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Open-pit slopes contain numerous nonpenetrating, intermittent joints which maintain stability under blasting operations. The tip
dynamic response coefficient (DRC) of parallel cracks in a typical rock mass under combined dynamic and static loading conditions
was calculated in this study based on the superposition principle. The dynamic response law of the intermittent joint in the slope
under blasting was determined accordingly. The influence of many factors (the disturbance amplitude of dynamic load, the lateral
confining pressure, the length of rock bridge, the length between cracks, the staggered distance between cracks, and the crack
inclination angle) on the dynamic response was theoretically analyzed as well. The ABAQUS numerical assessments were
conducted on simulation models with parallel cracks under combined dynamic and static loading conditions. The results show
that a larger dynamic load amplitude and smaller crack inclination angle/confining pressure result in greater Type II dynamic
strengthening effect on the crack tip. When the length of the rock bridge between cracks (s) is smaller than the half length of the
crack (a), the dynamic strengthening effect at the crack tip weakens gradually with increase in s; whens/a ≥ 1, the strengthening
effect is almost unchanged. With the increase in the staggered distance between cracks (h), the dynamic strengthening effect of
the crack tip weakens at first and then strengthens; the strengthening effect is weakest when h/a = 0:4; the crack propagation
under combined dynamic and static loading is the most sensitive to the lateral confining pressure (σ3) and is the least sensitive
to the inclination angle of the cracks (α). Theoretical results are validated by comparison with numerical simulation results.
Such information regarding the dynamic response law of the parallel cracks in rock masses under dynamic and static loading
conditions is conducive to further research on the mesofailure mechanism of open-pit mine jointed rock slopes under blasting
operations.

1. Introduction

The fracture failure characteristics of the deep rock mass in
an open-pit mine slope are different from those of the shal-
low rock mass under blasting conditions. Deep rock mass
failure is the result of the joint action of high ground stress
and explosion load. The role of ground stress, in particular,
is very important [1–3]. There are a large number of discon-
tinuous joints in rock slope, so ground stress may play a cru-
cial important role in controlling the strength of the rock
mass and the failure mode of the rock slope. Many scholars
have explored the mesofailure mechanism of rock masses
with joints. Bohloli and De Pater [4], for example, studied
the cracking and propagation mechanism of cracks in rock

masses under different surrounding stress conditions and
found that confining stress has strong influence on the frac-
turing behaviour of the compacted sand. Tang et al. [5]
analyzed the mechanism of crack generation and propaga-
tion in a rock mass with intermittent joints by using the
RFPA 2D software and demonstrated that the crack growth
is stable and stops at some finite crack length with a confin-
ing pressure. Zhou et al. [6] performed dynamic laboratory
tests on 3D-printed artificial rock samples and found that
wing cracks can continuously extend to the sample ends
under dynamic compression, whereas they can intermit-
tently extend only a limited distance under static compres-
sion. Tang et al. [7, 8] studied the brittle fracture of a rock
sample with an angled crack under combined tensile and

Hindawi
Geofluids
Volume 2020, Article ID 2948135, 17 pages
https://doi.org/10.1155/2020/2948135

https://orcid.org/0000-0002-8524-1000
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/2948135


compressive loading conditions using linear elastic fracture
mechanics (LEFM) and found that the high compressive
confining pressure and substantial friction can increase
the possibility of shear crack extension. Li et al. [9] ana-
lyzed the influences of preexisting flaw inclination angle
on the cracking processes by means of finite element
method (FEM) and nonlinear dynamics method and found
that the crack initiation sequences and the overall crack
pattern are different under different loading conditions.

There have been many other valuable contributions to
the literature. Zhou and Chen [10] studied the parallel crack
interactions in rock under unloading conditions based on
fracture mechanics and found that a smaller length of rock
bridge or staggered distance between the cracks results in
more severe and sensitive interactions at the crack tip. Zou
et al. [11] performed the research of cracking processes in a
natural rock under dynamic loading conditions and found
that only the antiwing and shear patches evolve into two
symmetrical pairs of shear cracks, which result in the speci-
men failure under dynamic compression. Li et al. [12] ana-
lyzed the effects of preexisting flaws with different flaw
angles and lengths on the dynamic mechanical properties
and found that the presence of an artificial flaw may change
the failure mode of marble under dynamic loading. Zhu
et al. [13] performed uniaxial compression to characterize
and visualize the mechanical and fracture properties of the
3DP rock and demonstrated that the initial internal voids
and cracks dominate the spatial fracture evolution and failure
patterns within the rock.

However, there have been few previous studies on the
propagation and evolution of parallel cracks and the dynamic
response between cracks under dynamic and static loading
conditions. Additionally, the research methods on the prop-
agation law of cracks under combined dynamic and static
loading are mainly focused on rock specimen testing and
numerical simulation while the relevant theoretical quantita-

tive researches are yet lacking. There is no fully feasible, effec-
tive, straightforward methods for calculating the stress
intensity factor (SIF) at the crack tip of rock masses with
multiple cracks. The dynamic response of parallel cracks
under the combined action of dynamic and static loads was
investigated in this study based on the superposition princi-
ple. Variations in the self-defined dynamic response coeffi-
cient (DRC) of the crack tip were investigated in detail as
per the disturbance amplitude of dynamic load, the lateral
confining pressure, the length of rock bridge, the length
between cracks, the staggered distance between cracks, and
the crack inclination angle. A numerical dynamic/static load
crack propagation simulation was conducted in ABAQUS,
and the results were compared against the theoretical results
to validate them.

2. Stress Intensity Factor (SIF) Calculations

2.1. Fracture Mechanics Models. Three failure forms may
occur in the rock mass under the combined action of in situ
stress and explosion stress: shear failure, tensile crack failure,
and compression-shear failure, where the failure is domi-
nated by both I-II tension-shear mixed mode failure (when
the stress acted on the crack surface is tensile stress) and
I-II compression-shear mixed mode failure (when the stress
acted on the crack surface is compression stress) along the
structural plane [14, 15]. Tensile failure of the structural
plane is generally caused by a tensile stress wave formed
by the explosion stress wave reflected by the free surface.
The structural plane in the deep rock mass of the slope is
usually closed under compression due to the substantial
in situ stress, which leads to compression-shear failure of
the internal structural plane under in situ stress and explo-
sion stress. Therefore, structural-plane tensile failure is not
discussed here; this study focused on shear failure of the
rock mass along the structural plane.

