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By generating equivalent integral equations, we analyze the existence and uniqueness of solutions of bidirectional associative
memory cellular neural network (BAMCNN) with deviating arguments frstly. Secondly, the question of robustness of stability
(RoS) of BAMCNN with deviating argument is studied. Using the Gronwall inequality, we calculate the upper bounds of the
interference intensities that can maintain the initial stability of system.Te perturbed BAMCNNwill maintain its original stability
if the strength of one or more perturbations is less than the upper bounds that we calculated in this study. To demonstrate the
validity of the conjectural values, a variety of numerical illustrations are provided.

1. Introduction

As a kind of nonlinear dynamic system with structure law
and infnitely expandable dimension, cellular neural net-
work (CNN) is frst proposed by Chua and Yang in 1988 [1].
Cells are the basic architecture of CNN which are essentially
similar analog circuits, grouped in any arrays which di-
mensions larger than 2. CNNs have adjacency, it is one of the
most signifcant properties of those systems, that is, every
unit connects with its neighbors in the same way. Its dy-
namics primarily exhibit chaotic, periodic, almost periodic,
and stable properties. We can refer to [2, 3] and any related
references.

Bidirectional associative memory cellular neural net-
work (BAMCNN) as a model of supervised learning in
artifcial neural network, were frst proposed by Kosko in [4]
in 1988. In application, it needs recurrent neural networks to
receive a set of neurons as an input and create a set of
outputs that related but diferent with inputs. Besides, the X-
layer and the Y-layer are the two layers of BAMCNNs.
Neurons in the same layer are completely linked to those in
the other layer, and there are no connections between
neurons in one layer. And its dynamical behaviors gain more
and more interests in recent decades because of its special

properties and usefulness in several domains, such as image
identifcation, the problem of optimization, and other areas
[5, 6].

Stability as one of the most important dynamical be-
haviors has received more extensive attention [7–16]. For
example, the global exponential stability (ES) of periodic
solutions of delayed BAMNN (DBAMNN) of cohen-
crossberg type in [7]. In [8], the ES of delayed impulsive
discrete-time stochastic BAMNN (SBAM) is investigated by
using Lyapunov theory and contraction mapping principle.
Several criteria of delay-dependent asymptotical stability
(AS) of uncertain BAMNN are derived in [9]. Liu et al.
explore the stabilization of uncertain BAMNN in fnite time
in [10]. In [11], Chen and Cao et al. discarded the common
assumptions and some analytic techniques are used to es-
timate the exponential convergence rate of DBAMNN. By
constructing Lyapunov functions, the ES of stochastic
DBAMNN is studied in [12]. AS of a class of SBAMs is
investigated in [13]. In [15, 16], Zhu et al.’s further analysis of
the stability of delayed SBAM with Markovian jumping is
conducted.

It is worth mentioning that all the above researches are
all devoted to the stability of BAMNN without deviating
argument. However, for some complex physical problems,
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such as the problem of population dynamics [17], it is af-
fected not only by the delayed states but also by the advanced
states. Te potential of anticipation in systems may be
viewed as a result of the analytical model’s complexity. Tis
additional complexity is discovered by treating the time
dimension as a degree of freedom accessible to the system
rather than as a given. Tus, neural networks with time
delays or stochastic disturbances cannot simulate this de-
sired outcome well, so the deviating argument theory is
introduced. Diferential equation with deviating argument is
a hybrid of continuous and discrete equation that combines
the traits of diferential and diference equations. Mean-
while, noise disturbances are inevitable in actual nervous
systems. All of these disturbances have a signifcant impact
on the stability of dynamical systems. Consequently, it is
essential to take into account stochastic neural networks
with deviating arguments. And many results of neural
networks or dynamical systems with deviating arguments
are obtained. For instances, the diferential dynamical sys-
tem with deviating argument is discussed in detail in [18].
Wu and Zeng investigate the existence and uniqueness of
fuzzy neurodynamic systemwith deviating argument in [19].
Integral manifold and almost periodic solution of a class of
diferential equation with deviating argument are discussed
in [20, 21], respectively. Akhmet et al. explored the stability
of several type neural networks with deviating arguments in
[22, 23]. In [24], Li investigates the ES of stochastic CNN
with deviating argument by using Lyapunov functional. In
[25], the stability of semi-linear stochastic diferential
equation with deviating argument is discussed. We can fnd
that the majority of the researches included in the afore-
mentioned studies, however, focus on the stability of sto-
chastic dynamical systems or neural networks with deviating
arguments and no bidirectional associative memory. Few
studies have looked at the robustness of stability.

Robustness is the ability of a control system to maintain
a specifc level of performance when certain parameters are
perturbed, and it is of great signifcance for the design and
application of system. As for the analysis of RoS, there are
lots of interesting outcomes, such as, Si et al. further studied
RoS of dynamical systems with deviating arguments in
[26–28]; Fang et al. analyzed the RoS of fuzzy CNN with
deviating argument in [29]. In [30], RoS of recurrent neural
network is investigated. But, few publications have explored
the robustness of stability for BAMCNN with deviating

argument (BAMDA).Tis inspires us to fnish this paper. As
far as we know, the literature has never addressed the issue of
RoS of BAMDA. Te following are the works and contri-
butions in this article:

(i) Tis research investigates the necessary circum-
stances for the existence and uniqueness of BAMDA
solutions by constructing equivalent integral
equations.

(ii) Te RoS of BAMDA and stochastic BAMDA
(SBAMDA) are investigated by using Gronwall
inequality and other inequality techniques, fur-
thermore, the upper bounds of the interval of de-
viating argument and the intensity of noise before
losing its stability are calculated. Furthermore, the
mutual constraint between the two disturbances is
highlighted.

(iii) With the use of the Gronwall–Bellman lemma and
inequality techniques, the academic framework for
developing BAMDA that fulflls performance
standards is provided.

Finally, we list the organizations of this paper. Section 2
introduces the model as well as the lemmas we utilized to get
the key outcomes. In Section 3, we will investigate the ro-
bustness of BAMDAwe proposed. And not only do wemake
a research on the robustness of SBAMDA but also we derive
the maximum of noise intensity and the max extent of the
deviating intervals in Section 4. Besides, several numerical
instances are given in Section 5 to demonstrate the theo-
retical values.

Notations: Denote N � 1, 2, · · ·{ }. R, R+, and Rn repre-
sent the space of real number, positive real number, and
n-dimensional vectors, respectively. | · | denotes the Eu-
clidean norm of a real vector. Complete fltered probability
space (Ω,F, Ft t≥ 0, P) embraces all P-null sets, where
fltration Ft t≥ 0 is right continuous and satisfes the usual
conditions. Scalar Brownian movement ℧(t) is defned at
(Ω,F, Ft t≥ 0, P). E represents the mathematical expec-
tation operator.

2. Introduction

Te following system is under consideration in this part, it is
formed by BAMCNN with deviating arguments:

_Φ](t) � −a]Φ](t) + 

ς

μ�1
b]μΩμ Ψμ(t)  + 

ς

μ�1
c]μΩμ Ψμ(Θ(t)) ,

_Ψμ(t) � −dμΨμ(t) + 
ω

]�1
eμ]Υ] Φ](t)(  + 

ω

]�1
hμ]Υ] Φ](Θ(t))( ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(1)

where Φ](t) ∈ R, ] ∈ 1, 2, · · · ,ω{ }, and Ψμ(t) ∈ R,
μ ∈ 1, 2, · · · , ς{ } represents the ] th cell and μ th cell of time t,
respectively; positive numbers a] and dμ represent the rates
of the ] th and μ th cell adjust to their electricpotential to the

static state when loss connections with other cells and inputs
from the exterior at time t. b]μ and c]μ are arbitrary numbers,
and they represent the connection strength between the ] th
and μ th cell at time t, respectively; eμ] and hμ] are contrary to
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the defnition of b]μ and c]μ, which are the connection
strengths between the μ th and ] th cell at time t, respectively.
Besides, Ωμ(·) and Υ](·) are nonlinear activation functions
of μ th and ] th neuron at time t, respectively, and they satisfy
Ωμ(0) � 0 and Υ](0) � 0. Θ(t) is a deviating function with

Θ(t) � Θ∗ξ , when t ∈ [Yξ ,Yξ+1), where ξ ∈ N and sequences
Θ∗ξ  and Yξ  satisfy that Yξ <Θ∗ξ <Yξ+1, Yξ⟶∞, and
Θ∗ξ⟶∞, if ξ⟶∞.

