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In this paper, we consider a general time-space discrete host-parasitoid model with the periodic boundary conditions. We
analyzed and obtained some usual conditions, such as Turing instability occurrence, Flip bifurcation occurrence, and Neimark-
Sacker bifurcation occurrence. We also fnd several multiple bifurcation phenomena, such as 1 : 2 Resonance, Neimark-Sack-
er-Flip bifurcation, Neimark-Sacker-Neimark-Sacker bifurcation, Neimark-Sacker-Flip-Flip bifurcation, induced by difusion. In
a modifed Nicholson-Bailey model, employing the mutual interference and difusive interaction as bifurcation parameters, there
appear route from standing Turing instability to multiple bifurcations by changing difusive parameters. Some numerical
simulations of the modifed Nicholson-Bailey model support these corollaries.

1. Introduction

Te achievements of physics, chemistry, ecology, and other
disciplines have considerably contributed to the develop-
ment of natural disciplines, the development and progress of
which cannot be achieved without mathematical models.
Since some objects in nature are not only changing with time
but also have a difusion phenomenon in space, numerous
mathematical models are combined with time and space,
and we can call this type of models reaction-difusion
models. In recent decades, the reaction-difusion model
has been widely used and numerous experts and scholars
have used it to study the dynamic behavior of various or-
ganisms in nature [1–11], and the results of these studies
have played a positive role in environmental protection and
governance.

Te reaction-difusion models can be further subdivided
into continuous reaction-difusion models [12–15] and
discrete reaction-difusion models [16, 17]. In bio-
mathematical models, continuous models can be used to
describe organisms that are based on a large amount of data,
but for organisms in which many movements and changes
occur in discrete forms and the data collected and recorded

are also in discrete forms; constructing discrete models to
describe them will be more in line with objective reality such
as host-parasitoid models.

In recent years, many scientists, ecologists, and biologists
have studied and analyzed the relationship between hosts
and parasitoids [18–26]. For some hosts of endangered
species, specifc parasite reduction is likely to lead to the
immediate extinction of the host species. Te conservation
of biodiversity in nature is closely related to the protection of
some specifc parasites. Terefore, the research results of
scholars and scientists on the relationship between host
parasites are crucial for the protection of endangered hosts
and the maintenance of biodiversity. According to [27], we
know that for insects, continuous-time models are generally
used to model populations with overlapping generations and
year-round reproduction, discrete-time models are more
appropriate for populations in temperate regions of the
world that have nonoverlapping generations and reproduce
in discrete pulses determined by seasons. For hosts and
parasitoids, adult hosts lay eggs and hatch larvae in the
spring and host larvae overwinter in the pupal stage and
become adult hosts the following year. Adult hosts die after
the emergence of host larvae, and there is no overlap
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between generations. Te female parasitoid emerges in the
spring and lays eggs inside the host larvae when it searches
for and encounters them. After the parasitoid’s eggs hatch
into parasitoid larvae, they will use the host larvae as a food
source, which will result in the death of the parasitized host
larvae. Tese parasitoid larvae will also overwinter in the
pupal stage and become adult parasitoids the following year.
Adult parasitoids die after the emergence of parasitoid
larvae, and there is no overlap between generations, see
Figure 1. Tere is a clear intergenerational relationship
between both host and parasitoid, so constructing a discrete
model to describe them is more in line with objective reality.
Readers interested in more host-parasitoid models are re-
ferred to [28–34] and references therein. Considering that
both host and parasitoid have self-difusion behavior in
space, we will investigate and analyze a general time-space
discrete host-parasitoid model in this paper.

Usually, in a continuous and a discrete medium, the
propagation of small diference and the taking over of steady
states are very diferent. For example, Flip bifurcation cannot
occur in continuous dynamics, and hence, the chaos phe-
nomenon usually appears in discrete model easily.

Te rest of the paper is organized as follows: A general
time-space discrete host-parasitoid model with periodic
boundary conditions is given in Section 2, which is the main
object of our study.Ten, we analyze the stability of the host-
parasitoidmodel in the absence of difusion case by using the
Jury criterion and analyzing the characteristic roots of the
characteristic equations, and obtain the stability condition
and a Neimark-Sacker bifurcation condition in Section 3.1.
Combining the periodic boundary conditions and the ei-
genvalues of the nonlinear discrete elliptic equations, we
transform a linear system of partial diference into a linear
system of diference equations by using the corresponding
eigenfunctions to do inner products, and the stability of the
solutions between them is mutually implied.

Ten, we analyze the stability of the transformed linear
system of diference equations, and thus, obtain various
instability conditions and various critical conditions of the
original system caused by difusion-driven, such as Turing
instability, Neimark-Sacker instability, Neimark-Sacker-
Turing instability, Flip bifurcation, Neimark-Sacker bi-
furcation, 1 : 2 Resonance, Neimark-Sacker-Flip bifurcation,
Neimark-Sacker-Neimark-Sacker bifurcation, and Nei-
mark-Sacker-Flip-Flip bifurcation, see Section 3.2. We apply
the obtained conclusions to a specifc modifed Nicholson-
Bailey model, then we obtain the corresponding corollaries
in Sections 4.1, 4.2, and the corresponding numerical
simulation in Sections 4.3.1, 4.3.2, where we use a random
matrix combined with boundary conditions to assign initial
values in Section 4.3.2. Finally, the paper ends with an overall
detailed summary in Section 5.

2. A General Time-Space Discrete Host-
Parasitoid Model

According to [35], a model describing host-parasitoid dy-
namics in discrete-time is given by

Hn+1 � RHnf RHn, Pn( 􏼁,

Pn+1 � kRHn 1 − f RHn, Pn( 􏼁􏼂 􏼃.
􏼨 (1)

Hn and Pn represent the densities of adult hosts and adult
parasitoids in year n, respectively. Te host is parasitized by
parasitoids during the larval stage, RHn represents the
density of parasitoid larvae, where R> 1 denotes the number
of viable eggs produced by each adult host. Hosts in the
larval stage can be divided into two groups, one is parasitized
and the other is not parasitized, and the function
0≤f(RHn, Pn)≤ 1, a continuously diferentiable function,
represents the proportion of this part that is not parasitized,
we can refer to it as the escape response. In accordance with
the biological signifcance, the escape response f(RHn, Pn)

is a monotonically decreasing function with respect to Pn.
Finally, it is important to point out that RHnf(RHn, Pn) is
the density of unparasitized host larvae, which will become
adult hosts in the next year, RHn[1 − f(RHn, Pn)] is the
density of parasitized host larvae, and k parasitoid larvae will
hatch in the body of each parasitized host larva. For further
information, please read reference [36–39].

Considering that both parasitoids and hosts can spread
in space, we defne a discrete space of (m + 2) × (m + 2),
m ∈ Z+ and rewrite (1) into the following form:

Hn+1(i, j) � RHn(i, j)f RHn(i, j), Pn(i, j)( 􏼁

+d1∇
2
Hn(i, j),

Pn+1(i, j) � kRHn(i, j) 1 − f RHn(i, j), Pn(i, j)( 􏼁􏼂 􏼃

+d2∇
2
Pn(i, j),

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(2)

with the periodic boundary conditions

Hn(i, 0) � Hn(i, m), Hn(i, 1) � Hn(i, m + 1),

Hn(0, j) � Hn(m, j), Hn(1, j) � Hn(m + 1, j),

Pn(i, 0) � Pn(i, m), Pn(i, 1) � Pn(i, m + 1),

Pn(0, j) � Pn(m, j), Pn(1, j) � Pn(m + 1, j),

(3)

for i, j, n ∈ Z+ and 1≤ i, j≤m, where the host and parasitoid
densities in the lattice point (i, j) at time n are defned as
Hn(i, j) and Pn(i, j), respectively. d1 and d2 represent the
self-difusion coefcients of the host and parasitoid, re-
spectively, and both are positive real numbers. Te meaning
of the remaining parameters is the same as in (1).

