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Shale reservoirs have the characterizations of low porosity, low permeability, and hydrocarbon organic matter self-generation and
self-storage, resulting in its complex flow mechanisms. Compared with fractured vertical wells, multiple-fractured horizontal wells
are widely used due to their advantages of effectively increasing the well control range and further expanding the drainage area. To
further study the multiscale flow mechanisms of shale gas, a flow model was established that considered viscous flow in
microfractures and inorganic pores, the diffusion of Knudsen in nanoscale porosity, the coexistence of slippage, adsorption-
desorption effects under infinity, and closed outer boundary conditions; based on the continuous point source solution, a
multiple-fractured horizontal well flow model was established and solved by MATLAB programming. Then, the effects of
various factors were investigated. The results show that the Knudsen diffusion and slippage coefficients mainly affect the
apparent permeability of the matrix pores. The more the Knudsen diffusion and slippage coefficients are, the earlier the
turbulent flow occurs and the higher the gas production is.

1. Introduction

The revolution of shale gas in the United States of America
(USA) is changing the energy structure of the world [1, 2].
Based on its various forms in the reservoir, the shale gas
can be divided into free shale gas, adsorbed shale gas, and dis-
solved shale gas. Most of the shale gas is deposited in pores
and microfractures in a free state, and the proportion of the
gas adsorbed on the surface of organic matter and clay min-
eral particles [3] could generally reach more than 50% [4].
The dissolved gas exists in liquid hydrocarbons or adsorbed
on the surface of other substances in the kerogen [5–7] as
shown in Figure 1. Through tank degassing experiments,
Cheng et al. [8] observed the diffusion of gas from the kero-
gen or clay particles to the surface of the pores.

Scholars have committed to the research on shale gas
flow models since a decade ago. In 2009, a mathematical
model was developed for horizontal wells with triple media
branches [9], and the bottom well pressure solution of the
horizontal well with the triple media branches in Laplace

space was solved by using the point source function theory.
Soon, a pressure calculation formula for any point in a stra-
tum with fractures at different inclinations in a fractured hor-
izontal well was developed based on the same theory [10].
Then, Ozkan et al. [11] applied the trilinear flow model to
fractured horizontal wells, which is suitable for shale reser-
voirs with a matrix permeability of only micron-scale Darcy
and nanoscale Darcy. This model assumes that the artificial
vertical fractures are formed after fracturing, and the sur-
rounding of the fractures is considered to be a dual medium.

In the same year, Stalgorova and Mattar [12] proposed a
trilinear flow model to analyze the production dynamics of
conventional reservoirs and fractured horizontal wells in
unconventional gas reservoirs. In this model, the entire reser-
voir was divided into three regions (the external reservoir, the
internal reservoir, and the hydraulic fracture). The flow of gas
between the three regions was assumed to be linear in this
model. The results indicated that the most effective way to
increase the productivity of unconventional gas reservoirs is
to increase the fracture density. The effects of fracture
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permeability on productivity are not obvious. Then, a new
trilinear flow model [13] was proposed based on Ozkan’s
model. Similarly, the model divided the entire reservoir into
three parts: the fractured zone, the unreformed zone, and
the artificial fracture. The results studied by this model points
out that due to the multiple factors such as rock properties
and ground stress, the hydraulic fractures formed during
the fracturing process are not necessarily perpendicular to
the horizontal wellbore but form a certain fracture network
structure. In 2014, Dejam et al. [14] established a fractured
horizontal well flow model for shale gas reservoirs based on
the triple-porosity four-linear flow model, which considers
the effects of gas adsorption and desorption effect of gas in
the matrix. The model mainly studies the quasisteady state
turbulence of the matrix to the microfracture medium and
the large-fracture medium. In 2017, the unsteady flow
regimes of a slightly compressible fluid under the linear and
radial pre-Darcy flow conditions are modeled and the corre-
sponding highly nonlinear diffusivity equations are solved
analytically by aid of a generalized Boltzmann transforma-
tion technique [15]. The influence of pre-Darcy flow on the
pressure diffusion for homogeneous porous media is studied
in terms of the nonlinear exponent and the threshold pres-
sure gradient. In addition, the pressure gradient, flux, and
cumulative production per unit area are compared with the
classical solution of the diffusivity equation based on the
Darcy flow. In 2018, a two-phase flowback model is devel-
oped with multiscale diffusion mechanisms, and it is found
that the two-phase flowback and the flow consistency
between the matrix and fracture network have significant
influences on cumulative gas production. The multiscale dif-
fusion mechanisms in different zones should be carefully
considered in the flowback model [16]. In 2019, a model con-
sidering convective flow, gas diffusion, and surface diffusion
was established to investigate gas transport mechanism, and
a common practice in modeling shale gas permeability is to
use Knudsen diffusion coefficient when calculating diffusive
flux, but the use of Knudsen diffusion coefficient would be
incorrect if the shale gas flow regime is lying in either the
transition diffusion or Fick’s diffusion, in which case the dif-

fusion coefficient must correspond to that regime [17]. Then,
a series of shale gas adsorption and desorption experiments
are conducted [18]. Desorption and adsorption curves are
not coincident, with the former located above the latter,
which suggests that adsorption hysteresis also occurs in shale
gas.

A multiple-fractured horizontal well (MFHW) is exten-
sively applied to develop the shale gas reservoirs, which
makes the production of unconventional reservoirs econom-
ically and practically feasible [19]. After massive fracturing,
the complex fracture network will exist around the horizontal
wellbore. To model the flow behavior more rigorously, the
fractures within the network should be represented explicitly
rather than idealized as dual-porosity media around the well-
bore. A mathematical model considering the stress sensitivity
of the reservoir permeability, Darcy flow, diffusion, and
adsorption and desorption in shale gas reservoirs is devel-
oped, and the numerical nonlinear production decline equa-
tions are derived and obtained. Subsequently, the model is
verified by a simplified model, and production decline curves
for a MFHWwith discrete fracture networks in shale gas res-
ervoirs are plotted [20]. An analytical solution is developed
for the shale gas productivity of a multiple-fractured hori-
zontal well based on a diffusion model and a trilinear flow
pattern. The shale gas reservoir is divided into three flow
regions: hydraulic-fracture region, microfracture network
or dual-porosity region, and pure-matrix region. For the
pure-matrix region, a transient diffusion equation is solved
based on our previous diffusivity model developed for the
shale matrix. For the microfracture network region, a modi-
fied dual-porosity model is proposed wherein both the free
and adsorbed gases in the shale matrix flow into the micro-
fracture network through a pseudosteady diffusion process.
A dimensionless solution is obtained for the bottom-hole
pressure in the Laplace domain considering the skin effect.
An analytical solution is obtained for the gas production rate
in a real-time domain through a partial Taylor series sim-
plification and Laplace inverse transform. This analytical
solution is compared with the field data of the shale gas
produced from a fractured horizontal well located in south-
western China, and a good agreement is observed [21]. A
semianalytical model of finite-conductivity multiple-
fractured horizontal wells in LC gas reservoirs is established
based on the Laplace-space superposition principle and
fracture discrete method. The proposed model is validated
against a commercial numerical simulator. Type curves
are obtained to study pressure characteristics and identify
flow regimes. The effects of some parameters on type
curves are discussed [22].