Furthermore, from (1), we can get the undisturbed
system as follows:

_Φ](t) � −a]
Φ](t) + 

ς

μ�1
b]μΩμ Ψμ(t)  + 

ς

μ�1
c]μΩμ Ψμ(t) ,

_Ψμ(t) � −dμ
Ψμ(t) + 

ω

]�1
eμ]Υ] Φ](t)(  + 

ω

]�1
hμ]Υ] Φ](t)( .

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(2)

Obviously, system (2) has equilibrium point (0, 0).
Because of the arguments may change their deviation
characteristic during its movement, thus, the system is
delayed or advanced. Consider the interval [Yξ ,Yξ+1), ξ ∈ N,
then, Θ(t) � Θ∗ξ , thus, when t satisfes Yξ ≤ t<Θ∗ξ , that is,
Θ(t)> t, then Θ(t) is an advanced argument. As the same
time, if Θ∗ξ < t<Yξ+1, that is, Θ(t)< t, then Θ(t) is an
delayed argument. Terefore, we call it mixed type.

We use the following notations for the purpose of
simplicity:

m1 � max1≤]≤ω a]


, m2 � max1≤μ≤ςΛμ 

ω

]�1
b]μ



,

m3 � max1≤μ≤ςΛμ 

ω

]�1
c]μ



, m4 � max1≤μ≤ς dμ



,

m5 � max1≤]≤ωΞ] 

ς

μ�1
eμ]



, m6 � max1≤]≤ωΞ] 

ς

μ�1
hμ]



.

(3)

Te following are the presumptions we will require for
this paper:

(i) A1:Tere are two positive constants Λμ and Ξ] such
that

Ωμ(ı) −Ωμ(J)


≤Λμ|ı − J|,

Υ](ı) − Υ](J)


≤Ξ]|ı − J|.
(4)

and this assumption implies that
Ωμ(0) � Υ](0) � 0.

(ii) A2: Tere is a Y> 0 satisfes Yξ − Yξ−1 <Y;
(iii) A3: M< 1;

(iv) A4: Y(2M1 + M2) exp(M2Y)< 1;

where

M � max m1 + m5 + m6( Y, m2 + m3 + m4( Y ,

M1 � max m3, m6 ,

M2 � max m1 + m5, m2 + m4 .

(5)

Remark 1. If assumptions A3 and A4 hold, then M1 < 1 and
M2 < 1, and then we can derive that M1Y exp(M2Y)< 1 and
Y[M1 + M2(1 + M1Y) exp(M2Y)]< 1.

In this paper, we presume that the solutions of the model
(1) we proposed above are continuous. Generically, it is
discontinuous for the right-side of (1) at the moment
t � Yξ+1, ξ ∈ N, because of the discontinuity of deviating
function at the moment. Tus, based on our assumptions
above, the solutions of the equations are viewed as con-
tinuously diferentiable at the interval [Yξ ,Yξ+1), ξ ∈ N.
Tat means (1) is satisfed byΦ(t),Ψ(t) on (Yξ ,Yξ+1), ξ ∈ N
where (Φ(t),Ψ(t))T � (Φ1(t), · · · ,Φ](t),Ψ1(t), · · · ,Ψμ
(t))T denotes the solution of equation (1). Besides, Φ(t) and
Ψ(t) exists one side derivative at Yξ and ξ ∈ N which de-
notes that ‖Φ‖ � 

ς
]�1|Φ]|, Yξ <Yξ+1, and Yξ <Θ∗ξ <Yξ+1.

Lemma 1. Let assumptions A1 to A4 hold, then, for any
initial values (Φ0,Ψ0)

T, there exists a unique solution
(Φ(t),Ψ(t))T such that Φ(t0) � Φ0, Ψ(t0) � Ψ0.

Proof. Existence: For all ξ ∈ N, we assume that
Yξ ≤Θ∗ξ < t0 <Yξ+1, and denote Φ](t0) � Φ0] and Ψμ(t0) �

Ψ0μ for simplicity.
Firstly, for t ∈ [Yξ ,Yξ+1), t ∈ R+, then

Φ](t) � Φ0] + 
t

t0

−a]Φ](u) + 

ς

μ�1
b]μΩμ Ψμ(u)  + 

ς

μ�1
c]μΩμ Ψμ Θ

∗
ξ  ⎡⎢⎢⎣ ⎤⎥⎥⎦du,

Ψμ(t) � Ψ0μ + 
t

t0

−dμΨμ(u) + 
ω

]�1
eμ]Υ] Φ](u)( ⎡⎣ + 

ω

]�1
hμ]Υ] Φ] Θ

∗
ξ  ⎤⎦du.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(6)
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We denote 0-norm as ‖Φ(t)‖0 � max[Θ∗ξ ,t0]‖Φ(t)‖,
‖Ψ(t)‖0 � max[Θ∗ξ ,t0]‖Ψ(t)‖, and we let

z(t) � (z1(t), · · · , zω(t)), v(t) � (v1(t), · · · , vς(t)), simplic-
ity. And we transform (1) to the following equation:

z](t) � z
0
] + 

t

t0

−a]z](u) + 

ς

μ�1
b]μΩμ vμ(u)  + 

ς

μ�1
c]μΩμ vμ Θ

∗
ξ  ⎡⎢⎢⎣ ⎤⎥⎥⎦du,

vμ(t) � v
0
μ + 

t

t0

−dμvμ(u) + 
ω

]�1
eμ]Υ] z](u)( ⎡⎣ + 

ω

]�1
hμ]Υ] z] Θ

∗
ξ  ⎤⎦du.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(7)

Ten, we construct the following sequences zr
](t) and

vr
μ(t), where z0

](t) ≡ Φ0], v0μ(t) ≡ Ψ0μ such that

z
r+1
] (t) − z

r
](t) � 

t

t0

−a] z
r
](u) − z

r−1
] (u) 

+ 

ς

μ�1
b]μ Ωμ v

r
μ(u)  −Ωμ v

r−1
μ (u)  

+ 

ς

μ�1
c]μ Ωμ v

r
μ Θ
∗
ξ   −Ωμ v

r−1
μ Θ

∗
ξ   

⎫⎪⎬

⎪⎭
du,

v
r+1
μ (t) − v

r
μ(t) � 

t

t0

−dμ v
r
μ(u) − v

r−1
μ (u) 

+ 
ω

]�1
eμ] Υ] z

r
](u)(  − Υ] z

r−1
] (u)  

+ 
ω

]�1
hμ] Υ] z

r
] Θ
∗
ξ   − Υ] z

r−1
] Θ

∗
ξ   

⎫⎬

⎭du.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(8)

Furthermore,

z
r+1
] (t) − z

r
](t)

����
����≤ 

ω

]�1
a]


Y z

r
](u) − z

r−1
] (u)




+ 
ω

]�1


ς

μ�1
Y b]μ



Λμ v
r
μ(u) − v

r−1
μ (u)





+ 
ω

]�1


ς

μ�1
Y c]μ



Λμ v
r
μ Θ
∗
ξ  − v

r−1
μ Θ

∗
ξ 





≤ 
ω

]�1
a]


Y z

r
](u) − z

r−1
] (u)




+ 

ς

μ�1


ω

]�1
Y b]μ



Λμ v
r
μ(u) − v

r−1
μ (u)





+ 

ς

μ�1


ω

]�1
Y c]μ



Λμ v
r
μ Θ
∗
ξ  − v

r−1
μ Θ

∗
ξ 



.

(9)

Similarly, we also have

v
r+1
μ (t) − v

r
μ(t)

�����

�����

≤ 

ς

μ�1
Y dμ‖v

r
μ(u) − v

r−1
μ (u)





+ 
ω

]�1


ς

μ�1
Y eμ]



Ξ] z
r
](u) − z

r−1
] (u)




+ 
ω

]�1


ς

μ�1
Y hμ]



Ξ] z
r
] Θ
∗
ξ  − z

r−1
] Θ

∗
ξ 



.

