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Te aim of this article is to get the forms of the solutions of the following nonlinear higher-order diference equations χs+1 �

(χs− 3k+1/± 1 ± Πk
l�1χs− 3l+1), s � 0, 1, 2, . . . , where the initial conditions χ− j, j � 0, 1, 2, . . . , 3k − 1 and k ∈ 1, 2, . . .{ } are arbitrary

real numbers. Also, we examine stability, boundedness, oscillation, and the periodic nature of these solutions.

1. Introduction

Diference equations have played a principal role in the
structure and examination of mathematical models of bi-
ology, ecology, and physics. Te study of nonlinear rational
diference equations of higher-order is of prime importance.
Lately, there has been a lot of interest in studying the global
attractivity, the boundedness, and the solution form of these
equations. For more results in this feld, see [1–13].

In [14, 15], respectively, the authors obtained the so-
lutions of the following equations:

χs+1 �
χs− 14

±1 ± χs− 2χs− 5χs− 8χs− 11χs− 14
, s � 0, 1, 2, . . . , (1)

with initial conditions χ− j ∈ R and j � 0, 1, 2, . . . , 14 and

χs+1 �
χs− 2k+1

±1 ± Πk
j�1χs− 2j+1

, s � 0, 1, 2, . . . , (2)

with initial conditions χ− j ∈ R, j � 0, 1, 2, . . . , 2k − 1 and
k ∈ 1, 2, . . .{ }.

In [16], the authors obtained the solutions of

χs+1 �
χs− 11

±1 ± χs− 2χs− 5χs− 8χs− 11
, s � 0, 1, 2, . . . , (3)

where χ− j ∈ R and j � 0, 1, 2, . . . , 11.
In this work, we get the solutions of the next diference

equations

χs+1 �
χs− 3k+1

±1 ± Πk
j�1χs− 3j+1

, s � 0, 1, 2, . . . , (4)

where the initial conditions χ− j ∈ R, j � 0, 1, 2, . . . , 3k − 1
and k ∈ 1, 2, . . .{ }. Following that, we investigate the be-
havior of these solutions. All over this paper, we defne
mod (j, 3) � j − 3[j/3] where [χ] is the greatest integer
less than or equal to χ ∈ R.
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2. The Difference Equation χs+1 = (χs−3k+1/1+
Πk

l=1χs−3l+1)

In this portion, we give an express shape of the solutions of
the following equation:

χs+1 �
χs− 3k+1

1 + Πk
l�1χs− 3l+1

, s � 0, 1, 2, . . . , (5)

where χ− l ∈ R, l � 0, 1, 2, . . . , 3k − 1; k ∈ 1, 2, . . .{ }. Also, we
discuss the stability and boundedness of these solutions.

Theorem 1. Assume that χs􏼈 􏼉
∞
s�− 3k+1 is a solution of equation

(5), then, for s � 0, 1, 2, . . .,

χ3k− j � aj􏽙

s− 1

l�0

1 + kl + Mj − 1􏼐 􏼑Pj

1 + kl + Mj􏼐 􏼑Pj

⎛⎝ ⎞⎠, j � 0, 1, 2, . . . , 3k − 1,

(6)

where Pj � 􏽑
k− 1
r�0amod(j,3)+3r, Mj � k − [j/3], and χ− j � aj

with tPj ≠ − 1 such that t ∈ 1, 2, 3, . . .{ }.

Proof. For s � 0, the consequence holds. Now, let s> 0 and
our hypothesis holds for s − 1. Ten,

χ3ks− 3k− j � aj􏽙

s− 2

l�0

1 + kl + Mj − 1􏼐 􏼑Pj

1 + kl + Mj􏼐 􏼑Pj

⎛⎝ ⎞⎠. (7)

From equation (5) and using equation (7), we get

χ3ks− (3k− 1) �
χ3ks− 6k+1

1 + χ3ks− 3k− 2χ3ks− 3k− 5 . . . χ3ks− 6k+1

�
a3k− 1 􏽑

s− 2
l�0 1 + kl + M3k− 1 − 1( 􏼁P3k− 1/1 + kl + M3k− 1( 􏼁P3k− 1( 􏼁

1 + 􏽑
k− 1
j�0 a3j+2 􏽑

s− 2
l�0 1 + kl + M3j+2 − 1􏼐 􏼑P3j+2/1 + kl + M3j+2􏼐 􏼑P3j+2􏼐 􏼑􏼐 􏼑

�
a3k− 1 􏽑

s− 2
l�0 1 + kl + M3k− 1 − 1( 􏼁P3k− 1/1 + kl + M3k− 1( 􏼁P3k− 1( 􏼁

1 + a2a5 . . . a3k− 1 􏽑
s− 2
l�0 1 + kl + M3k− 1 − 1( 􏼁P3k− 1/1 +(kl + k)P3k− 1( 􏼁

.

