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The paper developed a new semianalytical model for multiple-fractured horizontal wells (MFHWs) with stimulated reservoir
volume (SRV) in tight oil reservoirs by combining source function theory with boundary element idea.The model is first validated
by both analytical and numerical model. Then new type curves are established. Finally, the effects of SRV shape, SRV size, SRV
permeability, and parameters of hydraulic fractures are discussed. Results show that SRV has great influence on the pressure
response ofMFHWs; the parameters of fractures, such as fracture distribution, length, and conductivity, also can affect the transient
pressure of MFHWs. One novelty of this model is to consider the nonlinear flow around hydraulic fracture tips. The other novelty
is the ability to model the shape of the SRV, production behavior of different fractures, and interfaces. Compared to numerical and
analytic methods, this model can not only reduce extensive computing processing but also show high accuracy.

1. Introduction

With the increasing demand of energy market and great
progress of hydraulic fracturing technology, the exploration
of unconventional resources such as tight oil, tight gas,
and shale gas becomes more and more important [1–5].
Compared to the conventional hydraulic fracturing and hor-
izontal wells, multiple-fractured horizontal wells technology
can form a certain enhanced region with induced fractures
near the hydraulic fractures, which changes the flow pattern,
reduces the flow resistance, and improves the production of
a single well [6, 7]. However, establishing a dynamic analysis
model of MFHWs with stimulated reservoir volume (SRV)
under such complex geological conditions is difficult. One of
the difficulties is that it is hard to describe the degree and
shape of the SRV accurately.The other one is that it is difficult
to deal with the coupling between the enhanced region and
unstimulated region.

Many scholars have done a lot of researches on SRV
characterization and its effects on well performance. Various
analytical and detailed numerical models have been pro-
posed. Among thesemodels, multilinearmodels are themost

widely used. Ozkan et al. [8, 9] utilized a trilinear flowmodel
to investigate the MFHWs performance in unconventional
reservoirs. Brown et al. [10] proposed an analytical trilinear
flowmodel to describe the pressure distribution for a system,
where the enhanced region occupies entire spaces near the
fractures. Stalgorova and Mattar [11] improved the trilinear
flow model by simplifying the SRV into an enhanced region
with limited width. Five regions are defined to simulate the
SRV and all the flow in these regions is linear. Guo et al. [12]
presented an analytical model for the multistage fractured
shale reservoir, considering heterogeneity, typical seepage
characters, and fluids flow from upper/lower reservoir. The
model is similar to five-region-flowmodel but subdivides the
reservoir into seven parts.

Many other researchers try to replace the shape of SRV
with other methods. Ketineni and Ertekin [13] generated
a composite natural fractured system solution in elliptical
flow geometry. The enhanced region is simulated by the
elliptical flow model. Like other elliptical studies, the reser-
voir pressure with a series of Mathieu functions is obtained.
The model is complex and cannot describe the geometry
of the main fracture. Zhao et al. [14] simplified the model
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Figure 1: Schematic of MFHW with SRV in a rectangular reservoir.

by describing the shape of enhanced region as circle. Ozcan
et al. [15] and Wang [16] combined linear flow with fractal
theory and provided alternative method to simulate well
performance in fractured reservoir. Although the fractal
model can well describe the spatial distribution of fractures,
it cannot optimize the parameters of hydraulic fracture.

Despite the efforts presented in the literature, all above
models are limited by two assumptions. One assumption is
that the fluid flow in all regions is linear. In fact, innovative
fracturing techniques such as “Simulfrac” and “Zipperfrac”
can create an enhanced region with high density network
of fractures [17]. The flow in the enhanced region near
hydraulic fracture tips may no longer behave like linear
flow, but, instead, radial flow. Existing multilinear models
become inapplicable. The other deficient assumption is that
both the shapes of unstimulated and enhanced region are
simplified as circles. In fact, due to the long length of the
horizontal wellbore, the shape of enhanced region should be
approximately ellipse or rectangle rather than circle.

The object of this paper is to establish a semianalytical
model forMFHWswith SRV in tight reservoirs. To overcome
the limitations, this study combines the point source/sink
theory with boundary element idea to solve the seepage
flow. The reservoir is divided into several subsystems. The
subsystems in the enhanced region are modeled by Warren-
Root [18] dual-porosity model. The fluid flow near the
fracture tips includes both linear flow and radial flow. The
transient pressure responses ofMFHWswith considering the
effect of SRV are investigated and the influence of relevant
parameters on type curves is also analyzed.

2. Methodology

2.1. Physical Model and Assumptions. The schematic diagram
for a MFHW in a tight oil reservoir is shown in Figure 1.
Propagation of fractures can create branch patterns [19]. Frac-
ture branching creates a stimulated reservoir volume around
each artificial hydraulic fracture, which can be modeled
by introducing a region of higher permeability. According
to the reservoir physical conditions, the whole reservoir is
subdivided into inner and outer regions. The inner region is
composed ofmatrix, natural fractures, and induced fractures,
which can be simulated by Warren-Root [18] dual-porosity
model. The outer region is an unstimulated homogeneous
media which is not influenced by hydraulic fractures. The
basic assumptions of the model are as follows:(1) The MFHW is located in the center of a rectangular
tight oil reservoir with impermeable outer boundaries and
produces at a constant rate 𝑞. 𝑛𝑓 artificial hydraulic fractures
distribute evenly along the horizontal wellbore.(2) The thickness of reservoir is ℎ and uniform initial
pressure is 𝑝𝑖.(3) The formation is fully penetrated by the artificial
hydraulic fractures.(4) Isothermal single phase fluid flow is assumed.(5) The influence of gravity and capillary forces on fluid
flow in both regions is ignored.

2.2. Mathematical Model and Solution

2.2.1. Mathematical Model. In order to describe the com-
plex flow model stated above accurately, we combine the
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Figure 2: The grid model for MFHW with SRV in a rectangular reservoir.

source/sink theory with boundary element idea. The whole
reservoir is subdivided into 12 discrete blocks based on
the reservoir properties. Due to the fully penetration of
the fractures, the issue can be studied in two dimensions
(Figure 2). For convenience, the solutions of this model are
founded on dimensionless variables. These dimensionless
parameters are defined as follows:

𝑝𝑗𝐷 = 𝛼𝑝𝜆refℎ (𝑝𝑖 − 𝑝𝑗)𝑞𝐵 ;
𝑡𝐷 = 𝛼𝑡𝜂ref 𝑡𝐿2

𝑓

;
𝑐𝑓𝑖𝐷 = 𝑘𝑓𝑖𝑤𝑓𝑖𝑘𝑖𝐿𝑓𝑖 ;

𝑞𝑤𝑖𝐷 = 𝑞𝑤𝑖 (𝑡) 2𝑦𝑓𝑖ℎ𝑞𝐵 ;
𝑞𝑒𝑗𝐷 = 𝑞𝑒𝑗 (𝑡) 2𝛿𝑝𝑗ℎ𝑞𝐵 , 𝛿 = 𝑥, 𝑦,

𝜆in-out𝑗 = (𝑘/𝜇)𝑗(𝑘/𝜇)ref ;

𝜔in-out𝑗 = (𝜙𝑐𝑡)𝑗(𝜙𝑐𝑡)ref ;
𝜂𝑗𝐷 = 𝜂𝑗𝜂ref = 𝜆in-out𝑗𝜔in-out𝑗

,
𝑦𝑓𝑖𝐷 = 𝑦𝑓𝑖𝐿𝑓 ;

𝑦𝐷 = 𝑦𝐿𝑓 ;
𝑦𝑤𝑖𝐷 = 𝑦𝑤𝑖𝐿𝑓 ;
𝑦𝑒𝐷𝑗 = 𝑦𝑒𝑗𝐿𝑓 ,

𝑥𝐷 = 𝑥𝐿𝑓 ;
𝑥𝑤𝑖𝐷 = 𝑥𝑤𝑖𝐿𝑓 ;
𝑥𝑒𝑗𝐷 = 𝑥𝑒𝑗𝐿𝑓 .

