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The relative hydraulic conductivity is one of the key parameters for unsaturated soils in numerous fields of geotechnical
engineering. The quantitative description of its variation law is of significant theoretical and technical values. Parameters in a
classical hydraulic conductivity model are generally complex; it is difficult to apply these parameters to predict and estimate the
relative hydraulic conductivity under deformation condition. Based on the fractal theory, a simple method is presented in this
study for predicting the relative hydraulic conductivity under deformation condition. From the experimental soil-water
characteristic curve at a reference state, the fractal dimension and air-entry value are determined at a reference state. By using
the prediction model of air-entry value, the air-entry values at the deformed state are then determined. With the two parameters
determined, the relative hydraulic conductivity at the deformed state is predicted using the fractal model of relative hydraulic
conductivity. The unsaturated hydraulic conductivity of deformable Hunan clay is measured by the instantaneous profile
method. Values of relative hydraulic conductivity predicted by the fractal model are compared with those obtained from
experimental measurements, which proves the rationality of the proposed prediction method.

1. Introduction

The seepage analysis of unsaturated soils is one of the hot
topics in geotechnical and geoenvironmental engineering.
There are many phenomena related to seepage problem, such
as slope landslide disasters caused by rainfalls, antiseepage of
the earth dikes, and transport of pollutants in underground
soils. The unsaturated hydraulic conductivity is the most
critical parameter in seepage analysis [1], which can be
directly measured in laboratory experiments, e.g., steady-
state test [2–4], instantaneous profile test, and other tests
[5–7]. However, the direct methods are not only complex,
time consuming, and labor intensive but also the accuracy
and operability of test instrument require improvement.
These problems have motivated many researchers to study
the prediction method of hydraulic unsaturated conductivity.
In addition, the seepage analysis of unsaturated soil under
complex conditions relies on the prediction method of

hydraulic conductivity [8]. Therefore, it is of great signifi-
cance to preciously predict and estimate the unsaturated
hydraulic conductivity [9, 10].

Mualem and Klute [11] provided a detailed overview of
various models for hydraulic conductivity and divided the
prediction model of hydraulic conductivity into three species:
empirical forms, macroscopic models, and statistical models.
The empirical forms and macroscopic models describe the
relationship between unsaturated hydraulic conductivity
and matric suction (or volumetric water content) through
mathematical simple functions [12–16]. The statistical
models are indirect methods for predicting unsaturated
hydraulic conductivity from the soil-water characteristic
curve (SWCC). Fredlund et al. [17] established a method
for predicting unsaturated hydraulic conductivity through
a complicated calculation procedure. The calculation pro-
cedure is done as follows: the SWCC was divided into m
stage along the direction of volumetric water content,
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each stage of hydraulic conductivity was calculated by the
matric suction at the middle point of each stage, and the
accumulative calculation was carried out for obtaining
unsaturated hydraulic conductivity. Based on the previous
achievements in seepage analysis field, Agus et al. [18]
evaluated and summarized four statistical models, i.e., the
CCG model [19], modified CCG model [20], Burdine
model [21], and Mualem model [22]. Although these
models commendably describe the variation of hydraulic
conductivity for different soils, the applicability of these
models is still principally limited due to its complexity to
some extent [23–26].

On the other hand, some researchers have devoted to
improving these classical statistical models for more conve-
nient and simple methods. Since Mandelbrot and Wheeler
[27] proposed the concept of fractal geometry, the fractal
theory has been widely used in the analysis of physical geom-
etry properties as a mathematical method [28–31]. The
fractal theory relates the unsaturated hydraulic conductivity
to characterization of soil structure [32, 33], which provides
a powerful tool to indirectly predict the hydraulic conductiv-
ity. Compared with the method of sectional calculation and
integral calculation proposed by Fredlund et al. [17] and
Agus et al. [18], the fractal model can simplify the compli-
cated calculation procedure about relative hydraulic conduc-
tivity. Tyler and Wheatcraft [34] derived the fractal model of
relative hydraulic conductivity based on a fractal model of
SWCC. Based on the fractal theory, many researchers have
derived new models for estimating the relative hydraulic
conductivity, but the influence of deformation on hydraulic
conductivity was not considered [35–43].