Different models are featured in different aspects, so there
are many problems at present. (1) The migration mecha-
nisms of shale gas in the pores are not clear. In addition,
the equation describing the flow of shale gas in the pores is
mostly derived under the conditions of single capillary and
ideal gas. (2) The effects of flow law are not considered com-
prehensively in the existing models, and the models do not fit
well with the actual conditions; it is difficult for the model to
fully describe the Darcy flow, Knudsen diffusion, adsorption-
desorption, Fick diffusion, and other mechanisms. (3) The
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Figure 1: Schematic diagram of gas molecule in a small part of a
kerogen grain pore system of a mudrock.
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research results and methods of shale gas in microcosmic are
difficult to be used in macroscopic research. The research
results between microcosmic flow and macroscopic flow are
not closely related.

First, the shale gas multiscale flow mechanisms are pre-
sented. Then, a flow model was established that considered
viscous flow in microfractures and inorganic pores, the diffu-
sion of Knudsen in nanoscale porosity, the coexistence of
slippage, and adsorption-desorption effects under infinity
and closed outer boundary conditions; based on the continu-
ous point source solution, a multiple-fractured horizontal
well flowmodel was established and solved byMATLAB pro-
gramming, and the effects of various factors were
investigated.

2. Shale Gas Multiscale Flow Mechanisms

Unlike conventional reservoirs, shale gas reservoirs have the
characteristics of low porosity, low permeability, self-genera-
tion, and self-storage of hydrocarbon organics. The spatial
structure of the reservoir is a typical multiscale feature. The
migration of shale gas in the reservoir is a typical multiscale
flow usually including the following three stages: (1) free
gas flows from pores to the wellbore; (2) after the pore pres-
sure drops, the adsorbed gas on the pore wall surface begins
to desorb into the pores and then become free gas; and (3)
dissolved gas in organic matter diffuses to the pore surface
[23–25].

2.1. Flow in Fractures and Macropores. The flow of shale gas
in natural fractures and large matrix pores satisfies Darcy’s
law, which is

v = −
kl
μ
∇p: ð1Þ

v is the gas flow velocity in m/s, kl is the medium permeability
in μm2, μ is the gas viscosity in mPa·s, and ∇ is the gradient

operator, ∇ = ð∂/∂xÞ i! + ð∂/∂yÞ j! + ð∂/∂zÞk!.
During the development of shale gas reservoirs, natural

fractures and matrix systems exhibit stress-sensitive effects
as formation pressures decrease. The permeability kl is a
function of formation pressure at this time, which is

kl = kl plð Þ: ð2Þ

pl is the medium system pressure in Pa.

2.2. Flow in Nanoscale Pores. In shale reservoirs, nanoscale
pores are mainly organic pores, of which the velocity of gas
molecules is not zero at the wall surface, and both the slip
flow and the Knudsen effect exist in pores, as shown in
Figure 2.

There would be slippage when the fluid flowed in porous
media [26]. Therefore, the following formula was proposed
to calculate the apparent gas permeability of reservoir rocks:

ka = km 1 + b
�p

� �
, ð3Þ

where ka is the apparent permeability in μm2, km is the equiv-
alent liquid permeability in μm2, b is the slip factor which
depends on the gas type and pore throat characteristics in
Pa, and �p is the average pressure of the flow path in Pa.

There are many models of visual permeability in shale
nanoscale pores, which are summarized in Table 1, and the
slip coefficient expressions of various scholars are obtained.
It is noteworthy that these models only consider the slippage
mechanism. The Knudsen diffusion terms must be added if
these models are applied to nanoscale pores.

In this paper, the expression of the coefficient of perme-
ability correction F [27] considering slippage effect and
Knudsen is as follows:

F = 1 + α Knð ÞKn½ � 1 + 4Kn
1 − b0Kn

� �
: ð4Þ

αðKnÞ is the sparse function related to Kn; it can be
expressed as follows:

α Knð Þ = α0
2
π
tan−1 c1Knc2½ �: ð5Þ

When the flow pattern of shale gas in the nanoscale pores
is slippage, b0 = −1, α0 = 64/15π, c1 = 4, and c2 = 0:4.

Knudsen diffusion

Nanopore wall
Darcy speed zero line

Considering the
slippage of the
Darcy velocity

profile

Figure 2: Migration of single component gas in nanoscale pores.
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2.3. Gas Desorption on Organic Surface. A large amount of
shale gas is absorbed on the surface of organic matter under
actual formation conditions, and desorption occurs mainly
during mining [28–32]. There are many factors affecting
the desorption of shale gas, such as organic matter content,
organic matter maturity, temperature, and pressure [33–35].
The relationship between various factors is complicated.

In the establishment of the flow model, the instantaneous
desorption model is used to characterize the shale gas. The
expression of the Langmuir isotherm equation is as follows:

V = Vm
p

pL + p
: ð6Þ

The mass flow of desorption per unit volume of shale gas
reservoir per unit of time during extraction is

qdes = ρgsc
∂V
∂t

, ð7Þ

where qdes is the shale gas mass flow desorbed from a unit
volume of reservoir rock in kg/s and ρgsc is the shale gas den-
sity under standard conditions in kg/m3.

Substituting Equation (6) into Equation (7),

qdes = ρgscVm
pL

pL + pð Þ2
∂p
∂t

: ð8Þ

If the Langmuir equation is expressed in pseudopressure
form, the above equation can be changed to

qdes = ρgscVm
ψ pLð Þ

ψ pLð Þ + ψ pð Þ½ �2
∂ψ pð Þ
∂t

: ð9Þ

At this point, Equations (8) and (9) can be used to express
the instantaneous amount of desorption gas, and then the
instability flow model of shale gas wells can be studied.

2.4. Diffusion in Porous Kerogen (Organic Matter). There are
two forms of diffusion: steady state diffusion and nonsteady
state diffusion. When the gas consistence in the porous kero-
gen is independent of the spatial position and only related to
time, it is called pseudosteady state diffusion and can be

described by Fick’s first diffusion law; when the gas concen-
tration in organic matter is related to both time and space
coordinates, it is called nonsteady state diffusion and can be
described by Fick’s second diffusion law.

2.4.1. Pseudosteady State Diffusion. The derivative of shale
gas consistence in the matrix with respect to time is propor-
tional to the consistence difference of gas inside and outside
the organic matter, which can be expressed as

dCo

dt
=DFs CE pð Þ − Co½ �: ð10Þ

Therefore, the diffusion gas flow from the unit volume of
shale organic matter to the nanoscale pores is

qF =MgFg
dCo

dt
, ð11Þ

where Co is the molar concentration of shale gas in organic
matter under pseudosteady state conditions in mol/m3; CE
is the molar concentration of gas at organic wall in mol/m3;
p is the nanoscale pore pressure; Fs is the shape factor in
1/m2, determined by the shape of the organic matter; D is
the Fick diffusion coefficient in m2/s; t is the time in s; qF is
the Fick mass flow in kg/(m3·s); and Fg is the geometric

Table 1: Various calculation formulas for slip factor.

