,

where a = (a;,a,),® = (@,,®,),v= (v|,v,) € (0,1)% and
@, D,, By, B, are positive real numbers.

Proof. We have

01 (8)a;3 (D] (1)a (u)

9

(7)

(0y(t) =0, (”)))

X 1-® 1-o - 1-8
(01(x1) = 01(8)) " (02 (x2) = 02, (1)) (01 (8) = 0, (7)) A (0,(1) = 0y (W) ™

By using Fubini’s theorem, we obtain

dudrdtds.
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_ 1 rl JXZ o) (1)o; (1)
VPP (@)1 (@)D (BT (By) Jar Jay 7T

X exp(vlv: ! (0,(xy) -0y (T)))exp(VZV; ! (05 (x,) - 0, (u)))%(r, u)
y Jxl rcz 0, (s)a, (t)dtdsdudr
S (0,(1) - 01 9) 7 (0, (1) - 3, (0) " (0,(9) = 0, (D) P (0, (8) - 0 (w) P ®)

T 1 JXl J’Xz 0{(T)02,(u)
Vit Py T (@)1 (@,)T ()T (B,) I at J as

V)

< exp<”1 o, (1)) - 0, (T)))exp(

V1

L2 U{(S)ds X2 Uzl(t)dt td
. (01 00) = 01 ()™ (01 (9) = 0, ()P Ju( ()= O > (00 -ow) P
1) = ats o1{s) = ot 02 \X2) — 02 0 o, (u

-1 (0, (x2) — 0, (”))>%(T’ u)
V2

On the other hand, we have

Jxl o] (s)ds rl () ds

© (0(1) — oy (5))1701 (0,(s) = 0y (T))H31 ) @ (oy(x;) - S)HD1 (s- o (T))H;l ’ 9)

sz o} (t)dt _ rz (x) dt
u (0,(1) — (D) (0, (0 - () Jaw (0,(1) - )7 (- 0, (W)

By using the change of variables { = s — 0, (7)/0, () —
o, (1) andln =t —0,(u)/o,(x,) — 0, (1) and by using the fact
that .[0 (1-r*"'%"1'dr =B(a,A) and  B(a)) =
T(a)T (A)/T(a + 1), we get
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(o g (18 ) (. x2)

1

X2

(vl—l
xexp| =
1

I
) V?I% v§2+ﬁ21"(®1)1“(®2)1“ (BT (By) I ai Ja

(0:00) - 0,0 Yo

o1 (7)o (u)

V) —

(0200 -0 ) )

x (0, (x,) = 01 ()P (0, (1) = 03 ()P % (1, u)dudr

x j; (1- c>"”l‘lc‘*l‘1d¢j; (

1

1= )™ 'y (10)

PSR (@, 4 BT (@, + B,)

rl rz 0, (1)o, (u)

.
ap Jay

cexp( L (0, 0) -0, 0) Joun( 2 03 00) -0, )

x (a1 (X)) — 03 (T))aﬁﬁlil (0, (x2) — 02 (”))Qﬁﬁf 1%(7’”)‘1“‘17

_ ( (mﬂz)[fj’ﬁ’v%> (X1 X2)-

Lemma 5. Let % (x,,x,) € C(J), 0, € C'([a;,b;],R), and
0, € C' ([ay, b,], R) be positive strictly increasing functions
such that o{(x,),0,(x,)#0 for all x, € [a},b;] and
Xz € la,,b,]. Then, we have

(UI)UZ)DZ)‘:V< (01,02)12;V%> (XI’XZ) =9 (Xl’XZ)’ (11)

where  a = (a;,a,),® = (®;,d,) € (0, D%, and v=
(v, v,) € (0,1)%

Proof. From Definition 2 and Lemma 4, we get

(al,az)D§;v< (m»ﬁ)ﬁ;@l) (x> x2)

_ (al,az)Dl,v< (ol,oz)Il—QvV(01#72)1(0,1/%)
a a a (Xl XZ) (12)

= (e pto(( ()27 ()

= U (x> Xa)-

Using integration by parts, we obtain the following. [

Lemma 6. Let % € AC'(J), o, € C'([a},b,],R), and
0, € C' ([ay,b,],R) be positive strictly increasing functions



such
X» € la,, b,]. Then, we have

<>I[M]

a1 (x1)

<>I[M]

3 (x2)

(o102) 11, "|:X1X2(X1’XZ):|
o1 (X1)o (x2)

that 01'()(1),02'()(2)#0 for all x, €la;,b]

1 ([ v, -1
=— J o, (s) exp( =
vivy Jar v

ViV, Vv
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and

1 (r
EJ o, (t) exp(

RS

X2 v, —1
X J o, (t) exp( 2
al 12

2

L0y ) - az<t>>)°zz(x1,t)dt

(03 (1) - 0 <t>))%(a1,t)dt

+ (= 1) Y (), -
13

(01 (x1) =y (5))>% (s, x2)ds

(020002 (@)

1 %
2
- ——exp
ViVa V)