Many efforts have been done to examine the unsaturated
hydraulic conductivity under deformation condition. Lloret
and Alonso [44] investigated the effect of the void ratios
and saturation separately on the unsaturated hydraulic
conductivity and put forward the method of relative unsatu-
rated hydraulic conductivity under deformation condition.
Huang et al. [45, 46] proposed and verified an innovative
method of hydraulic conductivity of unsaturated soil under
deformation condition. Wang et al. [47] researched the vari-
ation of unsaturated hydraulic conductivity with volumetric
water content and dry density. Assouline [48] proposed a
model to predict the influence of soil density on hydraulic
conductivity. Hu et al. [49] investigated a model taking into
account the variation of pore size distribution, which pre-
dicted the relative hydraulic conductivity under deformation
condition combined with the Mualem model. Cai et al. [50]
presented an indirect prediction approach for the relative
hydraulic conductivity taking account of the effect of initial
void ratios. Fortunately, based on the fractal theory, Zhou
et al. [51] proposed the unsaturated hydraulic conductivity
model considering the effect of porosity. In this method,
two fractal dimensions were used to describe the fractal
characteristics of pore structure. The change law of maxi-
mum pore size with porosity was predicted from the existing
empirical model; then, the air-entry value can be predicted.
Eventually, based on the Mualem model, Zhou et al. [51]
derived a fractal model of relative hydraulic conductivity
considering the effect of porosity.

Tao and Kong [52] derived a new theoretical model from
microscopic pore channels to predict the relative hydraulic
conductivity. However, the predicted relative hydraulic
conductivity is in a scatter plot, which is uncontinuous and
hard to meet the requirement of unsaturated seepage
analysis. Moreover, the calculation programs of prediction
methods are complex and inconvenient for engineering
application. Therefore, it can be seen that a new simple
method is further expected to predict the relative hydraulic
conductivity under deformation condition. According to
the fractal theory, the predicted method of SWCC taking into
account the influence of initial void ratio was proposed by
Tao et al. [53]. On this basis, a predicted method of relative
hydraulic conductivity under deformation condition was
presented in this paper combined with the fractal model of
relative hydraulic conductivity. This method is able to obtain
the continuous curve of relative hydraulic conductivity under
different matric suction conditions, which satisfy the theoret-
ical research on seepage analysis. Furthermore, it is simple
and convenient for practical engineering application. It is
worth noting that the model presented in this paper is
different from that proposed by Zhou et al. [51]. In this
paper, only one fractal dimension is used to describe the pore
distribution characteristics, the air-entry value is directly
predicted by the air-entry value model proposed by Tao
et al. [53], and a fractal model of relative hydraulic conductiv-
ity is derived by using the Tao-Kong model (Tao et al. [54]
indicated that the Tao-Kong model yields good predictions
against measured data when the fractal dimension is large,
while the predictions of the Mualem model agree well with
the measured results of the relative hydraulic conductivity
when the fractal dimension is relatively small). In contrast
with the proposed model in this paper, the computational
efforts of Zhou et al. [51] are relatively complex.

In addition, due to the experimental difficulty and long
experimental period, little experimental data is reported to
verify the existing models considering the effect of different
initial void ratios. Thus, it is particularly urgent to supple-
ment relevant experiments. In this paper, the unsaturated
hydraulic conductivity of deformable Hunan clay is mea-
sured by the instantaneous profile method to verify the
proposed model. The instantaneous profile method took
more than a year; consequently, the experimental data
obtained in this study will be a useful supplement in the
hydraulic field for unsaturated soils. The good agreement
between the predicted values of the relative hydraulic
conductivity and experimental data demonstrates that the
proposed model efficiently captures the effects of deforma-
tion condition on the hydraulic conductivity.

2. Basic Theory

2.1. Hydraulic Conductivity Model. According to the chan-
nels of microscopic pore, a saturated hydraulic conductivity
model can be expressed as [52]

ks =
γTs

2 cos2α
2piη

θs

θr

dθ
ψ2 θ

, 1
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where ks is the saturated hydraulic conductivity, γ is the bulk
density, Ts is the surface tension, α is the contact angle, η is
the viscosity, pi is the ratios of the actual length of the
micropore channel in the class i to the soil sample length,
θ is the volumetric water content (θr and θs are the residual
volumetric and saturated volumetric water content, respec-
tively), and ψ is the matric suction.