Serial number Expression of b Author

1 b = 4cλ�p
r

Klinkenberg [25]

2
b =

8πRT/Mg

� �0:5μg
r 2/a − 1ð Þ Javadpour [23]

R J/mol/Kð Þ, T Kð Þ,M kg/molð Þ, μg Pa ⋅ sð Þ, b Pað Þ

3
b = μg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πRTϕ
τMgK∞

s
Civan [26]

R J/mol/Kð Þ, T Kð Þ,M kg/molð Þ, μg Pa ⋅ sð Þ, k mDð Þ, b Pað Þ

Table 2: Shale organic form factors and geometric factors of
different shapes.

Organic
shape

Schematic Feature length
Values of

Fs

Values of
Fg

Block Thickness, 2h 2 π2/4h2

Cylinder
Cylindrical
radius, R 4 5:7832/R2

Sphere Sphere radius, R 6 π2/R2
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factor; it is determined by the organic shapes that are listed in
Table 2.

2.4.2. Nonsteady State Diffusion. The diffusion of dissolved
gas in organic matter is usually an unsteady state diffusion.
If there is a stable and continuous diffusion source, the pseu-
dosteady diffusion rule will be met. Based on theory of uni-
formity, this paper assumes that the organic matter is
spheres of equal size with radius of Ro. The physical model
is shown in Figure 3.

According to the unsteady diffusion theory, the dissolved
gas consistence Co is a function of time and spatial position.
For the spherical matrix model, it is assumed that the gas
consistence on the outer surface of the organic matter is in
dynamic equilibrium with the free gas in the nanoscale pores.
The gas consistence change in the organic matter can be
described by the following mathematical model:

∂Co

∂t
= 1
r2o

∂
∂ro

Dr2o
∂Co

∂ro

� �
, ð12Þ

where Co is the volumetric consistence of shale gas in organic
matter under unsteady conditions in mol/m3 and ro is the
radial coordinates of spherical organic rock mass in m.

Before a gas reservoir is put into production, the pressure
at each point in the reservoir is the original formation pres-
sure pi, and the gas concentration at each point in the organic
matter is related to its internal pressure. Furthermore, it is
assumed that the rate of change in gas concentration at the
center of the organic matter is zero, and the gas concentra-
tion at the outer boundary of the organic matter is the same
as the gas concentration in the nanoscale pores. Therefore,
the initial boundary conditions for the nonsteady state diffu-
sion in the organic matter satisfy the following process:

Co t = 0, roð Þ = Co pið Þ,
∂Co t, ro = 0ð Þ

∂ro
= 0,

Co t, ro = Roð Þ = Co pð Þ,

ð13Þ

where pi is the reservoir original formation pressure in MPa,
p is the nanoscale pore pressure connected to the outer sur-

face of organic matter in MPa, and Ro is the spherical organic
radius in m.

According to the above model and the corresponding
definite conditions, the dissolved gas concentration distribu-
tion in the organic rock mass can be obtained, and then the
mass diffusion of gas per unit volume of organic matter can
be determined according to

qF =Mg
3D
Ro

∂Co

∂ro

				
ro=Ro

: ð14Þ

qF is the Fick mass flow in kg/(m3·s).

3. Establishment and Point Source Solutions for
Flow Model

3.1. Characterization of the Microscopic Flow Model. Strictly
speaking, the shale reservoirs should be divided into four
parts of organic matter that existed which are microfracture
systems, inorganic pores, nanoscale pores, and gas dissolved
organic matter [36, 37]. A comprehensive flow model is pro-
posed in this section that considers multiple porous media,
including the viscous flow in microfractures and inorganic
pores, the diffusion of Knudsen in nanoscale porosity, the
coexistence of slippage, adsorption-desorption effects, and
the diffusion of dissolved gases in organic matter [38, 39].

3.1.1. Dissolved Gas Diffusion in Porous Kerogen. The diffu-
sion of dissolved gas in porous kerogen can be described by
the nonsteady state Fick diffusion law:

1
r2o

∂
∂ro

r2oDo
∂C
∂ro

� �
= ∂C

∂t
: ð15Þ

3.1.2. Flow in Nanoscale Pores in Kerogen. There are three
sources of gas in organic pores, namely, free gas in pores,
desorption gas on the surface of organic matter, and dis-
solved gas diffused from kerogen. The flow equation in the
pores of spherical kerogen is as follows:

Dissolved gas
Desorption gas

Matrix system
Inorganic

pore

Inorganic
matrix

Porous kerogen
Nanopores

Organic matter

Adsorption gas
Free gas

Figure 3: Matrix part of the quad medium model for shale gas reservoirs.
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−
1
r2k

∂
∂rk

r2kρkvk
� �

+ qck + qbk =
ϕk
f k

∂ρk
∂t

,

vk = −
kkapp
μ

∂pk
∂rk

,

kkapp = 1 + α0
1 + AK−B

n

Kn

� �
1 + 4Kn

1 − bKn

� �
k∞,

ð16Þ

where rk is the radial radius of kerogen in nanoscale pores in
m, ρk is the gas density in kerogen nanoscale pores in kg/m3,
vk is the gas permeation velocity in kerogen nanoscale pores
in m/s, f k is the ratio of kerogen volume to rock volume, k∞
is the inherent permeability of kerogen nanoscale pores in
mD, qck is the gas mass rate desorbed from organic pore in
kg/s, qbk is the mass rate of gas diffused from organic matter
in kg/s, VLk is the Langmuir volume in kerogen in kg/s, and
pLk is the Langmuir pressure in kerogen in MPa.

qck = −ρscVLk
pLk

pk + pLkð Þ2
∂pk
∂t

,

qbk = − 1 − ϕk
f k

� � 3
Ro

ρscDo
∂C
∂ro

				
ro=Ro ,rk

:

ð17Þ

The correction coefficients of permeability can be taken
as follows: b = 1:000, α0 = 1:358, A = 0:170, and B = 0:435.

3.1.3. Flow in Matrix Macropore. The flow equation of matrix
macropore in spherical coordinates can be written as

−
1
r2m

∂
∂rm

r2mρmvm
� �

+ qkm = ϕm
∂ρm
∂t

,

vm = −
km
μ

∂pm
∂rm

,

qkm = −
3
Rm

f mρm
kkapp
μ

∂pk
∂rk

				
rk=Rk ,rm

:

ð18Þ

3.1.4. Flow in Microfracture System. The mass conservation
equation of the microfracture system is

−
1
r2f

∂ r2f ρf vf

 �
∂r f

+ qmf = ϕf

∂ρf

∂t
,

vf = −
kf
μ

∂pf
∂rf

,

qmf = −
3
Rm

ρm
km
μ

∂pm
∂rm

				
rm=Rm

:

ð19Þ

3.2. The Solution of Microscopic Flow Model. The general
equation of flow for the corresponding microfracture system
under various flow models is as follows:

1
r2D

∂
∂rD

r2D
∂Δ�mf

∂rD

� �
= f sð ÞΔ�mf , ð20Þ

where f ðsÞ is the corresponding parameter and s is the
Laplace variable.