(10)

Ten,

z
r+1
] (t) − z

r
](t)

����
����0

≤m1Y z
r
](u) − z

r−1
] (u)

����
����0

+ m2 + m3( Y v
r
μ(u) − v

r−1
μ (u)

�����

�����0
,

v
r+1
μ (t) − v

r
μ(t)

�����

�����0

≤m4Y v
r
μ(u) − v

r−1
μ (u)

�����

�����0

+ m5 + m6( Y z
r
](u) − z

r−1
] (u)

����
����0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

Let M � max (m1 + m5 + m6)Y, (m2 + m3 + m4)Y ,
then we can get

z
r+1
] (t) − z

r
](t)

����
����0 + v

r+1
μ (t) − v

r
μ(t)

�����

�����0

≤M z
r
](u) − z

r−1
] (u)

����
����0 + v

r
μ(u) − v

r−1
μ (u)

�����

�����0
 .

(12)

Moreover,

z
r+1
] (t) − z

r
](t)

����
����0 + v

r+1
μ (t) − v

r
μ(t)

�����

�����0

≤M
r

z
1
](u) − z

0
](u)

����
����0 + v

1
μ(u) − v

0
μ(u)

�����

�����0
 

≤M
r

m1 + m5 + m6( Y Φ0]
����

���� + m2 + m3 + m4( Y Ψ0μ
�����

����� 

≤M
r+1 Φ0]

����
���� + Ψ0μ

�����

����� .

(13)

Tus, (z(t), v(t))T is the solution of (7) on [Θξ , t0]. Ten
condition A1 implies that Φ(t) and Ψ(t) can be continuous
on Yξ+1.
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Using the same method, we can continue Φ(t) and Ψ(t)

from t � Yξ+1 to t � Θξ+1, and then to Yξ+2. Terefore, we
complete this proof of existences bymathematical induction.

Uniqueness: For simplicity, we denote Φ1(t)

� Φ(t; t0,Φ1), Ψ1(t) � Ψ(t; t0,Ψ1), Φ2(t) � Φ(t; t0,Φ2),
Ψ2(t) � Ψ(t; t0,Ψ2), and we assume (Φ1(t),Ψ1(t))T and
(Φ2(t),Ψ2(t))T are solutions of (1), where Φ1, Ψ1, Φ2, and
Ψ2 are initial values and t0 ∈ R+.

From (1), then

Φ1(t) −Φ2(t)
����

����≤ Φ1 −Φ2
����

����

+ 
t

t0

m1 Φ
1
(u) −Φ2(u)

����
���� + m2 Ψ

1
(u) − Ψ2(u)

����
����

+m3 Ψ
1 Θ∗ξ  − Ψ2 Θ∗ξ 

�����

�����ds,

Ψ1(t) − Ψ2(t)
����

����≤ Ψ1 − Ψ2
����

����

+ 
t

t0

m4 Ψ
1
(u) − Ψ2(u)

����
���� + m5 Φ

1
(u) −Φ2(u)

����
����

+m6 Φ
1 Θ∗ξ  −Φ2 Θ∗ξ 

�����

�����du.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

From (14), then

Φ1(t) −Φ2(t)
����

���� + Ψ1(t) − Ψ2(t)
����

����

≤ Φ1 −Φ2
����

���� + Ψ1 + Ψ2
����

���� 

+ m3Y Φ
1 Θ∗ξ  −Φ2 Θ∗ξ 

�����

�����

+m6Y Ψ
1 Θ∗ξ  − Ψ2 Θ∗ξ 

�����

�����

+ 
t

t0

m1 + m5(  Φ1(u) −Φ2(u)
����

����

+ m2 + m4(  Ψ1(u) − Ψ2(u)
����

����du.

(15)

Let ℏ1(t) � ‖Φ1(t) −Φ2(t)‖ + ‖Ψ1(t) − Ψ2(t)‖,
ℏ2 � ‖Φ1 −Φ2‖ + ‖Ψ1 + Ψ2‖, and ℏ3 � ‖Φ1(Θ∗ξ ) −Φ2(Θ∗ξ )‖

+‖Ψ1(Θ∗ξ ) − Ψ2(Θ∗ξ )‖, then (15) can be recorded as

ℏ1(t)≤ ℏ2 + M1Yℏ3  + 
t

t0

M2ℏ1(u)du. (16)

Applied Gronwall’s inequality, we can get

ℏ1(t)≤ ℏ2 + M1Yℏ3 exp M2Y( , (17)

and when t � Θ∗ξ , we have

ℏ3 ≤ ℏ2 + M1Yℏ3 exp M2Y( , (18)

then

ℏ1(t)≤
exp M2Y( 

1 − M1Y exp M2Y( 
ℏ2. (19)

On the hand, if (Φ1(t),Ψ1(t))T � (Φ2(t),Ψ2(t))T and
t ∈ [Yξ ,Yξ+1], similarly we can get

Φ1 −Φ2
����

����≤ 
t

t0

m1 Φ
1
(u) −Φ2(u)

����
����

+ m2 Ψ
1
(u) − Ψ2(u)

����
���� + m3 Ψ

1 Θ∗ξ  − Ψ2 Θ∗ξ 
�����

�����du,

Ψ1 − Ψ2
����

����≤ 
t

t0

m4 Ψ
1
(u) − Ψ2(u)

����
����

+m5 Φ
1
(u) −Φ2(u)

����
���� + m6 Φ

1 Θ∗ξ  −Φ2 Θ∗ξ 
�����

�����du.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(20)

We can obtain (21) as follows

ℏ2 ≤M1Yℏ3 + 
t

t0

M2ℏ1(u)ds. (21)

Combine (19)–(21), we can get

ℏ2 ≤Y 2M1 + M2(  exp M2Y( ℏ2. (22)

Obviously, we can see that A5 contradicts (22), and then
the uniqueness of solutions of system we proposed is proved
for t ∈ [Yξ ,Yξ+1]. And it is evident that the extension of the
uniqueness of solutions on R+ is available. □

3. Deviating Argument Impacts on Stability

Let us introduce the defnition of globally exponentially
stable (GES) frst.

Defnition 1. Te states of (2) are GES, if for all t0 ≥ 0 and
ψ(0) ∈ R]+μ, there are A> 0, and B> 0 such that

Φ](t)
����

���� + Ψμ(t)
�����

�����≤A‖ψ(0)‖ exp −B t − t0( ( , t≥ t0,

(23)

where ψ(0) � ( Φ(t0),
Ψ(t0))

T � (Φ(t0),Ψ(t0))
T is the ini-

tial value of system (2).
Another assumption must be met before we can proceed

to our major results.

(i) A5 2A/BM1 exp [2ℏ(M2 + M1)] + A exp(−BZ)< 1.

To reach our primary results, we frst present the
following lemma.

Lemma 2. Let A1 to A4 hold, then there exists a Q> 0 such
that

‖Φ(Θ(u))‖ +‖Ψ(Θ(u))‖≤Q(‖Φ(t)‖ +‖Ψ(t)‖), (24)

where Φ(t) � (Φ1(t), · · · ,Φμ(t)) and
Ψ(t) � (Ψ1(t), · · · ,Ψ](t)) are the solutions of equation (1),
and Q � 1 − Y[M1 + M2(1 + M1Y) exp(M2Y)] 

− 1.

Proof. Without losing generality, suppose that
Yξ <Θ∗ξ < t<Yξ+1, then Θ(t) � Θ∗ξ .

From (1), then
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‖Φ(t)‖≤ Φ Θ∗ξ 
�����

����� + 

ς

]�1


t

Θ∗ξ
−a]Φ](u)



+ 

ς

μ�1
b]μΩμ Ψμ(u)  + 

ς

μ�1
c]μΩμ Ψμ Θ

∗
ξ  ⎤⎥⎥⎦du


,

‖Ψ(t)‖≤ Ψ Θ∗ξ 
�����

����� + 

ω

μ�1


t

Θ∗ξ
−dμΨμ(u)



+ 
ω

]�1
eμ]Υ] Φ](u)(  + 

ω

]�1
hμ]Υ] Φ] Θ

∗
ξ  ⎤⎦du


.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)

From (25),

‖Φ(t)‖≤ Φ Θ∗ξ 
�����

����� + 
t

Θ∗ξ
m1‖Φ(u)‖ + m2‖Ψ(u)‖ + m3 Ψ Θ

∗
ξ 

�����

����� du.