(1)
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The dimensionless pressure of horizontal well is 𝑝𝑤𝐷. The
dimensionless flux and pressure at the center of 𝑖th fracture in
block 𝑘 are 𝑞𝑘𝑤𝐷𝑖,𝑝𝑘𝑤𝐷𝑖, 𝑖 = 1, 2, . . . , 𝑛𝑓/2; 𝑘 = 1, 2, respectively.
The dimensionless flux and pressure at the center of 𝑗th
interface segment in block 𝑘 are 𝑞𝑘𝑒𝐷𝑗, 𝑝𝑘𝑒𝐷𝑗, 𝑗 = 1, 2, . . . , 5,𝑘 = 1, 2, . . . , 12, respectively.
2.2.2. Solution. When 𝑛 + 𝑚 sources/sinks in a reservoir
produce simultaneously, the dimensionless pressure drop at
any location (𝑥𝐷, 𝑦𝐷) in the reservoir is equal to the sum
of the dimensionless pressure drop caused by every single
sources/sink [6]. Since the flux of each source/sink is a
function of time, according to the Duhamel convolution, the
pressure distribution in Laplace transform domain can be
expressed as

Δ𝑝𝐷 = [ 𝑛∑
𝑖=1

𝑞𝑤𝐷𝑖 ⋅ 𝑆𝑤𝑖] + [[
𝑚∑
𝑗=1

𝑞𝑒𝐷𝑗 ⋅ 𝑆𝑒𝑗]] . (2)

Due to the full penetration of the fractures, both the
source functions for hydraulic fractures and interface seg-
ments are line source function. 𝑆𝛼, 𝛼 = 𝑤𝐷𝑖 (hydraulic
fracture) and 𝛼 = 𝑒𝐷𝑗 (interface segment), can be expressed
as follows [20]:

𝑆𝑤𝐷𝑖 = 𝜔in-out𝑖𝜆in-out𝑖
{ 𝜋𝑦𝑒𝐷𝑖 �̃�𝑦0

+ 2𝑦𝑝𝑖
∞∑
𝑛=1

1𝑛 �̃�𝑦𝑛 cos 𝑛𝜋𝑦𝑤𝐷𝑖𝑦𝑒𝐷𝑖 cos
𝑛𝜋𝑦𝐷𝑦𝑒𝐷𝑖 sin

𝑛𝜋𝑦𝑝𝑖𝑦𝑒𝐷𝑖 } ,
𝑆𝑒𝐷𝑗 = 𝜔in-out𝑗𝜆in-out𝑗

{ 𝜋𝛿𝑒𝐷𝑗 �̃�𝛿0
+ 2𝛿𝑝𝑗

∞∑
𝑛=1

1𝑛 �̃�𝛿𝑛 cos 𝑛𝜋𝛿𝑤𝐷𝑗𝛿𝑒𝐷𝑗 cos 𝑛𝜋𝛿𝐷𝛿𝑒𝐷𝑗 sin
𝑛𝜋𝛿𝑝𝑗𝛿𝑒𝐷𝑗 } ,

(3)

where

�̃�𝛿𝑛 = {{{{{{{{{

cosh 𝜀𝛼𝑛 (𝑦𝑒𝐷𝑗 − 𝑦𝐷 ± 𝑦𝑤𝑗𝐷)𝜀𝛼𝑛 sinh 𝜀𝛼𝑛𝑦𝑒𝐷𝑗 𝛿 = 𝑥
cosh 𝜀𝛼𝑛 (𝑥𝑒𝐷𝑖 − 𝑥𝐷 ± 𝑥𝑤𝑖𝐷)𝜀𝛼𝑛 sinh 𝜀𝛼𝑛𝑥𝑒𝐷𝑖 𝛿 = 𝑦, (4)

𝜀𝛼𝑛 =
{{{{{{{{{{{{{

√𝑢𝛿 + 𝑛2𝜋2𝑦2𝑒𝐷𝑖 𝛼 = 𝑤𝐷𝑖
√𝑢𝛿 + 𝑛2𝜋2𝛿2𝑒𝐷𝑗 𝛼 = 𝑒𝐷𝑗;

𝑢𝛿 = {{{{{{{

𝑢𝜆in-out𝑖
𝛿 = 𝑦, 𝛼 = 𝑤𝐷𝑖

𝑢𝜆in-out𝑗
𝛿 = 𝑥, 𝑦, 𝛼 = 𝑒𝐷𝑗

𝑢 = {{{
𝑠
𝑠𝑓 (𝑠) ;

𝑓 (𝑠) = 𝑠𝜔𝑚-𝑓 (1 − 𝜔𝑚-𝑓) + 𝜆𝑚-𝑓𝑠 (1 − 𝜔𝑚-𝑓) + 𝜆𝑚-𝑓 .
(5)

𝛿𝑝𝑗 is the half length of the 𝑗th source/sink for the inner/outer
boundary; 𝑠 is for homogeneous reservoirs and 𝑠𝑓(𝑠) is for
naturally fractured reservoirs.

In order to consider the fracture conductivity, we use
the results of Riley [21] here. The source function for the
hydraulic fracture considering the fracture conductivity can
be written by

𝑆𝑤𝐷𝑖 = 𝜔in-out𝑖𝜆in-out𝑖
{ 𝜋𝑦𝑒𝐷𝑖 �̃�𝑥0

+ 2𝑦𝑝𝑖
∞∑
𝑛=1

1𝑛 �̃�𝑦𝑛 cos 𝑛𝜋𝑦𝑤𝐷𝑖𝑦𝑒𝐷𝑖 cos
𝑛𝜋𝑦𝐷𝑦𝑒𝐷𝑖 sin

𝑛𝜋𝑦𝑝𝑖𝑦𝑒𝐷𝑖
+ 𝑢𝑦𝑓 (𝑐𝑓𝑖𝐷)} ,

𝑢𝑥𝑓 (𝑐𝑓𝑖𝐷) = 2𝜋 ∞∑
𝑛=1

1
𝑛2𝜋2𝑐𝑓𝑖𝐷 + 2√𝑛2𝜋2 + 𝑢𝑥

+ 0.4063𝜋𝜋 (𝑐𝑓𝑖𝐷 + 0.8997) + 1.6252𝑢𝑥 ,

(6)

where 𝑢𝑦𝑓(𝑐𝑓𝑖𝐷) is the finite-conductivity function for the 𝑖th
fracture.