The developed microscopic flow model divides shale res-
ervoirs into four parts: the microfracture system, inorganic
pores, nanoscale porosity pores, and organic matter with dis-
solved gas. A flow model that is a comprehensive consider-
ation of porous media was established, including viscous
flow in microfractures and inorganic pores, Knudsen diffu-
sion in nanoscale porosity, coexistence of slippage,
adsorption-desorption effects, and dissolved gas diffusion in
organic matter. The solution processes of the various micro-
scopic flow mechanism model are in the appendix.

The dimensionless variables are defined in Table 3.
The resulting expression f ðsÞ is as follows:

f sð Þ = ωf s + λm −
λ2m

λkωks/ λk + ωksð Þ + λm + ωms
: ð21Þ

So far, we have gotten the expressions of dimensionless
pseudopressure of microfractures under various flow mecha-
nisms of shale gas reservoirs and given their unified form in
spherical coordinates.

3.3. Continuous Point Source Solution of Circular Boundary
Shale Gas Reservoir

3.3.1. Flow Model. In this section, the continuous point
source solution at any point in an anisotropic circular gas res-
ervoir with a closed upper and lower boundary is derived.
The physical model is shown in Figure 4. The main

Table 3: Definitions of dimensionless parameters.

Dimensionless time tD =
kf t

ϕμiCtið Þf+m+kL
2
ref

Dimensionless radial radius of kerogen in
nanoscale pores

rkD = rk
Rk

Dimensionless matrix radial radius rmD = rm
Rm

Storage coefficient of the kerogen ωk =
ϕμCtkð Þi

ϕμiCtið Þf+m+k

Storage coefficient of the matrix ωm = ϕμCtmð Þi
ϕμiCtið Þf+m+k

Storage coefficient of the fracture system ωf =
ϕμCtf

� �
i

ϕμiCtið Þf+m+k

Dimensionless Fick diffusion coefficient DoD =
ϕμiCtið Þf+m+kR

2
k

kk∞R2
o

Transfer coefficient from the matrix to the
fracture

λmf =
kmL

2
ref

kf R
2
m

Transfer coefficient from kerogen to
matrix

λkm = kk∞R2
m

kmR
2
k
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assumptions in the model are as follows: (1) the gas reservoir
is homogeneous, the thickness is h, the initial pressure is pi;
(2) the permeability of the gas reservoir in the horizontal
and vertical directions are kf h and kf z , respectively; (3) the
middle distance of the gas reservoir is the lower boundary
zw, where exists a cylindrical source sink. The radius of the
microelement cylinder is r and the height is ε. (4) The source
and sink strength of the cylinder is qscins, and (5) the gas flow
in the gas reservoir meets the Darcy flow, and the effects of
capillary pressure and gravity on the flow are ignored.

According to the flow theory of oil and gas reservoirs, the
continuity equation of gas flow is

1
r

∂ rρgvr

 �
∂r

+
∂ ρgvz

 �
∂z

= −
∂ ρgϕf


 �
∂t

, ð22Þ

where ρg is the density of gas in crack systems in kg/m3, vr is
the radial flow velocity of gas in m/s, vz is the flow velocity of
gas in the vertical direction in m/s, ϕf is the porosity of the
fracture system, r/z is the radial and vertical coordinates,
and t is the production time in s.

The flow equations of gas flow in the transverse and lon-
gitudinal directions are as follows:

vr = ‐
kf h
μg

∂pf
∂r

,

vz = ‐
kf z
μg

∂pf
∂z

,
ð23Þ

where kf r is the permeability of the reservoir fracture system
in the horizontal direction in m2, kf z is the permeability of
the reservoir fracture system in the vertical direction in m2,
pf is the crack system pressure in Pa, and μg is the gas viscos-
ity in Pa·s.

According to the state equation of real gas, the density of
gas can be expressed as follows:

ρg =
pfMg

ZRT
, ð24Þ

where Mg is the gas molar mass in kg/mol, T is the absolute
temperature of the gas in K, and Z is the gas compression
factor.

According to the definition of rock compressibility, the
following relationship exists between the porosity of the rock
fracture system and the pressure of the fracture system:

cf =
1
ϕf

∂ϕf

∂pf
, ð25Þ

where cf is the fracture pore compression factor.
For the inner boundary conditions, it is assumed that gas

enters mainly from the side of the cylinder, and as the radius
of the microelement tends to 0, it can be considered as a con-
tinuous point sink, and its inner boundary expression is [38]

lim
ε→0

lim
r→0

ðzw+ε/2
zw−ε/2

2πr
Bg

kf h
μg

∂pf
∂r

dzw

r→0

2
64

3
75 =

0, z − zwj j > ε

2 ,

qscins, z − zwj j ≤ ε

2 :

8><
>:

ð26Þ

Among them, the volume coefficient of gas Bg is as follows:

Bg =
pscZT
pf Tsc

: ð27Þ

The upper and lower boundaries of the gas reservoir are all
closed. Therefore, the upper and lower boundary conditions
can be described as

∂pf
∂z

				
z=0

= 0,
∂pf
∂z

				
z=h

= 0: ð28Þ

h

Z
w

z

z = h

z = 0
r

r

𝜀/2

𝜀/2

(0,0)

Figure 4: Schematic diagram of a continuous point source physical model in the gas reservoir with closed boundary on top and bottom.
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The outer boundary conditions can be described as

r
∂pf
∂r

				
r=re

= ϑpf
			
r=re

: ð29Þ

Introducing the following proposed pressure,

ψ pf

 �

= 2
ðpf
pi

p
μgZ

dp: ð30Þ

Substituting the gas density, volumetric coefficient, and
pseudopressure definition into the flow equation of the fracture
system,

1
r
∂
∂r

r
∂ψf

∂r

� �
+
kf z
kf h

∂2ψf

∂z2
=
ϕfμgcf g
kf h

∂ψf

∂t
, ð31Þ

lim
ε→0

lim
r→0

ðzw+ε/2
zw−ε/2

r
∂ψf

∂r
dzw

r→0

2
64

3
75 =

0, z − zwj j > ε

2 ,

pscT
πkf hTsch

qscins, z − zwj j ≤ ε

2 :

8>><
>>:

ð32Þ
For the above continuity equation, the viscosity and com-

pressibility of the gas are all functions of pressure. In order to
obtain the analytical solution of the equation, the viscosity
and compressibility of the part are usually regarded as the values
in the original state.