Explosion area

Rock mass to be excavated

Blasting holes

𝜎3

𝜎3

𝜎d

𝜎1

𝜎1

Explosion stress wave

J

Y

Intermittent joints

Figure 1: Sketch of mechanical models of “key block” in the slope with intermittent joints.
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Figure 1 shows several closed parallel nonpenetrating
intermittent joints in the slope rock mass. A “key block” with
two parallel intermittent joints in the slope was selected as
the research object here for the sake of simplicity.

As shown in Figure 1, due to the propagation of blasting
stress waves, the key block is subjected not only to the static
load of vertical and horizontal in situ stress (σ1 and σ3) in
the near area but also to the horizontal dynamic load (σd)
under blasting.

According to the superposition principle of fracture
mechanics theory, the total stress field caused by two or more
different loading systems near the crack tip can be obtained
by the algebra of each SIF on the basis of linear elastic
mechanics under the same boundary conditions [16, 17].
Therefore, the SIF of the crack tip in the rock mass stress
State A (KA) under the combined action of dynamic and
static loads (Figure 2) can be considered equivalent to the
sum of the static SIF (KB) and the dynamic SIF (KC).

KA = KB + KC, ð1Þ

where KB and KC are the SIFs at the crack tip under biaxial
static loading and dynamic loading alone, respectively.

2.2. Calculation of SIFs (KB) under Biaxial Compression. The
key block in the jointed rock mass of the slope can be
regarded as an infinite plate with parallel double cracks
[18]. As shown in Figure 3, the vertical action of the plate
has a uniformly distributed loadσ1, and the transverse action
has a uniformly distributed load σ3. The center of the plate
contains two parallel cracks; the crack inclination angle is α.
The lengths of Crack 1 and Crack 2 are both 2a. h is the dis-
tance between the tips of the two parallel cracks perpendicu-
lar to the direction of the cracks, which is referred to here as
the “staggered distance” of the cracks. s is the distance
between the tips of the cracks along the direction of the
cracks, which is referred to as the “length of the rock bridge
between the cracks.”

According to the stress circle theory in material mechan-
ics, the stress State B of the rock mass falls under biaxial com-
pression [19]. The stress State B under biaxial compression
can be equivalent to the case of vertical stress σα and shear
stress τα acting on the crack surface, as shown in the stress
State B1 in Figure 3.

According to the superposition principle, the stress State
B1 of the rock mass under biaxial compression can then be
decomposed into the stress State B2 and the stress State B3
(Figure 4) [17].
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Figure 2: Superposition method of stress state of rock mass with double cracks under dynamic and static loading conditions.
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Figure 3: Equivalent sketch of stress State B under biaxial compression.
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According to the stress-circle theory, the vertical stress
and shear stress acting on the crack surface in Figure 3 can
be expressed as follows [20, 21]:

σα =
σ1 + σ3

2
−
σ3 − σ1

2
⋅ cos 2α = σ1 ⋅ cos2α + σ3 ⋅ sin2α,

τα =
σ3 − σ1

2
⋅ sin 2α = σ3 − σ1ð Þ ⋅ sin α ⋅ cos α:

ð2Þ

For the State B2 with vertical stress, the cracks are closed
under compression, and there is only SIFs of Type II (KB2

ΙΙ ) at
the crack tips, which can be calculated according to Formula
(3). For the State B3 with shear stress, there is also only SIFs
of Type II (KB3

ΙΙ ) at the crack tips, which can be calculated
according to Formula (4) [22].

KB2
ΙΙ = −FB2

ΙΙ ⋅ σα ⋅
ffiffiffiffiffiffi
πa

p
= −FB2

ΙΙ ⋅ σ1 ⋅ cos2α + σ3 ⋅ sin2α
� �

⋅
ffiffiffiffiffiffi
πa

p
,

ð3Þ

KB3
ΙΙ = FB3ΙΙ ⋅ τα ⋅

ffiffiffiffiffiffi
πa

p
= FB3

ΙΙ ⋅ σ3 − σ1ð Þ ⋅ sin α ⋅ cos α ⋅
ffiffiffiffiffiffi
πa

p
,
ð4Þ

where KB2
ΙΙ and KB3

ΙΙ are SIFs of Type II at the crack tips in the

stress States B2 and B3, respectively; F
B2
ΙΙ andFB3

ΙΙ are the geo-
metric correlation coefficients of SIFs related to the length
of the cracks (2a), the length of the rock bridge, and the stag-
gered distance between the cracks, which can reflect the
interaction between multiple cracks and can be determined
by consulting the appendix or reference [22]. Therefore,
according to the superposition sketch shown in Figure 4,
the SIFs at the crack tips under biaxial compression can be
expressed as follows:

KB
Ι = KB2

Ι = 0,

KB
ΙΙ = KB2

ΙΙ + KB3
ΙΙ = FB3

ΙΙ ⋅ σ3 − σ1ð Þ ⋅ sin α ⋅ cos α − FB2
ΙΙ

h
⋅ σ1 ⋅ cos2α + σ3 ⋅ sin2α
� �i

⋅
ffiffiffiffiffiffi
πa

p
,

ð5Þ

where KB
Ι and KB

ΙΙ are SIFs of Type I and Type II at the crack
tips in the stress State B, respectively.

