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With the gradual increase in mining depth of coal resource exploitation, deep backfilling mining has effectively solved the impact of
strong deep mine pressure and strong mining disturbances. However, after deep backfilling mining, the backfilling material is
subjected to high stress for a long time, and its viscoelasticity has a significant impact on the roof control effect. This paper uses
a large-scale bulk confinement test device to analyze the viscoelastic properties of gangue, establishes a high-precision fractional
viscoelastic creep model, and identifies the gangue parameters. The established fractional viscoelastic model was used as the
foundation model of the beam, and the roof model based on the fractional viscoelastic foundation was solved. The top
deformation characteristics of elastic foundation and fractional foundation were compared and analyzed, and the time effect,
viscoelastic effect, and order effect of the fractional order viscoelastic foundation beam were discussed. The results show that the
viscosity of gangue increased under the action of deep high stress. As time increased, the roof deformation also increased. In
order to more effectively control the long-term deformation of the roof, the viscosity coefficient of the backfilling material
should be greater than 20 MPa. This research provides relevant guidance for the requirements of backfilling materials for deep

backfilling mining and the prediction of long-term dynamic deformation of the roof in underground excavations.

1. Introduction

As the mining depth increases for coal resources exploitation,
deep backfilling mining technology has achieved consider-
able development in China and has achieved significant eco-
nomic, social, and environmental benefits in many mining
areas [1]. Due to the fundamental changes of the environ-
ment in deep mining, the surrounding rock environment of
the gangue backfill body will face the conditions of high
ground stress, high water pressure, and strong mining distur-
bances, which will inevitably affect the internal void structure
and mechanical properties of gangue and long-term defor-
mation characteristics [2, 3]. Under the above-mentioned
complicated deep environmental conditions, the mechanical
properties of the rock are significantly different from those
under the shallow in situ stress state. The specific manifesta-

tion is that the rock mass under high stress in the deep has
continuous strong rheological properties [4]. In addition,
deep rock mass is prone to brittle-ductile transformation,
and its failure shows strong plastic deformation characteris-
tics [5]. The gangue backfill body is used as a medium to pre-
vent the deformation of the rock formation [6]. The
mechanical properties, especially the long-term rheological
and viscoplastic properties under the above-mentioned high
stress-water environmental conditions, are very important
for the roof control and backfilling effect.

Scholars worldwide have carried out many researches
on backfilling material properties and solid backfilling
mining. Zhang et al. [7] studied the distribution and char-
acteristics of granular materials, cement materials and
higher water content materials, and a guide for the selec-
tion of backfilling materials. The finite compression
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experiment was conducted to analyze the deformation and
crushing characteristics of the gangue bulk materials under
different water immersion heights by Li et al. [8]. Li et al.
[9] tested compaction properties of crushed gangue back-
filling materials with different particle sizes and also ana-
lyzed the influences of particle size of the backfilling
materials on surface subsidence. Huang et al. [10] analyzed
the mesostructure, stress variation, energy dissipation, and
backfilling effects of the five common solid backfilling
materials. In addition, the time-dependent characteristics
of gangue and other backfilling materials are also a hot
subject of research. Researches showed that gangue creep
has viscoelastic properties [11-15]. Moreover, the visco-
elastic properties of gangue also have an important impact
on the deformation of the roof of the backfilled space in
backfilling mining [16-19]. However, many roof models
of solid backfilling mining are based on elastic foundation
assumptions, ignoring the viscoelasticity of the backfilling
materials [20-24].

Fractional calculus is a branch of mathematics. As an
excellent mathematical tool, it has been successfully applied
in fields such as rheology, electromagnetics, signal process-
ing, and chaotic systems [25]. Abel dashpot based on frac-
tional derivative, showing the characteristics of Spring and
Newtonian dashpot, with viscoelastic characteristics. Some
classic viscoelastic models, such as the Maxwell model,
Kelvin-Voigt model, and general Kelvin-Voigt model, are
improved by using the fractional Abel dashpot [26-28].
Those fractional viscoelastic models have much better advan-
tages for describing the material’s rheological mechanical
properties than the integer-order calculus [29].