Te discrete Laplacian operator is defned as

∇2Hn(i, j) � Hn(i + 1, j) + Hn(i, j + 1) + Hn(i − 1, j)

+Hn(i, j − 1) − 4Hn(i, j),

∇2Pn(i, j) � Pn(i + 1, j) + Pn(i, j + 1) + Pn(i − 1, j)

+Pn(i, j − 1) − 4Pn(i, j).

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(4)

Tenext part of our main research content is to study the
dynamic properties of (2) and (3).
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3. Bifurcation Induced byDiffusion of theHost-
Parasitoid Model

3.1. Stability Analysis of the Host-Parasitoid Model in the
Absence of Difusion. In the absence of self-difusion, the

system (2) and (3) will degenerate into (1). According to
[27], we can obtain its positive equilibrium point (H∗P∗)

satisfying Rf(RH∗, P∗) � 1 and P∗ � k(R − 1)H∗. Let
Hn � Hn − H∗, Pn � Pn − P∗, the (1) can be rewritten as

Hn+1 + H
∗

� R Hn + H
∗

( 􏼁f R Hn + H
∗

( 􏼁, Pn + P
∗

( 􏼁( 􏼁,

Pn+1 + P
∗

� kR Hn + H
∗

( 􏼁 1 − f R Hn + H
∗

( 􏼁, Pn + P
∗

( 􏼁( 􏼁􏼂 􏼃.

⎧⎨

⎩ (5)

Ten, we linearize the system (5) to obtain the following
linear system:

Hn+1

Pn+1

⎛⎝ ⎞⎠ � A
Hn

Pn

⎛⎝ ⎞⎠, A �
a1 a2

b1 b2
􏼠 􏼡. (6)

Te elements in the Jacobi matrix A are as follows:

a1 � 1 + RH
∗zf RHn, Pn( 􏼁

zHn

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌Hn�H∗,Pn�P∗
,

a2 � RH
∗zf RHn, Pn( 􏼁

zPn

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌Hn�H∗,Pn�P∗
,

b1 � k(R − 1) − kRH
∗zf RHn, Pn( 􏼁

zHn

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌Hn�H∗ ,Pn�P∗
,

b2 � − kRH
∗zf RHn, Pn( 􏼁

zPn

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌Hn�H∗,Pn�P∗
.

(7)

Te characteristic equation of (6) is

λ2 + bλ + c � 0, (8)

where b � − (a1 + b2), c � a1b2 − a2b1, the eigenvalues are
given by

λ1,2 �
− b ±

������
b
2

− 4c
􏽰

2
. (9)

According to the Jury stability criterion, the system (5) is
stable at the origin if and only if the following condition
holds:

1 + b + c> 0,

1 − b + c> 0,

c< 1,

⎧⎪⎪⎨

⎪⎪⎩
(10)

which implies that the eigenvalues of the Jacobian matrix A

are all inside the unit circle. Terefore, we can obtain the
following theorem:

Theorem 1. System (1) is asymptotically stable at positive
equilibrium (H∗, P∗) if and only if (10)) holds.

A Neimark-Sacker bifurcation occurs when a pair of
conjugate complex eigenvalues of the matrix A crosses the
unit circle. For generality of consequences we set ρ, any one

parasitoid pupae

Adult parasitoids die
after the emergence
of parasitoid larvae.

Adult parasitoid

Host egg Host larvae Host pupae

Adult hosts die after the emergence of host larvae.

Adult Host

parasitoid larvae

Figure 1: Host and parasitoid life cycle.
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parameter in system (1), to be the Neimark-Sacker bi-
furcation parameter and set ρ∗ to be the critical value such
that |b|< 2 and c � 1 at ρ � ρ∗. If ρ is valued near ρ∗, (9) can
be written in the form of a pair of conjugate complex roots as
follows:

λ1,2 �
− b(ρ)

2
±

�����������

4c(ρ) − b
2
(ρ)

􏽱

2
i, (11)

where |b(ρ∗)|< 2, c(ρ∗) � 1. Ten, we have ‖λ12‖
2 � c(ρ). If

the following transversality condition (12) is satisfed, the
system (5) undergoes a Neimark-Sacker bifurcation at
ρ � ρ∗.

zc(ρ)

zρ

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌ρ�ρ∗
≠ 0. (12)

Terefore, we can obtain the following theorem:

Theorem 2. If |b(ρ∗)|< 2, c(ρ∗) � 1 and the transversality
condition (12) are satisfed, the system (1) undergoes a Nei-
mark-Sacker bifurcation at ρ � ρ∗.

3.2. Difusion-Driven Instability Analysis of the Host-
Parasitoid Model. To facilitate the study of the system (2)
and (3), we frst consider the following two lemmas:

We attach periodic bounds to ui,j, vi,j as follows:

ui,0 � ui,m, ui,1 � ui,m+1,

u0,j � u0,m, u1,j � um+1,j,

vi,0 � vi,m, vi,1 � vi,m+1,

v0,j � v0,m, v1,j � vm+1,j,

(13)

where i, j, n ∈ Z+, 1≤ i, j≤m, and default ui,jvl,s � vl,sui,j

holds (i, j, l, s ∈ Z+, 1≤ i, j, l, s≤m), then we have the frst
lemma as follows:

Lemma 1. If (13) holds, we have

􏽘

m

i,j�1
ui,j∇

2
vi,j � 􏽘

m

i,j�1
vi,j∇

2
ui,j. (14)

Proof. We can make some defnitions as follows:

Ui,j(1) � ui,jvi+1,j, Vi,j(1) � vi,jui+1,j,

Ui,j(2) � ui,jvi,j+1, Vi,j(2) � vi,jui,j+1,

Ui,j(3) � ui,jvi,j− 1, Vi,j(3) � vi,jui,j− 1,

Ui,j(4) � ui,jvi− 1,j, Vi,j(4) � vi,jui− 1,j.

(15)

Ten, we can get (16) and (17).

V0,j(1) � v0,ju1,j � vm,jum+1,j � Vm,j(1),

Vi,0(2) � vi,0ui,1 � vi,mui,m+1 � Vi,m(2),

Vi,m+1(3) � vi,m+1ui,m � vi,1ui,0 � Vi,1(3),

Vm+1,j(4) � vm+1,jum,j � v1,ju0,j � V1,j(4).

(16)

In fact, Ui,j also satisfes periodic boundary conditions,
but given that the next proof uses only periodic properties of
Vi,j, we will not repeat Ui,j here.

Ui,j(1) � ui,jvi+1,j � vi+1,jui,j � Vi+1,j(4),

Ui,j(2) � ui,jvi,j+1 � vi,j+1ui,j � Vi,j+1(3),

Ui,j(3) � ui,jvi,j− 1 � vi,j− 1ui,j � Vi,j− 1(2),

Ui,j(4) � ui,jvi− 1,j � vi− 1,jui,j � Vi− 1,j(1).