X JX oy (s) exp(

1

(01 (1) -y (5)))% (s,a,)ds

+ (v, -1/) (Ul)az)li’:}% (X1 X2)-

W)= oo 00 -0 0) J o)

1

1 v, =1 9
—EGXP v (02 (x2) = 02(a,)) (X1>92)

-1
oo 0o o))
-1

X eXP(VZV (02 (x2) — 02 (%)))CZZ(QD%)

1 v,—1(n -1

- V1V1 J’a1+ 0, (S) eXp<Vlv1 (0’1 (Xl) -0 (5)))% (S,Xz)ds

1w, -1 (0 -1

+ E Vzvz J‘a; o, (t) exp(vzvz (Ul (XZ) -0, (t)))%(}(l, t)dt
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1 v-1
o (" ) - a2))
o, v —1
X J oy(s)exp (0,(x1) —0,(5)) |%(s,a,)ds
1 v,-1 (v -1 (14)
- e ) - o0
LT v, =1
X J oy (t) exp " (0, (x2) — 02 (1)) )% (ay, t)dt
a3 D
v —1 01,0, WV
+1T(V2_1/)( )I;+%(X1’X2)>
where a=(a,a,),®= (®,,®,) € (0,1)>, and v=  Lemma 7. Let % AC'(J), o0, € C'(la;,b,],R), and

(vy>v,) € (0, 12

As a consequence, we obtain the following.

0,,0,) 1@,v[ C- (0,0, W _ Y2~
(o) 12(< () D>% ) (1 1) —%(xpxz)—exp< >

where a = (a,,a,),® =
(Vl) Vz) € (0) 1)2

Proposition 8. Let

(@,,®,) € (0, 1)%,

o, € C'([a,b,],R)

0, € C' ([a,, b,],R) be positive strictly increasing functions

such that o[(x,),05(x,)#0 for all x, € [a;,b;] and
Xz € [ay,b,]. Then, we have
1
(02 (x2) = 02(a2)) |% (11, 4,)
vi—1
~exp v (01 (1) —01(a1)) )% (a1 x2)
(15)
+exp( (01(?(1) Ul(“l)))
v, —1
X exp (0, (x2) = 02(a2)) |%(ay, a5),
and v= such that o,(y,),05(x,)#0 for all yx, €[a;,b] and

X» € la,,b,]. The GPF-Caputo derivative of order @ of
U (x1>x,) € AC'(]) with respect to 0,,0, is given by
and

0, € C' ([ay, by, R) be positive strictly increasing functions

(D2 ) ()= 152 (DU (11,1))

Y 2r(1— F(l—@z)j

X

1 j o1 ()0l (1)

o,

(16)

X exp(

NCIOE

Lo =19 Jesr(2 (02000 - 020))

(01,02) Ly
D72 (s1) —dtd
0, (8))™ (0, (x2) = 0, (1))

>



where  a = (a,,a,),® = (®;,®,) € (0, 1%, and wv=
(v, v,) € (0,1)%

Definition 9. (see [23]). Let m € N*, G)j,ﬁj,z,p € C, such
that ER((Dj),ER(ﬁj) >0 for j=1,2,...,m. The generalized
Mittag-Leffler function is defined by

. _ < (P)k Zk
EP((QJ’ﬁf)j:Lm’ (z)) = ; m w47

where

Pr=plp+1),....(p+k-1)

_T(p+k) (18)

L(p)

v

U(xx2) = exp(

14

(" o) - ) Jexo( 2 03 0) - 020 Jo o)

+ O (2 % (11 12)):

Proof. Assume that % satisfies (20).

h(xox2) = F (X Xoo % (X15 X))

+e p(v1 -1
X
V1

_ (Ul’gz)Di;V(al’gz)I;:m’v |:% (XI’XZ) — exp(

v

11/: L0 00) - o (“1)))1//()(2) + exp<

By applying
€= (@) D% and using Lemma 5, we get % which satisfies
(1). We have the integral as zero when x, = a, or y, = a,;

Discrete Dynamics in Nature and Society

We have the following particular case (m = 2 and p = 1):

£ ((058)1 @) =E((0,8),.15 @)

+00 k

zZ
=X T ke, + B (ks + o)
(19)

3. Existence Results

We first require the following lemma in order to demon-
strate the existence and uniqueness results.