This paper uses a large-scale confined compression test
device to study the creep characteristics of gangue and estab-
lishes a high-precision fractional viscoelastic creep model of
gangue. The fractional viscoelastic creep model is used as
the foundation of the beam, and the fractional viscoelastic
foundation roof model is also established. The deformation,
viscoelastic effect, and time effect of the backfilling mining
roof are analyzed. This research can be used to predict the
dynamic subsidence of the deep backfilling mining roof and
provides relevant theoretical guidance for rock strata long-
term deformation.

2. Gangue Creep Test

2.1. Sample and Testing Procedure. The particle size range
of gangue is 0-30 mm, from the Pingdingshan coal mines,
which matches the actual gradation of gangue in the goaf.
The main lithology of gangue materials is mudstone with
an average density of 1450 kg:m™ and a moisture content
of 0.42%. The X-ray diffraction (XRD) results show that
mudstone mainly consists of 37.36% quartz, 34.23% kaolin-
ite, 11.22% illite, 2.11% chlorite, 1.15% feldspar, and other
minerals. The YAS-5000 electrohydraulic servocontrolled
rock mechanic test system was employed for the backfilling
material compaction tests. The compacted steel barrel is a
cylindrical compacted steel barrel designed by the authors,
including the loading platen, handle, bolt and base, as shown
in Figure 1. The steel barrel’s inner diameter is 250 mm,
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height is 305mm, and yield limit is 235 MPa. The uniaxial
creep tests were performed on gangue materials by using
the steel circular cylinder, for constant loads of 5MPa,
10 MPa, 15 MPs, and 20 MPa stress in the axial direction
for 60 mins each, and with a loading rate of 1 kN/s.

2.2. Testing Result. The relationships between strain and
time, deformation rate, and time of gangue under four differ-
ent axial pressures are shown in Figure 2.

As shown in Figure 2, the deformation of gangue is not
linear with time in lateral confined creep tests. With the
increase of axial pressure, the creep strain of gangue reduces
gradually, such as Ae|, Ae,, and Ae;. The deformation of
gangue can be divided into two stages: deceleration deforma-
tion and stable deformation, which clearly defines the visco-
elastic properties of gangue. Therefore, when predicting the
long-term deformation of gangue, the viscoelastic character-
istics should not be ignored.

3. Gangue Material Creep Model and
Parameter Identification

In order to study the viscoelastic characteristics of the
gangue creep process, it is necessary to establish a high-
precision creep model. The fractional calculus theory has
obvious advantages in the accuracy and prediction of the
creep model [30-32].

3.1. Fractional Viscoelastic Creep Model

3.1.1. Basic Concept of Fractional Calculus. The nth derivative
of a function f(¢) is expressed as D*f (t) = d“f (¢)/dt*. ff aisa
fraction, this expression becomes a fractional derivative.
Fractional calculus is usually expressed in terms of the
Riemann-Liouville definition. The Riemann-Liouville frac-
tional integration of function f(¢) of order « is defined as [33]

t

D%f(t) = I“(loc)L(t ~O“f(E)dE  (Re (a) >0,t>0),
(1)

where 0 and t are the limits of integration at the left and
right sides of D; I'(«) is the gamma function with argument
o, which is defined by

I'(a)= J e dt

0

(Re (a)>0). (2)

The fractional derivative is defined by

. d"[D S (1)
DY (1) = [ 7 ] , (3)
where a >0, n-1 < a <n, and » are positive integers.

3.1.2. Abel Dashpot. AD is a component derived from the
integer-order creep element, as shown in Figure 2.
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F1Gure 1: Compacted steel barrel and dimensions.
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F1GURE 2: Gangue creep properties.

AD’s stress and strain have the following expressions:

(4)

(0<a<l,aeR',t>0),

C ta

H=—-"S"" " (0<a<l,aeR"t>0),
&(t) nI(e+1) (O<a * )

()

where « is the fractional order; ¢ is the time, h; 7, is the
coeflicient of viscosity; o is the stress, MPa; o, is the constant
stress, MPa; and ¢ is the strain.

According to formula (5), given the relevant mechanical
parameters of the material, the creep characteristic curves
under different orders are obtained, as shown in Figure 3.

It can be seen from Figure 3 that under the condition of
constant stress, as « increases, the corresponding strain rate
increases; when o is a fractional order, the strain curve
increases slowly, rather than linearly like Newtonian fluid
increase. However, the elastic body strain remains
unchanged; the creep of the material shows a nonlinear grad-

ual process, indicating that the properties of the material are
between fluid and solid; and the fractional viscous pot can
well reflect the viscoelastic properties of the material.