(26)

Similarly,

‖Ψ(t)‖≤ Ψ Θ∗ξ 
�����

����� + 
t

Θ∗ξ
m4‖Ψ(u)‖ + m5‖Φ(u)‖ + m6 Φ Θ

∗
ξ 

�����

����� du.

(27)

Ten

‖Φ(t)‖ +‖Ψ(t)‖≤ Φ Θ∗ξ 
�����

����� + Ψ Θ∗ξ 
�����

�����

+ 
t

Θ∗ξ
m1 + m5( ‖Φ(u)‖ + m4 + m2( ‖Ψ(u)‖

+m6 Φ Θ
∗
ξ 

�����

����� + m3 Ψ Θ
∗
ξ 

�����

�����du

≤ M1Y + 1(  Φ Θ∗ξ 
�����

����� + Ψ Θ∗ξ 
�����

����� 

+ 
t

Θ∗ξ
M2(‖Φ(u)‖ +‖Ψ(u)‖)ds.

(28)

By applying Gronwall–Bellman Lemma

‖Φ(t)‖ +‖Ψ(t)‖≤ 1 + M1Y(  exp M2Y(  Φ Θ∗ξ 
�����

����� + Ψ Θ∗ξ 
�����

����� .

(29)

Similarly,

Φ Θ∗ξ 
�����

����� + Ψ Θ∗ξ 
�����

�����

≤ ‖Φ(t)‖ +‖Ψ(t)‖ + M1Y Φ Θ
∗
ξ 

�����

����� + Ψ Θ∗ξ 
�����

����� 

+ M2 
t

Θ∗ξ
[‖Φ(u)‖ +‖Ψ(u)‖]du,

(30)

therefore,

Φ Θ∗ξ 
�����

����� + Ψ Θ∗ξ 
�����

�����

≤ ‖Φ(t)‖ +‖Ψ(t)‖ + M1Y Φ Θ
∗
ξ 

�����

����� + Ψ Θ∗ξ 
�����

����� 

+ M2Y 1 + M1Y(  exp M2Y( 

× Φ Θ∗ξ 
�����

����� + Ψ Θ∗ξ 
�����

����� .

(31)

Substituting (29) and (30)

Φ Θ∗ξ 
�����

����� + Ψ Θ∗ξ 
�����

�����≤Q(‖Φ(t)‖ +‖Ψ(t)‖), (32)

where Q � 1 − Y[M1 + M2(1 + M1Y) exp(M2

Y)]}− 1. □

Theorem 1. Let assumptions A1–A5 hold, then, BAMNN (2)
is GES, when Y< min Z/2, Y , where

AM1(1 + Q) exp 2ℏ M2 + M1Q   + A exp(−B(ℏ − Y))

B
� 1.

(33)

ℏ >
lnA
B

,

Q � 1 − Y M1 + M2 1 + M1
Y  exp M2

Y   
− 1

.

(34)

Proof. For simplicity, we denote Φ(t; t0,Φ0) and
Ψ(t; t0,Φ0) as Φ(t) and Ψ(t). From BAMNN (1) and (2),



ω

]�1
Φ](t) − Φ](t)


 � 

ω

]�1


t

t0

−a] Φ](u) − Φ](u) 



+ 

ς

μ�1
b]μ Ωμ Ψμ(u)  −Ωμ Ψμ(u)  

+ 

ς

μ�1
c]μ Ωμ Ψμ(Θ(u))  −Ωμ Ψμ(u)  du

 ,



ς

μ�1
Ψμ(t) − Ψμ(t)



 � 

ς

μ�1


t

t0

−dμ Ψμ(u) − Ψμ(u) 



+ 
ω

]�1
eμ] Υ] Φ](u)(  − Υ] Φ](u)(  

+ 
ω

]�1
hμ] Υ] Φ](Θ(u))(  − Υ] Φ](u)(  du

 .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(35)

Ten,
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‖Φ(t) − Φ(t)‖≤ 
t

t0



ω

]�1
a]


����Φ](u) − Φ](u)

⎧⎨

⎩



+ 

ς

μ�1


ω

]�1
b]μ



Λμ Ψμ(u) − Ψμ(u)




+ 

ς

μ�1


ω

]�1
c]μ



Λμ Ψμ(Θ(u)) − Ψμ(u)



⎫⎬

⎭du,

‖Ψ(t) − Ψ(t)‖≤ 
t

t0



ς

μ�1
dμ



�����Ψμ(u) − Ψμ(u)
⎧⎪⎨

⎪⎩



+ 

ω

]�1


ς

μ�1
eμ]



Ξ] Φ](u) − Φ](u)




+ 
ω

]�1


ς

μ�1
hμ]



Ξ] Φ](Θ(u)) − Φ](u)




⎫⎪⎬

⎪⎭
du.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(36)

In what follows,

‖Φ(t) − Φ(t)‖ +‖Ψ(t) − Ψ(t)‖

≤ 
t

t0



ω

]�1
a]


 + 

ς

μ�1
eμ]



Ξ]⎡⎢⎢⎣ ⎤⎥⎥⎦ Φ](u) − Φ](u)




⎧⎪⎨

⎪⎩

+ 

ς

μ�1
dμ



 + 
ω

]�1
b]μ



Λμ⎡⎣ ⎤⎦ Ψμ(u) − Ψμ(u)




+ 

ς

μ�1


ω

]�1
c]μ



Λμ Ψμ(Θ(u)) − Ψμ(u)




+ 
ω

]�1


ς

μ�1
hμ]



Ξ] Φ](Θ(u)) − Φ](u)




⎫⎪⎬

⎪⎭
du.

(37)

Ten,

‖Φ(t) − Φ(t)‖ +‖Ψ(t) − Ψ(t)‖

≤ 
t

t0

M2[‖Φ(u) − Φ(u)‖ +‖Ψ(u) − Ψ(u)‖]

+M1[‖Ψ(Θ(u)) − Ψ(u)‖ +‖Φ(Θ(u)) − Φ(u)‖]du.

(38)

From (24) and Defnition 1,
‖Φ(t) − Φ(t)‖ +‖Ψ(t) − Ψ(t)‖

≤ 
t

t0

M2 + M1Q( [‖Φ(u) − Φ(u)‖ +‖Ψ(u) − Ψ(u)‖] du,

+ 
t

t0

AM1(1 + Q)‖ψ(0)‖ exp −B s − t0( ( ds

≤ 
t

t0

M2 + M1Q( [‖Φ(u) − Φ(u)‖ +‖Ψ(u) − Ψ(u)‖] du

+ A/BM1(1 + Q)‖ψ(0)‖.

(39)

Using the Gronwall–Bellman Lemma, for
t0 + Y≤ t≤ t0 + 2ℏ,

‖Φ(t) − Φ(t)‖ +‖Ψ(t) − Ψ(t)‖

≤
AM1(1 + Q) exp 2ℏ M2 + M1Q(  ‖ψ(0)‖

B
,

(40)

then for t0 + Z − Y≤ t≤ t0 + 2ℏ − Y, we have

‖Φ‖ +‖Ψ‖

≤ ‖Φ(t) − Φ(t)‖ +‖Ψ(t) − Ψ(t)‖ +‖ Φ(t)‖ +‖ Ψ(t)‖

≤A/BM1(1 + Q) exp 2ℏ M2 + M1Q(  ‖ψ(0)‖

+ A exp(−B(Z − Y))‖ψ(0)‖

� ℵ‖ψ(0)‖,

(41)

where

ℵ �
AM1(1 + Q) exp 2ℏ M2 + M1Q(  

B

+ A exp(−B(Z − Y)).

(42)

From Q(Q) � A/BM1(1 + Q) exp [2ℏ(M2 +M1Q)]+

A exp(−B(Z − Y)), it is obvious that Q(∞)> 1 and
Q(1)< 1, besides, for parameterQ, Q(Q) is increasing, thus,
undoubtedly, we can fnd a unique Q∈ (1, +∞) to satisfy
Q( Q) � 1.