(8)

Hence, we have

χ3ks− (3k− 1) � a3k− 1􏽙

s− 1

l�0

1 + kl + M3k− 1 − 1( 􏼁P3k− 1

1 + kl + M3k− 1( 􏼁P3k− 1
􏼠 􏼡. (9)

Similarly, we get

χ3ks− (3k− 2) �
χ3ks− 6k+2

1 + χ3ks− 3k− 1χ3ks− 3k− 4 . . . χ3ks− 6k+2

�
a3k− 2 􏽑

s− 2
l�0 1 + kl + M3k− 2 − 1( 􏼁P3k− 2/1 + kl + M3k− 2( 􏼁P3k− 2( 􏼁

1 + 􏽑
k− 1
j�0 a3j+1 􏽑

s− 2
l�0 1 + kl + M3j+1 − 1􏼐 􏼑P3j+1/1 + kl + M3j+1􏼐 􏼑P3j+1􏼐 􏼑􏼐 􏼑

�
a3k− 2 􏽑

s− 2
l�0 1 + kl + M3k− 2 − 1( 􏼁P3k− 2/1 + kl + M3k− 2( 􏼁P3k− 2( 􏼁

1 + a1a4 . . . a3k− 2 􏽑
s− 2
l�0 1 + kl + M3k− 2 − 1( 􏼁P3k− 2/1 +(kl + k)P3k− 2( 􏼁

.

(10)
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Hence, we have

χ3ks− (3k− 2) � a3k− 2􏽙

s− 1

l�0

1 + kl + M3k− 2 − 1( 􏼁P3k− 2

1 + kl + M3k− 2( 􏼁P3k− 2
􏼠 􏼡. (11)

Once again, from equation (5) and using equation (7),
we get

χ3ks− (3k− 3) �
χ3ks− 6k+3

1 + χ3ks− 3kχ3ks− 3k− 3 . . . χ3ks− 6k+3

�
a3k− 3 􏽑

s− 2
l�0 1 + kl + M3k− 3 − 1( 􏼁P3k− 3/1 + kl + M3k− 3( 􏼁P3k− 3( 􏼁

1 + 􏽑
k− 1
j�0 a3j 􏽑

s− 2
l�0 1 + kl + M3j − 1􏼐 􏼑P3j/1 + kl + M3j􏼐 􏼑P3j􏼐 􏼑􏼐 􏼑

�
a3k− 3 􏽑

s− 2
l�0 1 + kl + M3k− 3 − 1( 􏼁P3k− 3/1 + kl + M3k− 3( 􏼁P3k− 3( 􏼁

1 + a0a3 . . . a3k− 3 􏽑
s− 2
l�0 1 + kl + M3k− 3 − 1( 􏼁P3k− 3/1 +(kl + k)P3k− 3( 􏼁

.

(12)

Hence, we have

χ3ks− (3k− 3) � a3k− 3􏽙

s− 1

l�0

1 + kl + M3k− 3 − 1( 􏼁P3k− 3

1 + kl + M3k− 3( 􏼁P3k− 3
􏼠 􏼡. (13)

Similarly, one can readily get the other relations for
equation (6). Te proof is fnished. □

Theorem  . If χ− 3k+1, χ− 3k+2, . . . , χ0 ∈ [0,∞) where
k ∈ 1, 2, . . .{ }, then every solution of equation (5) is bounded.

Proof. Suppose that χs􏼈 􏼉
∞
s�− 3k+1 is a solution of equation (5).

Ten,

0≤ χs+1 �
χs− 3k+1

1 + Πk
l�1χs− 3l+1

≤ χs− 3k+1 for all  s≥ 0. (14)

Hence, the sequence χ3ks− l􏼈 􏼉
∞
s�0, l � 0, 1, . . . , 3k − 1 is

decreasing and thus is bounded from above by
M � max χ− 3k+1, χ− 3k+2, . . . , χ0􏼈 􏼉. □

Theorem 3. Equation (5) has only equilibrium point �χ � 0.

Proof. By using equation (5), we have

�χ �
�χ

1 + �χk
⇒ �χ + �χk+1

� �χ. (15)

Tus,

�χk+1
� 0. (16)

Te proof is fnished. □

Theorem 4. Assume that χ− 3k+1, χ− 3k+2, . . . , χ0 ∈ [0,∞)
where k ∈ 1, 2, . . .{ }, then �χ � 0 is locally stable.