(17)

Finally, we have

􏽘

m

i,j�1
ui,j∇

2
vi,j

� 􏽘
m

i,j�1
Ui,j(1) + Ui,j(2) + Ui,j(3) + Ui,j(4)􏼐 􏼑 − 4 􏽘

m

i,j�1
ui,jvi,j

� 􏽘
m

i,j�1
Vi+1,j(4) + 􏽘

m

i,j�1
Vi,j+1(3) + 􏽘

m

i,j�1
Vi,j− 1(2) + 􏽘

m

i,j�1
Vi− 1,j(1)

− 4 􏽘
m

i,j�1
ui,jvi,j

� 􏽘
m

i�2
􏽘

m

j�1
Vi,j(4)⎛⎝ ⎞⎠ + 􏽘

m

j�1
Vm+1,j(4) + 􏽘

m

j�2
􏽘

m

i�1
Vi,j(3)⎛⎝ ⎞⎠

+ 􏽘
m

i�1
Vi,m+1(3) + 􏽘

m− 1

j�1
􏽘

m

i�1
Vi,j(2)⎛⎝ ⎞⎠ + 􏽘

m

i�1
Vi,0(2)

+ 􏽘

m− 1

i�1
􏽘

m

j�1
Vi,j(1)⎛⎝ ⎞⎠ + 􏽘

m

j�1
V0,j(1) − 4 􏽘

m

i,j�1
ui,jvi,j

� 􏽘

m

i�2
􏽘

m

j�1
Vi,j(4)⎛⎝ ⎞⎠ + 􏽘

m

j�1
V1,j(4) + 􏽘

m

j�2
􏽘

m

i�1
Vi,j(3)⎛⎝ ⎞⎠

+ 􏽘
m

i�1
Vi,1(3) + 􏽘

m− 1

j�1
􏽘

m

i�1
Vi,j(2)⎛⎝ ⎞⎠ + 􏽘

m

i�1
Vi,m(2)

+ 􏽘
m− 1

i�1
􏽘

m

j�1
Vi,j(1)⎛⎝ ⎞⎠ + 􏽘

m

j�1
Vm,j(1) − 4 􏽘

m

i,j�1
ui,jvi,j

� 􏽘
m

i,j�1
Vi,j(1) + Vi,j(2) + Vi,j(3) + Vi,j(4)􏼐 􏼑 − 4 􏽘

m

i,j�1
ui,jvi,j

� 􏽘
m

i,j�1
vi,j∇

2
ui,j.

(18)
□
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Te second lemma is to consider the eigenvalue problem
of the following equation:

∇2Xi,j
+ λX

i,j
� 0, (19)

with the periodic boundary conditions

X
0,j

� X
m,j

, X
1,j

� X
m+1,j

,

X
i,0

� X
i,m

, X
i,1

� X
i,m+1

.
(20)

Lemma 2. If (19) and (20) hold, we have

λl,s � k
2
l,s � 4 sin2

(l − 1)π
m

+ sin2
(s − 1)π

m
􏼠 􏼡, (21)

where l, s ∈ Z+ and 1≤ l, s≤m.

Proof. According to the method in [40], we let
Xi,j � xiyj(x≠ 0, y≠ 0) and bring it into (19).Ten, we have

x
i+1

y
j

+ x
i
y

j+1
+ x

i
y

j− 1
+ x

i− 1
y

j
− 4x

i
y

j
+ λx

i
y

j
� 0,

(22)

which implies

λ � − x + y + y
− 1

+ x
− 1

− 4􏼐 􏼑. (23)

We can get xm � 1, ym � 1 by (20), so x and y can be
written as follows:

xl � e
2(l− 1)π/mi

,

ys � e
2(s− 1)π/mi

,
(24)

where i �
���
− 1

√
, l, s ∈ Z+ and 1≤ l, s≤m.

By putting (24) into (23), we can obtain the eigenvalues
of equation (19) as follows:

λl,s � k
2
l,s � 4 sin2

(l − 1)π
m

+ sin2
(s − 1)π

m
􏼠 􏼡. (25)

Te corresponding characteristic function is denoted as
X

i,j

l,s . □

Referring to the approach in the literature [1, 2, 16, 17],
we started to study the stability of the system (2) and (3). Let
Hn(i, j) � Hn(i, j) − H∗, Pn(i, j) � Pn(i, j) − P∗, then (2)
can be rewritten as follows:

Hn+1(i, j) + H
∗

� R Hn(i, j) + H
∗

( 􏼁

×f R Hn(i, j) + H
∗

( 􏼁, Pn(i, j) + P
∗

( 􏼁( 􏼁

+d1∇
2

Hn(i, j) + H
∗

( 􏼁,

Pn+1(i, j) + P
∗

� kR Hn(i, j) + H
∗

( 􏼁

× 1 − f R Hn(i, j) + H
∗

( 􏼁, Pn(i, j) + P
∗

( 􏼁( 􏼁􏼂 􏼃

+d2∇
2

Pn(i, j) + P
∗

( 􏼁.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(26)

Ten, we linearize the system (26) to obtain the following
linear system:

Hn+1(i, j)

Pn+1(i, j)
⎛⎝ ⎞⎠ �

a1 a2

b1 b2
􏼠 􏼡

Hn(i, j)

Pn(i, j)
⎛⎝ ⎞⎠

+
d1 0

0 d2
􏼠 􏼡

∇2Hn(i, j)

∇2Pn(i, j)

⎛⎝ ⎞⎠.

(27)

Clearly, Hn(i, j), Pn(i, j), and X
i,j

l,s all satisfy periodic
boundary conditions, and by Lemmas 1 and 2, we have

􏽘

m

i,j�1
X

i,j

l,s∇
2
Hn(i, j) � 􏽘

m

i,j�1
Hn(i, j)∇2Xi,j

l,s

� − k
2
l,s 􏽘

m

i,j�1
X

i,j

l,sHn(i, j),

􏽘

m

i,j�1
X

i,j

l,s∇
2
Pn(i, j) � 􏽘

m

i,j�1
Pn(i, j)∇2Xi,j

l,s

� − k
2
l,s 􏽘

m

i,j�1
X

i,j

l,sPn(i, j).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(28)

We get (29) by taking the inner product of the char-
acteristic function X

i,j

l,s with respect to (27).

􏽘

m

i,j�1
X

i,j

l,sHn+1(i, j) � a1 􏽘

m

i,j�1
X

i,j

l,sHn(i, j) + a2 􏽘

m

i,j�1
X

i,j

l,sPn(i, j)

+d1 􏽘

m

i,j�1
X

i,j

l,s∇
2
Hn(i, j),

􏽘

m

i,j�1
X

i,j

l,sPn+1(i, j) � b1 􏽘

m

i,j�1
X

i,j

l,sHn(i, j) + b2 􏽘

m

i,j�1
X

i,j

l,sPn(i, j)

+d2 􏽘

m

i,j�1
X

i,j

l,s∇
2
Pn(i, j).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(29)

Let 􏽥Hn � 􏽐
m
i,j�1X

i,j

l,sHn(i, j), 􏽥Pn � 􏽐
m
i,j�1X

i,j

l,sPn(i, j). By
(28), we have

􏽥Hn+1

􏽥Pn+1

⎛⎝ ⎞⎠ � B
􏽥Hn

􏽥Pn

⎛⎝ ⎞⎠, B �
a1 − d1k

2
l,s a2

b1 b2 − d2k
2
l,s

⎛⎝ ⎞⎠.

(30)

Clearly, Hn(i, j) � 􏽥HnX
i,j

l,s , Pn(i, j) � 􏽥PnX
i,j

l,s is a solution
satisfying (27), so the stability of the solutions of systems
(27) and (30) is mutually implied. We obtain the charac-
teristic equation of (30) as follows:

λ2 + p k
2
l,s􏼐 􏼑λ + q k

2
l,s􏼐 􏼑 � 0, (31)

where p(k2
l,s) � − (a1 + b2 − k2

l,s(d1 + d2)), q(k2
l,s) � d1d2k

4
l,s

− (d1b2 + d2a1)k
2
l,s + a1b2 − a2b1, the eigenvalues are given

by

λ1,2 k
2
l,s􏼐 􏼑 �

− p k
2
l,s􏼐 􏼑 ±

���������������
p
2

k
2
l,s􏼐 􏼑 − 4q k

2
l,s􏼐 􏼑

􏽱

2
. (32)
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When the characteristic equation (31) has a character-
istic root whose modulus is greater than 1, (30) is unstable.
Terefore, according to the Jury criterion andTeorem 1, we
obtain that the system (2) and (3) Turing instability con-
dition is (10) holds and any one of the inequalities in
condition (33) holds.