3.1.3. Fractional Poynting-Thomson Model. According to the
viscoelastic relationship of the gangue creep experiment, the
fractional Poynting-Thomson model is selected as the visco-
elastic foundation model of gangue. The model consists of a
fractional Maxwell model with elastic elements in parallel,
as shown in Figure 4.

The constitutive relationship of each element in the frac-
tional Maxwell model is

o, =E (1),

6
0, =D ley (1) o

According to the series relationship,

e(t) =& (t) +&,(1).
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FIGURE 4: Fractional Poynting-Thomson model.

Laplace transformation is carried out on formula (6) and
substituted into formula (7):

Eyn*s"e(s) = n"s"01(s) + 10, (9)- (8)

Carrying out the Laplace inverse transformation on for-
mula (8), the constitutive relationship of Maxwell model
can be obtained as

En*D%[e(t)] = 1" Do (1)] + Ey0,(1). ©)

When o,(t) =0,, Laplace transformation and inverse
transformation were performed on equation (9), and the
creep relationship of Maxwell model can be obtained as

o
o, 0y t

e(t) = E + FTar1) (10)

The constitutive relationship of each element in the frac-
tional Poynting-Thomson model is
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From the parallel relationship and the Laplace transfor-
mation of equation (11),

n*s"o(s) + E,0(s) = E\n"s"€(s) + E,E,&(s) + E,n"s"g(s).

(12)

Carrying out the Laplace inverse transformation on for-
mula (12), the constitutive relationship of the fractional
Poynting-Thomson model can be obtained as

o(t)+ Z—“D“[a(t)] =E,e(t) + (11“ + E2_11‘X> D%e(t)]. (13)

1 1

When o, (t) = 0, Laplace transformation was performed
on equation (13) to obtain

o
E,o0 0y

7= BBy + (By+ Eess ' [ByBys =+ (By + )]
(14)

After proving the formula (14), formula (15) was
obtained:

&(1) = Ey0y(E; +By) 'n %! 0(Ey + E;)'s*!
E\E,)/(E, + E))n%+s* = E\E,/n*(E; +E,) +s*

(15)

The Laplace variation expression of the two-parameter
Mittag-Leftler function is

ks*F o
—  (Re(p)> |a|""®).

© k
[t sara= K
0 ’ (s*Fa)

(16)
Carrying out Laplace inverse transformation on equation
(15) from equation (16), the creep relationship of the frac-

tional Poynting-Thomson model can be obtained as

Ey0, o __EE «
(Ey+Eyne I\ (B, + E)n*

E\E
+ %0 g (-T2 ),
(Ey+Ey) ™\ (Er+Ey)n®
3.2.  Fractional Poynting-Thomson Model Parameter

Identification. The expression of generalized Hookes law in
three-dimensional form is as follows:

e(t) =
(17)

o

&y = 37'2,
(18)
_ Sy
eij— ﬁ’

where g, is the first invariant of the stress tensor, MPa; ¢,, is
the first invariant of strain tensor; S;; is the deviatoric stress
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tensor, MPa; ¢;; is the deviatoric strain tensor; K is the bulk
modulus, GPa; and G is the shear modulus, GPa.

Usually, when the rock is in the three-dimensional stress
state, the spherical stress tensor will cause the volume defor-
mation of the element without changing its shape, while the
deviatoric stress tensor causes element shape change without
volume change. The expressions of stress state and strain
state are as follows:

{ 0= améij +S

&= sm6ij +e

(19)

where 0,,0;; is the spherical stress tensor in MPa and ¢,,0;; is

the spherical strain tensor.
Therefore, the strain expression of elastomer is

S.. 0.0,
¢=_J 4 Y 20
%7367 3K (20)

In the elastic state, assuming that the spherical strain ten-
sor and deviatoric strain tensor are related to the deviatoric
stress tensor, respectively, the three-dimensional expression
of the fractional Poynting-Thomson model is

G,Sj;

o GIGZ a)
()= ———t E(xrx [ S
Q 2(Gy + Gy ol ( (G + Gyn* (21)

+ Sl] 1<_ G1G2 a),
2(G, +Gy) (G + Gyn*

with the confining pressure and axial pressure having the
following relationship:

0, =0, =Ao;. (22)

Therefore, the three-dimensional creep equation of
gangue under constant pressure in the steel drum is
expressed as follows:

e(t) = Goy(1-4) £ _ GG o
3G+ Gyt (G + Gy)®

o,(1-1) < GG, a)
+———E | -—————~—1").
3(G,+Gy) “'\ (G +G)n

There are usually two methods to determine the parame-
ters of the creep model. One is the graphical method, accord-
ing to the relationship between the creep curve and the
physical meaning [34], and another method is the optimiza-
tion analysis method, such as the nonlinear least square
method, which is widely used [35, 36]. In this paper, the
widely used Levenberg-Marquardt nonlinear least square
method is adopted for parameter identification, as shown in
Table 1.

In order to verify the validity of the creep model param-
eters, the comparison between the creep test data of gangue
and the model curve is shown in Figure 5. It can be seen from
the figure that the fractional Poynting-Thomson model is in

(23)

TaBLE 1: Parameters of fractional Poynting-Thomson model.

o, (MPa) G, (MPa) G, (MPa) 5 (MPamin) « R?
5.0 3.1 0.56 44.67 0.21 0.99
10.0 3.97 0.74 98.96 0.19 0.99
15.0 4.86 1.13 68.21 0.11  0.99
20.0 5.75 1.25 100.00 0.11 0.99

good agreement with the experimental data, and the accuracy
and R? are above 0.99.

4. Roof Mechanics Model of Backfilling Mining
Space Based on Fractional
Viscoelastic Foundation

4.1. Mechanical Model of Fractional Viscoelastic Foundation
Beam. The basic roof in solid backfilling coal mining can be
regarded as a fixed beam on both sides supported by the
upper part of the overlying rock load g(x) and the lower part
supported by the foundation reaction force p(x), and the
deflection of the beam section is expressed as w(x) as shown
in Figure 6. The working strike direction is established to be
the positive x direction, the direction of inclination to be the
positive y direction, and the vertical direction to be the posi-
tive z direction.

4.2. Solution of Integer Order Solution of Elastic Foundation.
Suppose the basic differential equation of elastic foundation
beam deflection curve is

) o) — pi). (24)

dx*

When the foundation is an elastic foundation, the expres-
sion of p(x) is given by

p(x) = kow(x), (25)

where k; is the elastic foundation coeflicient which can be
obtained by the following formula:

ky= 2. (26)

E,, is the elastic modulus of the cushion, GPa; A, is the thick-
ness of the cushion, m.

The relationship among the corner 6, the bending
moment M, the shear force Q, and the deflection w(x) of
the beam section is

M(x) = —EI dz;“(zx) , (27)
Qu) =" L
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F1GURE 6: Fractional viscoelastic and elastic foundation beam.

Taking characteristic coefficients as o = v/k/4EI, when
the gangue backfilling material is regarded as an elastic mate-
rial, the deflection curve equation of the roof beam can be
obtained by solving equation (24):

w(x) = e"*(d, sin ayx + d, cos ayx)

28
+e “%(dy sin apx + d, cos ayx) + @, (28)

ko

where the d,, d,, d5, and d, are the parameters.

4.3. Solution of Fractional Viscoelastic Foundation. From the
constitutive relationship of the fractional Poynting-Thomson
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model (13), the relationship between the stress and deforma-
tion of the viscoelastic foundation is given by

(o oo o 5o o

Laplace transformation of equation (24) can be expressed
as

d412)(x, s)

EI
dx*

1Ry (s) - (x,5) = q_SO (30)

Laplace transformation of equation (13) can obtain the
Laplace relationship between foundation reaction force and
deformation as follows:

E\E, + (E, + E;)s"n"
(Ey +s7%)hy

p(xs) =

w(x, s). (31)

From equation (29) and equation (31), the corresponding
relationship between elastic foundation and viscoelastic
foundation is derived and expressed as

o (07 -etmareoe (£ )0,

-« _ E\Ey + (E; + E))s"n"
ols) = (Ey +s%n*)hy .

(32)

From equation (28), when the foundation is an elastic
material, the Laplace expression of the bending deflection
equation of the thin plate is

w(x, s) =™ (d, sin ayx + d, cos ax)

+e “(d; sin ax + d, cos ocox)+k—.