2.3. Calculation of SIFs (KC) under Dynamic Loading. The
stress State C of the rock mass under dynamic loading can
be considered equivalent to the stress State C1, as shown in
Figure 5. The stress State C1 can be considered equivalent
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Figure 4: Superposition sketch of stress State B1 under biaxial compression.
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to the superposition of the stress States C2 and C3, as shown
in Figure 6 (β = 90°‐α); that is, KC = KC1 = KC2 + KC3 .
According to the approximate method proposed by Broberg
in analyzing the problem of dynamic crack propagation in an
infinite elastic body, the dynamic SIFs can be expressed as a
function of static SIFs [23, 24]:

K tð Þ = k vð Þ ⋅ K 0ð Þ, ð6Þ

where KðtÞ is the dynamic SIF when the crack growth rate is
v, Kð0Þis the static value of KðtÞ, and kðvÞ is the velocity
influence coefficient independent of the geometric shape of
the crack. Once kðvÞ has been determined, the dynamic SIF
calculation problem can be approximately regarded as a qua-
sistatic SIF problem, that is

KC
Ι = kΙ vð Þ ⋅ Ks

Ι,

KC
ΙΙ = kΙΙ vð Þ ⋅ Ks

ΙΙ:
ð7Þ

According to references [24, 25], the general forms of kΙ
ðvÞ and kΙΙðvÞ can be expressed as follows:

kΙ vð Þ = 1 − v/cRð Þ ⋅ 1 − 0:5vð Þ−1/2,
kΙΙ vð Þ = 1 − v/cRð Þ ⋅ 1 − 0:46vð Þ−1/2,

ð8Þ

where cR is the velocity of the Rayleigh wave in the rock
mass, which is related to the density ρ, elastic modulus
E, and Poisson’s ratio μ of the rock mass.cR can be calcu-
lated as follows [25]:

cR =
0:862 + 1:4μ

1 + μ
⋅

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

2 1 + μð Þρ

s
ð9Þ

The dynamic SIFs at the crack tips can be obtained as
based on Formulas (7) and (8) as follows (assuming that
the crack is closed):

KC
Ι = KC1

Ι = 0,

KC
ΙΙ = KC1

ΙΙ = − FC2
ΙΙ ⋅ cos

2β + FC3
ΙΙ ⋅ sin β ⋅ cos β

� �
⋅ σd ⋅ kΙΙ vð Þ ⋅ ffiffiffiffiffiffi

πa
p

:

ð10Þ

It is assumed that the blasting dynamic load on the
key block is a simple harmonic wave in the form of a
sinusoidal function (Figure 7). The simple harmonic wave
can be expressed as

x y, tð Þ = L ⋅ sin λy − ωtð Þ, ð11Þ

where L is the amplitude, ω is the frequency, and t is the
duration of the disturbance wave; λ is the number of lon-
gitudinal waves and λ = ω/cp, wherecp is the velocity of the
longitudinal wave. Let the simple harmonic wave be in the
form of an index, i.e., the imaginary part of φðiÞ = φ0 ⋅
eiðλy−ωtÞ. φ0 = L, so the stress intensity of the incident wave
in its propagation direction is as follows [26]:

σ = σ0 ⋅ sin λy − ωtð Þ
σ0 = μβ2φ0

β = ω/cs,

8>><
>>: ð12Þ

where σ0 is the amplitude of the disturbance stress inten-
sity, cs is the velocity of the shear wave, and μ is the Lamé
constant. The disturbance stress of the blasting dynamic
load on the end of the “key block” can be expressed
as follows:

σd = σ0 ⋅ sin ωtð Þ: ð13Þ
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2.4. Calculation of SIFs (KA) under Dynamic and Static
Loading. Substituting Formulas (5) and (10) into For-
mula (1) yields the following expression of the SIFs at
the crack tips under combined dynamic and static load-
ing conditions:

KA
Ι = KB

Ι + KC
Ι = 0,

KA
ΙΙ = KB

ΙΙ + KC
ΙΙ = FB3

ΙΙ ⋅ σ3 − σ1ð Þ ⋅ sin α ⋅ cos α − FB2ΙΙ
h

⋅ σ1 ⋅ cos2α + σ3 ⋅ sin2α
� �
− FC2

ΙΙ ⋅ cos
2β + FC3

ΙΙ ⋅ sin β ⋅ cos β
� �

⋅ σd ⋅ kΙΙ vð Þ
i
⋅

ffiffiffiffiffiffi
πa

p
,

ð14Þ

where KA
Ι and KA

ΙΙ are Type I and Type II SIFs at the
crack tips under dynamic and static loading conditions,
respectively.

3. Dynamic Response Analysis

The effects of dynamic loading among multiple cracks on the
SIF at the crack tip may be reinforcing, null, or shielding [27–
29]. To observe the effects of dynamic load on crack propaga-
tion, the ratio of the SIF at the crack tip under combined
dynamic and static loading to the SIF at the crack tip under
biaxial static loading was defined in this study as the dynamic
response coefficient (DRC) f d

ΙΙ:

where f d
ΙΙ is the DRC of Type II at the crack tip, which

reflects the effect of dynamic loading on crack initiation
and propagation at the crack tip. KA

ΙΙ and KB
ΙΙ are Type II SIFs

at the crack tips under combined dynamic and static loading
condition and biaxial static loading condition, respectively.
In addition, the dynamic load has three effects on the crack
initiation and propagation of the crack tip: strengthening,
null, and shielding. The crack falls into the reinforcing effect
zone (strengthening), the null effect zone (null), and the

shielding effect zone (shielding) when fd
ΙΙ > 1, fd

ΙΙ = 1, and
f d

ΙΙ < 1, respectively.

3.1. Effect of Dynamic Load Amplitude (σ0). Due to space
constraints, only the inner tip of Crack 1 (position (1) in
Figure 3) is reported here as an example (similarly below)
to analyze the DRC variation of Type II with the dynamic
load amplitude (σ0). In order to simplify the calculation, let
σ1 = 2MPa, σ3 = 1MPa, α = β = 45°, h = a (a is the half

Table 1: Calculation results of f d
ΙΙ under different dynamic load amplitudes (σ0).

Time (s)
s = 0 s = a

σ0 = 1MPa σ0 = 2MPa σ0 = 3MPa σ0 = 4MPa σ0 = 5MPa σ0 = 1MPa σ0 = 2MPa σ0 = 3MPa σ0 = 4MPa σ0 = 5MPa
0.1 1.1034 1.2069 1.3103 1.4138 1.5172 1.0974 1.1947 1.2921 1.3895 1.4868