1 + p k
2
l,s􏼐 􏼑 + q k

2
l,s􏼐 􏼑< 0,

1 − p k
2
l,s􏼐 􏼑 + q k

2
l,s􏼐 􏼑< 0,

q k
2
l,s􏼐 􏼑> 1.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(33)

We can also analyze the stability of the system (30) in
another, more direct way: the maximum value of ‖λ1,2(k2

l,s)‖

is compared with 1.
Defne

M � maxm
l,s�1 max λ1 k

2
l,s􏼐 􏼑

�����

�����, λ2 k
2
l,s􏼐 􏼑

�����

�����􏼚 􏼛􏼚 􏼛, (34)

θ0, θ1 ∈ (0, π)∪ (π, 2π),

D � d1, d2( 􏼁
􏼌􏼌􏼌􏼌 d1 > 0, d2 > 0􏽮 􏽯,

LS � (l, s) | l, s ∈ Z+
, 1≤ l, s≤m􏼈 􏼉,

LS
∗

� (l, s) | (l, s) ∈ LS, (l, s)≠ (1, 1){ }.

(35)

To study the instability of the difusion-driven, we
choose (d1, d2) as the Turing bifurcation parameters, and
then obtain the following theorem for the system (2) and (3).

Theorem 3. For systems (2) and (3), we have

(1) Tere exist a homogeneous stationary if M< 1
(2) Te pure Turing instability occurs when the condition

(10) and M> 1 are satisfed
(3) A Flip bifurcation occurs when the condition (10)

holds and there exists (l, s) ∈ LS, (d∗1 , d∗2 ) ∈ D such
that 1 − p(k2

l,s) + q(k2
l,s) � 0, |q(k2

l,s)|< 1, M � |λ1
(kl,s)| � 1(λ1(kl,s) � − 1, |λ2(kl,s)|< 1) at (d1, d2) �

(d∗1 , d∗2 ).
(4) A Neimark-Sacker bifurcation occurs when condi-

tion (10) holds and there exists (l, s) ∈ LS,
(d∗1 , d∗2 ) ∈ D such that |p(k2

l,s)|< 2, q(k2
l,s) � 1, M �

‖λ1,2(kl,s)‖ � 1(λ1,2(kl,s) � e±iθ0) at (d1, d2) � (d∗1 ,

d∗2 ).
(5) A 1 : 2 Resonance occurs when the condition (10)

holds and there exists (l, s) ∈ LS, (d∗1 , d∗2 ) ∈ D such
that 1 − p(k2

l,s) + q(k2
l,s) � 0, q(k2

l,s) � 1, M � |λ1,2
(kl,s)| � 1(λ1,2(kl,s) � − 1) at (d1, d2) � (d∗1 , d∗2 )

(6) Te pure Neimark-Sacker instability occurs when
ρ � ρ∗, |b(ρ∗)|< 2, c(ρ∗) � 1, the transversality
condition (12), M � ‖λ1,2(k1,1)‖ � 1(λ1,2(k1,1) �

e±iθ0) are satisfed and 1 + p(k2
l,s) + q(k2

l,s)> 0,
1 − p(k2

l,s) + q(k2
l,s)> 0, q(k2

l,s)< 1 hold for any
(l, s) ∈ LS∗

(7) A Neimark-Sacker-Flip bifurcation occurs when
ρ � ρ∗, |b(ρ∗)|< 2, c(ρ∗) � 1, the transversality
condition (12) are satisfed and there exists

(l, s) ∈ LS∗, (d∗1 , d∗2 ) ∈ D such that 1 − p(k2
l,s) +

q(k2
l,s) � 0, |q(k2

l,s)|< 1, M � ‖λ1,2(k1,1)‖ � |λ3(kl,s)|

� 1(λ1,2(k1,1) � e±iθ0 , λ3(kl,s) � − 1, |λ4(kl,s)|< 1) at
(d1, d2) � (d∗1 , d∗2 )

(8) A Neimark-Sacker-Neimark-Sacker bifurcation oc-
curs when ρ � ρ∗, |b(ρ∗)|< 2, c(ρ∗) � 1, the trans-
versality condition (12) are satisfed and there exists
(l, s) ∈ LS∗, (d∗1 , d∗2 ) ∈ D such that |p(k2

l,s)|< 2,
q(k2

l,s) � 1, M � ‖λ1,2(k1,1)‖ � ‖λ3,4(kl,s)‖ � 1(λ1,2
(k1,1) � e±iθ0 , λ3,4(kl,s) � e±iθ1) at (d1, d2) � (d∗1 ,

d∗2 )

(9) A Neimark-Sacker-Flip-Flip bifurcation occurs when
ρ � ρ∗, |b(ρ∗)|< 2, c(ρ∗) � 1, the transversality
condition (12) are satisfed and there exists
(l, s) ∈ LS∗, (d∗1 , d∗2 ) ∈ D such that 1 − p(k2

l,s)+

q(k2
l,s) � 0, q(k2

l,s) � 1, M � ‖λ1,2(k1,1)‖ � |λ3,4(kl,s)|

� 1 (λ1,2(k1,1) � e±iθ0 , λ3,4(kl,s) � − 1) at (d1, d2) �

(d∗1 , d∗2 )

(10) Te Neimark-Sacker-Turing instability occurs when
ρ � ρ∗, |b(ρ∗)|< 2, c(ρ∗) � 1, the transversality
condition (12) and M> 1 are satisfed

4. Application to a Modified Nicholson-
Bailey Model

When f(RHn, Pn) � e− c1TPn , we obtain a classical
Nicholson-Bailey model.

Hn+1 � RHne
− c1TPn ,

Pn+1 � kRHn 1 − e
− c1TPn􏼐 􏼑,

⎧⎨

⎩ (36)

where c1 > 0 represents the rate at which parasitoids attack
hosts and T> 0 is the duration of the host vulnerable stage
[26, 27]. Te dynamical properties of the Nicholson-Bailey
model are well known. A host-parasitoid equilibrium is
always present (P∗ � ln(R)/c1T> 0, H∗ � ln(R)/c1Tk(R

− 1)> 0) and this equilibrium is always locally unstable, with
the slightest perturbation leading to oscillations of rapidly
increasing amplitude [25], see Figure 2.

According to [22, 23], the parasitoid attack rate c1 de-
creases with increasing parasitoid density due to mutual
interference of parasitoids, so Jervis and Murdoch redefne
the parasitoid attack rate c1 � c2P

− σ
n > 0, where the constant

c2 > 0 and 0≤ σ < 1 represent the mutual interference of
parasitoids. For later analysis we write c � c2T> 0, such that
f(RHn, Pn) � e− cP1− σ

n . Ten, we obtain a modifed
Nicholson-Bailey model, rewriting the systems (1) and (2) as
follows:

Hn+1 � RHne
− cP1− σ

n ,

Pn+1 � kRHn 1 − e
− cP1− σ

n􏼒 􏼓,

⎧⎪⎪⎨

⎪⎪⎩
(37)

Hn+1(i, j) � RHn(i, j)e
− cP1− σ

n (i,j)
+ d1∇

2
Hn(i, j),

Pn+1(i, j) � kRHn(i, j) 1 − e
− cP1− σ

n (i,j)
􏼒 􏼓 + d2∇

2
Pn(i, j).

⎧⎪⎨

⎪⎩

(38)
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In the following, we perform theoretical analysis and
numerical simulations of the systems (37) and (38) in
conjunction with the theorems obtained in Section 3.

4.1. Stability Analysis of the Modifed Nicholson-Bailey Model
in theAbsence ofDifusion. Te positive equilibrium point of
the system (37) can be obtained as P∗ � (ln
(R)/c)1/1− σ > 0, H∗ � (ln(R)/c)1/1− σ/k(R − 1)> 0, we have

RH
∗zf RHn, Pn( 􏼁

zPn

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌Hn�H∗ ,Pn�P∗
�

(− 1 + σ) ln(R)

k(R − 1)
,

RH
∗zf RHn, Pn( 􏼁

zHn

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌Hn�H∗ ,Pn�P∗
� 0.