Substituting formula (32) into (33), the Laplace deflec-
tion equation of the viscoelastic foundation sheet becomes

w(x,s) = “Ox(d sin agx + d, cos ayx)

+e ¥ (d; sin agx + d, cos ayx) (34)
9o

(Ey + Ey)s*n®)/(E, +s"n)hg - s

+
(E B, +
By arranging the formula (34) to its final form, we can get

w(x,s) = “Ox(d sin ayx + d, cos ayx)

+e % (dy sin apx + dy cos ax)

SH(E +s') (B +Ey) 't
E\E)/(E; +E))n*+s%

(35)

+qphy
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TABLE 2: Parameters of fractional viscoelastic foundation beam.
Foundation model d, d, ds d,
Elastic (integer order) 0.000861 0.000165 -0.126192 -0.125165
Fractional order viscoelastic 0.001171 0.001911 -0.142520 -0.139436
. . . 0.00
Separating the variables from equation (35) and extract- ]
ing the common factor, we get 0.02
_ ax . = 0.04 -
w(x,s) =e™*(d; sin ayx + d, cos ayx) E
b £ 0.06 | Local deformation is smaller
+e % (dy sin agx + d, cos apx) + ot g o L
(E, +Ey)n* £ 0081 ~ Same maximum
E sl 7’]“5“71 ‘*_qc'j ] subsidence
. ! + . 2 0.10
E\E,/(E, +E))n* +s*  E\E,/(E; + E))y* + s* g ]
0.14
Carrying out the Laplace inverse transformation of equa- . . .
tion (36) and introducing the two-parameter Mittag-Leffler 0 >0 100 150 200
function, the deflection equation of the viscoelastic founda- Backfilling length (m)

tion sheet can be obtained as

w(x, t) = e™*(d; sin ayx + d, cos ayx)

9oy

+e (dy sin apx + d, cos apx) + ————
’ oo (B + By

E\E
[Ean (e )
1 2N

+ ﬂaE _ E1E2 . toc
I\ (B +E)n .

4.4. Case Study. According to the geological conditions of the
example coal mine panel, it has a length of 280 m and a width
of 90 m. The average mining height of the coal seam is 2.7 m.
The roof of the coal seam is sandstone with 4.5 m thickness,
elastic modulus of 5.8 GPa, and Poisson’s ratio of 0.27. The
load g, above the roof mainly comes from the weight of
potential caving strata a, g, = 2.0 MPa. The creep time t is
24 hours. Considering the calculation time and accuracy,
the first three terms of infinite series m and n in equation
(37) and the first ten terms of infinite series k in double-
parameter Mittag-Leftler function (16) are calculated. The
boundary conditions of the beam are as follows:

(37)

w(x, t) 0, O(x, 1) 0.

x=0 ~ x=0 ~ (38)
x=L x=L

By substituting boundary conditions (formulas in (38))
and the above parameters and creep parameters (from
Table 1) into formulas (28) and (37), the parameters are as
shown in Table 2.

The roof subsidence of elastic foundation and fractional
foundation can be obtained as shown in Figure 7.

It can be seen from Figure 7 that the elastic foundation
and the fractional viscoelastic foundation beam have the

—=— Elastic foundation
—e— Fractional viscoelastic foundation

FicURe 7: Roof subsidence of elastic foundation and fractional
foundation.

0.00
0.05 4 - - - X RN -
20104 B Py 2.2y S
Té’ R N VRN VETR Pt afy /ORI
2 0154 R I ) A I
= DR VAN N AL
5 .
€020 N NN e AL
K . : :
o AN T B o A A S
8 . . Increase is
& 0254 N edueed T
0304 - o SN e
Maximhfm 'su'béide':nc’e:’ 304 1 """"""""" """"""
0.35 . , . . . .
0 50 100 150 200
Backfilling length (m)
—=— Elastic foundation —— t=150d
—— t=1d —— t=365d
—— t=7d —— t=3650d
—— t=60d

F1GURE 8: Roof subsidence with different time.

same deformation trend, and the maximum subsidence is
the same. However, the local deformation of the fractional
viscoelastic foundation is smaller, just because the fractional
viscoelastic foundation has the higher global correlation.
The roof subsidence calculated by the classic elastic founda-
tion beam has been confirmed by many studies. It can be seen
from the calculation of the final subsidence that the fractional
viscoelastic foundation beam model is also reliable.
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5. Discussion

5.1. Time Characteristics of Fractional Viscoelastic
Foundation. Referring to the above for other parameters,
the roof subsidence with different times can be obtained as
shown in Figure 8. And the relationship of maximum roof
subsidence and time is shown in Figure 9.