Proof. Let ϵ> 0 and χs􏼈 􏼉
∞
s�− 3k+1 be a solution of equation (5)

such that

􏽘

3k− 1

j�0
χ− j

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌< ϵ. (17)

It sufces to show that |χ1|< ϵ. Now,

0< χ1 �
χ− 3k+1

1 + Πk
l�1χ− 3l+1

≤ χ− 3k+1 < ϵ. (18)

Te proof is fnished. □

Theorem 5. Let χ− 3k+1, χ− 3k+2, . . . , χ0 ∈ [0,∞) where
k ∈ 1, 2, . . .{ }. Ten, �χ � 0 is globally asymptotically stable.

Proof. We teach via Teorem 4 that �χ � 0 is locally stable.
Now, let χs􏼈 􏼉

∞
s�− 3k+1 be a positive solution of equation (5). It

is enough to show that

lim
s⟶∞

χs � �χ � 0. (19)

By Teorem 2, we own χs+1 < χs− 3k+1  ∀s≥ 0. Tus,
χ3ks− l􏼈 􏼉

∞
s�0 and l � 0, 1, . . . , 3k − 1 are decreasing and

bounded which implies that χ3ks− l􏼈 􏼉
∞
s�0 converge to limit

(say 5l > 0). Consequently,

53k− 1 �
53k− 1

1 + 5255 . . . 53k− 1
,

53k− 2 �
53k− 2

1 + 5154 . . . 53k− 2
, . . . , 50 �

50

1 + 5053 . . . 53k− 3
,

(20)

which implies that 50 � 51 � . . . � 53k− 1 � 0, from which the
result follows. □

3. The Difference Equation χs+1 = (χs−3k+1/
1−Πk

l=1χs−3l+1)

In this portion, we give an express shape of the solutions for
the following equation:

χs+1 �
χs− 3k+1

1 − Πk
l�1χs− 3l+1

, s � 0, 1, 2, . . . , (21)
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where χ− l, l � 0, 1, 2, . . . , 3k − 1 and k ∈ 1, 2, . . .{ } are ar-
bitrary real numbers.

Theorem 6. Let χs􏼈 􏼉
∞
s�− 3k+1 be a solution of equation (21).

Ten, for s � 0, 1, 2, . . .,

χ3ks− j � aj􏽙

s− 1

l�0

− 1 + kl + Mj − 1􏼐 􏼑Pj

− 1 + kl + Mj􏼐 􏼑Pj

⎛⎝ ⎞⎠, j � 0, 1, 2, . . . , 3k − 1, (22)

where Pj � 􏽑
k− 1
r�0amod(j,3)+3r, Mj � k − [j/3], and χ− j � aj,

with tPj ≠ 1 such that t ∈ 1, 2, 3, . . .{ }.

Proof. For s � 0, the conclusion holds. Now, let s> 0 and
that our hypothesis is verifed for s − 1. Ten,

χ3ks− 3k− j � aj􏽙

s− 2

l�0

− 1 + kl + Mj − 1􏼐 􏼑Pj

− 1 + kl + Mj􏼐 􏼑Pj

⎛⎝ ⎞⎠. (23)

By equation (21) and using equation (23), we obtain

χ3ks− (3k− 1) �
χ3ks− 6k+1

1 − χ3ks− 3k− 2χ3ks− 3k− 5 . . . χ3ks− 6k+1

�
a3k− 1 􏽑

s− 2
l�0 − 1 + kl + M3k− 1 − 1( 􏼁P3k− 1/− 1 + kl + M3k− 1( 􏼁P3k− 1( 􏼁

1 − 􏽑
k− 1
j�0 a3j+2 􏽑

s− 2
l�0 − 1 + kl + M3j+2 − 1􏼐 􏼑P3j+2/− 1 + kl + M3j+2􏼐 􏼑P3j+2􏼐 􏼑􏼐 􏼑

�
a3k− 1 􏽑

s− 2
l�0 − 1 + kl + M3k− 1 − 1( 􏼁P3k− 1/− 1 + kl + M3k− 1( 􏼁P3k− 1( 􏼁

1 − a2a5 . . . a3k− 1 􏽑
s− 2
l�0 − 1 + kl + M3k− 1 − 1( 􏼁P3k− 1/− 1 +(kl + k)P3k− 1( 􏼁

.