On this basis, the unsaturated hydraulic conductivity kw
can be obtained:

kw = γTs
2 cos2α
2piη

θ

θr

dθ
ψ2 θ

2

Dividing equation (2) by equation (1), the calculus form
of the relative hydraulic conductivity be described as

kr θ =
θ
θr

dθ/ ψ2 θ

θs
θr

dθ/ ψ2 θ
, 3

where kr is the relative hydraulic conductivity, which is
defined as the ratio between the unsaturated hydraulic
conductivity and its corresponding saturated hydraulic
conductivity (kw/ks).

2.2. Fractal Form of Hydraulic Conductivity Model. As
presented by Tao et al. [53], a SWCC fractal model can be
proposed; it is expressed as follows:

w =ws
ψa

ψ

3−D
, ψ ≥ ψa,

w =ws, ψ < ψa,
4

where w is gravimetric water content (ws is saturated
gravimetric water content), D is the fractal dimension, and
ψa is the air-entry value.

The fractal model of SWCC is derived by the gravimetric
water content. According to the relationship between the
gravimetric and volumetric water content, it is also appli-
cable to volumetric water content through the conversion
equation:

θ = w ⋅Gs

1 + e
, 5

where e is the initial void ratio and Gs is the relative
particle density.

Then, substituting equation (5) into equation (4), the
volumetric water content of fractal characteristics can be
obtained:

θ = θs
ψa

ψ

3−D
, ψ ≥ ψa,

θ = θs, ψ < ψa

6

The differential form of equation (6) is expressed as

dθ = D − 3 θsψ
3−D
a ψD−4dψ 7

Equation (7) is differential expression of equation (6) at
ψ ≥ ψa; accordingly, the application range of equation (7) is
ψ ≥ ψa. Then, substituting equation (7) into equation (3),
the following expression is yielded:

kr θ =
θ
θr

dθ/ ψ2 θ

θs
θr

dθ/ ψ2 θ

=
θs D − 3 ψ3−D

a
ψ
ψd
ψD−6dψ

θs D − 3 ψ3−D
a

ψa
ψd
ψD−6dψ

=
ψ
ψd
ψD−6dψ

ψa
ψd
ψD−6dψ

= ψD−5 − ψD−5
d

ψD−5
a − ψD−5

d

= ψ/ψa
D−5 − ψd/ψa

D−5

1 − ψd/ψa
D−5 ,

8

where ψd is the matric suction corresponding to residual
volumetric water content (θr). Since D < 3 and ψa ≪ ψd ,
ψd/ψa

D−5, is approaching infinitesimal, so Equation (8) is
simplified as

kr ψ = ψa

ψ

5−D
9

It is noted that equation (9) is applicable to the stage
when the matric suction is greater than the air-entry value
(ψ ≥ ψa), while the kr value is taken as one when the matric
suction is less than the air-entry value (ψ < ψa). The con-
tinuous curve of the relative hydraulic conductivity can
be obtained by the fractal form of the hydraulic conduc-
tivity model, which is simple and convenient for practical
engineering application.

2.3. Estimation of Unsaturated Hydraulic Conductivity. The
main purpose of this paper is to predict the relative
hydraulic conductivity under deformation condition. It is
found from equation (9) that the unsaturated relative
hydraulic conductivity is mainly controlled by the fractal
dimension and the air-entry value, and it can also be
applied to the prediction of relative hydraulic conductivity
under deformation condition.

The process of determining the fractal dimension and the
air-entry value is described as follows.

By taking the logarithm of both sides of equation (6),
there is

ln θ = 3 −D −ln ψ + ln θs ⋅ ψa
3−D 10

Then, it is easy to obtain

ln θ∝ 3 −D −ln ψ 11

The fractal dimension is obtained by fitting experimental
SWCC to equation (11). According to Tao et al. [55], the
matric suction corresponding to the maximum pore size
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(rmax) is defined as the air-entry value (ψa). Meanwhile,
the fractal model of pore volume should be satisfied with
r ≤ rmax. On the basis of the Young-Laplace equation, ψ
is inversely proportional to r. So for a better fitting effect,
it is better to adopt the experimental data at the stage of
ψ ≥ ψa. By plotting the ln θ against −ln ψ, the fractal
dimension can be calculated by D = 3 − k, in which k is
the gradient of the graph. Note that the fractal dimension
is seen as a constant for the same soil with different initial
void ratios [53].

Following Tao et al. [53], the air-entry value at different
initial void ratios can be determined as

ψai =
ψa0

ei/e0 1/ 3−D0
, 12

where ψa0 is the air-entry value of a maximum initial void
ratio (e0), ψai is the air-entry value of a random initial void
ratio ei (ei < e0), and D0 is the fractal dimension of a
maximum initial void ratio (e0).