0.3 1.3062 1.6124 1.9186 2.2248 2.5309 1.2882 1.5764 1.8646 2.1529 2.4411

0.5 1.4967 1.9934 2.4902 2.9869 3.4836 1.4676 1.9351 2.4027 2.8702 3.3378

0.7 1.6674 2.3349 3.0023 3.6697 4.3372 1.6283 2.2565 2.8848 3.5130 4.1413

0.9 1.8115 2.6230 3.4346 4.2461 5.0576 1.7639 2.5278 3.2916 4.0555 4.8194

1.1 1.9232 2.8464 3.7697 4.6929 5.6161 1.8690 2.7380 3.6071 4.4761 5.3451

1.3 1.9981 2.9962 3.9943 4.9923 5.9904 1.9395 2.8790 3.8185 4.7580 5.6975

1.5 2.0331 3.0663 4.0994 5.1325 6.1656 1.9725 2.9450 3.9174 4.8899 5.8624

1.7 2.0270 3.0539 4.0808 5.1078 6.1347 1.9667 2.9333 3.9000 4.8666 5.8333

1.9 1.9798 2.9596 3.9394 4.9192 5.8990 1.9223 2.8445 3.7668 4.6891 5.6114

2.1 1.8935 2.7871 3.6806 4.5742 5.4677 1.8411 2.6822 3.5233 4.3643 5.2054

2.3 1.7716 2.5433 3.3149 4.0866 4.8582 1.7263 2.4527 3.1790 3.9054 4.6317

2.5 1.6190 2.2379 2.8568 3.4758 4.0947 1.5826 2.1652 2.7478 3.3304 3.9131

2.7 1.4416 1.8831 2.3247 2.7662 3.2078 1.4156 1.8313 2.2469 2.6625 3.0782

2.9 1.2466 1.4931 1.7397 1.9862 2.2328 1.2321 1.4642 1.6962 1.9283 2.1604

3 1.1449 1.2897 1.4346 1.5794 1.7243 1.1364 1.2727 1.4091 1.5454 1.6818

fd
ΙΙ =

KA
ΙΙ

KB
ΙΙ

=
FB3
ΙΙ ⋅ σ3 − σ1ð Þ ⋅ sin α ⋅ cos α − FB2

ΙΙ ⋅ σ1 ⋅ cos2α + σ3 ⋅ sin2α
� �

− FC2
ΙΙ ⋅ cos2β + FC3

ΙΙ ⋅ sin β ⋅ cos β
� �

⋅ σd ⋅ kΙΙ vð Þ
FB3ΙΙ ⋅ σ3 − σ1ð Þ ⋅ sin α ⋅ cos α − FB2ΙΙ ⋅ σ1 ⋅ cos2α + σ3 ⋅ sin2α

� � , ð15Þ
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lengths of Crack 1 and Crack 2), ω = 1rad/s, and kΙΙðvÞ = 1.
According to reference [22], when s = 0, FB2

ΙΙ = FC2
ΙΙ = −0:008

and FB3
ΙΙ = FC3

ΙΙ = 0:921. When s = a, FB2
ΙΙ = FC2

ΙΙ = 0:013
andFB3

ΙΙ = FC3
ΙΙ = 0:956. Substituting σ0 and ω into Formula

(13) yields the dynamic load function (σd) varying with time.
And then, the DRCs of Type II (fd

ΙΙ) at different times can be
obtained by Formula (15). The DRC (f d

ΙΙ) calculation results
and variation curves of the inner tip of Crack 1 with dynamic

load amplitude (σ0) obtained are shown in Table 1 and
Figure 8.

As shown in Figure 8, when the length of the rock bridge
between the cracks is constant, the Type II DRCs (f d

ΙΙ) of the
inner tip of Crack 1 vary continuously as the dynamic load
action time increases. The DRCs are greater when the
dynamic load amplitude (σ0) is larger. The propagation effect
of dynamic load on crack tip appears to constantly change
over time. The strengthening effect of Type II on the crack

Table 2: Calculation results of f d
ΙΙ under different confining pressure (σ3).

Time (s)
s = 0 s = a

σ0 = 0MPa σ0 = 1MPa σ0 = 2MPa σ0 = 3MPa σ0 = 4MPa σ0 = 0MPa σ0 = 1MPa σ0 = 2MPa σ0 = 3MPa σ0 = 4MPa
0.1 1.0616 1.0775 1.1046 1.1606 1.3461 1.0599 1.0752 1.1011 1.1539 1.3222

0.3 1.1823 1.2294 1.3095 1.4754 2.0244 1.1774 1.2227 1.2991 1.4554 1.9538

0.5 1.2957 1.3722 1.5021 1.7711 2.6618 1.2878 1.3613 1.4853 1.7388 2.5473

0.7 1.3973 1.5001 1.6746 2.0362 3.2329 1.3867 1.4855 1.6521 1.9928 3.0791

0.9 1.4831 1.6081 1.8202 2.2599 3.7149 1.4701 1.5903 1.7928 2.2071 3.5279

1.1 1.5496 1.6918 1.9332 2.4333 4.0886 1.5349 1.6715 1.9020 2.3732 3.8759

1.3 1.5942 1.7479 2.0088 2.5495 4.3391 1.5782 1.7260 1.9751 2.4846 4.1091

1.5 1.6150 1.7741 2.0442 2.6039 4.4563 1.5985 1.7515 2.0093 2.5367 4.2182

1.7 1.6114 1.7695 2.0380 2.5943 4.4356 1.5949 1.7470 2.0033 2.5275 4.1990

1.9 1.5833 1.7342 1.9903 2.5211 4.2779 1.5676 1.7127 1.9572 2.4574 4.0521

2.1 1.5319 1.6695 1.9032 2.3872 3.9893 1.5177 1.6499 1.8730 2.3291 3.7834

2.3 1.4594 1.5782 1.7799 2.1979 3.5815 1.4470 1.5613 1.7539 2.1478 3.4037

2.5 1.3685 1.4638 1.6256 1.9609 3.0707 1.3586 1.4502 1.6047 1.9206 2.9280

2.7 1.2629 1.3309 1.4463 1.6855 2.4772 1.2558 1.3212 1.4314 1.6568 2.3755

2.9 1.1468 1.1847 1.2492 1.3828 1.8248 1.1428 1.1793 1.2409 1.3667 1.7680

3 1.0862 1.1085 1.1464 1.2249 1.4846 1.0839 1.1054 1.1415 1.2155 1.4512
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Figure 8: f d
ΙΙ variations with time under different dynamic load amplitudes (σ0). (a) s = 0. (b) s = a.
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tip increases as the amplitude increases, that is, the initiation
and propagation of the crack tip is more significantly affected
by the dynamic load, and the initiation is more likely to occur
at the crack tip in this case.