Here we consider a MFHW with 𝑛𝑓 hydraulic fractures.
Both block 1 and block 2 have nf /2 hydraulic fractures. Writ-
ing (2) at the center of all fractures and interface segments
shown in Figure 2 yields the following set of 18 × 2 + 𝑛𝑓
linear equations which contain 2 × (18 × 2 + 𝑛𝑓) unknowns,𝑝𝑘𝑤𝐷𝑖, 𝑝𝑘𝑒𝐷𝑗, 𝑞𝑘𝑤𝐷𝑖, 𝑞𝑘𝑒𝐷𝑗:

𝑝𝑘𝑤𝐷𝑖 = [𝑛𝑓/2∑
𝑛=1

𝑞𝑘𝑤𝐷𝑛 ⋅ 𝑆𝑘𝑤𝐷𝑖𝑤𝐷𝑛]
+ [ 5∑
𝑚=1

𝑞𝑘𝑒𝐷𝑚 ⋅ 𝑆𝑘𝑤𝐷𝑖𝑒𝐷𝑚] ,
𝑘 = 1, 2, 𝑖 = 1, 2, . . . , 𝑛𝑓2 ,

(7)
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𝑝𝑘𝑒𝐷𝑗 = [𝑛𝑓/2∑
𝑛=1

𝑞𝑘𝑤𝐷𝑛 ⋅ 𝑆𝑘𝑒𝐷𝑗𝑤𝐷𝑛]
+ [ 5∑
𝑚=1

𝑞𝑘𝑒𝐷𝑚 ⋅ 𝑆𝑘𝑒𝐷𝑗𝑒𝐷𝑚] ,
𝑘 = 1, 2, 𝑗 = 1, 2, . . . , 5,

(8)

𝑝𝑘𝑒𝐷𝑗 = 3∑
𝑚=1

𝑞𝑘𝑒𝐷𝑚 ⋅ 𝑆𝑘𝑒𝐷𝑗𝑒𝐷𝑚,
𝑘 = 4, 5, 7, 9, 10, 12, 𝑗 = 1, 2, 3,

(9)

𝑝𝑘𝑒𝐷𝑗 = 2∑
𝑚=1

𝑞𝑘𝑒𝐷𝑚 ⋅ 𝑆𝑘𝑒𝐷𝑗𝑒𝐷𝑚 = 0,
𝑘 = 3, 6, 8, 11, 𝑗 = 1, 2.

(10)

The pressure of different blocks for the same interfaces is
equal and the flux of interfaces is continuous. Taking block 1
and block 2 as an example,

𝑝1𝑒𝐷1 = 𝑝2𝑒𝐷1;
𝑞1𝑒𝐷1 = −𝑞2𝑒𝐷1,
𝑝1𝑒𝐷2 = 𝑝2𝑒𝐷2;
𝑞1𝑒𝐷2 = −𝑞2𝑒𝐷2,
𝑝1𝑒𝐷3 = 𝑝4𝑒𝐷1;
𝑞1𝑒𝐷3 = −𝑞4𝑒𝐷1,
𝑝1𝑒𝐷4 = 𝑝12𝑒𝐷2;
𝑞1𝑒𝐷4 = −𝑞12𝑒𝐷2,
𝑝1𝑒𝐷5 = 𝑝10𝑒𝐷1;
𝑞1𝑒𝐷5 = −𝑞10𝑒𝐷1,

(11)

𝑝1𝑒𝐷1 − 𝑝2𝑒𝐷1 = {[𝑛𝑓/2∑
𝑛=1

𝑞1𝑤𝐷𝑛 ⋅ 𝑆1𝑒𝐷1𝑤𝐷𝑛]
+ [ 5∑
𝑚=1

𝑞1𝑒𝐷𝑚 ⋅ 𝑆1𝑒𝐷1𝑒𝐷𝑚]}
− {[𝑛𝑓/2∑

𝑛=1

𝑞2𝑤𝐷𝑛 ⋅ 𝑆2𝑒𝐷1𝑤𝐷𝑛]
+ [ 5∑
𝑚=1

𝑞2𝑒𝐷𝑚 ⋅ 𝑆2𝑒𝐷1𝑒𝐷𝑚]} = [𝑛𝑓/2∑
𝑛=1

𝑞1𝑤𝐷𝑛 ⋅ 𝑆1𝑒𝐷1𝑤𝐷𝑛]
− [𝑛𝑓/2∑
𝑛=1

𝑞2𝑤𝐷𝑛 ⋅ 𝑆2𝑒𝐷1𝑤𝐷𝑛]

+ 2∑
𝑚=1

[𝑆1𝑒𝐷1𝑒𝐷𝑚 + 𝑆2𝑒𝐷1𝑒𝐷𝑚] ⋅ 𝑞1𝑒𝐷𝑚 + [ 5∑
𝑚=3

𝑞1𝑒𝐷𝑚
⋅ 𝑆1𝑒𝐷1𝑒𝐷𝑚] − [ 5∑

𝑚=3

𝑞2𝑒𝐷𝑚 ⋅ 𝑆2𝑒𝐷1𝑒𝐷𝑚] = 0.
(12)

Ignoring the pressure depletion along the horizontal
wellbore, the pressure of each fracture is approximately the
same which is equal to the pressure of horizontal wellbore.
Then we can have nf additional equations:

𝑝𝑘𝑤𝐷1 = 𝑝𝑘𝑤𝐷2 = ⋅ ⋅ ⋅ = 𝑝𝑘𝑤𝐷𝑛𝑓/2 = 𝑝𝑤𝐷,
for 𝑘 = 1, 2, (13)

𝑝1𝑤𝐷𝑖 − 𝑝2𝑤𝐷𝑖 = 0, for 𝑖 = 1, 2, . . . , 𝑛𝑓2 . (14)

The sum of the flux of each fracture is equal to the well
production rate:

2∑
𝑘=1

𝑛𝑓/2∑
𝑖=1

𝑠𝑞𝑘𝑤𝐷𝑖 = 1. (15)

The linear system defined by (7)–(15) now has 18 + 𝑛𝑓 + 1
equations with 18 + 𝑛𝑓 + 1 unknowns.

𝐴𝑋 = 𝑏. (16)

Eq. (16) can be solved by Gaussian elimination method.
By solving (16), the instantaneous flux of each fracture and the
wellbore pressure of MFHW with SRV in a rectangular tight
oil reservoir with constant rate condition can be obtained.
The whole workflow is shown in Figure 3. Here we take a
MFHW with four fractures as an example and 𝐴, 𝑋, 𝑏 are
shown in Appendix.

3. Comparison and Validation

In order to verify the accuracy of proposed model, we
compare the results of semianalytical model with that of
analytical model and trilinear flow model. Wang et al. [6]
presented an analytical model for a MFHW in rectangular
reservoirs by using the source function method and the
principle of superposition. Ozkan et al. [8] utilized a tri-
linear flow model to study the MFHWs performance in
unconventional reservoirs. Restricted by the models, neither
analytical model nor trilinear flow model can simulate the
SRV region accurately. For convenience of presentation and
brevity, a relatively simple case which consists of a MFHW
in a homogeneous rectangular reservoir is considered. By
letting the properties of SRV and unstimulated region be
equal, the model can be simplified. The calculated results are
shown in Table 1 and plotted in Figure 4. From Figure 4
we can see that the results of semianalytical solution show
a good fitting performance with the analytical solution for
the same problem. The comparison between semianalytical
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Table 1: Comparison between analytical, trilinear flow model and semianalytical model results.