It is worth pointing that the maximum initial void ratio
(e0) refers to the reference state of soil sample, while the
random initial void ratio ei (ei < e0) is corresponding to the
deformed state of soil samples. Therefore, the same soil with
different initial void ratios is taken as a different type of
deformation condition.

By using equation (12), the air-entry value of random
initial void ratios (ei) is determined. After determination of
the fractal dimension and air-entry value, the unsaturated
relative hydraulic conductivity with different initial void
ratios can be predicted from equation (9).

2.4. Hydraulic Experiments of Deformable Hunan Clay. The
soil samples in this study are unsaturated clay soils in Hunan
Province with a liquid limit of 46.34%, a plastic limit of
27.84%, and a relative particle density of 2.76. For the prepa-
ration of the soil sample, firstly, the soil was air-dried natu-
rally until no obvious changes in gravimetric water content
were measured, and that soil should be crushed and passed
through the 2mm standard sieve later. Soils were then mixed
with a certain water quantity to reach the objective initial
gravimetric water content about 19%. Importantly, the
mixture should be placed in the hermetic box for at least
48 hours to make sure of the migration of water in soil, and
then, the gravimetric water content was measured again.

Two sets of soil samples at five different initial void ratios
(1.12, 1.04, 0.97, 0.90, and 0.84) were prepared by hydraulic
jack. After vacuum and saturation, one set of samples was
used to the SWCC test, and another set of samples was used
in the variable water head test for measuring the saturated
hydraulic conductivity. In the experimental process, the
gravimetric water content was measured. But for calculation
and model verification, the gravimetric water content should
be converted into the volumetric water content by using
equation (5).

2.5. Soil-Water Characteristic Curve Test. The pressure plate
instrument produced by the Soil Moisture Company of the
USA was selected for the SWCC test. The tests were executed

by increasing gradually the matric suction from 0 to 1250 kPa
(0, 5, 10, 30, 80, 280, 280, 450, 700, and 1250 kPa) without net
stress. When the pore water was allowed to drain from the
soil sample in pursuit of equilibrium in each level, the
volumetric water content corresponding to specified matric
suction was calculated from the amount of drainage in the
soil sample. The experimental SWCC at the reference state
(e0 = 1 12) of Hunan clay is shown in Figure 1.

2.6. Permeability Test

2.6.1. Saturated Permeability Test. The saturated hydraulic
conductivity of Hunan clay with different initial void ratios
was measured by the variable water head test; the equipment
of testing was TST-55 Permeameter (Figure 2). Then,
multiple tests were performed to obtain the average value
for high accuracy. The saturated hydraulic conductivity of
soil samples with different initial void ratios at 20°C was
obtained by temperature modification as shown in Table 1.

2.6.2. Unsaturated Permeability Test. The instantaneous
profile method was employed to measure the unsaturated
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Figure 1: Measured SWCC for Hunan clay (e0 = 1 12).

Figure 2: Saturated permeability test.
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hydraulic conductivity of deformable Hunan clay. The
equipment of the instantaneous profile method was a special
type of glass cylinder with a height of 1m and a diameter of
25 cm, which was designed by ourselves. At the side of the
glass cylinder, 5 columns of holes were arranged uniformly,
and each column of holes was evenly distributed with a
vertical interval of 5 cm (Figure 3). But, these holes were
sealed when the test was starting. Under the action of gravity
and capillary force, the water flow permeated into the bottom
of the cylinder, which accelerated the test process. The water
flow accorded with the requirement of one-dimensional
seepage condition and Darcy’s law.

The specific test steps are as follows:

(1) Soil Preparation. The preparation of remolded soil had
the steps similar to the SWCC test. For the homogenization

Table 1: Measured values of saturated hydraulic conductivity of Hunan clay.

e 1.12 1.04 0.97 0.90 0.84

ks (cm/s) 7 72 × 10−4 4 15 × 10−4 2 49 × 10−4 1 73 × 10−4 7 63 × 10−5

Figure 3: Unsaturated permeability test.
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Figure 4: Measurement of the relative hydraulic conductivity of
deformable Hunan clay.
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Figure 5: Fractal dimension of Hunan clay.
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Figure 6: SWCC fitting to get the air-entry value at a reference state
(e0 = 1 12).