(39)

Putting (39) into (7), we get the following result:

a1 � 1,

a2 �
(− 1 + σ) ln(R)

k(R − 1)
,

b1 � k(R − 1),

b2 �
(1 − σ) ln(R)

(R − 1)
.

(40)

According to (40) and (10), we have b � − (a1+

b2) � − (1 + (1 − σ) ln(R)/R − 1), c � a1b2 − a2b1 � (1 − σ)

R ln(R)/R − 1 and

1 + b + c � (1 − σ) ln(R)> 0,

1 − b + c � 2 +
(1 − σ)(R + 1) ln(R)

R − 1
> 0,

1 − c � 1 −
(1 − σ)R ln(R)

R − 1
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(41)

which means that the roots of the characteristic equation (8)
will not equal 1 or − 1 and when R ln(R) + 1 − R/
R ln(R)< σ < 1, we have 1 − c � 1 − (1 − σ)R ln(R)/
R − 1> 0. We know that (x ln(x) + 1 − x)|x�1 � 0, and
d(x ln(x) + 1 − x)/dx � ln(x)> 0 if x> 1, that means
R ln(R) + 1 − R/R ln(R)> 0 because R> 1. According to
Teorem 1, we can obtain the following corollary:

Corollary 1. Te system (37) is asymptotically stable at
positive equilibrium (H∗, P∗) if and only if
R ln(R) + 1 − R/R ln(R)< σ < 1.

When σ � 0, the modifed Nicholson-Bailey model (37)
will degenerate to the classical Nicholson-Bailey model (36),
which according to Corollary 1 does not satisfy the stability
condition R ln(R) + 1 − R/R ln(R)< σ < 1. Tis is the reason
why the classical Nicholson-Bailey model (36) is always
unstable. Mutual interference of parasitoids σ is the key to
the stability conditions that can exist in the modifed
Nicholson-Bailey model (37). Terefore, we choose σ as the
Neimark-Sacker bifurcation parameter and then defne
σ∗ � R ln(R) + 1 − R/R ln(R), we have

b σ∗( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � 1 +
1
R
< 2,

c σ∗( 􏼁 � 1,

zc(σ)

zσ

􏼌􏼌􏼌􏼌􏼌􏼌􏼌 σ�σ∗ � −
R ln(R)

R − 1
≠ 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(42)

According to Teorem 2, we can obtain the following
corollary:

Corollary 2. Te system (37) undergoes a Neimark-Sacker
bifurcation at σ � σ∗.

4.2. Difusion-Driven Instability Analysis of the Modifed
Nicholson-Bailey Model. According to (40), (31), and (33)
we have

0.866415

0.86642

0.866425

0.86643

0.866435

0.86644

0.866445

0.86645

5 10 15 20 25 300
n

Hn
Pn

Figure 2: When R � 2, k � 1, c1 � 0.8, T � 1, the system (36) is
unstable at the positive equilibrium point (H∗, P∗) �

(0.866434, 0.866434).
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p k
2
l,s􏼐 􏼑 � d1 + d2( 􏼁k

2
l,s − 1 +

(1 − σ) ln(R)

R − 1
􏼠 􏼡,

q k
2
l,s􏼐 􏼑 � d1d2k

4
l,s − d2 +

d1(1 − σ) ln(R)

R − 1
􏼠 􏼡k

2
l,s +

(1 − σ)R ln(R)

R − 1
,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(43)

1 + p k
2
l,s􏼐 􏼑 + q k

2
l,s􏼐 􏼑 � d1d2k

4
l,s + d1 1 −

(1 − σ) ln(R)

R − 1
􏼠 􏼡k

2
l,s +(1 − σ) ln(R),

1 − p k
2
l,s􏼐 􏼑 + q k

2
l,s􏼐 􏼑 � d1d2k

4
l,s − d1 + 2d2 +

d1(1 − σ) ln(R)

R − 1
􏼠 􏼡k

2
l,s + 2 +

(R + 1)(1 − σ) ln(R)

R − 1
􏼠 􏼡,

1 − q k
2
l,s􏼐 􏼑 � − d1d2k

4
l,s + d2 +

d1(1 − σ) ln(R)

R − 1
􏼠 􏼡k

2
l,s + 1 −

(1 − σ)R ln(R)

R − 1
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(44)

We know that (x − 1 − ln(x))|x�1 � 0, and
d(x − 1 − ln(x))/dx � 1 − 1/x> 0 if x> 1, that means
0< ln(R)/R − 1< 1 because R> 1. Tere is always (1 − (1 −

σ) ln(R)/R − 1)> 0 such that 1 + p(k2
l,s) + q(k2

l,s)> 0, which
means that the positive real eigenvalues of the Jacobian
matrix B do not cross the unit circle and Turing instability
can only occur at 1 − p(k2

l,s) + q(k2
l,s)< 0 or q(k2

l,s)> 1.
According toTeorem 3 and Corollaries 1 and 2, we can

obtain the following corollary:

Corollary 3. For systems (38) and (3), we have

(1) Tere exist a homogeneous stationary if M< 1
(2) Te pure Turing instability occurs when σ∗ < σ < 1

and M> 1 are satisfed
(3) A Flip bifurcation occurs when σ∗ < σ < 1 and there

exists (l, s) ∈ LS, (d∗1 , d∗2 ) ∈ D such that
1 − p(k2

l,s) + q(k2
l,s) � 0, |q(k2

l,s)|< 1, M � |λ1(kl,s)|

� 1 (λ1(kl,s) � − 1, |λ2(kl,s)|< 1) at (d1, d2) � (d∗1 ,

d∗2 )

(4) A Neimark-Sacker bifurcation occurs when
σ∗ < σ < 1 and there exists (l, s) ∈ LS, (d∗1 , d∗2 ) ∈ D

such that |p(k2
l,s)|< 2, q(k2

l,s) � 1, M � ‖λ1,2(kl,s)‖ �

1 (λ1,2(kl,s) � e±iθ0) at (d1, d2) � (d∗1 , d∗2 )

(5) A 1 : 2 Resonance occurs when σ∗ < σ < 1 and there
exists (l, s) ∈ LS, (d∗1 , d∗2 ) ∈ D such that
1 − p(k2

l,s) + q(k2
l,s) � 0, q(k2

l,s) � 1, M � |λ1,2(kl,s)|

� 1 (λ1,2(kl,s) � − 1) at (d1, d2) � (d∗1 , d∗2 ).
(6) Te pure Neimark-Sacker instability occurs when

σ � σ∗, M � ‖λ1,2(k1,1)‖ � 1(λ1,2(k1,1) � e±iθ0) are
satisfed and 1 − p(k2

l,s) + q(k2
l,s)> 0, q(k2

l,s)< 1 hold
for any (l, s) ∈ LS∗

(7) A Neimark-Sacker-Flip bifurcation occurs when σ �

σ∗ and there exists (l, s) ∈ LS∗, (d∗1 , d∗2 ) ∈ D such
that 1 − p(k2

l,s) + q(k2
l,s) � 0, |q(k2

l,s)|< 1,
M � ‖λ1,2(k1,1)‖ � |λ3(kl,s)| � 1 (λ1,2(k1,1) � e±iθ0 ,

λ3(kl,s) � − 1, |λ4(kl,s)|< 1) at (d1, d2) � (d∗1 , d∗2 )

(8) A Neimark-Sacker-Neimark-Sacker bifurcation oc-
curs when σ � σ∗ and there exists (l, s) ∈ LS∗,
(d∗1 , d∗2 ) ∈ D such that |p(k2

l,s)|< 2, q(k2
l,s) � 1, M �

‖λ1,2(k1,1)‖ � ‖λ3,4(kl,s)‖ � 1 (λ1,2(k1,1) � e±iθ0 , λ3,4
(kl,s) � e±iθ1) at (d1, d2) � (d∗1 , d∗2 )

(9) A Neimark-Sacker-Flip-Flip bifurcation occurs when
σ � σ∗ and there exists (l, s) ∈ LS∗, (d∗1 , d∗2 ) ∈ D

such that 1 − p(k2
l,s) + q(k2

l,s) � 0, q(k2
l,s) � 1, M �

‖λ1,2(k1,1)‖ � |λ3,4(kl,s)| � 1 (λ1,2(k1,1) � e±iθ0 , λ3,4
(kl,s) � − 1) at (d1, d2) � (d∗1 , d∗2 ).