𝑡𝐷 Analytical model Trilinear flow model Semianalytical model𝑝𝑤𝐷 d𝑝𝑤𝐷/d ln 𝑡𝐷 𝑝𝑤𝐷 d𝑝𝑤𝐷/d ln 𝑡𝐷 𝑝𝑤𝐷 d𝑝𝑤𝐷/d ln 𝑡𝐷
0.001 0.061 0.015 0.065 0.016 0.061 0.015
0.01 0.110 0.029 0.116 0.030 0.111 0.029
0.1 0.209 0.060 0.222 0.067 0.209 0.060
1 0.397 0.103 0.443 0.129 0.397 0.103
10 0.663 0.122 0.836 0.219 0.662 0.122
100 1.006 0.231 1.583 0.562 1.006 0.231
1000 2.787 1.982 4.407 2.328 2.787 1.981
10000 20.464 19.811 23.356 21.150 21.150 19.811
100000 197.184 198.075 212.037 211.506 197.185 198.075

A MFHW with SRV in a tight oil reservoir

Enhanced region Unstimulated region

Gridding: rectangular blocks

AX = b Gaussian elimination
Laplace inversion

Solution of each fracture in the 
stimulated region:

Solution of each interface segment in 
the stimulated and unstimulated region:

Coupling blocks: 

p
1
wDi − p

2
wDi = 0

Coefficient matrix A: 
S
k

wDiwDn, S
k

wDieDm, S
k

eDjwDn, S
k

eDjeDm

Vector X: 
p
k
wDi, p

k
eDj, q

k
wDn, q

k
eDm, pwD

p
k
wDi =[

nf/2∑
n=1

qkwDn · S
k

wDiwDn]
+ [ 5∑

m=1

qkeDm · S
k

wDieDm]
p
k
eDj = [nf/2∑

n=1

qkwDn · S
k

eDjwDn]
+ [ 5∑

m=1

qkeDm · S
k

eDjeDm]

qkeDm = −qk+1eDn

(1) Pressure and flux continuity condition at the interface. pk
eDm = p

k+1
eDn,

(2) Wellbore pressure condition. pk
wD1 = p

k
wD2 = · · · = p

k
wDnf/2 = pwD,

(3) Wellbore flux normalizing condition. ∑2
k=1 ∑

nf/2
i=1 sqkwDi = 1

Figure 3: The work flow for modeling and solving process.
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Figure 4: Calculation comparison between semianalytical model,
analytical model, and trilinear flow model.

solution and trilinear flow model solution shows a good
fitting performance in the early stage (linear flow). However,
radial flow could not be seen by using trilinear flow model.
MFHWs exhibit radial flow frombeginning till the endwhich
is usually misinterpreted as linear flow due to existence of
linear flow as part of the radial flow. Thus, it is necessary to
take nonlinear flow into account.

To access the accuracy of semianalyticalmodel ofMFHW
with SRV in tight oil reservoir, a case is evaluated to investi-
gate the pressure responses by using the commercial software
Eclipse. The basic parameters are presented in Table 2. The
reservoir block of 90 × 21 × 1 is simulated with no flow
boundaries. The enhanced region contains 44 × 13 × 1 blocks
which is shown in Figure 5. The horizontal well is located
in center of reservoir horizontally and vertically to produce
the oil effectively. Four hydraulic fractures are modeled with
LGR technique to formulate thin blocks assigned with the
properties of hydraulic fractures. Reservoir is fully penetrated
by hydraulic fractures. Hydraulic fracture properties are
assumed to be constant along the fracture. The flowing fluid
is assumed to be single phase oil. Reservoir simulator is
computed for 40 years of production with constant oil rate
30m3/D.The comparison results are shown in Figure 6. From
the comparison results, it is shown that the agreements of the
semianalytical solution and numerical solution are excellent.

4. Results and Discussion

4.1. Flow Regimes. The dimensionless pressure and pressure
derivative type curves for a MFHW with SRV are plotted
in Figure 7. As shown in Figure 7, seven flow stages can be
identified.

Table 2: Input information for the case.

Reservoir lateral length (m) 933
Initial pressure (MPa) 20.29
Wellbore radius (m) 0.1
Reservoir compressibility (MPa−1) 0.02
Matrix porosity 0.125
Oil viscosity (mPa⋅s) 4
Fracture spacing (m) 59.25
Fracture half-length (m) 50
Fracture permeability (𝜇m2) 2.5
Enhanced region permeability (𝜇m2) 0.06
Unstimulated region permeability (𝜇m2) 0.01

Office 2006.1

PermX (mD)

10.000 22.500 35.000 47.500 60.000

Figure 5: Numerical model of a multiple-fractured horizontal well
with SRV.

(1) Bilinear flow between the hydraulic fractures and
induced fractures: In this stage, the pressure derivative curve
has a straight line with slope equal to 1/4. Fluid flows through
hydraulic fractures to wellbore and from induced fractures
to hydraulic fractures simultaneously. This stage could be
identified only if the fracture conductivity is relatively low.(2) Linear flow near the hydraulic fractures: During this
period, each fracture produces independently. The pressure
and pressure derivative curves are both straight lines with
slope equal to 1/2.(3) Interporosity flow between the induced fractures and
matrix: In this stage, the fluid flows from thematrix system to
the induced fractures system. The pressure derivative curves
show “U” shape.(4) Radial flow around the hydraulic fractures: If the
pressure derivative curve shows the 1/2𝑛𝑓 (𝑛𝑓 is the number
of fractures), the radial flow region will be observed. In this
stage, radial flow occurs directly from the enhanced region to
individual fractures.(5) Transition flow near the enhanced region boundaries
(Interporosity flowbetween the enhanced region andunstim-
ulated region): In this region, the permeability of enhanced
region is higher than that of the unstimulated region. The
fluid in the enhanced region can reach the wellbore quickly;
however, the formation in the unstimulated region can not
provide enough fluid supply. The pressure derivative curves
rise up which shows the similar characteristics of the weak
supply or closed boundary flow.(6) Mid-linear flow around the horizontal well: Com-
pared to the transition flow, the slopes of both pressure and
pressure derivative curves are relatively small. Fluid flows
from the unstimulated region to the enhanced region.
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Pseudo 
steady 
flow

Mid linear
flow

Transition 
flow

Radial
flowInterporosity 

flowLinear 
flow

Blinear
flow nf = 4

102 103 104 10510110010−110−210−310−410−510−6

tD

102

101

100

10−1

10−2

10−3

10−4

10−5

pwD

①

②
③

⑤
⑥

⑦

④

Inner region: Outer region:
xeDＣＨ = 80 yeDＣＨ = 20
m-f = 3 m-f = 0.1

yfDn = 1

xeDＩＯＮ = 160 yeDＣＨ = 60
 in-out = 5 in-out = 1

dpwD/d ln tD

cfDn = 10

p
w
D
&
＞
p
w
D
/＞

ln
t D

Figure 7:Thedimensionless pressure and pressure derivative curves
of a MFHW with SRV in a tight oil reservoir.