μg = μgi, Cg = Cgi: ð33Þ

Several dimensionless variables are defined in Table 4.
Substituting the above dimensionless quantities into

Equations (30) and (31), the flow equation of the fracture sys-
tem becomes as follows:

1
rD

∂
∂rD

rD
∂Δψf

∂rD

� �
+ 1
h2D

∂2Δψf

∂z2D
=
∂Δψf

∂tD
: ð34Þ

The inner boundary condition becomes as follows:

lim
ε→0

lim
rD→0

ðzwD+ε/2
zwD−ε/2

rD
∂Δψf

∂rD
dzwD

r→0

2
64

3
75

=
0, zD − zwDj j > ε

2 ,

−
pscT

πkf hTsch
qscins, zD − zwDj j ≤ ε

2 :

8>>><
>>>:

ð35Þ

The upper and lower boundary conditions become as
follows:

∂Δψf

∂zD

				
zD=0

= 0,
∂Δψf

∂zD

				
zD=1

= 0: ð36Þ

The outer boundary condition becomes as follows:

rD
∂Δψf

∂rD

				
rD=reD

= ϑΔψf

			
rD=reD

: ð37Þ

3.3.2. The Solution of the Flow Model. Since there are many
derivation formulas for solving similar flow models (appen-
dix), this section does not carry out long derivation but
directly gives the general solution of the model; as shown in
Equation (38), the solution process requires Laplace trans-
form and Fourier cosine transform.

Δ�ψf =
pscT�qscins
πkf hhTsc

K0 ξ0rDð Þ + CnI0 ξ0rDð Þf

+ 2〠
∞

n=1
K0 ξnrDð Þ + CnI0 ξnrDð Þ½ � cos nπzwDð Þ cos nπzDð Þg,

ð38Þ

where rD =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD − xwDÞ2 + ðyD − ywDÞ2

q
, ξn =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f ðsÞ + ðnπÞ2/h2D
q

ðn = 0, 1, 2, 3⋯ Þ, and Cn = ðreDξnK1ðξn
reDÞ + ϑK0ðξnreDÞÞ/ðreDξnI1ðξnreDÞ − ϑI0ðξnreDÞÞ.
3.3.3. The Continuous Point Source Solution under Different
Outer Boundary Conditions. Above, we have solved the
hybrid outer boundary model. However, the outer boundary
of a gas reservoir has the following two situations: infinite
and closed boundaries. Therefore, the continuous point
source solutions were analyzed in these two cases.

(1) Infinity Outer Boundary. When the outer boundary of a
gas reservoir is infinite, the outer boundary equation is as
follows:

lim
rD→0

∂Δψf

∂rD

				
rD=reD

= 0: ð39Þ

Therefore,

Cn = 0: ð40Þ

Substituting Equation (40) into Equation (39), we obtain
a continuous point source solution with closed top and bot-
tom boundaries and infinite outer boundary:

Table 4: Definitions of dimensionless parameters.

Dimensionless microfracture radial
distance

rD = r/Lref

Dimensionless outer boundary radius reD = re/Lref
Dimensionless time tD = kf ht/ϕf μgiCgiL

2
ref

Dimensionless distance from the lower
boundary

zD = z/h

Dimensionless height of the gas reservoir hD = h/Lrefð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kf h/kf z

q
Dimensionless pressure Δψf = ψf i − ψf

8 Geofluids



Δ�ψf =
pscT�qscins
πkf hhTsc

K0 ξ0rDð Þ + 2〠
∞

n=1
K0 ξnrDð Þ cos nπzwDð Þ cos nπzDð Þ

( )
:

ð41Þ

The source intensity qscins for a continuous point is a con-
stant. Thus, the above equation can be written as follows:

Δ�ψf =
pscTqscins
πkf hhTscs

K0 ξ0rDð Þ + 2〠
∞

n=1
K0 ξnrDð Þ cos nπzwDð Þ cos nπzDð Þ

( )
:

ð42Þ

(2) Closed Outer Boundary. When the outer boundary is
closed, it is known from the closed boundary conditions:

Cn =
K1 ξnreDð Þ
I1 ξnreDð Þ : ð43Þ

When the outer boundary is closed, the continuous point
source solution is as follows:

Δ�ψf =
pscT�qscins
πkf hhTsc

K0 ξ0rDð Þ + K1 ξnreDð Þ
I1 ξnreDð Þ I0 ξ0rDð Þ

�

+ 2〠
∞

n=1
K0 ξnrDð Þ + K1 ξnreDð Þ

I1 ξnreDð Þ I0 ξnrDð Þ
� �

� cos nπzwDð Þ cos nπzDð Þ

:

ð44Þ

4. Study on Unsteady Flow Rules of Circular
Boundary Multiple-Fractured
Horizontal Wells

4.1. The Establishment of a Physical Model.Amodel diagram of
a multiple-fractured horizontal well in a circular shale gas reser-
voir is shown in Figure 5. The following assumptions are given:

(1) The gas reservoir is homogeneous, horizontal, and
equal in thickness. The upper and lower boundaries
are closed. The lateral direction is infinite or closed
and the reservoir thickness is h

(2) The horizontal well is located in the center of the gas
reservoir and its length is L

(3) The pressure drop caused by fluid flowing in the well-
bore is ignored, and the hydraulic fractures supply
fluid to the wellbore, regardless of the flow of the res-
ervoir fluid directly to the wellbore

(4) The number of hydraulic fractures is N , and it is a
fully cracked fracture with infinite flow conductivity.
The fracture is regarded as a 2D surface source rather
than a 3D volume source

(5) Fracture cracks are symmetrical bifurcations distrib-
uted at equal intervals along the horizontal wellbore

(6) The flow process is an isothermal flow, regardless of
the effects of fluid gravity and capillary forces

4.2. Mathematical Model Establishment and Solution. As
shown in Figure 5, the direction of the wellbore along the
horizontal well is the y-axis, the vertical upward direction is
the z-axis direction, and the direction along the fracture sur-
face is the x-axis direction. For multistage fracturing horizon-
tal wells, the flow process of fluids in the reservoir is quite
complicated. Not only is the mutual interference between
the seams and the fractures, but the flow on the fracture sur-
face is also uneven. Therefore, the solution method for con-
tinuing to use the fracturing vertical wells does not work.
We can first divide the crack into several units, and it is
assumed that the flow on each section is evenly distributed,
but the flow in the cracks on different units is different. By
solving the pressure response expressions at each fracture cell
and combining the bottom hole pressure with the normalized
production conditions, the expressions of the bottom hole
pressures in multistage fracturing horizontal wells in shale
gas reservoirs are solved.