Lemma 10. % € C(]) satisfies (1)-(2) if and only if

1%

2L 0,00) - 02(02) Jo )

(20)

v

therefore, the initial conditions in (2) are satisfied. Then, %
satisfies (1)-(2). Conversely, suppose % satisfies (1)-(2) and
let

(0,00 = ov(a) Joup( "2 0 00) - 02020 a0

1%

Vy —

V)

(0200 = ) 2 1) (1)

-exp(" = 0y ) ) J )

+ exp(v1 ~1
V1

By applying “ro)ILY to (21), we find

(0,00 = o160 Joxp( 2 (02000 - 020 J )|

V2
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01,0, W 01,0, -,V v, -1
i) = 1|7 () - e (0000 - ) 2 )

vi—1
—exp( lv (01011) — o (al))>%(a1>)(2) (22)
1
v —1 v, —1
resp( M (010 - 4 ) Jesp 2 (020 - 3 0) 2 o) |
1 2
Applying the operator (“v?)D7®" to this last equation,
we obtain
v, — 1 v —1
) - exp( 4 (02060 020000 ) ) - o P 01 0) - 0 00) 2 12
v —1 v, —1
resp( " 01 - ) Jexn( 2 0,00) - 020 a0
(23)
=(0]’02)D;+m) (e Z)Illzlvh(Xl’Xz)
_ (UI’UZ)DI’V(GI’UZ)If;v (UI)UZ)I;:‘}]’[ (Xl’Xz)
:(gl’gz)lgivh(?(p)(z)-
O
Theorem 11. Let hi >0, h; >0, and k>0. Define the
function as follows:
vi—1 v,—1
7 (o) = o " 0100 a0 ) P4 0 ) - (0 Jo )
v —1 v, — 1 24
o " 0100 -0 o) oo P4 0 ) - 020 Jo ) @
1 2
G ={(t1> xo» %)suchthat (1, 1,) € [a1, h] x [, h3Jand|% = 7 (x1, x2) | <k},
where
M= sup |F(xpx0 %) (25)
(n%)eG
(hy,hy), if M =0,
(26)

hi,hy) =
( 1 2) . . kl/zr((Dl : 1) /@, . . . kI/ZF((DZ n 1) 1/®, .
min| hj,0, | v, iz , min{ hy,0, | v, iz , otherwise.
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Then, problem (1)-(2) has at least one solution 7 ={% € C([a,, h,] X [ay, hy], R)such that |% - T, <k},
U € C(lay,hy]x [ay, hy],R). 27)

Proof. If M =0, then F(x;,x,,%) =0 for all (learly that 7" is nonempty, closed, and convex subset of
(x> %) €G. Then, the function C([ay, h] % [a,, hy], R). We define the operator & on this
U: [ay, byl x ay, ] — R with %(x,0,) =T (X x2)  set 7 by

satisfies (1)-(2). For M #0, define the set by

_ 1 xno(x
(DU (x> X2) = T (Ko x2) + R (@) (@) Ll LZ o1 (s)o; (1) exp< (01 () - o, (S)))

- exp (

We shall show that & satisfies the assumption of = Now, we prove that & is defined to 7" into itself; let € 7°
Schauder’s fixed point theorem. We have ¢ as continuous. and (x;,x,) € [ay, ] % [a,, h,], then

(28)
F (s, 1,2 (s, 1))

dtds
(01(x1) = o1 (S))HDI (0, (x2) = o, (t))limz

L0200 020)

1 no( . -1
(82 Gt 12) = T (o)l = [ atosmen( - @00 - 0o)

U(lbl Uzozr (@)l (@,)

.exp<v2 —
2

M X1 (X2
<v 1)22[‘(@ )r(®2)J J Ul(S)OZ(t)exp<

|F (s, t, U (s,1))]
(01 (1) = 04 (5))1_61 (02(x2) = o, (t))l_az

: (0,(x2) — 0, (t)))

Lo -019))

v, -1 ) 1
. — 0, () — —dtd
e""( (2be) =0 ) e )™ (0 () = )
U Uzzr(‘D )I‘(GJZ) a Ja (‘71()(1)_‘71(5)) ‘(02()(2)—02(t)) :

M
< ®; @
vy'vy T (@ + 1)l (@, + 1)

(01 (hy) =0y (al))ml (0, (hy) =0, (‘12))(Dz

< M
T ol 0T (@, + 1) (@, + 1)

(0 (hl))(Dl (0, (hz))@2

- M ko? 05T (@, + 1)I(@, + 1)
TP T (@, + DI (@, + 1) M

<k.

. I/ (%)l o < 1T Mo + k- (30)
Thus, we have o/ (%) € 7" if % € 7". Now, we show
that &/ (7") is relatively compact. Firstly, we show that Secondly, we show that &/ (%) is equicontinuous. Let
% € 7 is uniformly bounded. Indeed, from the previous (x1, ¥1)> (x5, ¥,) € lay, hy] x [a,, h,] such that x; <x, and
step, we get Y1 <y, and % € 7. Then,
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I(d%) (%2, ¥,) = (AU) (xl’yl)l < |T(x2,y2) - T(xl’yl)l

= [ [ el

+
W T (@)(@,) Jap

1

11

1
< (01(x1) = 0y (5))1791 (02 (31) — 0, (t))limz

dtd
(01(x2) - (S))liml (02(y2) — 0, (t))lm2> ’

=[] i

+
V15T (@,)F (@,)
X |:exp<v1 1
V1
v —1
- exp ”
1

N
4 2

1

(01(0) -0, <s>))exp(

(0, -0106) Jo

Vy —

Lo, (1) —am))

V)

v, =1

(0.0 -0:0) )]

2

dtds

@) - ) (02 () - 32 (1)