(7) Pseudo steady flow: The segment has a unit slope
straight line on both pressure and pressure derivative curves.
This flow period occurs when the pressure wave reaches the
reservoir boundary.

4.2. Effect of Sensitive Parameters on Type Curves

4.2.1. Interporosity Flow Factor between the Inner and Outer
Region (𝜆in-out). Figure 8 shows the effect of interporosity
flow factor between the inner and outer region 𝜆in-out on
the type curves. 𝜆in-out is the mobility ratio between the
inner and outer region. In Figure 8(a) we can see that the
interporosity flow factor between the inner and outer region
can affect all the flow regimes. With the increase of 𝜆in-out,
the dimensionless pressure and pressure derivative decrease
as a whole. It can be seen from the dimensionless pressure
derivative curves that when the mobility between the inner

and outer region is the same (𝜆in-out = 1) it will not create
transition flow, but, instead, mid-linear flow. When the effect
of hydraulic fracturing is good, the permeability of induced
fractures system in the inner region is far higher than that
of the formation in the outer region. The fluid in the inner
region can reach thewellbore quickly; however, the formation
in the outer region can not provide enough fluid supply. The
pressure derivative curves rise up which shows the similar
characteristics of the weak supply or closed boundary flow.
The time of radial flow period in the region with higher
mobility is shorter than that with lower mobility. It is known
that radial flow can cause large pressure depletion under
the same rate, and thus it is better to increase the scale
of hydraulic fracturing as much as possible to improve the
mobility of the inner region. Figures 8(b) and 8(c) show that
the flux of fracture at the edge is higher than that at the
center. This is because the fracture at the edge has a bigger
drainage area. The time of transition flow in the region with
higher mobility is shorter than that with lower mobility and
the time ofmid-linear flow in the region with highermobility
is longer than that with lower mobility. The larger the 𝜆in-out,
the greater the differences between the flux of fracture at the
edge and center and between the flux of different interfaces.

4.2.2. Hydraulic Fracturing Degree (Storage Ratio 𝜔𝑚-𝑓 and
Interporosity Flow Factor 𝜆𝑚-𝑓). Figure 9 shows that the
storage ratio 𝜔𝑚-𝑓 and interporosity flow factor 𝜆𝑚-𝑓 affect
the degree and time of interporosity flow between induced
fractures system and matrix, respectively. Small 𝜔𝑚-𝑓 means
that the difference between the storage capacity of induced
fractures system and matrix is great. Most of the fluid is
stored in the matrix rather than the induced fractures system
and the interporosity flow behaves more obviously. The
dimensionless pressure derivative curve sinks down at the
intermediate time. 𝜆𝑚-𝑓 reflects the ability of the fluid to flow
from the matrix to the induced fractures system. The larger
the 𝜆𝑚-𝑓 is, the earlier the interporosity flow will happen.
Therefore, increasing the degree of hydraulic fracturing is
beneficial to the production.

4.2.3. The Size and Shape of Stimulated Reservoir Volume.
Figures 10-11 show the effects of size and shape of SRV on type
curves. It can be seen fromFigures 10-11 that both the size and
shape of SRV will affect the radial flow and transition flow.
A small size of SRV will shorten the time of radial flow and
make transition flow occur early. Comparing with the three
models presented in Figure 10(a), we can see that with the
size of SRV increasing, the increasing trend of dimensionless
pressure gradually slows down. This is mainly because the
reserves controlled by a single well are very limited, and there
is no sense in increasing the stimulated reservoir volume
without limitation. At the same time, increasing the size of
SRV will also increase the difficulty and cost of fracturing.
From Figure 10(b) we can see that the larger the size of SRV,
the greater the fracture flux difference between the edge and
center. As shown in Figure 11, the dimensionless pressurewith
square shape of SRV is higher than that with rectangular one,
which means that the square shape of SRV will cause a small
pressure depletion under the same rate. In addition, with the
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Figure 8: The effect of interporosity flow factor on type curves (inner and outer region).

increase of length-width ratio of SRV, both the dimensionless
pressure and the fracture flux difference between the edge and
center increase. It is because in the early period the flow only
occurs in the hydraulic fractures and induced fractures near
the horizontal wellbore which is not influenced by the shape
of SRV. With the process of production, the pressure wave
spreads to the edges of enhanced region, and the producing
degree of formation with larger effective stimulated reservoir
volume is much higher. Therefore, not only the size but
also the shape of SRV should be taken into account in the
fracturing design.

4.2.4. Fracture Distribution. Figure 12 shows the effect
of fracture distribution on type curves. As shown in
Figure 12, the fracture distribution can mainly affect the flow

characteristics of radial flow and transition flow. With the
increase of fracture distribution heterogeneity, the pressure
depletion becomes large. This is because the drainage area
of each fracture is relatively small. If the fractures are very
close to the enhanced region boundaries, second radial flow
will occur once the pressure wave spreads to the nearest
boundaries, and second transition flow will happen after
the pressure wave spreads to the far boundaries. Therefore,
it is necessary to make the hydraulic fractures distribute
uniformly as far as possible.

4.2.5. Fracture Conductivity. Figure 13 shows the effect of
fracture conductivity on type curves. From the pressure
derivative curves we can see that the fracture conductivity
mainly affects flow characteristics of bilinear flow, linear flow,
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Figure 9: The effect of hydraulic fracturing degree on type curves.
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Figure 10: The effect of size of SRV on type curves.

and interporosity flow. Due to the high fracture conductivity,
the pressure gradient near the hydraulic fracture is high. Fluid
flows quickly from the induced fractures into the hydraulic
fractures, which makes the linear flow and interporosity flow
occur early.

4.2.6. Fracture Length. As shown in Figure 14, the fracture
length can affect bilinear flow, linear flow, interporosity
flow, and radial flow. With the increase of fracture length,
the dimensionless pressure and pressure derivative decrease
gradually. On the contrary to the conventional reservoirs,
the effect of fracture length is greater than that of fracture

conductivity on the MFHWs with SRV in tight oil reservoirs.
As the fracture length increases,more andmore induced frac-
tures in the enhanced region are connected with hydraulic
fractures effectively, which can form a larger supply area
and improve the overall yield. Longer fracture length will
increase the time of interporosity flow and shorten the time of
radial flow. In conventional fractured reservoirs, the fracture
conductivity is dominant, whereas in volume fractured tight
oil reservoirs the effect of fracture length is contrary to
normal expectation.Therefore, in order to achieve the desired
effect of volume fracturing design, a suitable length of the
artificial hydraulic fractures should also be ensured.
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Figure 11: The effect of shape of SRV on type curves.
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Figure 12: The effect of fracture distribution on type curves.

5. Field Applications

Type curve matching is an effective way to evaluate the
parameters of reservoir and fracture. The specific processes
are presented as follows.

Step 1. Plot the curve of dimensionless pressure (𝑝𝑤𝐷) values
versus test time (𝑡𝐷) on a log-log graph.

Step 2. Obtain the best match of the data with one of type
curves.

Step 3. Read a point (e.g., 𝑡𝐷, 𝑝𝑤𝐷, 𝑐𝑓𝐷) from the matched
type curve. By using the defined equations of dimensionless

parameter in (17)–(20), the reservoir and fracture parameters
can be calculated.