In this study, the fractures are infinitely inducing flow
cracks that are completely fracturing. According to the con-
tinuous point source solution of the circular reservoir
obtained, it is integrated along the longitudinal direction that
we can obtain a continuous linear source solution. For a con-
tinuous line source with an intensity of qscL, there is an infi-
nite atmospheric boundary:

Δ�ψf L =
pscTqscins
πkf hhTscs

ðh
0
K0 ξ0rDð Þ + 2〠

∞

n=1
K0 ξnrDð Þ cos nπzwDð Þ cos nπzDð Þdzw,

ð45Þ

Z L

h
(0,0) N = 2 N = 4 N = 6 N = 8

N = 7N = 5N = 3N = 1

y

Figure 5: Schematic diagram of multiple-fractured horizontal well model for shale gas reservoir.
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where rD =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD − xwDÞ2 + ðyD − ywDÞ2

q
and ξn =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f ðsÞ + ðnπÞ2/h2D
q

ðn = 0, 1, 2, 3⋯ Þ.
The continuous line source intensity and continuous

point source intensity have the following relationship:

qscL = qscinsh: ð46Þ

The definition of the dimensionless distance zwD is as
follows:

zwD = zw
h
: ð47Þ

Substituting Equations (46) and (47) into Equation (45),
we can obtain a continuous linear source solution for an
infinite boundary shale gas reservoir with a circular outer
boundary:

Δ�ψf L =
pscTqscL
πkf hhTscs

K0 ξ0rDð Þ: ð48Þ

In the same way, the solution of a continuous line
source can be obtained when the gas reservoir boundary
is closed:

Δ�ψf L =
pscTqscL
πkf hhTscs

K0 ξ0rDð Þ + K1 ξ0reDð Þ
I1 ξ0reDð Þ I0 ξ0rDð Þ

� �
: ð49Þ

The predecessors have basically formed a set of theoret-
ical systems for the crack dispersion and superposition prin-
ciple to solve the pressure response. The following is a brief
introduction. In the hypothetical part of the model in this
section, the number of fractures is N, the length of horizon-
tal wells is L, and each fracture is equally divided into 2M
units as shown in Figure 6.

From the discrete fracture schematic, the node coordi-
nates of each segment in the fracture can be obtained. The

crack node coordinates in the negative direction of the x
-axis can be obtained by the following equation:

xi = − M − i − k ∗ 2Mð Þ + 1
2

� �
ΔLf Li

, 1 ≤ i − k ∗ 2M ≤M,

yi = yk+1:

8<
:

ð50Þ

The coordinates of the crack node in the positive direc-
tion of the x-axis can be obtained by the following equation:

xi = i − k ∗ 2Mð Þ −M −
1
2

� �
ΔLf Li

, M + 1 ≤ i − k ∗ 2M ≤ 2M,

yi = yk+1,

8<
:

ð51Þ

where xi is the abscissa of the i-th crack cell in m, yi is the
ordinate of the i-th crack cell, and ΔLf Li

is the section i-th
crack length.

For the crack unit length, since each crack is divided into
2M parts, the length of the i-th crack cell is

ΔLf Li
=
Lf Li

M
: ð52Þ

As mentioned earlier, it has been assumed that the flow
distribution of each fracture cell is uniform, so that the pseu-
dopressure drop formed at any point (x, y) in the formation
at the i-th crack cell is

Δ�ψf i =
ð
Γ

Δ�ψf Ldl: ð53Þ

Since the cracks are all parallel to the x-axis, the above
curve integrals can be directly converted into coordinate inte-
grals. When the outer boundary of the reservoir is infinite,
Equation (49) is substituted into Equation (53), where the

N = 1

k = 0

2M

2M–1

2

1

x

k = 1 k = 2 k = 3 k = 4 k = 5 k = 6

N = 2 N = 3 N = 4 N = 5 N = 6 N = 7

y

2M
⁎
(N–1)

2M
⁎
N

Figure 6: Crack discrete grid.
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coordinates of the i-th node are substituted into, we can get
the following equation:

Δ�ψf i =
ðxi+ΔLf i/2

xi−ΔLf i/2

pscTqscLi
πkf hhTscs

K0 ξ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xD − xwDið Þ2 + yD − ywDið Þ2

q� �
dxw:

ð54Þ

Since the flow is uniformly distributed on the discrete
units of the fracture, assuming that the i-th discrete unit is
qsci, the following relationship can be satisfied between the
line flow and the unit flow:

qscL = qscLiΔLf i: ð55Þ

Introducing the following dimensionless pressure and
dimensionless production:

ψf D =
πkf hhTsc

pscTqsc
Δψf , ð56Þ

qDi =
qsci
qsc

: ð57Þ

Substituting Equations (56) and (57) into Equation (54),

Δ�ψf Di =
qDi

sΔLfDi

ðΔLfDi/2

− ΔLfDi/2ð Þ
K0 ξ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xD − xwDi − αð Þ2 + yD − ywDið Þ2

q� �
dα,

ð58Þ

where ΔLfDi is the dimensionless length of the i-th crack unit.
According to the superposition principle of the potential,

the total pressure response generated at each position of the
crack in the N cracks at any position in the reservoir is

�ψD xD, yDð Þ = 〠
N

i=1
�ψf Di xD, yDð Þ: ð59Þ

According to the previous assumption,

�ψwD = �ψD xDj, yDj


 �
= 〠

N

i=1
�ψf Di xDj, yDj


 �
, ð60Þ

where ðxDj, yDjÞ is the intersection point of the j-th section of
a fracture and the wellbore.

When a horizontal well is produced at a given production
volume, the production of the well is numerically equal to the
sum of the flow of all cracks. Therefore, we have the following
equation:

qsc = 〠
N∗2M

i=1
qscLiΔLf i

� �
: ð61Þ

Substituting Equation (61) into Equation. (57), there are
the following normalization conditions:

〠
N∗2M

i=1
qDi = 1: ð62Þ

In Figure 6, we separate the cracks into N × 2M units and
solve the pseudopressure at each unit, so we can haveN × 2M
equations, which, plus the normalized equation for produc-
tion, total N × 2M + 1 equations, while the unknowns
include the flow rate and bottom hole pressure of each frac-
ture cell, which is also N × 2M + 1. The equations are closed
and there is a unique solution. For ease of understanding, this
set of equations is written in the following matrix form:

A1,1 ⋯ A1,n ⋯ A1,2M∗N −1
⋯ ⋯ ⋯ ⋯ ⋯ −1
An,1 ⋯ An,n ⋯ An,2M∗N ⋯

⋯ ⋯ ⋯ ⋯ ⋯ −1
A2M∗N ,1 ⋯ A2M∗N ,n ⋯ A2M∗N ,2M∗N −1

1 ⋯ 1 ⋯ 1 0

2
666666666664

3
777777777775

qD1

qD2

⋯

⋯

qD,2M∗N

�ψwD

2
666666666664

3
777777777775
=

0
0
⋯

⋯

0
1

2
666666666664

3
777777777775
:

ð63Þ

The expression of Ai,j is as follows:

Ai,j =
1

sΔLfDj

ðΔLfDj/2

− ΔLfDj/2ð Þ
K0 ξ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xDi − xDj − α
� �2 + yDi − yDj


 �2r !
dα:

ð64Þ

The above formula is the fracturing horizontal well pro-
duction and pressure calculation formula under the condi-
tion of the infinite outer boundary. If the boundary of the
gas reservoir is closed, the formula can be simplified to Equa-
tion (64):

Ai,j =
1

sΔLfDj

ðΔLfDj/2

− ΔLfDj/2ð Þ
K0 ξ0rDð Þ + K1 ξ0reDð Þ

I1 ξ0reDð Þ I0 ξ0rDð Þ
� �

dα:

ð65Þ

4.3. Gas Well Bottom Pressure Dynamic Curve Analysis. So
far, we have obtained the unstable pressure of multiple-
fractured horizontal wells in circular reservoirs considering
a variety of complex flow mechanisms. According to the
expression, the computer programming and Stehfest numer-
ical inversion techniques [38] were used to obtain pressure
and production dynamic curves of shale gas reservoir
fractured.