3.2. Effect of Confining Pressure (σ3). To observe the DRC
variations of Type II of the inner tip of Crack 1 with confin-
ing pressure (σ3), let σ1 = 5MPa, α = β = 45°, h = a, σ0 = 3
MPa, ω = 1 rad/s, and kΙΙðvÞ = 1. According to reference
[22], when s = 0, FB2

ΙΙ = FC2
ΙΙ = −0:008 and FB3

ΙΙ = FC3
ΙΙ = 0:921.

When s = a, FB2
ΙΙ = FC2

ΙΙ = 0:013 and FB3
ΙΙ = FC3

ΙΙ = 0:956. The
calculation results and variation curves of the DRCs of the
inner tip of Crack 1 with confining pressure (σ3) are shown
in Table 2 and Figure 9.

As shown in Figure 9, the Type II DRCs of the inner tip of
Crack 1 increase with the continuous decrease in confining
pressure (σ3); the dynamic strengthening effect on the crack
tip becomes greater as σ3 decreases. Crack tips in this case are
more easily initiated under dynamic loading when confining
pressure is high. The existence of confining pressure increases
the initiation strength of the crack surface, which hinders the
propagation of the crack andmakes the crack surface less break-
able. Increase in confining pressure also increases the crack ini-
tiation strength and weakens the effect of the dynamic load.

The above analysis indicates that as the confining pres-
sure of the key block located far away from the slope surface
(“Y” in Figure 1) is larger than that of the key block located
closer to the slope surface (“J” in Figure 1), the nonpenetrat-
ing joints located in the deep zone of the actual slope are
more significantly affected by the dynamic load than those
located in the shallow zone. Under these conditions, the
crack tip is more likely to crack during blasting.

3.3. Effect of the Rock Bridge Length (s) and the Staggered
Distance (h) between Cracks. To observe the DRC variations

of Type II of the inner tip of Crack 1 with the length ratio of
the rock bridge (s/a) and staggered distance ratio (h/a), let
σ1 = 2MPa, σ3 = 1MPa, α = β = 45°, σ0 = 3MPa, ω = 1 rad/s,
and kΙΙðvÞ = 1. The DRC calculation results and variation
curves of the inner tip of Crack 1 with s/a and h/a are shown
in Table 3 and Figure 10.

As shown in Figure 10(a), when the staggered distance
(h) between cracks is constant, the DRCs of Type II at the
inner tip of Crack 1 decrease sharply at first and then remain
basically unchanged with further increase in the length ratio
of the rock bridge between cracks (s/a). When the length of
rock bridge between cracks is small (s/a < 1), the dynamic
strengthening effect at the crack tip is substantial; as s
increases, however, the dynamic strengthening effect
weakens gradually. When s/a ≥ 1, the dynamic strengthening
effect is basically unchanged, and the dynamic response is
almost unaffected by the length of the rock bridge between
the cracks.

Table 3: Calculation results of f d
ΙΙ under different s/a and h/a.

s/a h = 0
h/a s = a

t = 1:0 s t = 1:5 s t = 2:0 s t = 1:0 s t = 1:5 s t = 2:0 s
0.0 2.3261 2.6642 2.4720 0.15 1.7967 1.9443 1.8604

0.5 1.9568 2.1339 2.0332 0.2 1.7965 1.9440 1.8602

1.0 1.8387 1.9940 1.9057 0.25 1.7908 1.9372 1.8540

1.5 1.8340 1.9891 1.9003 0.3 1.7850 1.9304 1.8477

2.0 1.8292 1.9843 1.8950 0.35 1.7847 1.9299 1.8473

3.0 1.8246 1.9772 1.8905 0.4 1.7844 1.9296 1.8470

4.0 1.8288 1.9823 1.8951 0.45 1.7841 1.9293 1.8467

5.0 1.8331 1.9874 1.8997 0.75 1.8113 1.9615 1.8761

6.0 1.8355 1.9906 1.9027 1 1.8384 1.9937 1.9054

7.0 1.8379 1.9934 1.9052 1.5 1.9106 2.0792 1.9834
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Figure 9: f d
ΙΙvariations with time under different confining pressure (σ3) (a)s =0 (b)s = a.
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As shown in Figure 10(b), when the rock bridge length
between cracks is constant, the DRCs of Type II at the tip
of Crack 1 decrease at first and then increase with increase
in the staggered distance ratio (h/a). The minimum value is
reached when h/a = 0:4, indicating that the dynamic
response strengthening effect of crack tip weakens at first
and then strengthens as the staggered distance between
cracks increases; the dynamic response strengthening effect
is the weakest when h/a = 0:4.

It appears that the staggered distance between the nonpe-
netrating joints and the length of the intermediate rock
bridge in the actual slope have an important influence on
the initiation of the crack tip and the penetration between
the cracks during blasting operations. When the length of
the rock bridge between the cracks is small and the staggered
distance between cracks is large, the crack tip is more
strongly affected by the dynamic load and cracks are more
likely in general.

3.4. Effect of Crack Inclination Angle (α). To observe the DRC
variations of Type II of the inner tip of Crack 1 with the incli-
nation angle (α), let σ1 = 2MPa, σ3 = 1MPa, α = β = 45°, σ0
= 3MPa, ω = 1rad/s, and kΙΙðvÞ = 1. The DRC calculation
results and variation curves of the inner tip of Crack 1 with
inclination angle (α) are shown in Table 4 and Figure 11.

As shown in Figure 11, when the length of the rock bridge
(s) between cracks is constant, the DRCs of Type II at the
inner tip of Crack 1 decrease gradually as the inclination
angle (α) increases. This suggests that the dynamic response
strengthening effect of crack tip weakens, and the crack tip
is less likely to break under dynamic load as higher inclina-
tion angles.

The above analysis indicates that a smaller inclination
angle of the nonpenetrating joint in the slope makes the crack
tip more significantly affected by the dynamic load, in which
case cracks are generally more likely to occur.

4. Numerical Simulation and Analysis

4.1. Numerical Models. To validate the theoretical analyses
presented above, numerical simulations of 20 groups of cal-
culation models (Table 1) under dynamic and static loading
conditions were carried out in the ABAQUS software. As
shown in Figure 12, the models are 110mm × 110mm in size
with 20,618 grid elements and 35,324 nodes in total (due to
space constraints, only portions of the models are shown
here). Elastic modulus (E) of the model material is 4.2GPa
and Poisson’s ratio (υ) is 0.26. The finite element models
adopted the plane stress eight-node quadrilateral elements,
and the local refinement is carried out in the area around
the cracks. In addition, the singular elements are arranged
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Figure 10: f d
ΙΙ variations with s/a and h/a at different times. (a) h = 0. (b) s = a.