(24)

Hence, we have

χ3ks− (3k− 1) � a3k− 1􏽙

s− 1

l�0

− 1 + kl + M3k− 1 − 1( 􏼁P3k− 1

− 1 + kl + M3k− 1( 􏼁P3k− 1
􏼠 􏼡. (25)

Similarly, we get

χ3ks− (3k− 2) �
χ3ks− 6k+2

1 − χ3ks− 3k− 1χ3ks− 3k− 4 . . . χ3ks− 6k+2

�
a3k− 2 􏽑

s− 2
l�0 − 1 + kl + M3k− 2 − 1( 􏼁P3k− 2/− 1 + kl + M3k− 2( 􏼁P3k− 2( 􏼁

1 − 􏽑
k− 1
j�0 a3j+1 􏽑

s− 2
l�0 − 1 + kl + M3j+1 − 1􏼐 􏼑P3j+1/− 1 + kl + M3j+1􏼐 􏼑P3j+1􏼐 􏼑􏼐 􏼑

�
a3k− 2 􏽑

s− 2
l�0 − 1 + kl + M3k− 2 − 1( 􏼁P3k− 2/− 1 + kl + M3k− 2( 􏼁P3k− 2( 􏼁

1 − a1a4 . . . a3k− 2 􏽑
s− 2
l�0 − 1 + kl + M3k− 2 − 1( 􏼁P3k− 2/− 1 +(kl + k)P3k− 2( 􏼁

.

(26)
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Hence, we have

χ3ks− (3k− 2) � a3k− 2􏽙

s− 1

l�0

− 1 + kl + M3k− 2 − 1( 􏼁P3k− 2

− 1 + kl + M3k− 2( 􏼁P3k− 2
􏼠 􏼡. (27)

Once again, from equation (21) and using equation (23),
we get

χ3ks− (3k− 3) �
χ3ks− 6k+3

1 − χ3ks− 3kχ3ks− 3k− 3 . . . χ3ks− 6k+3

�
a3k− 3 􏽑

s− 2
l�0 − 1 + kl + M3k− 3 − 1( 􏼁P3k− 3/− 1 + kl + M3k− 3( 􏼁P3k− 3( 􏼁

1 − 􏽑
k− 1
j�0 a3j 􏽑

s− 2
l�0 − 1 + kl + M3j − 1􏼐 􏼑P3j/− 1 + kl + M3j􏼐 􏼑P3j􏼐 􏼑􏼐 􏼑

�
a3k− 3 􏽑

s− 2
l�0 − 1 + kl + M3k− 3 − 1( 􏼁P3k− 3/− 1 + kl + M3k− 3( 􏼁P3k− 3( 􏼁

1 − a0a3 . . . a3k− 3 􏽑
s− 2
j�0 − 1 + kj + M3k− 3 − 1( 􏼁P3k− 3/− 1 +(kj + k)P3k− 3( 􏼁

.

(28)

Hence, we have

χ3ks− (3k− 3) � a3k− 3􏽙

s− 1

l�0

− 1 + kl + M3k− 3 − 1( 􏼁P3k− 3

− 1 + kl + M3k− 3( 􏼁P3k− 3
􏼠 􏼡. (29)

Similarly, one can readily get the other relations for
equation (22). Te proof is fnished. □

Theorem 7. Equation (21) has only �χ � 0, which is a non-
hyperbolic fxed point.

Proof. By equation (21), we have

�χ �
�χ

1 − �χk
⇒ �χ − �χk+1

� �χ. (30)

Tus,

�χk+1
� 0⇒�χ � 0. (31)

Now, defne the function f(χ1, χ2, . . . , χk) � (χ1/
1 − χ1χ2 . . . χk) on Ik where I is a subset of R such that 0 ∈ I

and f(Ik)⊆ I. Clearly, f is continuously diferentiable on Ik,
and we have

fχ1 χ1, χ2, . . . , χk( 􏼁 �
1

1 − χ1χ2 . . . χk( 􏼁
2, fχ2 χ1, χ2, . . . , χk( 􏼁 �

χ21χ3 . . . χk

1 − χ1χ2 . . . χk( 􏼁
2, . . . ,

fχk
χ1, χ2, . . . , χk( 􏼁 �

χ21 . . . χk− 1

1 − χ1χ2 . . . χk( 􏼁
2,

(32)

which implies that

fχ1(�χ, �χ, . . . , �χ) � 1, fχ2(�χ, �χ, . . . , �χ) � . . . � fχk
(�χ, �χ, . . . , �χ) � 0. (33)

Tus, the linearized equation of equation (21) about �χ �

0 is
zs+1 � zs− 3k+1, (34)

and the characteristic equation is

λ3k
− 1 � 0⇒ λl

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 � 1; l � 1, 2, . . . , 3k, (35)

so �χ is a nonhyperbolic equilibrium point. □

Open Question 8. Discuss the global behavior of solutions of
equation (21) about �χ � 0.