Figure 7 shows the typical pressure response curves of
multistage fracturing horizontal wells in shale reservoirs with
different outer boundary conditions. Multiple concaves
appear in the dynamic curve, reflecting the effects of various
flow mechanisms on the pressure response. As the pressure
wave propagates in the formation, different pore media rich
in shale gas begin to flow, causing the pressure of the porous
media to fall.

According to Figure 7, we can divide the flow of horizon-
tal wells into the following stages:
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Stage I: the wellbore storage and subsequent transitional
flow stages. In the wellbore storage phase, the pressure and
pressure derivative curves coincide with each other with a
slope of 1

Stage II: the early linear flow stage perpendicular to the
fracturing fracture. After the completion of the well storage
phase, the free gas in the reservoir flowed first in the direction
perpendicular to the fracture surface, and there was no
mutual interference between the fractures. In this flow stage,
the slope of the pressure derivative curve is 1/2

Stage III: early radial flow stage. The pressure derivative
curve shows a horizontal line with a slope of 1/ð2NÞ

Stage IV: the turbulence stage. This stage corresponds to
the linear flow stage from the formation to the entire fractur-
ing zone. The concave character appears on the pressure
derivative curve

Stage V: the boundary control stage. The characteristics
of the boundary flow are exhibited after the pressure wave
spreads to the boundary. For the closed boundary, when
the pressure wave spreads to the boundary, the pressure
will increase faster; combined with the continuous line
source solution Equation (49) under the closed boundary,
the pressure and pressure derivative curves coincide and
the slope is 1

The parameters used in the mechanistic model are listed
in Table 5.

The pressure curves for different slippage coefficients
under double logarithmic coordinates are shown in
Figure 8. Making the slippage coefficient b equals 1, 8, and
16, it can be seen that as the slippage coefficient b increases
and the turbulence trough appears earlier and earlier.
According to the knowledge of flow mechanics, when the
shale gas desorbed from the organic pore, slippage appears,
so the slippage coefficient b affects the turbulence stage the
most. The greater the slippage coefficient b is, the more obvi-

ous is the slippage effect, and the larger the apparent perme-
ability of the matrix is, so that the turbulence of matrix pores
to the fracture system is more serious, and eventually, the
time of turbulence appears earlier. Naturally, a larger slip-
page coefficient will increase the production of shale gas
wells.

Figure 9 shows the influence of different Knudsen diffu-
sion coefficients on the pressure response of multiple-
fractured horizontal wells. It is not difficult to see from the
figure that the influence of Knudsen diffusion coefficient
DK (m2/s) on the pressure dynamics and the gas slippage
effect on the well test curve of gas wells are similar. With
the increase of DK (m2/s), the turbulence troughs appear

10–3
10–3

10–2

10–1

100

101

102

10–2 10–1 100 101 102 103 104 105 106 107 108 109

I 

II 

III 
IV 

V 

Closed border 

Infinity border 

Pressure curve

Pressure derivative curve

Figure 7: Pressure response curves of multiple-fractured horizontal wells in shale reservoirs with different outer boundary conditions under
double logarithmic coordinates.

Table 5: Parameters in the following models.

Parameter Value

Original pressure, pi (MPa) 25

Formation thickness, h (m) 40

Crack number 5

Initial gas compression factor, Cgi (MPa-1) 0.02

Microfracture permeability, kf (mD) 0.01

Horizontal well length, L (m) 1000

Well storage coefficient, CD 10-5

Gas reservoir boundary radius, re (m) 5000

Temperature, T (K) 335.15

Half length of crack, xf (m) 40

Relative gas density 0.65

Microfracture porosity 0.02

Gas well production, qsc (m
3/d) 1:2 × 104

Skin factor, Skin 0.1
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earlier and the pressure and pressure derivative curves are
getting lower and lower, so the production of gas wells will
also increase.

5. Summary and Conclusions

(1) A flow model for shale gas reservoirs considering
flow in microfractures and inorganic pores, the diffu-
sion of Knudsen in nanoscale porosity, the coexis-
tence of slippage, established adsorption-desorption
effects, and the continuous point source solution of
the flow mechanisms model were obtained under
closed and infinity outer boundaries

(2) Based on the continuous point source solution, a cir-
cular boundary multiple-fractured horizontal well
flow model was established, and the gas well bottom
pressure dynamic curve and the relevant sensitivity
factors are analyzed with the help of MATLAB
programming

(3) The results of the sensitivity analysis show that the
Knudsen diffusion and slippage coefficients mainly
affect the apparent permeability of the matrix pores.
The more the Knudsen diffusion and slippage coeffi-
cients are, the earlier the turbulent flow occurs and
the higher the gas production is

10–2

10–1

100

101

10–2 10–1 100 101 102 103 104 105 106 107

Pressure derivative curve

Pressure curve

Figure 8: Pressure dynamic curves of multistage fracturing horizontal wells with different slip coefficients (infinity border).

Pressure derivative curve

Pressure curve

10–2

10–1

100

101

10–2 10–1 100 101 102 103 104 105 106 107

Figure 9: Pressure dynamic curves of multiple-fractured horizontal wells with different Knudsen diffusion coefficients under double
logarithmic coordinates (infinity border).
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Appendix

A. The Diffusion of Dissolved Gas in
Porous Kerogen

The diffusion of dissolved gas in porous kerogen can be
described by the nonsteady state Fick diffusion law:

1
r2o

∂
∂ro

r2oDo
∂co
∂ro

� �
= ∂co

∂t
: ðA:1Þ

The internal boundary conditions:

∂co t, ro = 0ð Þ
∂ro

= 0: ðA:2Þ

The outer boundary conditions:

cojro=Ro ,rk = kHpkjrk : ðA:3Þ

The initial conditions:

co ro, tð Þ = kHpi: ðA:4Þ

The following dimensionless variables were defined as
follows:

tD =
kf t

ΛL2ref
,

roD = ro
Ro

DoD = ΛDo

kk∞

R2
k

R2
o

,

λmf =
km
kf

L2ref
R2
m

,

λkm = kk∞
km

R2
m

R2
k

,

cD = ci − c:

ðA:5Þ

Firstly, the aforementioned equations become dimen-
sionless, then the Laplace transformation was conducted:

1
r2oD

∂
∂roD

r2oD
∂�coD
∂roD

� �
= 1
DoDλkmλmf

s�coD,

∂�coD s, roD → 0ð Þ
∂roD

= 0,

�coD s, roD = 1ð Þ = kH�pi − kH�pk:

ðA:6Þ

Ordering M =�coDroD, we can get

d2M

dr2oD
−

1
DoDλkmλmf

sM = 0,

�coD = kH
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s/ DoDλkmλmf

� �q
roD


 �
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s/ DoDλkmλmf

� �q
 �
roD

pi
s
− �pkjrk


 �
,

∂�CmD

∂rmD

				
rmD=1

= −
kHμgZ

pξ

ffiffiffiffiffi
λs

p
coth

ffiffiffiffiffi
λs

p
− 1


 �h i
Δ�ψf :