(10) Te Neimark-Sacker-Turing instability occurs when
σ � σ∗ and M> 1 are satisfed

4.3. Numerical Simulation of the Modifed Nicholson-Bailey
Model

4.3.1. Numerical Simulation in the Absence of Difusion.
According to Corollaries 1 and 2, we have the following two
sets of data:

(1) When R � 2, k � 1, c � 0.8, R ln(R) + 1 − R/R ln (R)

� 0.278652, we choose σ � 0.5 to satisfy Corollary 1,
so system (37) is asymptotically stable at the positive
equilibrium point (H∗, P∗) � (0.750708, 0.750708)

(λ1,2 � 0.673287 ± 0.489727i, ‖λ1,2‖ � 0.832554< 1),
parasite and host populations are maintained in
a relatively stable state, see Figure 3

(2) When R � 2, k � 1, c � 0.8, σ∗ � R ln(R) + 1 − R/
R ln(R) � 0.278652, we choose σ � σ∗ to satisfy
Corollary 2, so near the positive equilibrium point,
(H∗P∗) � (0.819753, 0.819753), system (37) un-
dergoes a Neimark-Sacker bifurcation at σ �

σ∗ (λ1,2 � 0.75 ± 0.661438i, ‖λ1,2‖ � 1), parasite and
host populations are maintained in a state of periodic
oscillation, see Figure 4

We hope that the path to chaos can be found through
a Neimark-Sacker bifurcation. Terefore, based on the
second set of data, R � 2, k � 1 and c � 0.8, we control the
value of σ from 0.26 to 0.29 and draw diagram of the
Neimark-Sacker bifurcation, see Figure 5 and the image of
the maximum Lyapunov exponent about σ, see Figure 6.Te
maximum Lyapunov exponent is greater than 0, which
means that chaos will occur in the system. Combining with
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Figures 4–6, we can clearly see that when σ > σ∗, system (37)
remains in a stable state, and the maximum Lyapunov ex-
ponent is less than 0. When σ � σ∗, system (37) undergoes
a Neimark-Sacker bifurcation, and the maximum Lyapunov
exponent is equal to 0. When σ < σ∗, the original periodic
oscillation of system (37) is gradually broken, chaos occurs,
and the maximum Lyapunov exponent is greater than 0.

4.3.2. Numerical Simulation of Difusion-Driven Instability.
Tis part mainly combines the content of Corollary 3 to
carry out numerical simulation of systems (38) and (3). It is
important to note here that the size of the region we simulate
numerically is (m + 2) × (m + 2) and where m is equal to 64.
Since Hn(i, j) and Hn(i, j) cannot be negative, the following
defnition is to be made:

Hn Pn

100 200 300 400 5000
n

0.75070775

0.7507078

0.75070785

0.7507079

0.75070795

0.750708

0.7507077

0.75070775

0.7507078

0.75070785

0.7507079

0.75070795

0.750708

0.75070805

0.7507081

100 200 300 400 5000
n

Figure 3: When R � 2, k � 1, c � 0.8, R ln(R) + 1 − R/R ln(R) � 0.278652, σ � 0.5, system (37) is asymptotically stable at the positive
equilibrium point (H∗, P∗) � (0.750708, 0.750708). Parasite and host populations are maintained in a relatively stable state.
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Figure 4: When R � 2, k � 1, c � 0.8, σ∗ � 0.278652, (H∗, P∗) � (0.819753, 0.819753), system (37) undergoes a Neimark-Sacker bi-
furcation at σ � σ∗. Parasite and host populations are maintained in a state of periodic oscillation.
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if Hn(i, j)< 0, letHn(i, j) � 0,

if Pn(i, j)< 0, letPn(i, j) � 0,
(45)

where 1≤ i, j≤ 64 and i, j, n ∈ Z+. We take a random matrix
approach to assign initial values to internal points, and then
combine the boundary conditions to assign initial values to
boundary points as follows:

HH � rand(64),

PP � rand(64),

H0(i, j) � H
∗

+ 0.00000001HH(i, j),

P0(i, j) � P
∗

+ 0.00000001PP(i, j),

(46)

where i, j ∈ Z+, 1≤ i, j≤ 64, rand(64) stands for randomly
generating a square matrix of order 64, where the maximum
and minimum values of the elements are 1 and 0,

respectively. Ten, the boundary points are assigned initial
values according to the periodic boundary condition (3) as
follows:

H0(i, 0) � H0(i, 64), H0(0, j) � H0(64, j),

H0(i, 65) � H0(i, 1), H0(65, j) � H0(1, j),

P0(i, 0) � P0(i, 64), P0(0, j) � P0(64, j),

P0(i, 65) � P0(i, 1), P0(65, j) � P0(1, j),

(47)

where 1≤ i, j≤ 64, i, j, ∈ Z+.
By numerical simulation, we obtain some parameter

planes of M as follows:

(1) Te parameter planes of M with respect to d1 and σ,
see Figure 7

(2) Te parameter planes of M with respect to d2 and σ,
see Figure 8
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Figure 5: Te diagram of the Neimark-Sacker bifurcation, where R � 2, k � 1, c � 0.8, σ∗ � 0.278652 and the value of σ from 0.26 to 0.29.
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Figure 7: (a), (b), (c), (d) are parameter planes of M with respect to d1 and σ, we choose R � 2, k � 1, c � 0.8, σ∗ � 0.278655, and d2 � 0.01
in (a), d2 � 0.15 in (b), d2 � 0.22 in (c), d2 � 0.3 in (d). Te results show that M< 1 in region I and M> 1 in regions II and V.
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Figure 8: Continued.
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(3) Te parameter planes of M with respect to d1 and d2,
see Figure 9

To summarize, regions I–V in Figures 7–9 represent the
following meanings:

(1) Region I represents σ∗ < σ < 1 andM< 1 (a homo-
geneous stationary occurs)

(2) Region II represents σ∗ < σ < 1 andM> 1 (the pure
Turing instability occurs)

(3) Region III represents σ � σ∗andM � 1 (the pure
Neimark-Sacker instability occurs)

(4) Region IV represents σ � σ∗andM> 1 (the Nei-
mark-Sacker-Turing instability occurs)

(5) Region V represents 0< σ < σ∗andM> 1 (the in-
stability occurs)

According to Corollary 3, we have the following nu-
merical simulation results for systems (38) and (3):

(1) We choose d1 � 0.2, σ∗ < σ � 0.75< 1, and the other
parameters are consistent with Figure 7, then we
have

(a) When d2 � 0.15, (d1, σ) will fall in the region I of
Figure 7(b), which is consistent with the case of
Corollary 3(1), there exist a homogeneous sta-
tionary, parasite and host populations are
maintained in a relatively stable state in two-
dimensional space, see Figure 10

(b) When d2 � 0.22, (d1, σ) will fall in the region II
of Figure 7(c), which is consistent with the case
of Corollary 3(2), the pure Turing instability
occurs, parasite and host populations exhibit an
extremely unstable state in two-dimensional
space, see Figure 11

(2) We choose d2 � 0.175, σ∗ < σ � 0.75< 1, and the
other parameters are consistent with Figure 8, then
we have

(a) When d1 � 0.1, (d2, σ) will fall in the region II of
Figure 8(a), which is consistent with the case of
Corollary 3(2), the pure Turing instability occurs,
parasite and host populations exhibit an ex-
tremely unstable state in two-dimensional space,
see Figure 12