+
vl V2 ( 1) ( 2) 1 ke

= [ [ el :

+
AT (@) (@;) J Jas

o),
+
v?‘v?zl“(@l)l“ (@) dx )y

< |T(x1,y1) - T(xz,yz)l

Y2 , ,
o1 (s)o, (1)

o1 (s)o5 (1)

1

dtd
(01(5) =0 ) P (02 () - ) =

dtds

(0 (xz) -0 (5))17(Dl (02 (J’z) — 0y (t))kmz
1

o) 5, dtds
(05 (%) = 0,()) ™ (9.~ 1)

e | Goul) XSO RETC B G CXEARRACRT)

x (o1 (hy) = 0y (‘11))@ (0,(hy) ~ 0, (‘12))(DZ

+2( (01 (%) — 0y (5‘1))(Dl (0,(y2) - 03 (J’l))az +(0,(y,) — 03 (“2))(DZ (01 (%;) =0y (xl))wl)}

As x;, — x, and y; — ,, the right-hand side of the
abovementioned inequality tends to zero. Hence, & (%) is
equicontinuous, since & is uniformly continuous in
la,, h] % [ay, h,]. As a consequence of Arzela-Ascoli the-
orem and Schauder’s fixed point theorem, we deduce that of
has a fixed point % € 7. This fixed point is a solution of
problem (1)-(2). O

(31)

3.1. Uniqueness of Solution. In this subsection, we discuss the
uniqueness of solution of problem (1)-(2).

Lemma 12. Assume that there exists a constant L >0 such
that

|g(X1’X2’%1) - g(Xl’XZ’%ZM SL|%1 = U, (32)




12 Discrete Dynamics in Nature and Society

for all (x1,x,) € lay, h]x [ay, hy] and U,, U, € R, then we
have

L“%I %ZHC( [ax ¥ [a212])

(%) = (%) fa )] < o (@, + )L (@, + 1) ()™ (o2 ()™ (9
Proof. Let  (x>x2) € lap, ] x [ay,h,] and  (v,w) €
(a1, x1] % [a,, x,], we have
(%) (v,w) - (AU,) (v,w)]
1 viow o, |F (5,1, %, (5,1)) = F (s, 1, U, (5,1))|
= dtd
vy 05T (@,)T (@) J J 71 {5)0 (1) (0, () = 0,(9) ™ (0, (w) — 0, (1)) ™™ i
L vowo | %, (s,t) = U, (s, 1)]
< ()3 (8) — 5 dd
T E e o O G 67,0 o oy (34
SL"%;—:Q”c([al,s]x[az,t]) JV Jw 011'_(05)02’(1?) s
vy T (@)1 (@,) aJa, (0,(v) = 01(s) " (02 (w) = 0, (1))
L"%1 %ZHC( [arx [X[a212]) @ @
o UZZF((DI F1)0(@, + 1) (01 (1)) (02 (x2)) ™
It implies that
L”%l - %ZHC( [al X1 ><[u2 Xo ) @
"(ﬂ%l) - ('Q{%Z)”C( [ax ] [a12]) < Ozr(ml N 1)1“(632 N 1) ( (Xl)) (02 (XZ)) (35)
O
Theorem 13. Suppose that the assumptions of Theorem 11 ~ Lipschitz constant L. Also, let

are satisfied, and suppose that the function & satisfies the  j €N, (x;,x,) € la, b1 x [ay, hy] and U, %, € V. Then,
Lipschitz condition with respect to the third variable with the

U -U
L || 2||C( ﬂ1 Xl “2)(2]) ( (Xl)) 1 (02 (XZ))QZ] (36)

AU, (' U,) <
”( 2 ||C([“1X1 X[“ZXZ]) v, 1 ?ZJF(I +®1])r(1 +®2 )

Proof. For j = 0, the inequality (36) holds. Suppose that (36)
is true for j € N, then for all (y,,x,) € [a;, 1] % [a,,h,] and
(v,w) € [a}, x;] x [ay, x,], we have
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'(dj%l) (v, w) —(dj?lz) (v, w)'

=\’ u,) (v, w) ~ (" U ) (v, w)|

1 v w , ,
- v1 vzzr(col)r(a)z) J Jaz 91(s)02 (1)

L

< 4 w , , d d
=0 vfﬂfbﬁf(@ﬁJ J 79 (0,(¥) = 0, ()™ (0, (w) - 0, (1)) ™™ s

L

F— B . .
UIIUZZF(QI)F(QZ)LI LZG‘SGZ (0, (v) = 0,(5)) " (0, (w) — 0, (£)) "

LJ||%1 U,

nC( [a0x:]X{a2x2])

= BT (@ )T (@) (140, (- DIT(1+ @, - 1))

x j Jw Ao L

Lf||%1 U,

“C( “1 X] [“2 Xz])

= BT (@ )T (@) (140, (- DIT(1+@, (- 1))

r(ml)r(oz)r(l +@,G-D)r(1+o,( -

I(1+ @)L (1+d,j))