It can be seen from Figures 7 and 8 that as time increases,
the roof deformation also increases accordingly. However,
the increase in roof deformation gradually becomes smaller.
The amount of roof subsidence increased from 154 mm in
7d to 304mm in 10 years, which shows an increase of
49.3%. Compared with the elastic foundation and fractional
viscoelastic foundation (10 years later), the roof deformation
increased by 56.6%.

5.2. Viscosity Characteristics of Fractional Viscoelastic
Foundation. The roof subsidence with different viscosity
coefficients can be obtained as shown in Figure 10. And the
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relationship of maximum roof subsidence and viscosity coef-
ficient is shown in Figure 11.

It can be seen from Figures 10 and 11 that as the viscosity
coefficient increases, the roof deformation decreases accord-
ingly. However, the increase in roof deformation gradually
becomes smaller, for example, Aw,; which is smaller than
Aw,. The amount of roof subsidence reduced from
637 mm with a viscosity coeflicient with 5 MPa to 43.1 mm
with a viscosity coefficient with 100 MPa, a proportional
decrease of 93.2%. Compared with the elastic foundation
and fractional viscoelastic foundation (10 years later), the
roof deformation increased by 56.6% as in Section 5.1. It is
also worth noting that the roof subsidence decreases sharply
with the increase in coefficient of viscosity. When the viscos-
ity coefficient is greater than 20 MPa-min, the effect of viscos-
ity of the backfilling material on the roof control is limited. In
other words, the viscosity coefficient of the backfilling mate-
rial should reach 20 MPa-min in order to better control the
sinking of the roof.

5.3. Fractional Order Characteristics of Fractional Viscoelastic
Foundation. The roof subsidence with different fractional
orders can be obtained as shown in Figure 12. And the rela-
tionship of maximum roof subsidence and fractional order
is shown in Figure 13.

It can be seen from Figure 12 that as the fractional order
increases, the roof deformation increases accordingly. How-
ever, the increase in roof deformation gradually becomes
smaller, for example, Aw, is smaller than Aw,. It can be also
seen from Figure 13 that the relationship of maximum roof
subsidence and fractional order is a nonlinear relationship.
The fractional order can be obtained by fitting the experi-
mental data, and the calculated roof subsidence is more accu-
rate due to the fact that the fractional order is variable (moves
in a changing trend).

6. Conclusions

The viscoelastic characteristics of gangue during creep defor-
mation were analyzed. A fractional order viscoelastic
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foundation beam model was established; the differential
equation of the fractional order viscoelastic foundation beam
was obtained by Laplace transform; the deflection of classical
elastic foundation and the fractional order viscoelastic foun-
dation beam were compared and analyzed; and the time, vis-
cosity, and order pair were discussed. The drawn conclusions
are the following:

(1) The viscoelastic properties of gangue were analyzed
through the graded creep test experiment. The defor-
mation of gangue was divided into two stages of
deceleration deformation and stable deformation. A
high-precision fractional Poynting-Thomson creep
model was established, and the parameters of gangue

fractional Poynting-Thomson creep model were
identified

(2) The viscoelastic foundation beam model was estab-
lished by the gangue fractional Poynting-Thomson

creep model, the deflection equation of the roof was
obtained by Laplace transform, and the parameters
of the viscoelastic foundation beam were obtained
according to the boundary conditions. Compared
with the classical elastic foundation beam model,
the fractional viscoelastic foundation beam result is
the most reliable

(3) According to the established viscoelastic foundation
beam, the influence of time, viscosity, and order
parameters on roof deformation was discussed. The
fractional viscoelastic foundation beam can predict
roof deformation according to time; appropriately
increasing the viscosity of the backfilling material
can be effective in the control of roof subsidence;
and the nonlinear fractional order can improve the
accuracy of the creep model, thereby improving the
accuracy of the solution for the viscoelastic founda-
tion beam
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