From P(Y) � Y[M1 + M2(1 + M1Y) exp(M2Y)], we
can easily obtain P(Y) which is also strictly increasing, thus
a unique Y can be fonded such that P(Y) � 1, then Q �

1 − Y[M1 + M2(1 + M1Y) exp(M2Y)] 
− 1 ∈ (1, +∞) and

∀Y ∈ (0,Y), so there must be a unique Y such that
Q( Y) � Q, hence, when Y< Y, we can obtain ℵ< 1.

So when Y< min(ℏ/2, Y), setting ℵ � −ln(ℵ)/ℏ, we
obtain

‖Φ‖ +‖Ψ‖≤ exp(−ℏℵ)‖ψ(0)‖. (43)

From the uniqueness of the solutions we have proved
before, we get

Φ t; t0,Φ0( 
����

���� + Ψ t; t0,Ψ0( 
����

����

� Φ t; t0 +(S − 1)ℏ,Φ t0 +(S − 1)ℏ; t0,Φ0( ( 
����

����

+ Ψ t; t0 +(S − 1)ℏ,Ψ t0 +(S − 1)ℏ; t0,Ψ0( ( 
����

����,

(44)

where S ∈ N. Tus, by (43) and (44) we can be obtained for
t> t0 + SZ − Y,

Φ t; t0,Φ0( 
����

���� + Ψ t; t0,Ψ0( 
����

����

� Φ t; t0 +(S − 1)ℏ,Φ t0 +(S − 1)ℏ; t0,Φ0( ( 
����

����

+ Ψ t; t0 +(S − 1)ℏ,Ψ t0 +(S − 1)ℏ; t0,Ψ0( ( 
����

����

≤ exp(−ℏℵ) ‖Φ t0 +(S − 1)ℏ; t0,Φ0( 
����

+ Ψ t0 +(S − 1)ℏ; t0,Ψ0( 
����

����

� exp(−ℏℵ)

× ‖Φ t; t0 +(S − 2)ℏ,Φ t0 +(S − 2)ℏ; t0,Φ0( ( 
����
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+ Ψ t; t0 +(S − 2)ℏ, y t0 +(S − 2)ℏ; t0,Ψ0( ( 
����

����

≤ · · ·

≤ exp(−SZ ℵ)‖ψ(0)‖.

(45)

Tus, for all t> t0 + Z − Y and S ∈ N can be found to
satisfy t0 + (S − 1)Z − Y≤ t≤ t0 + SZ − Y, and

‖Φ(t)‖ +‖Ψ(t)‖

≤ exp − ℵ t − t0(   exp( ℵ(Z − Y))‖ψ(0)‖.
(46)

Clearly, (46) is also hold for t0 ≤ t≤ t0 + Z − Y, then, the
perturbed system (1) is GES. □

4. Noise and Deviating Arguments
Impacts on Stability

We will analyze the stability of SBAMDA in this part, the
system is expressed as follows:

dΦ](t) � −a]Φ](t) + 

ς

μ�1
b]μΩμ Ψμ(t) ⎡⎢⎢⎣

+ 

ς

μ�1
c]μΩμ Ψμ(Θ(t)) ⎤⎥⎥⎦dt + TΦ](t)d℧(t),

dΨμ(t) � −dμΨμ(t) + 
ω

]�1
eμ]Υ] Φ](t)( ⎡⎣

+ 
ω

]�1
hμ]Υ] Φ](Θ(t))( ⎤⎦dt + TΨμ(t)d℧(t),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(47)

whereΦ](t),Ψμ(t), ai, dμ, b]μ, c]μ, eμ], hμ],Ω(·), andΥ(·) are
same which is defned in (1). T is the intensity of distur-
bances. Based on Section 2, (47) has an unique state
(Φ(t),Ψ(t))T for any initial value (Φ0,Ψ0)

T.
Ten, we give the defnition of MSES (MSES) of

system (47).

Defnition 2. System (32) is said to be MSES if there exists
A> 1 and B> 0 such that

E Φ(t)
2
+

����
����Ψ(t)

2
 

≤ AE Φ0
2
+

����
����Ψ0

2
  exp − B t − t0(  ,

(48)

where (Φ(t),Ψ(t))T and (Φ0,Ψ0)
T are the state and initial

value of the SBAMDA (47), respectively.

Defnition 3. System (32) is called almost GES, if for any
t0 ∈ R+, Φ0 ∈ R], Ψ0 ∈ Rμ, the Lyapunov exponent
limsup
t⟶∞

ln(‖Φ(t; t0,Φ0)‖ + ‖Ψ(t; t0,Ψ0)‖)/t< 0.

Remark 2. It is obvious that, from the defnitions above, the
mean square GES follows from the almost sure GES, but the
opposite is not true. On the other hand, if A1 holds means
that the MSES implies almost sure exponential stable
(ASES).

Terefore, we give some assumptions we need in this
part as follows:

(i) A6

M3 + Y 3 + M3(  M4 + M5(  exp Y M4 + M5(  < 1.

(49)

(ii) A7

2 A
2
exp(−2 Bh) +

84Q2
A
2
ℏ2 exp 8ℏ 3Q1ℏ+36Q2ℏ( ){ }

B
< 1,

(50)

where

M3 � max 9Y2
m

2
3, 9Y

2
m

2
6 ,

M4 � max 9Ym
2
1 + 3T2

, 9Ym
2
4 + 3T2

 ,

M5 � max 9Ym
2
2, 9Ym

2
5 ,

Q1 � max m
2
1 + m

2
5, m

2
2 + m

2
4 ,

Q2 � max m
2
3, m

2
6 .

(51)

In the next lemma, we will explore the relationships of
state of system (47) and deviating function Θ(t).

Lemma  . Let assumption A1–A6 hold, then exists Q> 0
such that

E Φ(Θ(t))
2
+

����
����Ψ(Θ(t))

2
 

≤QE Φ(t)
2
+

����
����Ψ(t)

2
 ,

(52)

where

Q � 3(1 − ϖ)− 1
,

ϖ � M3 + Y 3 + M3(  M4 + M5(  exp Y M4 + M5(  .
(53)

Proof. Since t ∈ R+, thus, there must be a positive constant
ξ ∈ N, satisfed t ∈ [Yξ ,Yξ+1), then Θ(t) � Θ∗ξ , from (32),

‖Φ(t)‖≤ Φ Θ∗ξ 
�����

����� + 
t

Θ∗ξ
m1‖Φ(u)‖ + m2‖Ψ(u)‖

+m3 Ψ Θ
∗
ξ 

�����

�����du + 
t

Θ∗ξ
TΦ(u)d℧(u)‖,

���������

‖Ψ(t)‖≤ Ψ Θ∗ξ 
�����

����� + 
t

Θ∗ξ
m4‖Ψ(u)‖ + m5‖Φ(u)‖

+m6 Φ Θ
∗
ξ 

�����

�����du + 
t

Θ∗ξ
TΨ(u)d℧(u)

���������

���������
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(54)

Furthermore,
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E‖Φ(t)‖
2

≤ 3E Φ Θ∗ξ 
�����

�����
2

+ 9Y
t

Θ∗ξ
E m

2
1 Φ(u)

2
+ m

2
2

����
����Ψ(u)

2


+m
2
3 Ψ Θ

∗
ξ 

�����

�����
2
du + 3T2


t

Θ∗ξ
E‖Φ(u)‖

2du

≤ 3E Φ Θ∗ξ 
2

+ 3 3Ym
2
1 + T

2
  

t

Θ∗ξ
E

���������

���������
Φ(u)

2du

+ 9Y
t

Θ∗ξ
E m

2
2 Ψ(u)

2
+ m

2
3

����
����Ψ Θ∗ξ 

2
 du

≤ 3E Φ Θ∗ξ 
2

+ 9Y2
m

2
3E

�����

�����Ψ Θ
∗
ξ 

2

+ 3 3Ym
2
1 + T

2
  

t

Θ∗ξ
E‖Φ(u)‖

2du

+ 9Ym
2
2 

t

Θ∗ξ
E‖Ψ(u)‖

2du.