U|\u, -,

”C [ale x[uz)(z]) (
TP T (14 @) (14 @y))

It implies that

|'(ﬂj%1) (ot %Z)HC( [ ) =

Hence, the proof is complete. O

Theorem 14. Let h, and h, be the same in Theorem 11.
Suppose that F: G — R satisfies a Lipschitz condition with
respect to the third variable with the Lipschitz constant L,
where the set G is defined as in Theorem 11. Then, there exists

13
|F(s.t. 87 %, (5,6)) = F (s t, 97 Uy (5,1)| .
tds
(0,(1) = 0,(9)) ™ (0, (w) - 0, (1)
AU, (s, 1) - U (5,8)]|
1
".527] ‘2{1 .SZf %ZNC([al X[az ]) dtds
(37)
(01 ()™ (o ()™
0y (5))1@1 (02 (w) - o, (t))HDz
D (o, () (& (1)
a, (0))™ (05 (1))
L%, = % (far 014 o
1 2lic ([avn ]X[a2x2]) (0,(1,))° 1](02()(2)) 2 (38)

111 ?ZJF(I +@, /)T (1 +@,/)

a unique solution % € C([a;,h;] x

(1)-(2).

[a,, h,],R) of problem

Proof. It follows from Theorem 11 that (1)-(2) has a solu-
tion. To show the uniqueness, we adapt Theorem 13. We use
the operator of as defined in 3.5, the function 7 as defined in
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3.3, and the set 7" as defined in 3.4. We will use Weissinger’s
fixed point theorem to show that & has a unique fixed point.
From 3.6, we get

[er'2z,) ~(er'2,)|

L%, =) (ani et

Discrete Dynamics in Nature and Society

(0, (hl))olj (0, (hz))azj- (39)

¢ ([anh]<anh]) =

Let Z,;=L(o,(h N2 (0 (1) 10} 1J
1)22]1“(1 + @ HI (1 + @, 7). Then, we have

oPIIT (14 @, )0 (1 + @, 5)

OZO: Z;= Z (L(Ol (7)™ (o2 (hz))mz/v?lv(zbz)j

j=0 j=0

[E(((D,,l)l 12,<

so the series converges. This completes the proof. O

4. Numerical Method for the Approximation of
the 2D Generalized Proportional
Fractional Derivative

We derive and investigate in this section a finite difference
method to approximate the solution of system (1)-(2).

2 I(1+@j)T(1+,j))

(40)

L (o, (h1))™ (05 (hy))™

@
2, @, )>>
(S)

4.1. The Finite Difference Scheme. Let M and N be positive
integers and let [y, X15,1] X (X2 X2je1]1cicNv11< <M1 DE
a partition of J defined by y,; = 07" () and x,; = 03" (),
where ;= 0, (a;) + (i— 1)Ax and)zj =0,(ay)+ (j— 1Ay
with  Ax = (0,(b)) —0,(a))/N and Ay= (0,(b,)-
0, (a,))/M. We introduce the approximation u,,, j,, of the
solution % (x1,,1>X27:1) With 0<1<N and 0<J<M as

follows: V1<1<N and V1<J <M.

1 L Lt X2j+1 ® ®
X Xajip ) = J J Q) (X1 =) Q2 (xpye — ) dtds,
( 11+ A2]+1 l]) AXA)/ ;; o 1o v, 11+1 v2( 2]+1 ) (41)
(AxAy Vi Ay vVt “i,j) +Ax Vzvl(ui,jﬁ-l - “i,j) + V1"2(“i+1,j+1 T Ui T Wi T ui,j))’
uy = U ay), 1S1SN+ Luy = %(a,xy)), 1STSM+ 1, (42)

with v, = 1 —v; and Qf (2) = exp (v — 1/vz)/v'®T (1 - @)z°.
In the sequel, we will assume that Ay, = Ay, =A for
simplicity.

1 1 J Xuisl [X2j+1
1+1]+1 p ZZ J j (12 (X11+1 )

i=1 j=1 < Xui X2j

(N U, j + Mooy (U, - U ) + Ay, (7

ij+1

wh.ere U; i =UXp X2 f). We obtain by Taylor expansions of
% in (s,1) € [x15 X100] X 2 jp Xaji]-

Q) (Yo —t) dtds,

- %i,j) + V1V2(%i+1,j+1 -%

Proposition 15. If % € C*(]), then scheme (41)-(42) is
consistent with order (at least) one.

Proof. Let1<1<Nand 1<] <M. We define the truncation
error at a grid node (x;,1,X,741) by

(43)

- Wi,jﬂ + %i,j)) - ‘OI(XI+I’X2]+1’%1,])’

i+l,j
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N X

with &, = (& +&;,1)/2, yielding by (1).