𝑘 = 1.842 × 10−3𝑝𝑤𝐷𝑞𝜇𝐵(𝑝𝑖 − 𝑝𝑗) ℎ , (17)

𝐿𝑓 = √ 3.6𝑘𝑡𝜙𝜇𝑐𝑡𝑡𝐷 , (18)

𝑘𝑓 = 𝑘𝐿𝑓𝑐𝑓𝐷𝑤𝑓 , (19)

𝜆in-out𝑗 = (𝑘/𝜇)𝑗(𝑘/𝜇)ref . (20)



12 Geofluids

nf = 4

pwD

102 103 104 10510110010−110−210−310−410−5

tD

102

101

100

10−1

10−2

10−3

Inner region: Outer region:
xeDＣＨ = 80 yeDＣＨ = 20
m-f = 3 m-f = 0.1
yfDn = 1

xeDＩＯＮ = 160 yeDＣＨ = 60
 in-out = 3 in-out = 1

cfD = 0.1, , 100

＞pwD/＞ ln tD

p
w
D
&
＞
p
w
D
/＞

ln
t D

Figure 13: The effect of fracture conductivity on type curves.

(3)

(2)

Inner region: Outer region:

Models:

(1)

nf = 4

102

101

100

10−1

10−2

10−3

10−4

pwD

＞pwD/＞ ln tD

tD

10−5 10−4 10−3 10−2 10−1 100 101 102 103 104 105

xeDＣＨ = 80 yeDＣＨ = 20
m-f = 3 m-f = 0.1
cfDn = 10

xeDＩＯＮ = 160 yeDＣＨ = 60
 in-out = 3 in-out = 1

(1) yfDn = 1, 1, 1, 1
(2) yfDn = 1, 2, 3, 4
(3) yfDn = 1, 6, 6, 1

p
w
D
&
＞
p
w
D
/＞

ln
t D

Figure 14: The effect of fracture length on type curves.

Well 𝐴 is a horizontal well with 38 hydraulic fractures
in Bakken formation in the Williston Basin. The length of
well is approximately 2926.08m. Since hydraulic fracturing
methods with a high number of stages have not been widely
used so far, the production history of well 𝐴 is shorter than
two years.The type curvematching plot is shown in Figure 15.
From Figure 15 we can see that the pressure derivative curve
starts to bend in the transition flow period; however, it could
not be seen by using the traditional model without SRV. The
calculation processes are presented as follows:

Reservoir Data

𝜙𝜇𝑐𝑡 = 9.80841 × 10−2mpa ⋅ s/Mpa,𝜇𝐵ℎ = 0.935369mpa ⋅ s/m,
𝑡 = 55 days,

Traditional model:
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Semianalytical model:
transition flow 
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Figure 15: Type curve matching plot for field data.

𝑤𝑓 = 0.003m,
𝑝𝑖 − 𝑝𝑤𝑞 = 0.246036Mpa/ (m3 ⋅ day−1) .

(21)

Match Point

𝑡𝐷 = 1.97459 × 10−4,
𝑝𝑤𝐷 = 6.71136 × 10−4,
𝑐𝑓𝐷 = 300.

(22)

Step 1. Calculate 𝑘in (the permeability of enhanced region)
from (17):

𝑘in = 1.842 × 10−3 × 6.71136 × 10−4 × 0.9353690.246036
= 0.0047 × 10−3 𝜇m2. (23)

Step 2. Calculate 𝐿𝑓 (the half length of hydraulic fracture)
from (18):

𝐿𝑓 = √ 3.6 × 0.0047 × 10−3 × 55 × 249.80841 × 10−2 × 1.97459 × 10−4
= 33.9587m.

(24)

Step 3. Calculate 𝑘𝑓 (the permeability of hydraulic fracture)
from (19):

𝑘𝑓 = 0.0047 × 10−3 × 33.9587 × 3000.003 = 15.9606 𝜇m2. (25)

Step 4. Calculate 𝑘out (the permeability of unstimulated
region) from (20):

𝑘out = 𝑘in𝜆in-out
= 0.0047 × 10−33 = 0.0016 × 10−3 𝜇m2. (26)
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Chu et al. [22] summarized the statistics of the Bakken
wells.The permeability of enhanced region is 0.0027 × 10−3 ∼0.0122 × 10−3 𝜇m2 and the half length of the hydraulic
fracture is 27.1272∼75.2856m. The results of semianalytical
model are in this range, which indicates that the proposed
model can provide more accurate dynamic parameters for
MFHWs with SRV.

6. Conclusions
A practical semianalytical model is proposed for MFHWs
with SRV in tight oil reservoirs and transient pressure and
pressure derivative curves are also established. The principal
contributions in our work are summarized below:(1) Using the source function the semianalytical model
can easily consider the nonlinear flow around hydraulic
fracture tips and accurately describe the flow characteristics
of MFHWs with SRV in tight oil reservoirs.(2) Seven possible characteristic flow periods can be
identified based on the type curves of MFHWs with SRV
in tight oil reservoir: (1) bilinear flow; (2) linear flow; (3)
interporosity flow; (4) radial flow; (5) transition flow; (6)
mid-linear flow; (7) pseudo steady flow.(3) The effects of relevant parameters on type curves
including interporosity flow factor between inner and outer
region, hydraulic fracturing degree, size and shape of SRV,
fracture distribution, fracture conductivity, and fracture
length are also analyzed.

(4) Analysis results reveal that when the mobility of inner
region is higher than that of outer region, transition flow
occurs. The larger the size and degree of SRV are, the better
the development is. When the size of SRV is constant, the
producing degree of reservoir with large effective stimulated
reservoir volume is higher. It is better to make the hydraulic
fractures distribute uniformly so as to increase the drainage
area of each hydraulic fracture as far as possible. Compared
to the conventional fracturing, the development effect of
volume fracturing is influenced by the length ofmain fracture
rather than the conductivity.(5) In the field applications, traditional models such as
analytical, multilinear models could not predict pressure
response characteristics in the interporosity flow period
between the enhanced region and unstimulated region accu-
rately. The semianalytical model in this paper can be used
to provide more accurate dynamic parameters which are
important for efficient reservoir development.