(55)

Similarly,

E‖Ψ(t)‖
2

≤ 3E Ψ Θ∗ξ 
�����

�����
2

+ 9Y
t

Θ∗ξ
E m

2
4 Ψ(u)

2
+ m

2
5

����
����Φ(u)

2


+m
2
6E Φ Θ

∗
ξ 

�����

�����
2
du + 3T2


t

Θ∗ξ
E‖Ψ(u)‖

2du

≤ 3E Ψ Θ∗ξ 
2

+ 9Y2
m

2
6E

�����

�����Φ Θ
∗
ξ 

2

+ 3 3Ym
2
4 + T

2
  

t

Θ∗ξ
E‖Ψ(u)‖

2du

+ 9Ym
2
5 

t

Θ∗ξ
E‖Φ(u)‖

2du.

(56)

Ten,

E Φ(t)
2

+ E
����

����Ψ(t)
2

≤ 3 + M3(  E Φ Θ∗ξ 
2

+ E
�����

�����Ψ Θ
∗
ξ 

2
 

+ M4 + M5(  
t

Θ∗ξ
E Φ(u)

2
+ E

����
����Ψ(u)

2
 du.

(57)

Applying the Gronwall–Bellman Lemma,

E Φ(t)
2

+ E
����

����Ψ(t)
2

≤ 3 + M3(  exp Y M4 + M5(  

× E Φ Θ∗ξ 
2

+ E
�����

�����Ψ Θ
∗
ξ 

2
 .

(58)

At the same time,

Φ Θ∗ξ 
�����

�����≤ ‖Φ(t)‖ + 
t

Θ∗ξ
m1‖Φ(u)‖ + m2‖Ψ(u)‖

+m3 Ψ Θ
∗
ξ 

�����

�����du + 
t

Θ∗ξ
TΦ(u)d℧(u)

���������

���������
,

Ψ Θ∗ξ 
�����

�����≤ ‖Ψ(t)‖ + 
t

Θ∗ξ
m4‖Ψ(u)‖ + m5‖Φ(u)‖

+m6 Φ Θ
∗
ξ 

�����

�����du + 
t

Θ∗ξ
TΨ(u)d℧(u)

���������

���������
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(59)

Similarly,

E Φ Θ∗ξ 
�����

�����
2
≤ 3E‖Φ(t)‖

2
+ 9Y2

m
2
3E Ψ Θ

∗
ξ 

�����

�����
2

+ 9Ym
2
1 + 3T2

  
t

Θ∗ξ
E‖Φ(u)‖

2du

+ 9Ym
2
2 

t

Θ∗ξ
E‖Ψ(u)‖

2du,

(60)

E Ψ Θ∗ξ 
�����

�����
2
≤ 3E‖Ψ(t)‖

2
+ 9Y2

m
2
6E Φ Θ

∗
ξ 

�����

�����
2

+ 9Ym
2
4 + 3T2

  
t

Θ∗ξ
E‖Ψ(u)‖

2du

+ 9Ym
2
5 

t

Θ∗ξ
E‖Φ(u)‖

2du.

(61)

Ten, from (58) we can have

E Φ Θ∗ξ 
2

+ E
�����

�����Ψ Θ
∗
ξ 

2

≤ 3 E Φ(t)
2

+ E
����

����Ψ(t)
2

 

+ M3 E Φ Θ∗ξ 
2

+ E
�����

�����Ψ Θ
∗
ξ 

2
 

+ M4 + M5(  
t

Θ∗ξ
E Φ(u)

2
+ E

����
����Ψ(u)

2
 du

≤ 3 E Φ(t)
2

+ E
����

����Ψ(t)
2

 

+ ϖ E Φ Θ∗ξ 
2

+ E
�����

�����Ψ Θ
∗
ξ 

2
 ,

(62)

where ϖ � M3 + Y(3 + M3)(M4 + M5) exp Y(M4+ M5)}.
Ten combine with A6, we have

E Φ Θ∗ξ 
�����

�����
2

+ E Ψ Θ∗ξ 
�����

�����
2

≤ 3(1 − ϖ)− 1
E Φ(t)

2
+ E

����
����Ψ(t)

2
 

� Q E Φ(t)
2

+ E
����

����Ψ(t)
2

 .

(63)

Terefore, (63) holds on the interval [Yξ ,Yξ+1), since the
randommicities of t and ξ, thus, ∀t ∈ R+, ∀ξ ∈ N, (44) also
holds. Terefore, the proof is completed.

In what follows, the implications of both deviating ar-
guments and stochastic disturbances on the stability of
BAMNN (2) is examined. □
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Theorem 2. Let A1 to A7 hold and BAMNN (2) is GES, then,
SBAMDA (32) is MSES and also ASES if | �T|<T/

�
2

√
,

�Y< min Z/2,Y , D( �Y, �T)< 1, where T and Y are the
unique positive solutions of the following two transcendental
equations, respectively,

2 A
2
exp (−2BZ) +

4 A
2

B
ℏ T

� 2
+ 42Q2ℏ 

× exp 8ℏ T
� 2

+ 3Q1ℏ + 36Q2ℏ   � 1,

2Ω1 exp 2ℏΩ2(  + 4 A
2
exp(−2 B(ℏ − Y)) � 1,

(64)

where

ℏ > ln 2 A
2

 

2 B
,

Ω1 �
2ℏ A

2
12ℏQ2 + 24ℏQ2Q + �T

2
 

B
,

Ω2 � 12ℏQ1 + 48ℏQ2Q + 2�T
2
,

Q � 3(1 − �ϖ)− 1
,

�ϖ � M3 + Y 3 + M3(  M4 + M5(  exp Y M4 + M5(  ,

M3 � max 9Y2
m

2
3, 9Y

2
m

2
6 ,

M4 � max 9Ym
2
1 + 1.5�T

2
, 9Ym

2
4 + 1.5�T

2
 ,

M5 � max 9Ym
2
2, 9Ym

2
5 .

(65)

Proof. From (2), (24), (25), and (47),

E‖Φ(t) − Φ(t)‖
2

≤ 6 t − t0(  
t

t0

m
2
1E‖Φ(u) − Φ(u)‖

2


+m
2
2E Ψ(u) − Ψ(u)

2
+ m

2
3E

����
����Ψ(Θ(u))

− Ψ(u)
2
du + 2T2


t

t0

E‖Φ(u)‖
2du

− Ψ(u)
2
du + 2T2


t

t0

E‖Φ(u)‖
2du

≤ 6 t − t0(  
t

t0

m
2
4E‖Ψ(u) − Ψ(u)‖

2


+m
2
5E Φ(u) − Φ(u)

2
+ m

2
6

����
����Φ(Θ(u))

− Φ(u)
2
du + 2T2


t

t0

E‖Ψ(u)‖
2du.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(66)

Furthermore, we can obtain

E Φ(t) − Φ(t)
2

+ E
����

����Ψ(t) − Ψ(t)
2

≤ 6 t − t0(  
t

t0

m
2
1 + m

2
5 E‖Φ(u) − Φ(u)‖

2


+ m
2
2 + m

2
4 E‖Ψ(u) − Ψ(u)‖

2
du

+ 6 t − t0(  
t

t0

m
2
3E‖Ψ(Θ(u)) − Ψ(u)‖

2
du

+ 6 t − t0(  
t

t0

m
2
6E‖Φ(Θ(u)) − Φ(u)‖

2
du

+ 2T2


t

t0

E Φ(u)
2

+ E
����

����Ψ(u)
2

 du.

(67)

Ten

E Φ(t) − Φ(t)
2

+ E
����

����Ψ(t) − Ψ(t)
2

≤ 6 t − t0( Q1 + 4T2
  

t

t0

E‖Φ(u) − Φ(u)‖
2



+E‖Ψ(u) − Ψ(u)‖
2
du + 12 t − t0( Q2Q

× 
t

t0

E Φ(u)
2

+ E
����

����Ψ(u)
2

 du

+ 12 t − t0( Q2 + 4T2
 

× 
t

t0

E Φ(u)
2

+ E
����

���� Ψ(u)
2

 du

≤ 6 t − t0( Q1 + 24 t − t0( Q2Q + 4T2
 

× 
t

t0

E Φ(u) − Φ(u)
2

+ E
����

����Ψ(u) − Ψ(u)
2

 du

+ A
2
/ B t − t0(  6 t − t0( Q2 + 12 t − t0( Q2Q + 2T2

 

× E Φ0
2

+ E
����

����Ψ0
2

 .