4. The Difference Equation χs+1 = (χs−3k+1/
−1+Πk

l=1χs−3l+1)

In this portion, we give an express shape of the solutions for
the following equation:

χs+1 �
χs− 3k+1

− 1 + Πk
l�1χs− 3l+1

, s � 0, 1, 2, . . . , (36)

where χ− l, l � 0, 1, 2, . . . , 3k − 1 and k ∈ 1, 2, . . .{ } are ar-
bitrary real numbers. In addition to this, we examine the
oscillation and periodicity of these solutions.

Discrete Dynamics in Nature and Society 5



Theorem 9. If k is odd and Pj ≠ 2, then equation (36) has
a periodic solution with period 6k.

Proof. Using equation (36), we get

χs+6k �
χs+3k

− 1 + 􏽑
k− 1
l�0 χs+3k+3l

. (37)

Since

− 1 + 􏽙
k− 1

l�0
χs+3k+3l � − 1 + 􏽙

k− 2

l�0
χs+3k+3l

χs+3k− 3

− 1 + 􏽑
k− 1
l�0 χs+3k− 3+3l

,

(38)

then

− 1 + 􏽙
k− 1

l�0
χs+3k+3l �

1
− 1 + 􏽑

k− 1
l�0 χs+3k− 3+3l

. (39)

Similarly, since

− 1 + 􏽙
k− 1

l�0
χs+3k− 3+3l �

1
− 1 + 􏽑

k− 1
l�0 χs+3k− 6+3l

, (40)

then

− 1 + 􏽙
k− 1

l�0
χs+3k+3l � − 1 + 􏽙

k− 1

l�0
χs+3k− 6+3l. (41)

Also, since

− 1 + 􏽙

k− 1

l�0
χs+3k− 6+3l � − 1 + 􏽙

k− 1

l�0
χs+3k− 12+3l,

− 1 + 􏽙
k− 1

l�0
χs+3k− 12+3l �

1
− 1 + 􏽑

k− 1
l�0 χs+3k− 15+3l

,

(42)

then

χs+6k �
χs/− 1 + 􏽑

k− 1
l�0 χs+3k− 15+3l􏼐 􏼑

1/− 1 + 􏽑
k− 1
l�0 χs+3k− 15+3l􏼐 􏼑

� χ, s � 0, 1, 2, . . . .

(43)

□

Theorem 10. Assume that k is odd, then the periodic 6k

solution of equation (36) has the form

χ6ks− j �
aj− qj(3k)

qj

− 1 + Pj− 3k􏼐 􏼑
αjqj

; j � 0, 1, . . . , 6k − 1, Pj ≠ 2  and  s � 1, 2, . . . , (44)

where χ− t � at, Pt � 􏽑
k− 1
r�0amod(t,3)+3r, with Pt ≠ 1,

t � 0, 1, 2, . . . , 3k − 1; k ∈ 1, 2, . . .{ }, P− l � 0, l � 1, 2,

. . . , 3k, qj � 1/2((− 1)[j/3k]+1 + 1), and αj � (− 1)[j/3]+1.

Proof. From the defnition of qj, we can see that

q0 � q1 � . . . � q3k− 1 � 0,

q3k � q3k+1 � . . . � q6k− 1 � 1.
(45)

Also,

αl+6r � − 1, αl+3+6r � 1; l � 0, 1, 2  and  r � 0, 1, 2, . . . , k − 1.

(46)

So,

χ1 �
χ− 3k+1

− 1 + χ− 2χ− 5 . . . χ− 3k+1
�

a3k− 1

− 1 + a2a5 . . . a3k− 1
,

χ2 �
χ− 3k+2

− 1 + χ− 1χ− 4 . . . χ− 3k+2
�

a3k− 2

− 1 + a1a4 . . . a3k− 2
,

χ3 �
χ− 3k+3

− 1 + χ0χ− 3 . . . χ− 3k+3
�

a3k− 3

− 1 + a0a3 . . . a3k− 3
,

.

.

.
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χ3k �
χ0

− 1 + χ0χ3 . . . χ3k− 3
�

a0

− 1 + a0a3 . . . a3k− 3
,

χ3k+1 �
χ1

− 1 + χ1χ4 . . . χ3k− 2
� a3k− 1,

χ3k+2 �
χ2

− 1 + χ2χ5 . . . χ3k− 1
� a3k− 2,

χ3k+3 �
χ3

− 1 + χ3χ6 . . . χ3k

� a3k− 3,

.