Appendix

Solution of the Linear System of Equations

The linear system in (7)–(15) is in the matrix-vector form,𝐴𝑋 = 𝑏, as shown in (A.4).The components of the coefficient
matrix, 𝐴 = {𝐴1, 𝐴2}, are given by

𝐴1 =
[[[[[[[[[[

𝑆1𝑤𝐷1𝑤𝐷1 𝑆1𝑤𝐷1𝑤𝐷2 0 0 𝑆1𝑤𝐷1𝑒𝐷1 𝑆1𝑤𝐷1𝑒𝐷2 𝑆1𝑤𝐷1𝑒𝐷3 𝑆1𝑤𝐷1𝑒𝐷4 𝑆1𝑤𝐷1𝑒𝐷5 0 0 0 0 0 0 0 0 0 0 0 0 0 −1
𝑆1𝑤𝐷2𝑤𝐷1 𝑆1𝑤𝐷2𝑤𝐷2 0 0 𝑆1𝑤𝐷2𝑒𝐷1 𝑆1𝑤𝐷2𝑒𝐷2 𝑆1𝑤𝐷2𝑒𝐷3 𝑆1𝑤𝐷2𝑒𝐷4 𝑆1𝑤𝐷2𝑒𝐷5 0 0 0 0 0 0 0 0 0 0 0 0 0 −1

0 0 𝑆2𝑤𝐷1𝑤𝐷1 𝑆2𝑤𝐷1𝑤𝐷2 −𝑆2𝑤𝐷1𝑒𝐷1 −𝑆2𝑤𝐷1𝑒𝐷2 0 0 0 𝑆2𝑤𝐷1𝑒𝐷3 𝑆2𝑤𝐷1𝑒𝐷4 𝑆2𝑤𝐷1𝑒𝐷5 0 0 0 0 0 0 0 0 0 0 −1
0 0 𝑆2𝑤𝐷2𝑤𝐷1 𝑆2𝑤𝐷2𝑤𝐷2 −𝑆2𝑤𝐷2𝑒𝐷1 −𝑆2𝑤𝐷2𝑒𝐷2 0 0 0 𝑆2𝑤𝐷2𝑒𝐷3 𝑆2𝑤𝐷2𝑒𝐷4 𝑆2𝑤𝐷2𝑒𝐷5 0 0 0 0 0 0 0 0 0 0 −1

]]]]]]]]]]
,

𝐴2 =

[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[

𝑆1𝑒𝐷1𝑤𝐷1 𝑆1𝑒𝐷1𝑤𝐷2 −𝑆2𝑒𝐷1𝑤𝐷1 −𝑆2𝑒𝐷1𝑤𝐷2 ( 𝑆1𝑒𝐷1𝑒𝐷1
+𝑆2𝑒𝐷1𝑒𝐷1) ( 𝑆1𝑒𝐷1𝑒𝐷2

+𝑆2𝑒𝐷1𝑒𝐷2) 𝑆1𝑒𝐷1𝑒𝐷3 𝑆1𝑒𝐷1𝑒𝐷4 𝑆1𝑒𝐷1𝑒𝐷5 −𝑆2𝑒𝐷1𝑒𝐷3 −𝑆2𝑒𝐷1𝑒𝐷4 −𝑆2𝑒𝐷1𝑒𝐷5 0 0 0 0 0 0 0 0 0 0 0
𝑆1𝑒𝐷2𝑤𝐷1 𝑆1𝑒𝐷2𝑤𝐷2 −𝑆2𝑒𝐷2𝑤𝐷1 −𝑆2𝑒𝐷2𝑤𝐷2 ( 𝑆1𝑒𝐷2𝑒𝐷1

+𝑆2𝑒𝐷2𝑒𝐷1) ( 𝑆1𝑒𝐷2𝑒𝐷2
+𝑆2𝑒𝐷2𝑒𝐷2) 𝑆1𝑒𝐷2𝑒𝐷3 𝑆1𝑒𝐷2𝑒𝐷4 𝑆1𝑒𝐷2𝑒𝐷5 −𝑆2𝑒𝐷2𝑒𝐷3 −𝑆2𝑒𝐷2𝑒𝐷4 −𝑆2𝑒𝐷2𝑒𝐷5 0 0 0 0 0 0 0 0 0 0 0

𝑆1𝑒𝐷3𝑤𝐷1 𝑆1𝑒𝐷3𝑤𝐷2 0 0 𝑆1𝑒𝐷3𝑒𝐷1 𝑆1𝑒𝐷3𝑒𝐷2 ( 𝑆1𝑒𝐷3𝑒𝐷3
+𝑆4𝑒𝐷1𝑒𝐷1) 𝑆1𝑒𝐷3𝑒𝐷4 𝑆1𝑒𝐷3𝑒𝐷5 0 0 0 0 𝑆4𝑒𝐷1𝑒𝐷3 −𝑆4𝑒𝐷1𝑒𝐷2 0 0 0 0 0 0 0 0

𝑆1𝑒𝐷4𝑤𝐷1 𝑆1𝑒𝐷4𝑤𝐷2 0 0 𝑆1𝑒𝐷4𝑒𝐷1 𝑆1𝑒𝐷4𝑒𝐷2 𝑆1𝑒𝐷4𝑒𝐷3 ( 𝑆1𝑒𝐷4𝑒𝐷4
+𝑆12𝑒𝐷2𝑒𝐷2) 𝑆1𝑒𝐷4𝑒𝐷5 0 0 0 𝑆12𝑒𝐷2𝑒𝐷3 0 0 0 0 0 0 0 0 𝑆12𝑒𝐷2𝑒𝐷1 0

𝑆1𝑒𝐷5𝑤𝐷1 𝑆1𝑒𝐷5𝑤𝐷2 0 0 𝑆1𝑒𝐷5𝑒𝐷1 𝑆1𝑒𝐷5𝑒𝐷2 𝑆1𝑒𝐷5𝑒𝐷3 𝑆1𝑒𝐷5𝑒𝐷4 ( 𝑆1𝑒𝐷5𝑒𝐷5
+𝑆10𝑒𝐷1𝑒𝐷1) 0 0 0 0 0 0 0 0 0 0 𝑆10𝑒𝐷1𝑒𝐷2 −𝑆10𝑒𝐷1𝑒𝐷3 0 0

0 0 𝑆2𝑒𝐷3𝑤𝐷1 𝑆2𝑒𝐷3𝑤𝐷2 −𝑆2𝑒𝐷3𝑒𝐷1 −𝑆2𝑒𝐷3𝑒𝐷2 0 0 0 ( 𝑆2𝑒𝐷3𝑒𝐷3
+𝑆5𝑒𝐷1𝑒𝐷1) 𝑆2𝑒𝐷3𝑒𝐷4 𝑆2𝑒𝐷3𝑒𝐷5 0 0 𝑆5𝑒𝐷1𝑒𝐷3 −𝑆5𝑒𝐷1𝑒𝐷2 0 0 0 0 0 0 0

0 0 𝑆2𝑒𝐷4𝑤𝐷1 𝑆2𝑒𝐷4𝑤𝐷2 −𝑆2𝑒𝐷4𝑒𝐷1 −𝑆2𝑒𝐷4𝑒𝐷2 0 0 0 𝑆2𝑒𝐷4𝑒𝐷3 ( 𝑆2𝑒𝐷4𝑒𝐷4
+𝑆7𝑒𝐷2𝑒𝐷2) 𝑆2𝑒𝐷4𝑒𝐷5 0 0 0 0 𝑆7𝑒𝐷2𝑒𝐷3 −𝑆7𝑒𝐷2𝑒𝐷1 0 0 0 0 0

0 0 𝑆2𝑒𝐷5𝑤𝐷1 𝑆2𝑒𝐷5𝑤𝐷2 −𝑆2𝑒𝐷5𝑒𝐷1 −𝑆2𝑒𝐷5𝑒𝐷2 0 0 0 𝑆2𝑒𝐷5𝑒𝐷3 𝑆2𝑒𝐷5𝑒𝐷4 ( 𝑆2𝑒𝐷5𝑒𝐷5
+𝑆9𝑒𝐷1𝑒𝐷1) 0 0 0 0 0 0 𝑆9𝑒𝐷1𝑒𝐷2 −𝑆9𝑒𝐷1𝑒𝐷3 0 0 0