(68)

Applying Gronwall–Bellman Lemma, for
t0 + Y≤ t0 ≤ t + 2ℏ, we can get that

E‖Φ(t) − Φ(t)‖
2

+ E‖Ψ(t) − Ψ(t)‖
2

≤
2ℏ A

2

B 12ℏQ2 + 24ℏQ2Q + 2T2
 

× exp 2ℏ 12ℏQ1 + 48ℏQ2Q + 4T2
  

× E Φ0
����

����
2

+ E Ψ0
����

����
2

 

≔ Ω1 exp 2ℏΩ2(  E Φ0
����

����
2

+ E Ψ0
����

����
2

 .

(69)

Tus, for t0 + Z − Y≤ t≤ t0 + 2ℏ − Y,
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E Φ(t)
2

+ E
����

����Ψ(t)
2

≤ 2Ω1 exp 2ℏΩ2(  E Φ0
2

+ E
����

����Ψ0
2

 

+ 2 A
2

E Φ0
2

+ E
����

����Ψ0
2

  exp −2 B t − t0(  

≤ 2Ω1 exp 2ℏΩ2(  + 2 A
2
exp(−2 B(Z − Y)) 

× E Φ0
2
+

����
����Ψ0

2
 

� D(Y,T)E Φ0
2
+

����
����Ψ0

2
 ,

(70)

where
D(Y,T) � 2Ω1 exp 2ℏΩ2(  + 2 A

2
exp(−2 B(Z − Y)),

Ω1 �
2ℏ A

2

B 12ℏQ2 + 24ℏQ2Q + 2T2
 

,

Ω2 � 12ℏQ1 + 48ℏQ2Q + 4T2
.

(71)

Terefore, we have

D(0,T) � 2 A
2
exp(−2 Bℏ) +

4 A
2

B
ℏ T2

+ 42Q2ℏ 

× exp 8ℏ T2
+ 3Q1ℏ + 36Q2ℏ  ,

(72)

and we can easily get (72) is strictly increase for T.
From the assumption A7, we can easily obtain that

D(0, 0) � 2 A
2
exp(−2 Bℏ)

+
168Q2

A
2
ℏ2 exp 8ℏ 3Q1ℏ + 36Q2ℏ(  

B
< 1.

(73)

On the other hand, we can easily get D(0,∞)> 1, thus,
suppose that D(0,T) � 1. So, when |T|<T, D(∞,T)> 1,
and D(0,T)< 1. Besides, we denote
ϖ(Y,T) � M3 + Y(3 + M3)(M4 + M5)

exp Y(M4 + M5) , we can easily get ϖ(Y,T) is increasing
for Y. Ten, from A6, we know that ϖ(Y,T)< 1, so exists
a Y such that ϖ(Y,T) � 1, so, when Y<Y,
ϖ(Y,T)< 1 holds.

And because D(Y,T) is strictly increasing for Y, so
exists �Y, D( �Y, �T)< 1 holds, when | �T|<T/

�
2

√
,

�Y< min ℏ/2,Y .
Setting B � −lnD/ℏ, thus

E‖Φ(t)‖
2

+ E‖Ψ(t)‖
2

≤ exp(−BZ)E Φ0
����

����
2

+ Ψ0
����

����
2

 .
(74)

By Teorem 1, the solution of (47) is unique, thus, there
is a K ∈ N, such that

E‖Φ(t)‖
2

+ E‖Ψ(t)‖
2

� E Φ t; t0 +(K − 1)ℏ,Φ t0 + t0 +(K − 1)ℏ; t0,Φ0( ( 
����

����
2

+ E Ψ t; t0 +(K − 1)ℏ,Ψ t0 + t0 +(K − 1)ℏ; t0,Ψ0( ( 
����

����
2

≤ exp(−BZ) E Φ t0 + t0 +(K − 1)ℏ; t0,Φ0( 
����

����
2



+E Ψ t0 + t0 +(K − 1)ℏ; t0,Ψ0( 
����

����
2


≤ · · ·

≤ exp(−KBZ)E Φ0
����

����
2

+ Ψ0
����

����
2

 ,

(75)

holds for t≥ t0 − A + KZ.
Tus, for any t> t0 − Y + Z, there is a K ∈ N such that

t0 − Y + (K − 1)ℏ ≤ t≤ t0 − Y + KZ,

E‖Φ(t)‖
2

+ E‖Ψ(t)‖
2

≤ exp −B t − t0( (  exp(B(Z − Y))

× E Φ0
����

����
2

+ Ψ0
����

����
2

 .

(76)

Clearly, we can easily get (76) is also hold for
t0 ≤ t≤ t0 − Y + Z. Tus, system (47) is satisfes Defnition 2.
According to Remark 2, (47) is also ASES. □

Remark 3. Table 1 is a brief comparison between this paper
and existing literature. Te factors we compare are RoS,
BAM, deviating argument (DA), the existence and
uniqueness of solutions (EU), ES, AS.

5. Examples

We provide a few instances in this section to demonstrate
the viability of the results in the earlier sections.

Example 1. Consider the following BAMDA, let ω � ς � 2,
the parameters and the model of our example are as
follows:

Discrete Dynamics in Nature and Society 11



A �
0.5 0

0 0.5
 , B �

0.004 0.003

0.003 0.004
 ,

C �
0.003 0.001

0.001 0.003
 , D �

0.4 0

0 0.4
 ,

E �
0.002 0.001

0.001 0.002
 , H �

0.002 0.003

0.003 0.002
 ,

_Φ1(t) � −0.5Φ1(t) + 0.004 tanh Ψ1(t)(  + 0.003 tanh Ψ2(t)( 

+0.003 tanh Ψ1(Θ(t))(  + 0.001 tanh Ψ2(Θ(t))( ,

_Φ2(t) � −0.5Φ2(t) + 0.003 tanh Ψ1(t)(  + 0.004 tanh Ψ2(t)( 

+0.001 tanh Ψ1(Θ(t))(  + 0.003 tanh Ψ2(Θ(t))( ,

_Ψ1(t) � −0.4Ψ1(t) + 0.002 tanh Φ1(t)(  + 0.001 tanh Φ2(t)( 

+0.002 tanh Φ1(Θ(t))(  + 0.003 tanh Φ2(Θ(t))( ,

_Ψ2(t) � −0.3Ψ2(t) + 0.001 tanh Φ1(t)(  + 0.002 tanh Φ2(t)( 

+0.003 tanh Φ1(Θ(t))(  + 0.002 tanh Φ2(Θ(t))( ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(77)

where Yξ  � ξ/10 and Θξ  � (2ξ + 1)/20.
From the parameters, we have m1 � 0.5, m2 � 0.007,

m3 � 0.004, m4 � 0.4, m5 � 0.003, m6 � 0.0015, M1 � 0.016,
M2 � 0.5030, and ℏ � 0.3.

Moreover, we have

0.0333 exp(0.3048) + exp(−0.09) � 0.9591< 1. (78)

Besides, according to the comparison theorem, we know
that the system without deviating argument

_Φ1(t) � −0.5Φ1(t) + 0.04 tanh Ψ1(t)(  + 0.03 tanh Ψ2(t)( 

+0.03 tanh Ψ1(t)(  + 0.01 tanh Ψ2(t)( ,

_Φ2(t) � −0.5Φ2(t) + 0.03 tanh Ψ1(t)(  + 0.04 tanh Ψ2(t)( 

+0.01 tanh Ψ1(t)(  + 0.03 tanh Ψ2(t)( ,

_Ψ1(t) � −0.4Ψ1(t) + 0.02 tanh Φ1(t)(  + 0.01 tanh Φ2(t)( 

+0.02 tanh Φ1(t)(  + 0.03 tanh Φ2(t)( ,

_Ψ2(t) � −0.3Ψ2(t) + 0.01 tanh Φ1(t)(  + 0.02 tanh Φ2(t)( 

+0.03 tanh Φ1(t)(  + 0.02 tanh Φ2(t)( ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(79)

is GES with A � 1,B � 0.3.
Let Λμ � 1, Ξ] � 1, then we can get Y � 0.1393 from the

equation as follows:

Table 1: Te brief comparison between this paper and existing literature.