—~

(X2j+1/2 -

+i]j

i=1 j=1

((Xmuz - s)af%% (s,1) +(X2j+1/2 -

izj

Xii+1

Xii

i+l J

Vlvz% (5> t) + Vlvza)cl% (S’ t) + v2vla)(z% (S’ t) + V1 Vza)zél)(z% (S) t) + (X1i+1/2 -
£)05,,% (1) +0(8)) ~F

Xii

Xii+1

X21+1

X2j

+1

X2j
@;
X2j

((X11+1/2 S)a % (s,1) +(X2j+1/2_

Q, (X11+1 s) Q (X2}+1

J+1

X2j
@
X2j

]

i+1,j

ij+l

%i,j
- %i)j =

=U (s, t) + O(A),

A(axl%(s, t) + (X1ivrs2 —
;= N0, (s,t) + (X1 —
%i+l,j+1 - CZ[1‘4—1,]' - %i,]}l + % j A a %(S t) + @(A3)

t) dtds

(X11+1)X2]+1’W1+1,]+1 + @(A)))

+
Xl (X2j+1 N
= J J Q) (X111~ 5) Q(\?;(ijﬂ - t) DU (s, t)dtds
a a

(X11+1 - 5) Q?zz (X2]+1 - t) dtds

Hence, we get for any 1<1<Nand 1<i+1<M.

with «;
we have

1]
|R1+1,1+1| <K Z Z

J

i=1

1

X1

.

MH

j=1

]
—_

J

J

;

Xiit1

Xii

2j

v, (X11+1 -

= max (J2 , 1L ()), 12, %L (J)). Moreover,

@,-1

Y1

—@,-1
<!

>

F(l _(Dl)

(Y11= 9) Q?; (X2}+1 -

J

t)a;m%(s, t) + @(A)) -

t) dtds

i

L (hajn
ZJ J (X2]+1/2 ) 1‘?;(X2]+1 —t) dtJ’

0] (me“l) _

0

£)3; U (s,t) + O(A)).

Xii+1 @
1 _
Q, (i1

Xui

n ‘Dle_ﬂ d’,l

s)a;m%(s, t)) +
t)a)zfz)(zw (s, t)) +

o(n%),

o(A%),

s)afcm U (s, 1)

g(X11+1>X2]+1’%1+1J+1) +0(4)

X2]+1
(isr2 = S)Qil (Xie1—s) ds J Q?f (X2]+1 - t)dt

s)ds + 0 (A),

- v
o exp(—v—‘xl)dxl
1

15

(44)

(45)

(46)

(47)
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Xayet B It follows
L O (tay —t) dt|<¥> (48)
2
o1 L (Xin a,
|R1+1,]+1| SKV, Z p (rirr = S)Qvl (X111 — 8) ds
i=1 1i
o (49)
@ -1 X2j+1
+ 5,7, Z Jx (ij+1/z - 1?)(2?22()(2]+1 - t) dt + 0 (A).
=17 X2
Now, using the estimate, for any value of y € (0, 1), with x, >0 is a constant that do
I e, not depend on A (see [24]), we deduce
Z J - (i =) (e —8) Fds| <5 AT
r(l —‘M) i=1 Xii
(50)
! Xiis1
J (isr2 = S)Q?ll (X141 = 5) ds
i=1 Y Xii
-1 1 . —
v Xvis1 @ v
- ‘r 11_ @ Z j- i1z =) O =) exp(—l (i1 — 5)) ds
( 1) i=1 1i V1 (51)
@,—-1 1 Y
v Li+l
F(ll— @) ; JXH (irre =) (i —s) s
< K3A27®1,

with x5 = k, v‘fl_l. The same estimate holds for the second Proof. All we need is to prove that scheme (41)-(42) is stable

term in the right-hand side of (49). Finally, the result follows  with respect to perturbations. Let (1; ;);<;< pr41,1<j< n+1 De the

from (49) and (51). O solution of (41)-(42) and let (0, ;)i<jc N+1,1< i< m+1 D€ @ solu-
tion of system (41)-(42) with additional perturbations: for all

Theorem 16. Assume F is L-Lipschitz with respect to its ~ 1<1<Nand 1<J<M,

third variable. Then, scheme (41)-(42) is convergent.

LS i (Xan
2] L Wl = ) e t) s’ TE0 Ay (B - 6) + AvT (80 - ) (52
4 2j

2 2
+V1V2(8i+1,j+1 - 9i+1,j - 9i,j+1 + ei,j)) -A 9(X11+1’X2]+1’ 91,]) =A" e

0, =%(x1a,),1<1SN+1; 0, ;= %(al,XZI), 1<J<M+1, (53)

where €, ;,; >0 denotes the perturbations. Define the error

term by e;; == 0, ; — u; ;, and then (41) and (52) yield
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1 & Xiis1 [ X2j+1
Yisigen = A2 Z Z J J Q?ll (X1e1—9) Q (X2]+1

i=1 j=17 X1 Y X2j
. (A2 Vi€ + Avﬁz(em,j - ei,j) + AVZV1(ei,j+1 -
+ V1V2(ei+1,j+1 — €1, "€ T ei,j))
=€y T g()(mp)(z]w 91,]) - g(X11+1>X2/+1’“1,J)

S€hgn T L|el,]|'