0 0 0 0 0 0 0 𝑆12𝑒𝐷3𝑒𝐷2 0 0 0 0 ( 𝑆3𝑒𝐷1𝑒𝐷1
+𝑆12𝑒𝐷3𝑒𝐷3) 𝑆3𝑒𝐷1𝑒𝐷2 0 0 0 0 0 0 0 𝑆12𝑒𝐷3𝑒𝐷1 0

0 0 0 0 0 0 𝑆4𝑒𝐷3𝑒𝐷1 0 0 0 0 0 𝑆3𝑒𝐷2𝑒𝐷1 ( 𝑆3𝑒𝐷2𝑒𝐷2
+𝑆4𝑒𝐷3𝑒𝐷3) −𝑆4𝑒𝐷3𝑒𝐷2 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −𝑆4𝑒𝐷2𝑒𝐷1 0 0 𝑆5𝑒𝐷3𝑒𝐷1 0 0 0 −𝑆4𝑒𝐷2𝑒𝐷3 ( 𝑆4𝑒𝐷2𝑒𝐷2
+𝑆5𝑒𝐷3𝑒𝐷3) −𝑆5𝑒𝐷3𝑒𝐷2 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 −𝑆5𝑒𝐷2𝑒𝐷1 0 0 0 0 −𝑆5𝑒𝐷2𝑒𝐷3 ( 𝑆5𝑒𝐷2𝑒𝐷2
+𝑆6𝑒𝐷2𝑒𝐷2) −𝑆6𝑒𝐷2𝑒𝐷1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 𝑆7𝑒𝐷3𝑒𝐷2 0 0 0 0 −𝑆6𝑒𝐷1𝑒𝐷2 ( 𝑆6𝑒𝐷1𝑒𝐷1
+𝑆7𝑒𝐷3𝑒𝐷3) −𝑆7𝑒𝐷3𝑒𝐷1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 −𝑆7𝑒𝐷1𝑒𝐷2 0 0 0 0 0 −𝑆7𝑒𝐷1𝑒𝐷3 ( 𝑆7𝑒𝐷1𝑒𝐷1
+𝑆8𝑒𝐷1𝑒𝐷1) −𝑆8𝑒𝐷1𝑒𝐷2 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 𝑆9𝑒𝐷2𝑒𝐷1 0 0 0 0 0 −𝑆8𝑒𝐷2𝑒𝐷1 ( 𝑆8𝑒𝐷2𝑒𝐷2
+𝑆9𝑒𝐷2𝑒𝐷2) −𝑆9𝑒𝐷2𝑒𝐷3 0 0 0

0 0 0 0 0 0 0 0 𝑆10𝑒𝐷2𝑒𝐷1 0 0 −𝑆9𝑒𝐷3𝑒𝐷1 0 0 0 0 0 0 −𝑆9𝑒𝐷3𝑒𝐷2 ( 𝑆9𝑒𝐷3𝑒𝐷3
+𝑆10𝑒𝐷2𝑒𝐷2) −𝑆10𝑒𝐷2𝑒𝐷3 0 0

0 0 0 0 0 0 0 0 −𝑆10𝑒𝐷3𝑒𝐷1 0 0 0 0 0 0 0 0 0 0 −𝑆10𝑒𝐷3𝑒𝐷2 ( 𝑆10𝑒𝐷3𝑒𝐷3
+𝑆11𝑒𝐷2𝑒𝐷2) −𝑆11𝑒𝐷2𝑒𝐷1 0

0 0 0 0 0 0 0 𝑆12𝑒𝐷1𝑒𝐷2 0 0 0 0 𝑆12𝑒𝐷1𝑒𝐷3 0 0 0 0 0 0 0 −𝑆11𝑒𝐷1𝑒𝐷2 ( 𝑆11𝑒𝐷1𝑒𝐷1
+𝑆12𝑒𝐷1𝑒𝐷1) 0

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]

(A.1)
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The solution vector, 𝑋 = [𝑥1, 𝑥2], has the following
components:

𝑥1 = 𝑠𝑞1𝑤𝐷1 𝑠𝑞1𝑤𝐷2 𝑠𝑞2𝑤𝐷1 𝑠𝑞2𝑤𝐷2 ,𝑥2= 𝑠𝑞1𝑒𝐷1 𝑠𝑞1𝑒𝐷2 𝑠𝑞1𝑒𝐷3 𝑠𝑞1𝑒𝐷4 𝑠𝑞1𝑒𝐷5 𝑠𝑞2𝑒𝐷3 𝑠𝑞2𝑒𝐷4 𝑠𝑞2𝑒𝐷5 𝑠𝑞3𝑒𝐷1 𝑠𝑞3𝑒𝐷2 𝑠𝑞4𝑒𝐷2 𝑠𝑞5𝑒𝐷2 𝑠𝑞6𝑒𝐷1 𝑠𝑞7𝑒𝐷1 𝑠𝑞8𝑒𝐷2 𝑠𝑞9𝑒𝐷3 𝑠𝑞10𝑒𝐷3 𝑠𝑞11𝑒𝐷1 𝑠𝑝𝑤𝐷
(A.2)

The components of the right-hand-side vector, 𝑏 =[𝑏1, 𝑏2], are 𝑏1 = [0 0 0 0] ,𝑏2 = [0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1] , (A.3)

A1

A2

x1

x2

b1

b2

× = (A.4)

Nomenclature𝐴: Coefficient matrix𝑏: Right-hand-side vector𝐵: Formation volume factor𝑐𝑡𝑗: Total compressibility of the 𝑗th block, Mpa−1𝑆: Source function𝛼𝑝: Constant for pressure𝛼𝑡: Constant for timeℎ: Reservoir thickness, m𝑘𝑓𝑖: The 𝑖th fracture permeability, md𝜆ref : Characteristic interporosity flow factor,
desirable minimum of interporosity flow
coefficient of all the blocks𝜂ref : Diffusivity constant, desirable minimum of
diffusivity constant of all the blocks𝑘𝑖: The 𝑖th block permeability, md𝐿𝑓: Characteristic length, m, desirable minimum
half length of artificial hydraulic fracture𝑤𝑓𝑖: Width of the fracture, m𝑦𝑓𝑖: Half length of the 𝑖th fracture segment, m𝑝: Reservoir pressure, Mpa𝑝𝑖: Initial reservoir pressure, Mpa𝑞: Production rate, m3/D𝑠: Laplace-transformation parameter𝑡: Time, days𝑥: 𝑥-coordinate, m𝑋: Solution vector𝑦: 𝑦-coordinate𝜙: Reservoir porosity, fraction𝜆𝑚-𝑓: Interporosity flow factor between the matrix
and induced fractures𝜔𝑚-𝑓: Storage ratio between the matrix and
induced fractures𝜇: Fluid viscosity, mpa⋅s𝑐𝑓𝐷: Dimensionless artificial hydraulic fracture
conductivity𝑡𝐷: Dimensionless time.

Subscripts and Superscripts

D: Dimensionless𝑒: Boundary𝑘: Number of block𝑗: Interface segment𝑖: Number of fractures𝑤: Wellbore
in-out: Inner region and outer region𝑚-𝑓: Matrix and induced fractures.
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