RoS BAM DA EU ES AS
Xiang and Cao [7] ✓ ✓
Sowmiya et al. [8] ✓ ✓
Sowmiya et al. [9] ✓ ✓
Balasubramania and Vidhya [13] ✓ ✓
Akhmet et al. [23] ✓ ✓ ✓ ✓
Wenxiang et al. [29] ✓ ✓ ✓
Tis paper ✓ ✓ ✓ ✓ ✓
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Figure 1: Te states of (77) with Yξ  � ξ/10, Θξ  � 2ξ + 1/20 in diferent initial values.
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exp(0.3 Y − 0.09) + 0.0167 + 0.0167/[1 − Y[(0.503(1 + 0.0005 Y) + exp(0.503 Y)0.005]] 

exp 0.6(0.503 + 0.005 0.0167 + 0.0167/[1 − Y[(0.503(1 + 0.0005 Y) × exp(0.503 Y)0.005]]  � 1.
(80)

Terefore, when Y< Y � 0.2476, according to Teorem
1, (47) is GES.

Figure 1 depicts the states of system (77) with
Yξ  � ξ/10, Θξ  � (2ξ + 1)/20 in diferent initial values.
Since the length of interval of deviating argument we take in
system (77) is less than 0.1393, thus, BAMDA (77) is GES.

Example 2. Consider the following SBAMDA:

A �
0.5 0

0 0.5
⎡⎢⎢⎣ ⎤⎥⎥⎦, B �

0.001 −0.001

−0.001 0.001
⎡⎢⎢⎣ ⎤⎥⎥⎦,

C �
0.001 −0.001

−0.001 0.001
⎡⎢⎢⎣ ⎤⎥⎥⎦, D �

0.5 0

0 0.5
⎡⎢⎢⎣ ⎤⎥⎥⎦,

E �
0.001 −0.001

−0.001 0.001
⎡⎢⎢⎣ ⎤⎥⎥⎦, H �

0.001 −0.001

−0.001 0.001
⎡⎢⎢⎣ ⎤⎥⎥⎦,

dΦ1(t) � −0.5Φ1(t) + 0.001 tanh Ψ1(t)( 

−0.001 tanh Ψ2(t)(  + 0.001 tanh Ψ1(Θ(t))( 

−0.001 tanh Ψ2(Θ(t))(  + TΦ1(t)d℧(t),

dΦ2(t) � −0.5Φ2(t) − 0.001 tanh Ψ1(t)( 

+0.001 tanh Ψ2(t)(  − 0.001 tanh Ψ1(Θ(t))( 

+0.001 tanh Ψ2(Θ(t))(  + TΦ2(t)d℧(t),

dΨ1(t) � −0.5Ψ1(t) + 0.001 tanh Φ1(t)( 

−0.001 tanh Φ2(t)(  + 0.001 tanh Φ1(Θ(t))( 

−0.001 tanh Φ2(Θ(t))(  + TΨ1(t)d℧(t),

dΨ2(t) � −0.5Ψ2(t) − 0.001 tanh Φ1(t)( 

+0.001 tanh Φ2(t)(  − 0.001 tanh Φ1(Θ(t))( 

+0.001 tanh Φ2(Θ(t))(  + TΨ2(t)d℧(t),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(81)

where the deviating argument Θ(t) � Θ∗ξ , when
t ∈ [Yξ ,Yξ+1), ξ ∈ N.

By computing the parameters, we can obtain Λμ � 1,
Ξ] � 1, m1 � 0.5, m2 � 0.002, m3 � 0.002, m4 � 0.5,
m5 � 0.002, m6 � 0.002, Q1 � 0.25, and Q2 � 4 × 10− 6. Be-
sides, we let ℏ � 0.8, by the comparison theorem, we can
obtain that the origin BAMCNN of (81).

_Φ1(t) � −0.5Φ1(t) + 0.001 tanh Ψ1(t)( 

−0.001 tanh Ψ2(t)(  + 0.001 tanh Ψ1(t)( 

−0.001 tanh Ψ2(t)( ,

_Φ2(t) � −0.5Φ2(t) + 0.001 tanh Ψ1(t)( 

−0.001 tanh Ψ2(t)(  + 0.001 tanh Ψ1(t)( 

−0.001 tanh Ψ2(t)( ,

_Ψ1(t) � −0.5Ψ1(t) − 0.001 tanh Φ1(t)( 

+0.001 tanh Φ2(t)(  − 0.001 tanh Φ1(t)( 

+0.001 tanh Φ2(t)( ,

_Ψ2(t) � −0.5Ψ2(t) − 0.001 tanh Φ1(t)( 

+0.001 tanh Φ2(t)(  − 0.001 tanh Φ1(t)( 

+0.001 tanh Φ2(t)( ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(82)

is GES with A � 1, B � 0.5.
Moreover, we have

2 exp(−0.8) + 0.0017 exp(3.8408) � 0.9788< 1. (83)

Substituting the parameters into (72), we have

D(0,T) � 2 exp(−0.8) + 6.4 T
2

+ 1.344 × 10−4
  exp 6.4 T

2
+ 0.6001  . (84)

Let D(0,T) � 1, thus, we have T � 0.006. Note that
�T<T/

�
2

√
, that is �T< 0.0042, then substituting the other

parameters into D(Y,T/
�
2

√
), then we can get

D(Y,T/
�
2

√
) � 2Ω1 exp 2ℏΩ2(  + 4 A

2
exp(−2 B(ℏ − Y)),

(85)
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where

Ω1 �
2ℏ A

2

B 12ℏQ2 + 24ℏQ2Q + �T
2

 
,

Ω2 � 12ℏQ1 + 48ℏQ2Q + 2�T
2
,

Q1 � max m
2
1 + m

2
5, m

2
2 + m

2
4 ,

Q2 � max m
2
3, m

2
6 ,

Q � 3(1 − �ϖ)− 1
,

�ϖ � M3 + Y 3 + M3(  M4 + M5(  exp Y M4 + M5(  ,

M3 � max 9Y2
m

2
3, 9Y

2
m

2
6 ,

M4 � max 9Ym
2
1 + 1.5�T

2
, 9Ym

2
4 + 1.5�T

2
 ,

M5 � max 9Ym
2
2, 9Ym

2
5 .

(86)

Tus, we can obtain Y � 0.0117, recalling that
Y< min ℏ/2,Y , and therefore, Y< 0.0117.

Hence, we can easily get for given stable system, when
�T< |T|/

�
2

√
, �Y< min ℏ/2,Y , the perturbed system will

also be stable.
Te states in Figure 2 is the states under the condition of

system (81) with T � 2/1000, Yξ  � ξ/35, and Θξ  �

(2ξ + 1)/70. It shows that if the T and Y are both lower than
we derived in this paper, then (81) will be exponential stable.

In Figure 3, T � 0.006> 0.0042, Y � 1/105< 0.0117,
thus, the states in Figure 3 is not exponentially stable. And
Figure 4 shows the states of (81), when T � 0.002< 0.0042
and Y � 0.02> 0.0117 is bigger than we derived in this
paper, we can easily fnd that the states in Figure 4 has lost its
origin stability.

In Figure 5, we choose T � 0.007> 0.0042 and
Y � 1/20> 0.0117, they are both bigger than the results we
derived in this paper, hence, the states of SBAMDA (81) is
not GES.
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Figure 2: Te states of (81) with T � 0.002, Yξ  � ξ/35, and
Θξ  � 2ξ + 1/70 in diferent initial values.
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Θξ  � 2ξ + 1/100.

14 Discrete Dynamics in Nature and Society



 . Conclusion

Te robustness of the stability of BAMCNN with deviating
argument and noise is analyzed. Te upper bounds of noise
and the deviating intervals must be limited in order to retain
the original stability. We may estimate these upper bounds
that we derived by resolving transcendental equations. Our
fndings provide a theoretical underpinning for BAMCNN
designs and implementations. Future study may focus on
enhancing the upper limits and considering employing
classical approaches to optimize the computation process,
such as the LMImethod and the Lyapunov functionmethod.
Furthermore, more sophisticated structural disturbances,
such as Markov jump, impulses, state-dependent delays, and
so on, can be taken into account.
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