In addition, we have for all 1<i<1, where «!
Xiint (0, (Xa7e1 — i) 1
@ —@,-1( 1 1 2 Xaje1 = Vr
JX ‘Qvll (X11+1 S) ds = V ' (K1+l—i - Kl—i)’ (55)
1i

and for all 1<j<],

Lt _co -1/ 2 2
Jx Q0 —t) dt=%"" (K- x)  (56)
2

1]
CoYiryen = A7, z Z( Kij ~ Ko 1)("] —j+1 K?‘j)ei,j

i=1 j=1
1]
! 2 2
+Avyv, Z Z( Kioier — Ko 1)("]7]41 - KIfj)(eiH,j - ei,j)
i=1 j=1
1]
2 2
+Av, 7, Z Z( Kiiv1 — )(K} j+1 K]—j)(ei,jﬂ - ei,j)
i=1 j=1
1]
2 2
TV, Z Z( Kiiv1 — )(K} —j+1 K]—j)(ei+l,j+l — €1,
i=1 j=1
Using some index changes, one may find with

1 I\(.2 .2
CoYirrger = Spryn + C4(K1 - Ko)(’ﬁ - KO)el+1,]+1 (58)

1]
l+1 J+l = C1 Z Z( K1 — Ko 1)(K§—j+l - K?—j)ei,j

i=1 j=1

k+1

+ C2 Z Z( Kiivp — Ko 1+1)(K§_]’+1 - K?—j)ei,j

i=2 j=1

k J+1

+C3ZZ( Kicirr ~ Koo )(KJ j2 K?—jﬂ)ei,]‘

i=1 j=2

k J+1

1-r — @ (wl (X11+1
- ®@,) (with k) = K2

t) dtds

e,-,j)

1]+1+e])

FCY 3 (K8 (s s

i=2 j=2

]
+ C4 Z(K} - K(l))(Ki—jJrZ - K?—jﬂ)eul,j
j=2

- Xlr)’ 1

17

-®;) and 7, =¢
=0), w; =V;/v;,and o
is defined by o(z,{) = 1/T({) fz t*=le=* dt). Denoting
Co =A% ¥ %%, then

(57)

(59)
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Proof. The first inequality is a direct consequence of the
estimate p(z,{)>e” Z/T(1 + {)z¢ for any z € [0, Z]. Using

_ A2 _ 2
Ci =A" = AL +4) (v +v,) + (1 +A)v,v,, the identity b —a’ < (b—a)' for anya<band t € [0,1], we

C,=v (A=(1+A)w,), (60) obtain for 1<i<1+1,
C3 =, (A - (1 + A)Vl)s 1 V?rl Xlis1 —0, (Xl H—s)
— Kiv1-i = ﬁJ’ (XIH—I - 5) e ! ds
Cy=nv,. ( (’31) Xui
Now, we need the following results. O V?rl

1- 1-
Sm((}(lu—l_Xli) o = (1 = X1im1) Ql)
Lemma 17. Let D;= v,-l_@"/l"(z —@)e @b and !

E = vil_m"/F(Z - ®;), i = 1,2. Then, we have STIAL®
1
. _ <7.
K >DAT%i=1,2, (61) TI2-a)
and ¥n € N. (63)
K <E, A 210, (62) LemVI\lfle; 107t?tain the following from (54) and (58) and
2,
v1v,D, DA (®1+®2)el+1,]+1 < Co(€1+1,1+1 + L|el,]|) =S (64)
yielding
-2 -2
|€1+1,]+1| < CoDaAolmz (€1+1,J+1 + Llel,]l) + D3A®1+®2 lsl+1,]+l > (65)

with Dy = (v,v,D,D,)”". Let us notice that C, >0, C,<0,  using the discrete Gronwall inequality (see Lemma 4.4
C;<0, and C,>0 if A is sufficiently small (a sufficient in [2]).
condition is A <min (v,/1 — v, v,/1 — v,)). Thus, we deduce

|el+1,]+1| < C0D3A®1mrz(€1+1,l+1 + L|el,]|)

J
e CHOMCHERNEINES
i=1 j=1
B& 1 2 2
-G, Z Z(Kl—i+2 - Kl—i+1)(K]—j+1 - K]—j)
i=2 j=1
R 1 2 2
-G ; ;(Kl—iﬂ - Kl—i)(K]—jJrZ - KI—jH) (66)
SR g 1 2 2
+Cy Z Z(KH+2 - K1—i+1)(K]—j+2 - K]—j+1)
i=2 j=2

]
+C4Z(Ki—Ké)(xi-j+z—xi-j+1)>

=
< C0D3A‘D1+®2_2(61+1J+1 + L|el,1|)
X exp{D3A®1mz_2 [(C1 ~C,—Cy + Cy)K K + Cu{}xﬂ}.
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U (x,0.5)

—— Exact
0  Numerical
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U (0.5,y)

1.2

Exact
0 Numerical

FiGure 1: Comparison of the numerical and the exact solutions for example 1. The parameters in use are (®,,®,) = (0.5,0.5) and

(v, 1,) = (0.7,0.4).