Table 2: Predicted and experimental result of air-entry value.

Initial void ratios
Air-entry value (kPa)

Experimental results Predicted values

1.12 1.81 1.81

1.04 3.56 3.59

0.97 6.69 9.17

0.90 9.49 13.71

0.84 20.96 25.97
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of water, the soil sample was stirred evenly by the blender,
and then, the soil was sealed for more than 48 hours. After
the water migrate uniformly, the gravimetric water content
was measured again.

(2) Sample Preparation. The sample was prepared by strati-
fied compaction. To ensure close contact between soil layers,
the interface of different layers was scraped. When the
sample preparation was finished, an 8 cm thick fine sand
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Figure 7: Comparison between predicted values and experimental results of the relative hydraulic conductivity of deformable Hunan clay.
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layer was evenly spread on the surface of each sample, which
ensured that the water permeated uniformly and prevented
the surface layer of each sample from caking during the
seepage process.

(3)Water Permeation. Thecertainamountofwater (1500mL)
was continuously added on the top of the sample during the
20min. Then, it is necessary to immediately seal the top of
the cylinder with fresh film to prevent water evaporation.

(4) Measurement of Gravimetric Water Content. Taking a soil
sample for instance, when the wetting front infiltrated in the
heights of 15 cm~20 cm of the soil sample, the gravimetric
water content from top to bottom was beginning to be
measured by taking out a certain amount of soil from a
column of holes at the same time. By repeating the above
work, the gravimetric water content of the other columns
was measured at different time intervals, which depends on
the falling velocity of wetting front. Finally, the variation
of gravimetric water content with heights of soil samples
at different times can be obtained.

The soil samples at initial void ratios of 1.12, 1.04,
0.97, 0.90, and 0.84 were tested in turn by using the
above method. The unsaturated hydraulic conductivity
was calculated using the method presented by Wang
et al. [56]. Based on the experimental saturated hydraulic
conductivity, the unsaturated hydraulic conductivity is
converted to the relative hydraulic conductivity (Figure 4).
It is noteworthy that the calculated relative hydraulic
conductivity of Hunan clay is based on capillary theory, so
the matric suction considered in this paper is mainly influ-
enced by capillary water. However, at the stage of higher
matric suction (about greater than 1000 kPa), the matric suc-
tion is greatly influenced by film water which is not studied in
this paper, so the corresponding data are not analyzed. That
is to say, the proposed model is suitable for lower suction
(about smaller than 1000 kPa) stage because capillary suction
is only considered.

2.7. Model Verification. By fitting equation (11) to the exper-
imental SWCC at a reference state (e0 = 1 12), the fractal
dimension (D) was determined to be 2.892 for deformable
Hunan clay (Figure 5). While by fitting equation (6) to the
experimental SWCC at a reference state (e0 = 1 12), the
corresponding air-entry value ψa0 can be determined to be
1.81 (Figure 6). According to equation (6), the volumetric
water content is a constant (θs) when the range of matric
suction is ψ < ψa (it can be represented as AB in Figure 6).

On the basis of the fractal dimension and air-entry value
at a reference state, the air-entry values of Hunan clay at
deformed state were determined using Equation (12), as
shown in Table 2. It can be seen that the predicted air-
entry values are close to the experimental results at a
deformed state.

Based on the fractal dimension and the predicted air-
entry values at a deformed state, the relative hydraulic con-
ductivity of Hunan clay at a deformed state can be calculated
by using equation (9). In Figure 7, the predicted values are in

good agreement with the measured values, which verifies the
accuracy of the proposed method.

3. Conclusions

A fractal prediction method was presented to determine the
relative hydraulic conductivity under deformation condition
in this study. The method was only necessary to obtain the
fractal dimension and the air-entry value at a reference state
by the SWCC test. The relative hydraulic conductivity at a
deformed state was predicted combined with the air-entry
value and fractal form of the hydraulic conductivity model.
Compared with the tedious calculation work (i.e., integral
and sectional calculation) in the existing procedure, the
proposed method requires less work to determine the relative
hydraulic conductivity under deformation condition. In
order to demonstrate the accuracy of the proposed method,
the instantaneous profile method of deformable Hunan clay
was carried out to obtain the experimental data of the relative
hydraulic conductivity with different initial void ratios. By
comparing the measured values with the predicted values,
the accuracy of the proposed method was validated.
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