ðA:7Þ

B. Flow in Nanoscale Pores in Kerogen

The flow equation in the pores of spherical kerogen is as fol-
lows:

1
r2k

∂
∂rk

r2kρk
kkapp
μ

∂pk
∂rk

� �
+ qck + qbk =

ϕk
f k

∂ρk
∂t

,

kkapp = 1 + α0
1 + AK−B

n

Kn

� �
1 + 4Kn

1 − bKn

� �
k∞,

qck = −ρscVLk
pLk

pk + pLkð Þ2
∂pk
∂t

,

qbk = − 1 − ϕk
f k

� � 3
Ro

ρscDo
∂C
∂ro

				
ro=Ro ,rk

:

ðB:1Þ

According to the research of Javadpour [23]

kkapp = αkk∞, ðB:2Þ

where

αk = 1 + 1:358
1 + 0:17K−0:4348

n

Kn

� �
1 + 4Kn

1 − Kn

� �
: ðB:3Þ

The internal boundary conditions of the porous kerogen
are

4πr2k
kkapp
μ

∂pk
∂rk

				
t,rk→0

⋅ ρk = 0: ðB:4Þ

The outer boundary conditions:

pkjrk=Rk ,rk = pmjrm : ðB:5Þ

The initial conditions:

pkjt=0,0≤rk≤Rk
= pi: ðB:6Þ

14 Geofluids



The following dimensionless variables were defined:

rkD = rk
Rk

,

ωk =
ϕμCtkð Þi
Λ

,

Λ = ϕμiCtið Þf+m+k,

kHD = 1 − ϕk
f k

� �
μiZi

pi

3pscT
TscΛ

kH ,

ψD =
πkf hTsc

qscpscT
Δψ,

ðB:7Þ

σk = ðpscT/ΛTscÞðVLkpLk/ðpk + pLkÞ2ÞðμiZi/piÞ:
Firstly, the aforementioned equations become dimen-

sionless, and then the Laplace transformation was conducted:

1
r2kD

∂
∂rkD

r2kD
∂�ψkD

∂rkD

� �
= f1 sð Þ�ψkD,

r2kD
∂�ψkD

∂rkD

				
rkD→0

= 0,

�ψkDjrkD=1,rmD
= αk
αm

�ψmDjrmD
=
kkapp
kk∞

�ψmDjrmD
αm = 1ð Þ:

ðB:8Þ

The general form of the equation:

�ψkD = αk
sh

ffiffiffiffiffiffiffiffiffiffi
f1 sð Þp

rkD

 �

rkDsh
ffiffiffiffiffiffiffiffiffiffi
f1 sð Þp
 � �ψmDjrmD

: ðB:9Þ

C. Flow in Matrix Macropore

The macropore flow control equation of the matrix under the
spherical coordinates can be written as follows:

−
1
r2m

∂
∂rm

r2mρmvm
� �

+ qkm = ϕm
∂ρm
∂t

,

vm = −
km
μ

∂pm
∂rm

,

qkm = −
3
Rk

f kρk
kkapp
μ

∂pk
∂rk

				
rk=Rk ,rm

:

ðC:1Þ

The internal boundary conditions:

4πr2m
kam
μ

∂pm
∂rm

				
t,rm→0

⋅ ρm = 0: ðC:2Þ

The outer boundary conditions:

pmjrm=Rm ,r f = pf
			
r f
: ðC:3Þ

The initial conditions:

pmjt=0,0≤rm≤Rm
= pi: ðC:4Þ

The following dimensionless variables were defined:

rmD = rm
Rm

,

ωm = ϕμCtmð Þi
Λ

:

ðC:5Þ

Dimensionless form:

1
r2mD

∂
∂rmD

r2mD
∂ψmD

∂rmD

� �
= ωm + f cσmð Þ

αmλmf

∂ψmD

∂tD

+ 3f kαkλkm
ffiffiffiffiffiffiffiffiffiffi
f1 sð Þ

p
coth

ffiffiffiffiffiffiffiffiffiffi
f1 sð Þ

p
 �
− 1

h i
ψmD:

ðC:6Þ

Laplace transformation:

1
r2mD

∂
∂rmD

r2mD
∂�ψmD

∂rmD

� �
= f2 sð Þ�ψmD,

r2mD
∂�ψmD

∂rmD

				
rmD→0

= 0,

�ψmDjrmD=1,r = �ψf D

			
r
:

ðC:7Þ

The general form of the equation:

�ψmD = αm
sh

ffiffiffiffiffiffiffiffiffiffi
f2 sð Þp

rkD

 �

rmDsh
ffiffiffiffiffiffiffiffiffiffi
f2 sð Þp
 � �ψf D

			
rD
, ðC:8Þ

where

f2 sð Þ = s ωm + f cσmð Þ
αmλmf

+ 3f kαkλkm
ffiffiffiffiffiffiffiffiffiffi
f1 sð Þ

p
coth

ffiffiffiffiffiffiffiffiffiffi
f1 sð Þ

p
 �
− 1

h i
:

ðC:9Þ
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D. Flow in Microfracture System

The mass conservation equation for natural fracture systems
is as follows:

−
1
r2f

∂ r2f ρf vf

 �
∂rf

+ qmf = ϕf

∂ρf

∂t
,

vf = −
kf
μ

∂pf
∂r f

,

qmf = −
3
Rm

ρm
km
μ

∂pm
∂rm

				
rm=Rm

:

ðD:1Þ

The internal boundary conditions:

2πr f h
kaf
μ

∂pf
∂r f

					
r f→0

⋅ ρf = ρgsc~q: ðD:2Þ

The outer boundary conditions:

pf
			
r f→∞

= pi: ðD:3Þ

The initial conditions:

pf
			
t=0

= pf : ðD:4Þ

The following dimensionless variables were defined:

ωf =
ϕμCtf

� �
i

Λ
,

rf D =
rf
Lref

:

ðD:5Þ

Dimensionless form:

1
r2f D

∂
∂rf D

r2f D
∂�ψf D

∂rf D

 !
= f sð Þ�ψf D,

r f D
∂�ψf D

∂r f D

					
r fD→0

= −
�~q
qsc

,

�ψf D

			
r fD→∞

= 0,

�ψf D = AI0
ffiffiffiffiffiffiffiffi
f sð Þ

p
rD


 �
+ BK0

ffiffiffiffiffiffiffiffi
f sð Þ

p
rD


 �
:

ðD:6Þ

Substituting internal and outer boundary conditions into
the above general form:

�ψf D =
�~q
qsc

K0
ffiffiffiffiffiffiffiffi
f sð Þ

p
rD


 �
, ðD:7Þ

where

f sð Þ = sωf + 3αf λmf

ffiffiffiffiffiffiffiffiffiffi
f2 sð Þ

p
coth

ffiffiffiffiffiffiffiffiffiffi
f2 sð Þ

p
 �
− 1

h i
: ðD:8Þ
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