Table 4: Calculation results of f d
ΙΙ under different inclination

angles (α).

α (°)
s = a s = 1:5a

t = 1:0 s t = 1:5 s t = 2:0 s t = 1:0 s t = 1:5 s t = 2:0 s
15 1.9002 2.0669 1.9721 1.7302 1.8969 1.8021

20 1.8840 2.0477 1.9547 1.7140 1.8777 1.7847

25 1.8744 2.0363 1.9443 1.7044 1.8663 1.7743

30 1.8680 2.0287 1.9373 1.6980 1.8587 1.7673

35 1.8633 2.0231 1.9322 1.6933 1.8531 1.7622

40 1.8596 2.0188 1.9283 1.6896 1.8488 1.7583

45 1.8567 2.0153 1.9252 1.6867 1.8453 1.7552

50 1.8543 2.0125 1.9225 1.6843 1.8425 1.7525

55 1.8522 2.0100 1.9203 1.6822 1.8400 1.7503

60 1.8504 2.0078 1.9183 1.6804 1.8378 1.7483

65 1.8487 2.0058 1.9165 1.6787 1.8358 1.7465

70 1.8472 2.0040 1.9149 1.6772 1.8340 1.7449

75 1.8458 2.0024 1.9133 1.6758 1.8324 1.7433

80 1.8444 2.0008 1.9119 1.6744 1.8308 1.7419
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in the area of the crack tips considering the strong singularity
of the crack tips after the crack surfaces are closed, and the
cracks are arranged in the middle of the models to prevent
the boundary effect from influencing the crack failure. The
geometric parameters of the cracks in the models are listed
in Table 5.

4.2. Simulation Scheme. In the simulation, considering the
effect of the original rock stress on the crack propagation in
the slope, the static load was preapplied to simulate the initial
stress field before the dynamic load was applied to the model.
The multiload step technique in ABAQUS was used for this
purpose. The stress application sequence and path are shown
in Figure 13. First, axial pressure (σ1) and lateral confining
pressure (σ3) were loaded to σ1

0 = σ3
0 = 1MPa at a rate of

0.1MPa/s simultaneously under the loading control mode.
Then, the lateral confining pressure (σ3) was kept constant
as axial pressure was loaded to 2MPa at a rate of 0.1MPa/s,
and the SIFs at the tips of Crack 2 in this state (State A) were
calculated accordingly. Finally, the dynamic load in the form
of a sinusoidal incident wave with amplitude of 0.5MPa and
frequency of 0.5Hz was input from the left side of the model
until the model was destroyed (according to the material
parameters of the models, after many debugging calculations,
when the amplitude of the dynamic load is 0.5MPa, and the
frequency is 0.5 HZ, the calculation results can meet the
requirements). The SIFs at the inner tip of Crack 2 in each
model at different times were also calculated at this time.

4.3. Analysis of the Simulation Results

4.3.1. Crack Propagation Process. Due to the space con-
straints, only the initiation and propagation processes of
cracks in Models 1, 5, 13, and 15 under combined dynamic
and static loading are shown here (Figures 14–17).

As shown in Figures 14–17, cracks appear in the inner
and outer tips of Crack 1 and Crack 2 and propagate contin-

uously as the dynamic loading process continues. The crack
propagation rates in Model 13 are much faster than in Model
1, Model 5, or Model 15. The inner tip of Crack 2 inModel 13
is the first to crack (t = 0:8 s), followed by that in Model 1
(t = 1:4 s), Model 5 (t = 1:9 s), and finally Model 15
(t = 2:1 s). To this effect, the rock bridge lengths between
cracks and the crack inclination angle both exert an impor-
tant influence on the initiation and propagation of cracks in
the model under dynamic loading. When the length of the
rock bridge and the inclination angle are relatively small,
cracks occur more easily under the dynamic load and propa-
gate at a faster rate. The dynamic strengthening effect of the
crack tip is higher in this case, which supports the conclu-
sions discussed in Sections 3.3 and 3.4.

4.3.2. Variation Analysis of Dynamic Response and Dynamic
Initiation SIF (DIS). The SIFs (KΙ, KΙΙ) of the inner tip of
Crack 2 in the dynamic initiation state of different models
(Figure 12) calculated by ABAQUS are as follows:
0.078MPam1/2 (KΙ, Model 1), 9.16MPam1/2 (KΙΙ, Model
1), 0.092MPam1/2 (KΙ, Model 5), 9.71MPam1/2 (KΙΙ, Model
5), 0.061MPam1/2 (KΙ, Model 13), 8.95MPam1/2 (KΙΙ,
Model 13), 0.12MPam1/2 (KΙ, Model 15), and 9.89MPam1/2

(KΙΙ, Model 15). During the initiation of Crack 2, the SIFs of
Type II were much larger than the SIFs of Type I. Therefore,
the crack failure in the model under dynamic and static load-
ing conditions can be mainly attributed to Type II failure,
and the effect of Type II SIFs on crack propagation is separate
from the effects of Type I SIFs, as the crack in the model was
closed under confining pressure.

In order to validate the dynamic response law of crack
propagation obtained by theoretical analysis (Sections 3.1–
3.4), the ratio of the dynamic SIF (SðtÞ) of the inner tip of
Crack 2 at any time (t) in the dynamic loading process (as
calculated in ABAQUS) to the static SIF (Sð0Þ) of the inner
tip of Crack 2 when the axial pressure and the lateral static
confining pressure both reach the preset value predynamic-
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Figure 11: f d
ΙΙ variations with crack inclination angle (α) at different times. (a) s = a. (b) s = 1:5a.
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loading was defined as the DRC.DRC = SðtÞ/Sð0Þ. The calcu-
lated DRC results when t = 1:0 s and t = 1:5 s and the
dynamic initiation SIFs of the inner tip of Crack 2 in different
models are shown in Table 6 and Figure 18.