.

.

χ6k �
χ3k

− 1 + χ6k− 3χ6k− 6 . . . χ3k

� a0,

(47)

and the result follows by induction. □

Theorem 11. Assume that k is odd, then equation (36) has
�χ1 � 0 and �χ2 �

�
2k

√
, which are nonhyperbolic equilibrium

points.

Proof. Te evidence is identical to the proof of Teorem 7
and shall be neglected. □

Theorem 1 . Let k be even and χs􏼈 􏼉
∞
s�− 3k+1 be a solution of

equation (36). Ten, for s � 0, 1, 2, . . .,

χ3ks− j �
aj

− 1 + Pj􏼐 􏼑
sqj

; j � 0, 1, 2, . . . , 3k − 1, (48)

where Pj � 􏽑
k− 1
r�0amod(j,3)+3r, qj � (− 1)[j/3]+1, and χ− j � aj,

with Pj ≠ 1.

Proof. For s � 0, the conclusion holds. Now, let s> 0 and our
hypothesis is verifed for s − 1. Ten,

χ3ks− 3k− j �
aj

− 1 + Pj􏼐 􏼑
(s− 1)qj

. (49)

From equation (36) and using equation (49), we get

χ3ks− (3k− 1) �
χ3ks− 6k+1

− 1 + χ3ks− 3k− 2χ3ks− 3k− 5 . . . χ3ks− 6k+1

�
a3k− 1/ − 1 + P3k− 1( 􏼁

s− 1
􏼐 􏼑

− 1 + a2 − 1 + P2( 􏼁
s− 1

􏼐 􏼑 a5/ − 1 + P5( 􏼁
s− 1

􏼐 􏼑 . . . a3k− 1/ − 1 + P3k− 1( 􏼁
s− 1

􏼐 􏼑

�
a3k− 1

− 1 + a2a5 . . . a3k− 1( 􏼁
s− 1

− 1 + a2a5 . . . a3k− 1( 􏼁
.

(50)

Hence, we have

Discrete Dynamics in Nature and Society 7



χ3ks− (3k− 1) �
a3k− 1

− 1 + P3k− 1( 􏼁
s. (51)

Similarly, we get

χ3ks− (3k− 2) �
χ3ks− 6k+2

− 1 + χ3ks− 3k− 1χ3ks− 3k− 4 . . . χ3ks− 6k+2

�
a3k− 2/ − 1 + P3k− 2( 􏼁

s− 1
􏼐 􏼑

− 1 + a1 − 1 + P1( 􏼁
s− 1

a4/ − 1 + P4( 􏼁
s− 1

􏼐 􏼑 . . . a3k− 2/ − 1 + P3k− 2( 􏼁
s− 1

􏼐 􏼑

�
a3k− 2

− 1 + a1a4 . . . a3k− 2( 􏼁
s− 1

− 1 + a1a4 . . . a3k− 2( 􏼁
.

(52)

Hence, we have

χ3ks− (3k− 2) �
a3k− 2

− 1 + P3k− 2( 􏼁
s. (53)

Once again, from equation (36) and using equation (49),
we get

χ3ks− (3k− 3) �
χ3ks− 6k+3

− 1 + χ3ks− 3kχ3ks− 3k− 3 . . . χ3ks− 6k+3

�
a3k− 3/ − 1 + P3k− 3( 􏼁

s− 1
􏼐 􏼑

− 1 + a0 − 1 + P0( 􏼁
s− 1

a3/ − 1 + P3( 􏼁
s− 1

􏼐 􏼑 . . . a3k− 3/ − 1 + P3k− 3( 􏼁
s− 1

􏼐 􏼑

�
a3k− 3

− 1 + a0a3 . . . a3k− 3( 􏼁
s− 1

− 1 + a0a3 . . . a3k− 3( 􏼁
.

(54)

Hence, we have

χ3ks− (3k− 3) �
a3k− 3

− 1 + P3k− 3( 􏼁
s. (55)

Similarly, one can readily get the other relations for
equation (48). Te proof is fnished. □

Theorem 13. Assume that k is even, then equation (36) has
three equilibrium points �χ1 � 0, �χ2 �

�
2k

√
, and �χ3 � −

�
2k

√
,

which are nonhyperbolic fxed points.

Proof. Te evidence is identical to the proof of Teorem 7
and shall be neglected. □

Theorem 14. Equation (36) is periodic of period 3k if Pj � 2
and j � 0, 1, . . . , 3k − 1 and will be take the form

χ3ks− j � aj; j � 0, 1, . . . , 3k − 1  and  s � 0, 1, 2, . . . .