(b) When d1 � 0.2, (d2, σ) will fall in the region I of
Figure 8(b), which is consistent with the case of
Corollary 3(1), there exist a homogeneous sta-
tionary, parasite and host populations are
maintained in a relatively stable state in two-
dimensional space, see Figure 13

(3) We choose σ∗ < σ � 0.5< 1, and the other parame-
ters are consistent with Figure 9, then we have the
following results:

(a) When d1 � 0.15 and d2 � 0.222474, (d1, d2) will
fall at the junction of regions I and II in
Figure 9(a), and there exists (l, s) � (33, 33) ∈ LS

such that 1 − p(k2
l,s) + q(k2

l,s) � 0, |q(k2
l,s)| �

0.633215< 1, M � |λ1(kl,s)| � 1 (λ1(kl,s) �

− 1, |λ2(kl,s)| � 0.633215< 1). According to
Corollary 3(3), a Flip bifurcation occurs, parasite
and host populations exhibit period-doubling in
two-dimensional space, see Figures 14 and 15

(b) When d1 � 0.2 and d2 � 0.179452, (d1, d2) will
fall at the junction of regions I and II in
Figure 9(a), and there exists (l, s) � (33, 33) ∈ LS

such that |p(k2
l,s)| � 1.689042< 2, q(k2

l,s) � 1,
M � ‖λ1,2(kl,s)‖ � 1 (λ1,2(kl,s) � − 0.844521 ±
0.535521i). According to Corollary 3(4),
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Figure 8: (a), (b), (c), (d) are parameter planes of M with respect to d2 and σ, we choose R � 2, k � 1, c � 0.8, σ∗ � 0.278655, and d1 � 0.1
in (a), d1 � 0.2 in (b), d1 � 0.3 in (c), d1 � 0.4 in (d). Te results show that M< 1 in region I and M> 1 in regions II and V.
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in (a), σ � σ∗ in (b). Te results show that M< 1 in region I M � 1 in region III, and M> 1 in regions II, IV.
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Figure 10: Continued.
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Figure 10: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, d2 � 0.15, (d1, σ) � (0.2, 0.75) falls in the region I of Figure 7(b), which is consistent with
the case of Corollary 3(1), there exist a homogeneous stationary, parasite and host populations are maintained in a relatively stable state in
two-dimensional space.
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Figure 11: Continued.
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Figure 11: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, d2 � 0.22, (d1, σ) � (0.2, 0.75) falls in the region II of Figure 7(c), which is consistent with
the case of Corollary 3(2), the pure Turing instability occurs, parasite and host populations are maintained in a relatively stable state in two-
dimensional space.
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Figure 12: Continued.
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Figure 12: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, d1 � 0.1, (d2, σ) � (0.175, 0.75) falls in the region II of Figure 8(a), which is consistent with
the case of Corollary 3(2), the pure Turing instability occurs, parasite and host populations exhibit an extremely unstable state in two-
dimensional space.
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Figure 13: Continued.
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Figure 13: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, d1 � 0.2, (d2, σ) � (0.175, 0.75) falls in the region I of Figure 8(b), which is consistent with
the case of Corollary 3(1), there exist a homogeneous stationary, parasite and host populations are maintained in a relatively stable state in
two-dimensional space.
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Figure 14: Continued.
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a Neimark-Sacker bifurcation occurs, parasite
and host populations exhibit periodic oscilla-
tions in two-dimensional space, see Figures 16
and 17.

(c) When d1 � 0.176412 and d2 � 0.24191, (d1, d2)

will fall at the junction of regions I and II in
Figure 9(a), and there exists (l, s) � (33, 33) ∈ LS

such that 1 − p(k2
l,s) + q(k2

l,s) � 0, q(k2
l,s) � 1,
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Figure 14: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � 0.5, (d1, d2) � (0.15, 0.222474) falls at the junction of regions I and II in Figure 9(a),
which is consistent with the case of Corollary 3(3), a Flip bifurcation occurs, parasite and host populations exhibit period-doubling in two-
dimensional space.
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Figure 15: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � 0.5, (d1, d2) � (0.15, 0.222474) falls at the junction of regions I and II in Figure 9(a),
which is consistent with the case of Corollary 3(3), a Flip bifurcation occurs, parasite and host populations exhibit period-doubling.
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M � |λ1,2(kl,s)| � 1 (λ1,2(kl,s) � − 1). According
to Corollary 3(5), a 1 : 2 Resonance occurs,
parasite and host populations exhibit unstable
period-doubling oscillations in two-dimensional
space, see Figures 18 and 19.

(4) We choose σ � σ∗ � 0.278652 (λ1,2(k1,1) � 0.75 ±
0.661438i), and the other parameters are consistent
with Figure 9, then we have the following results:

(a) When d1 � 0.1 and d2 � 0.1, (d1, d2) will fall in
the region III of Figure 9(b), and 1 − p

(k2
l,s) + q(k2

l,s)> 0, q(k2
l,s)< 1, M � ‖λ1,2(k1,1)‖ �

1 hold for any (l, s) ∈ LS∗. According to Cor-
ollary 3(6), the pure Neimark-Sacker instability

occurs, parasite and host populations exhibit
periodic oscillatory behavior in two-dimensional
space, see Figures 20 and 21.

(b) When d1 � 0.3 and d2 � 0.03125, (d1, d2) will
fall at the junction of regions III and IV in
Figure 9(b), and there exists (l, s) � (33, 33) ∈
LS∗ such that 1 − p(k2

l,s) + q(k2
l,s) � 0, |q(k2

l,s)| �

0.15< 1, M � ‖λ1,2(k1,1)‖ � |λ3(kl,s)| � 1 (λ3
(kl,s) � − 1, |λ4(kl,s)| � 0.15< 1). According to
Corollary 3(7), a Neimark-Sacker-Flip bi-
furcation occurs, the number of parasites and
hosts in two-dimensional space can show peri-
odic doubling and periodic oscillation alter-
nately, see Figures 22 and 23.
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Figure 16: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � 0.5, (d1, d2) � (0.2, 0.179452) falls at the junction of regions I and II in Figure 9(a),
which is consistent with the case of Corollary 3(4), a Neimark-Sacker bifurcation occurs, parasite and host populations exhibit periodic
oscillations in two-dimensional space.
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Figure 17: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � 0.5, (d1, d2) � (0.2, 0.179452) falls at the junction of regions I and II in Figure 9(a),
which is consistent with the case of Corollary 3(4), a Neimark-Sacker bifurcation occurs, parasite and host populations exhibit periodic
oscillations.
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Figure 18: Continued.
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(c) When d1 � 0.2 and d2 � 0.166667, (d1, d2) will
fall at the junction of regions III and IV in
Figure 9(b), and there exists (l, s) � (33, 33) ∈
LS∗ such that |p(k2

l,s)| � 1.433336< 2, q(k2
l,s) � 1,

M � ‖λ1,2(k1,1)‖ � ‖λ3,4(kl,s)‖ � 1 (λ3,4(kl,s) � −

0.716668 ± 0.697416i). According to Corollary
3(8), a Neimark-Sacker-Neimark-Sacker

bifurcation occurs, parasite and host pop-
ulations generally exhibit periodic oscillatory
behavior in two-dimensional space, see Fig-
ures 24 and 25.