Figures 18(a), 18(c), and 18(d) show that the DRCs of the
tip of Crack 2 decrease gradually with increase in rock bridge
length, crack inclination angle, and lateral confining pressure
when t = 1:0 s and t = 1:5 s. The dynamic initiation SIFs
increase with increase in rock bridge length, crack inclination
angle, and lateral confining pressure as well. To this effect,
these three factors all have important effects on crack initia-
tion in the tip. The dynamic response of the crack tip is more
pronounced under dynamic loading when these three values
are smaller, i.e., cracks occur more easily in the tip.

As shown in Figure 18(b), as the staggered distance
between cracks increases, the DRCs of the tip of Crack 2
decrease at first, then increase, and finally tend toward stabil-
ity. The dynamic initiation SIFs at the tip of Crack 2 increase

at first and then decrease in this case. The DRC is minimal
and the dynamic initiation SIF is maximal when h is around
4mm, at which point the dynamic response of the crack tip is
the weakest under the dynamic load, and the tip is less likely
to crack. The dynamic response increases as the staggered
distance between cracks increases. When h reaches about
10mm, the DRC of the crack tip is almost unchanged with
any further increase in staggered distance; in other words,
the dynamic response of the crack tip is no longer sensitive
to changes in fault distance once the staggered distance
reaches h ≥ 10mm. This numerically simulated dynamic
response law is consistent with the theoretical law discussed
in Sections 3.1–3.4.

4.3.3. Sensitivity Analysis of Various Factors. Suppose the
number of elements of the comparison column X and refer-
ence column Y are both i. And, X and Y can be expressed as
X = ½X1, X2, X3,⋯,Xi�T , Y = ½Y1, Y2, Y3,⋯,Yi�T respectively.

110 mm

110 m
m

(a)

110 mm

110 m
m

(b)

110 mm

110 m
m

(c)

110 mm

110 m
m

(d)

Figure 12: Numerical models. (a) Model 1. (b) Model 5. (c) Model 13. (d) Model 15.
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Table 5: Geometric parameters of cracks in models.

Model
number

Inclination
angle (α) (°)

Length of Crack 1
(2a) (mm)

Length of Crack 2
(2b) (mm)

Length of rock
bridge (s) (mm)

Staggered distance
(h) (mm)

Lateral confining
pressure (σ3) (MPa)

1 45 20 20 0 8 1

2 45 20 20 2 8 1

3 45 20 20 4 8 1

4 45 20 20 6 8 1

5 45 20 20 8 8 1

6 45 20 20 10 8 1

7 45 20 20 12 8 1

8 45 20 20 0 2 1

9 45 20 20 0 4 1

10 45 20 20 0 6 1

11 45 20 20 0 10 1

12 45 20 20 0 12 1

13 30 20 20 0 8 1

14 60 20 20 0 8 1

15 75 20 20 0 8 1

16 45 20 20 0 8 1.2

17 45 20 20 0 8 1.4

18 45 20 20 0 8 1.6

19 45 20 20 0 8 1.8

20 45 20 20 0 8 2

Crack 2

Crack 1

2

1

O t1 t2 t3 t (s)

𝜎 (MPa)
𝜎1

𝜎3

𝜎3

𝜎1

𝜎1

𝜎d

𝜎d
𝜎3

Figure 13: Sketch of the calculation stress path.
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S, Mises
(Avg: 75%)

+ 1.526e+09
+ 5.668e+07
+ 5.196e+07
+ 4.723e+07
+ 4.251e+07
+ 3.779e+07
+ 3.306e+07
+ 2.834e+07
+ 2.362e+07
+ 1.889e+07
+ 1.417e+07
+ 9.447e+06
+ 4.723e+06
+ 5.504e+03

(a) (b) (c)

Figure 14: Model 1 stress distribution in numerical simulation. (a) t = 1:4 s. (b) t = 2:5 s. (c) t = 4:0 s.
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Write X and Y in the form of a matrix, as shown in Formula
(16) and Formula (17) [30].

X =

X1

X2

X3

⋮

Xi

2
666666664

3
777777775
=

X11 X12 X13 ⋯ X1j

X21 X22 X23 ⋯ X2j

X31 X32 X33 ⋯ X3j

⋮ ⋮ ⋮ ⋱ ⋮

Xi1 Xi2 Xi3 ⋯ Xij

2
666666664

3
777777775
, ð16Þ

Y =

Y1

Y2

Y3

⋮

Yi

2
666666664

3
777777775
=

Y11 Y12 Y13 ⋯ Y1j

Y21 Y22 Y23 ⋯ Y2j

Y31 Y32 Y33 ⋯ Y3j

⋮ ⋮ ⋮ ⋱ ⋮

Yi1 Yi2 Yi3 ⋯ Yij

2
666666664

3
777777775
, ð17Þ

where Xij represents the value of the i-th variable and Yij

S, Mises
(Avg: 75%)

+ 3.454e+10
+ 8.668e+08
+ 7.946e+08
+ 7.223e+08
+ 6.501e+08
+ 5.779e+08
+ 5.056e+08
+ 4.334e+08
+ 3.612e+08
+ 2.889e+08
+ 2.167e+08
+ 1.445e+08
+ 7.223e+07
+ 9.604e+03
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Crack propagation

Crack 1 
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Crack initiation
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Figure 15: Model 5 stress distribution in numerical simulation. (a) t = 1:9 s. (b) t = 3:5 s. (c) t = 4:5 s.
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+ 4.246e+05
+ 7.783e+03

(a) (b) (c)

Figure 16: Model 13 stress distribution in numerical simulation. (a) t = 0:8 s. (b) t = 2:0 s. (c) t = 3:5 s.

S, Mises
(Avg: 75%)
+ 1.542e+11
+ 7.235e+09
+ 6.762e+09
+ 6.289e+09
+ 5.817e+09
+ 5.344e+09
+ 4.871e+09
+ 4.399e+09
+ 3.926e+09
+ 3.454e+09
+ 2.981e+09
+ 9.481e+07
+ 4.741e+07
+ 8.597e+04
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Figure 17: Model 15 stress distribution in numerical simulation. (a) t = 2:1 s. (b) t = 4:0 s. (c) t = 5:0 s.
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represents the value of the dependent variable corresponding
to the i-th variable.