(56)

Proof. Te proof follows immediately from Teorems 10
or 12. □

Theorem 15. Assume that a0, a1, . . . , a3k− 1 ∈ (0, 1), then
the solution χs􏼈 􏼉

∞
s�− 3k+1 oscillates about the equilibrium point

�χ1 � 0, with positive semicycles of length 3k and negative
semicycles of length 3k.

Proof. ByTeorems 10 or 12, we have χ1, χ2, . . . , χ3k < 0 and
χ3k+1, χ3k+2, . . . , χ6k > 0, and the result follows by
induction. □

5. The Difference Equation χs+1 = (χs−3k+1/
−1−Πk

l=1χs−3l+1)

In this portion, we give an express shape of the solutions for
the following equation:

χs+1 �
χs− 3k+1

− 1 − Πk
l�1χs− 3l+1

, s � 0, 1, 2, . . . , (57)

where χ− j ∈ R, j � 0, 1, 2, . . . , 3k − 1; k ∈ 1, 2, . . .{ }. In ad-
dition to this, we examine the oscillation and periodicity of
these solutions.

Theorem 16. If k is odd and Pj ≠ − 2, then equation (57) has
a periodic solution with period 6k.

Proof. Te evidence is identical to the proof of Teorem 9
and shall be neglected. □
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Theorem 17. Assume that k is odd, the periodic 6k solution
of equation (57) has the form

χ6ks− j �
aj− qj(3k)

qj

− 1 − pj− 3k􏼐 􏼑
αjqj

; j � 0, 1, . . . , 6k − 1, Pj ≠ − 2  and  s � 1, 2, . . . , (58)

where χ− t � at, Pt � 􏽑
k− 1
r�0amod(t,3)+3r with Pt ≠ − 1,

t � 0, 1, 2, . . . , 3k − 1; k ∈ 1, 2, . . .{ }, P− l � 0, l � 1, 2, . . . ,

3k, qj � 1/2((− 1)[j/3k]+1 + 1), and αj � (− 1)[j/3]+1.

Proof. From the defnition of qj, we can see that

q0 � q1 � . . . � q3k− 1 � 0,

q3k � q3k+1 � . . . � q6k− 1 � 1.
(59)

Also,

αl+6r � − 1, αl+3+6r � 1; l � 0, 1, 2  and r � 0, 1, 2, . . . , k − 1.

(60)

So,

χ1 �
χ− 3k+1

− 1 − χ− 2χ− 5 . . . χ− 3k+1
�

a3k− 1

− 1 − a2a5 . . . a3k− 1
,

χ2 �
χ− 3k+2

− 1 − χ− 1χ− 4 . . . χ− 3k+2
�

a3k− 2

− 1 − a1a4 . . . a3k− 2
,

χ3 �
χ− 3k+3

− 1 − χ0χ− 3 . . . χ− 3k+3
�

a3k− 3

− 1 − a0a3 . . . a3k− 3
,

.

.

.

χ3k �
χ0

− 1 − χ0χ3 . . . χ3k− 3
�

a0

− 1 − a0a3 . . . a3k− 3
,

χ3k+1 �
χ1

− 1 − χ1χ4 . . . χ3k− 2
� a3k− 1,

χ3k+2 �
χ2

− 1 − χ2χ5 . . . χ3k− 1
� a3k− 2,

χ3k+3 �
χ3

− 1 − χ3χ6 . . . χ3k

� a3k− 3,

.

.

.

χ6k �
χ3k

− 1 − χ6k− 3χ6k− 6 . . . χ3k

� a0,

(61)

and the result follows by induction. □

Theorem 18. Assume that k is odd, then equation (57) has
�χ1 � 0 and �χ2 � −

�
2k

√
, which are nonhyperbolic fxed points.

Proof. Te proof is similar to the proof of Teorem 7 and
will be omitted. □

Theorem 19. Assume that k is even, let χs􏼈 􏼉
∞
s�− 3k+1 be a so-

lution of equation (57). Ten, for s � 0, 1, 2, . . .,

χ3ks− j �
aj

− 1 − Pj􏼐 􏼑
sqj

, j � 0, 1, 2, . . . , 3k − 1, (62)

where Pj � 􏽑
k− 1
r�0amod(j,3)+3r, qj � (− 1)[j/3]+1, and χ− j � aj,

with Pj ≠ − 1.