(d) When d1 � 0.161612 and d2 � 0.275888, (d1, d2)

will fall at the junction of regions III and IV in
Figure 9(b), and there exists (l, s) � (33, 33) ∈

0.750707845

0.750707844
0.750707842
0.75070784
0.750707838
0.750707836
0.750707834
0.750707832
0.75070783
0.750707828
0.750707826
0.750707824

0.75070784

0.750707835

0.75070783

0.750707825

0.75070782

P5 (i,j)

80
60

40
20

0
i

80
60

40
20

0
j

P5 (i,j)

10

20

30

40

50

60

i

0.750707824
0.750707826
0.750707828
0.75070783
0.750707832
0.750707834
0.750707836
0.750707838
0.75070784
0.750707842
0.750707844

10 20 30 40 50 60
j

(d)

0.75070785

0.750707845

0.75070784

0.750707835

0.75070783

0.750707825

0.75070782

0.75070785
0.750707845

0.75070784
0.750707835

0.75070783
0.750707825

0.75070782

P80 (i,j)

80
60

40
20

0
i

80
60

40
20

0
j

P80 (i,j)

10

20

30

40

50

60

i

0.75070782

0.750707825

0.75070783

0.750707835

0.75070784

0.750707845

0.75070785

10 20 30 40 50 60

j

(e)

0.750707837

0.750707836

0.750707835

0.750707834

0.750707833

0.750707832

0.750707831

0.750707838

0.750707836

0.750707834

0.750707832

0.75070783

P1500 (i,j)

80
60

40
20

0
i

80
60

40
20

0
j

P1500 (i,j)

10

20

30

40

50

60

i

0.750707831

0.750707832

0.750707833

0.750707834

0.750707835

0.750707836

0.750707837

10 20 30 40 50 60
j

(f )

Figure 18: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � 0.5, (d1, d2) � (0.176412, 0.24191) falls at the junction of regions I and II in Figure 9(a),
which is consistent with the case of Corollary 3(5), a 1 : 2 Resonance occurs, parasite and host populations exhibit unstable period-doubling
oscillations in two-dimensional space.
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Figure 19: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � 0.5, (d1, d2) � (0.176412, 0.24191) falls at the junction of regions I and II in Figure 9(a),
which is consistent with the case of Corollary 3(5), a 1 : 2 Resonance occurs, parasite and host populations exhibit unstable period-doubling
oscillations.

Discrete Dynamics in Nature and Society 21



LS∗ such that 1 − p(k2
l,s) + q(k2

l,s) � 0, q(k2
l,s) � 1,

M � ‖λ1,2(k1,1)‖ � |λ3,4(kl,s)| � 1 (λ3,4(kl,s) �

− 1). According to Corollary 3(9), a Neimark-
Sacker-Flip-Flip bifurcation occurs, the number
of parasites and hosts in two-dimensional space
is very complex and can be regarded as a chaotic
phenomenon, see Figures 26 and 27.

(e) When d1 � 0.25 and d2 � 0.15, (d1, d2) will fall
in the region IV of Figure 9(b), which is con-
sistent with the case of Corollary 3(10), the
Neimark-Sacker-Turing instability occurs, par-
asite and host populations exhibit an unstable
state in two-dimensional space, see Figure 28.
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Figure 20: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.1, 0.1) falls in the region III of Figure 9(b), which is consistent with the
case of Corollary 3(6), the pure Neimark-Sacker instability occurs, parasite and host populations exhibit periodic oscillatory behavior in
two-dimensional space.
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Figure 21: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.1, 0.1) falls in the region III of Figure 9(b), which is consistent with the
case of Corollary 3(6), the pure Neimark-Sacker instability occurs, parasite and host populations exhibit periodic oscillatory behavior.
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Figure 22: Continued.
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Figure 22: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.3, 0.03125) falls at the junction of regions III and IV in Figure 9(b),
which is consistent with the case of Corollary 3(7), a Neimark-Sacker-Flip bifurcation occurs, the number of parasites and hosts in two-
dimensional space can show periodic doubling and periodic oscillation alternately.
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Figure 23: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.3, 0.03125) falls at the junction of regions III and IV in Figure 9(b),
which is consistent with the case of Corollary 3(7), a Neimark-Sacker-Flip bifurcation occurs, the number of parasites and hosts can show
periodic doubling and periodic oscillation alternately.
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Figure 24: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.2, 0.166667) falls at the junction of regions III and IV in Figure 9(b),
which is consistent with the case of Corollary 3(8), a Neimark-Sacker-Neimark-Sacker bifurcation occurs, parasite and host populations
generally exhibit periodic oscillatory behavior in two-dimensional space.
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Figure 25: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.2, 0.166667) falls at the junction of regions III and IV in Figure 9(b),
which is consistent with the case of Corollary 3(8), a Neimark-Sacker-Neimark-Sacker bifurcation occurs, parasite and host populations
generally exhibit periodic oscillatory behavior.
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Figure 26: Continued.
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Figure 26: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.161612, 0.275888) falls at the junction of regions III and IV in
Figure 9(b), which is consistent with the case of Corollary 3(9), a Neimark-Sacker-Flip-Flip bifurcation occurs, the number of parasites and
hosts in two-dimensional space is very complex and can be regarded as a chaotic phenomenon.
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Figure 27: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.161612, 0.275888) falls at the junction of regions III and IV in
Figure 9(b), which is consistent with the case of Corollary 3(9), a Neimark-Sacker-Flip-Flip bifurcation occurs, the number of parasites and
hosts is very complex and can be regarded as a chaotic phenomenon.
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5. Summary

In this paper, we analyze the dynamical properties of
a general time-space discrete host-parasitoid model with the
periodic boundary conditions. We analyzed and obtained
the asymptotically stable condition (Teorem 1), a Neimark-
Sacker bifurcation condition (Teorem 2) for this general
host-parasitoid model in the absence of difusions and
various instability conditions (Teorem 3) caused by
difusion-driven. Afterwards, we apply these obtained

theoretical results to a modifed Nicholson-Bailey model and
obtained the corresponding corollaries (Corollaries 1–3).
Finally, we performed numerical simulations of themodifed
Nicholson-Bailey model based on these corollaries (Fig-
ures 3, 4 and 10–28).

Numerical simulations show that hosts and parasitoids
can exhibit complex spatiotemporal dynamics such as as-
ymptotically stable (Figure 3), a Neimark-Sacker bifurcation
(Figure 4) in the absence of difusion and a homogeneous
stationary (Figures 10 and 13), the pure Turing instability
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Figure 28: R � 2, k � 1, c � 0.8, σ∗ � 0.278655, σ � σ∗, (d1, d2) � (0.25, 0.15) falls in the region IV of Figure 9(b), which is consistent with
the case of Corollary 3(10), the Neimark-Sacker-Turing instability occurs, parasite and host populations exhibit an unstable state in two-
dimensional space.
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(Figures 11 and 12), a Flip bifurcation (Figures 14 and 15),
a Neimark-Sacker bifurcation (Figures 16 and 17), a 1 : 2
Resonance (Figures 18 and 19), the pure Neimark-Sacker
instability (Figures 20 and 21), a Neimark-Sacker-Flip bi-
furcation (Figures 22 and 23), a Neimark-Sacker-Neimark-
Sacker bifurcation (Figures 24 and 25), a Neimark-Sacker-
Flip-Flip bifurcation (Figures 26 and 27), the Neimark-
Sacker-Turing instability (21) by difusion-driven. For the
modifed Nicholson-Bailey model, it is worth mentioning
that it is possible for the eigenvalues of the Jacobi matrix B of
system (30) to be equal to − 1 due to the difusion-driven,
which cannot happen for the eigenvalues of the Jacobi
matrix A of system (6) in the absence of difusion. Tis can
be shown specifcally by the occurrence of a Flip bifurcation
(Figures 14 and 15), a 1 : 2 Resonance (Figures 18 and 19),
a Neimark-Sacker-Flip bifurcation (Figures 22 and 23) and
a Neimark-Sacker-Flip-Flip bifurcation (Figures 26 and 27).

Finally, we have the following suggestions for possible
future work: we can describe the system by using discrete
time delay, for example, consider the delay of predator
action on prey, we rewritten equation (1) as follows:

Hn+1 � RHnf RHn, Pn− m( 􏼁,

Pn+1 � kRHn 1 − f RHn, Pn− m( 􏼁( 􏼁,
􏼨 (48)

where m is a positive integer, indicating the time delay.
Interested readers can refer to reference [41]. We also hope
to do further research and analysis on these high-
dimensional bifurcations in the future to make our own
contribution to biological control and biocontrol.
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