The interval relative valuing is used to dedimensionalize
the matrices of X and Y . And, the calculation formulas are
as shown in Formula (18) and Formula (19):

Xij′ =
Xij −min Xij

max Xij −min Xij
, ð18Þ

Yij′ =
Yij −min Yij

max Yij −min Yij
: ð19Þ

The elements in the dedimensionalized matrices of X and
Y are subtracted and taken as absolute values for differentia-
tion, as shown in Formula (20).

Δij = Xij′ − Yij′
��� ���: ð20Þ

Then, the calculation Formula of the correlation coeffi-
cient can be expressed as follows:

Vij =
min Δij

� �
+ λ ⋅max Δij

� �
Δij + λ ⋅max Δij

� � , ð21Þ

where λ is the resolution coefficient, which is used to increase
the significance of the correlation coefficient of each factor,
λ ∈ ½0, 1�. In general, the value of λ is 0.5. Generally, a large

number of correlation coefficients are calculated, and the
information is relatively scattered, which is not conducive
to the correlation degree analysis. Therefore, �Vi, the average
value ofVij, is taken as the average correlation coefficient to
analyze the correlation degree among the factors.

�Vi =
1
j
〠
i

i=1
Vij, ð22Þ

where 0 ≤ �Vi ≤ 1. The closer the average correlation coeffi-
cient is to 0, the smaller the correlation degree of the refer-
ence column to the comparison column is, and the lower
the sensitivity of the reference column is to the comparison
column is; the closer the correlation coefficient is to 1, the
greater the average correlation degree of the reference col-
umn to the comparison column is, and the higher the sensi-
tivity of the reference column to the comparison column is.

Select the change values of the influencing factors in
Table 5 and the DRCs of State B and State C in Table 6 as
the comparison matrix and the reference matrix, respectively.
The average correlation coefficients (�ViBand �ViC) of State
B and State C can be obtained by substituting them into
Formulas (18)–(21):

�ViB = s, h, α, σ3½ �T = 0:675, 0:631, 0:486, 0:718½ �T,
�ViC = s, h, α, σ3½ �T = 0:683, 0:622, 0:497, 0:711½ �T:

ð23Þ

Table 6: DRC calculation results and dynamic initiation SIFs (DISs) of crack tip.

Model
number

SIF (State A)
(MPam1/2)

SIF (State B)
(MPam1/2)

SIF (State C)
(MPam1/2)

SIF (State D)
(MPam1/2)

DRC (State B) DRC (State C)

1 3.21 7.76 8.05 9.16 2.42 2.51

2 3.24 7.33 7.56 9.27 2.26 2.33

3 3.29 7.22 7.42 9.42 2.19 2.25

4 3.38 7.08 7.35 9.59 2.11 2.19

5 3.41 6.73 7.14 9.71 1.98 2.10

6 3.44 6.47 6.95 9.88 1.87 2.01

7 3.48 6.42 6.80 9.91 1.85 1.96

8 3.25 7.15 7.35 9.23 2.20 2.26

9 3.28 7.08 7.28 9.33 2.16 2.22

10 3.23 7.20 7.46 9.25 2.23 2.31

11 3.18 7.92 8.20 9.07 2.49 2.58

12 3.15 7.88 8.13 9.02 2.50 2.58

13 3.14 7.91 8.26 8.95 2.52 2.63

14 3.33 7.59 7.89 9.47 2.28 2.37

15 3.42 7.22 7.63 9.89 2.11 2.23

16 3.21 7.51 7.93 9.22 2.34 2.47

17 3.28 7.38 7.87 9.35 2.25 2.40

18 3.34 7.05 7.45 9.51 2.11 2.23

19 3.41 6.92 7.40 9.76 2.03 2.17

20 3.52 6.84 7.23 10.07 1.94 2.05

State A: axial pressure and lateral static confining pressure both reach preset value before dynamic load is applied. State B: dynamic load lasts for 1.0 s (t = 1:0 s).
State C: dynamic load lasts for 1.5 s (t = 1:5 s). State D: tip begins to crack.
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According to the Grey correlation theory, the sensitiv-
ity of DRC to influencing factors is in the following order:
σ3 > s > h > α. It appears that the crack propagation under
combined dynamic and static loading is the most sensitive
to the lateral confining pressure (σ3), followed by the
length of rock bridge (s) and the staggered distance (h),
and the crack propagation is the least sensitive to the
inclination angle of the cracks (α).

5. Conclusions

The dynamic response laws of parallel cracks under com-
bined dynamic and static loading conditions were analyzed
in this study based on the multiple superposition principle
and SIF calculations under fracture mechanics theory. A
series of ABAQUS numerical simulations were performed

to validate the theoretical analysis results. The conclusions
can be summarized as follows.

(1) The dynamic load amplitude, confining pressure, and
crack inclination angle all markedly influence the
crack dynamic response law. A larger load amplitude,
smaller inclination angle, and smaller confining pres-
sure result in greater dynamic strengthening effect of
Type II on the crack tip. That is, crack initiation and
propagation in the tip are significantly affected by
dynamic loading

(2) The length of the rock bridge and the staggered dis-
tance between cracks also significantly influence the
crack dynamic response law. When the length of
the rock bridge between cracks is small (s/a < 1), the
dynamic strengthening effect at the crack tip is large.
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Figure 18: DRC and dynamic initiation SIF variations in crack tip as per various factors. (a) Variations with length of rock bridge (s). (b)
Variations with staggered distance (h). (c) Variations with crack inclination angle (α). (d) Variations with lateral confining pressure.
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It weakens gradually; however, when s/a ≥ 1, the
dynamic strengthening effect remains almost
unchanged, and the dynamic response is practically
unaffected by the length of the rock bridge between
the cracks. The dynamic response strengthening
effect is weakest when h/a = 0:4

(3) The crack propagation under combined dynamic
and static loading is the most sensitive to the lateral
confining pressure (σ3), followed by the length of
rock bridge (s) and the staggered distance (h) and
is the least sensitive to the inclination angle of the
cracks (α)

(4) The ABAQUS simulation produced results in close
agreement with the theoretical analysis results, which
validates the dynamic response laws of parallel dou-
ble cracks under combined dynamic and static load-
ing conditions reported in this paper.

Appendix

As shown in Figures 4 and 6, the geometric correlation
coefficients of SIFs in Equations (3), (4), (5), (14), and (15)
can be obtained as shown in Figures 19 and 20 [22].
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