TaBLE 1: L*®-errors and convergence orders for example 1 with different parameters v, and v,.

(vi3vy) = (0.7;0.4)

(v1;vy) = (0.2;0.6)

(v13v,) = (0.3;0.3)

A — _ _

max; j|%; ; - u; | Order max; j|%; ; - u;; Order max; j|%; ; — u; | Order
1/4 3.9183 (—02) — 1.9803 (~01) — 1.0711 (-01) -
1/8 1.8161 (-02) 1.1094 8.7458 (-02) 1.1791 4.9137 (-02) 1.1241
1/16 8.7656 (—03) 1.0509 4.1779 (-02) 1.0658 2.3606 (—02) 1.0577
1/32 4.3119 (-03) 1.0235 2.0391 (-02) 1.0349 1.1587 (-02) 1.0266

In addition, there exists a constant C; >0 that depends
on v, and v, only but not on A such that
C=Cy=Cy+Cy= A = A(A+2) (v +v,) + (A +2)°v,v, <CsA (67)

Using Lemma 17 once more, we deduce

®;+®,
|el+1,]+1 | <D,A 1<nil<ai§1 €

(68)

1<j<]+1.

. 1-0,-1-0 .
with D, =9, "%, D5 (1 + L)ePsF1E(Gi*C) §s a2 constant

that do not depend on A. This achieves the proof. O

4.2. Numerical Tests

4.2.1. Example 1. We consider system (1)-(2) with the data
as follows:

FOoxe %) =0, (X x2, %) € 10,1] x[0, 1] X R,
¢ (x1) = cos(my,/2), x; € [0, 1],

W(XZ) = eXZ>X2 € [0, 1]
(69)
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(a) (b)

F1GURE 2: The numerical solutions (a) versus the exact solutions (b) relative to example 2. The parameters used are (®,,®,) = (0.5,0.2) and
from top to bottom (v;;v,) = (0.5;0.5), (v;;v,) = (0.9;0.2), and (vy;v,) = (0.1;0.4).
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TABLE 2: L*®-errors and convergence orders for example 2 with different parameters v, and v,.

A (vy3v,) = (0.5;0.5) (v13v,) = (0.9;0.2) (vy3v,) = (0.1;0.4)

max; ;|%; ; — u; ; Order max; |%; ; - u;; Order max; | %; ; - u; ; Order
1/4 2.6495 (~03) — 5.1722 (-04) — 1.9955 (=01) —
1/8 5.8906 (—04) 2.1692 8.2121 (-05) 2.6549 1.6868 (-02) 3.5644
1/16 1.3937 (-04) 2.0795 1.7849 (-05) 2.2019 2.3908 (—03) 2.8187
1/32 3.3921 (-05) 2.0386 4.1988 (—06) 2.0878 5.1705 (—04) 2.2091
and  (0y,0,) (&) = (\/1+ & In(1+ ). According  to
Lemma 10, the solution of system (1)-(2) is given by

_ V1 — 1 2 g vy=1/v,
U(xpox,) =expl —— ([ V1+x" —1) | )e®+(1+y) cos (my,/2)
Y1
(70)

v -
— exp
V1

Figure 1 shows the numerical solution obtained by using
the FD scheme (41)-(42) versus the exact solution. The
parameters used are la;,b,] = [a,,b,] = [0,1],
(@,,®,) = (0.5,0.5), and (v;,v,) = (0.7,0.4). Clearly, the
approximated solution fits very well with the theoretical one.
Table 1 reports the L* difference of the solutions, as well as

Al 1
¢(x1) =€y, € [0,1],

L v(x) = eAZXZ’Xz € [0,1],

with A, =v;,-1/v;, i=12, C=2Vv, + vV, + L,V +
Mvivv ™™ T Q-0 (2-,), o) =",
and 0, (&) = (2&/1 + £)Y17%2 One can check that the solu-
tion of (1)-(2) is given by % (y,, x,) = e"1*h2t2, We plotted
in Figure 2 the exact versus the numerical solutions obtained
by using the FD scheme (41)-(42) for various values of
(v, v,). The fractional order is set to (®,,®,) = (0.5,0.2).
One can notice that all the solutions are in good agreement.
We also compute the errors in the L norm between the
solutions in Table 2. The obtained results clearly confirm the
robustness of the proposed scheme.

5. Conclusion

The existence and uniqueness of solutions to 2D systems
using the proportional fractional derivative operator with
respect to other functions are introduced and studied in this
work. We also use the finite differences method to study the
numerical approximation of such operator, and we establish
the convergence of the numerical scheme.

1(\/1 +x - 1))(1 +y)

the orders of convergence for various values of (v,v,).
Notice that these errors go to zero when the path A tends to
zero, which is in total agreement with our theoretical study.

4.2.2. Example 2. Consider system (1)-(2) with the data:

2
Fox %) = C—ﬁf{z U, (1 X2 %) € [0,1] x [0, 1] X R,
2

(71)
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