Proof. For s � 0, the result holds. Now, suppose that s> 0
and our assumption is verifed for s − 1. Ten,

χ3ks− 3k− j �
aj

− 1 − Pj􏼐 􏼑
(s− 1)qj

. (63)

Now, it follows from equation (57) and using equation
(63) that

χ3ks− (3k− 1) �
χ3ks− 6k+1

− 1 − χ3ks− 3k− 2χ3ks− 3k− 5 . . . χ3ks− 6k+1

�
a3k− 1/ − 1 − P3k− 1( 􏼁

s− 1
􏼐 􏼑

− 1 − a2 − 1 − P2( 􏼁
s− 1

􏼐 􏼑 a5/ − 1 − P5( 􏼁
s− 1

􏼐 􏼑 . . . a3k− 1/ − 1 − P3k− 1( 􏼁
s− 1

􏼐 􏼑

�
a3k− 1

− 1 − a2a5 . . . a3k− 1( 􏼁
s− 1

− 1 − a2a5 . . . a3k− 1( 􏼁
.

(64)
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Hence, we have

χ3ks− (3k− 1) �
a3k− 1

− 1 − P3k− 1( 􏼁
s. (65)

Also, it follows from equation (57) and using equation
(63) that

χ3ks− (3k− 2) �
χ3ks− 6k+2

− 1 − χ3ks− 3k− 1χ3ks− 3k− 4 . . . χ3ks− 6k+2

�
a3k− 2/ − 1 − P3k− 2( 􏼁

s− 1
􏼐 􏼑

− 1 − a1 − 1 − P1( 􏼁
s− 1

􏼐 􏼑 a4/ − 1 − P4( 􏼁
s− 1

􏼐 􏼑 . . . a3k− 2/ − 1 − P3k− 2( 􏼁
s− 1

􏼐 􏼑

�
a3k− 2

− 1 − a1a4 . . . a3k− 2( 􏼁
s− 1

− 1 − a1a4 . . . a3k− 2( 􏼁
.

(66)

Hence, we have

χ3ks− (3k− 2) �
a3k− 2

− 1 − P3k− 2( 􏼁
s. (67)

Also, it follows from equation (57) and using equation
(63) that

χ3ks− (3k− 3) �
χ3ks− 6k+3

− 1 − χ3ks− 3kχ3ks− 3k− 3 . . . χ3ks− 6k+3

�
a3k− 3/ − 1 − P3k− 3( 􏼁

s− 1
􏼐 􏼑

− 1 − a0 − 1 − P0( 􏼁
s− 1

􏼐 􏼑 a3/ − 1 − P3( 􏼁
s− 1

􏼐 􏼑 . . . a3k− 3/ − 1 − P3k− 3( 􏼁
s− 1

􏼐 􏼑

�
a3k− 3

− 1 − a0a3 . . . a3k− 3( 􏼁
s− 1

− 1 − a0a3 . . . a3k− 3( 􏼁
.

(68)

Hence, we have

χ3ks− (3k− 3) �
a3k− 3

− 1 − P3k− 3( 􏼁
s. (69)

Similarly, one can easily obtain the other relations for
equation (62). Hence, the proof is completed. □

Theorem  0. Assume that k is even, then equation (57) has
a unique equilibrium point �χ � 0, which is a nonhyperbolic
equilibrium point.

Proof. Te evidence is identical to the proof of Teorem 7
and shall be neglected. □

Theorem  1. Equation (57) is periodic of period 3k if Pj �

− 2 and j � 0, 1, . . . , 3k − 1 and will be take the form

χ3ks− j � aj; j � 0, 1, . . . , 3k − 1  and  s � 0, 1, 2, . . . .

(70)

Proof. Te proof follows immediately from Teorems 17
or 19. □

Theorem   . Assume that a0, a1, . . . , a3k− 1 ∈ (0,∞), then
the solution χs􏼈 􏼉

∞
s�− 3k+1 oscillates about �χ � 0, with positive

semicycles of length 3k and negative semicycles of length 3k.

Proof. FromTeorems 17 and 19, we have χ1, χ2, . . . , χ3k < 0
and χ3k+1, χ3k+2, . . . , χ6k > 0 and the result follows by
induction. □

6. Conclusion

In this work, we get the solutions of the following diference
equations:

χs+1 �
χs− 3k+1

±1 ± Πk
j�1χs− 3j+1

, s � 0, 1, 2, . . . , (71)

where the initial conditions χ− j ∈ R, j � 0, 1, 2, . . . , 3k − 1
and k ∈ 1, 2, . . .{ }. We investigated the behavior of these
solutions. Also, we used the mod function to write the
solutions in a compact form for easy reading. Finally, we
suggested the following future research.

Open Question 23. Discuss the global behavior of solutions
of equation (21) about �χ � 0.
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