
Research Article
Numerical Simulation of the Non-Darcy Flow Based on Random
Fractal Micronetwork Model for Low Permeability Sandstone
Gas Reservoirs

Juhua Li and Chen Chen

School of Petroleum Engineering, Yangtze University, Wuhan, Hubei 430100, China

Correspondence should be addressed to Juhua Li; lucyli7509@163.com

Received 17 July 2020; Revised 24 August 2020; Accepted 21 September 2020; Published 14 October 2020

Academic Editor: Jinze Xu

Copyright © 2020 Juhua Li and Chen Chen. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

Darcy’s law is not suit for describing high velocity flow in the near wellbore region of gas reservoirs. The non-Darcy coefficient β
of the Forchheimer’s equation is a main parameter for the evaluation of seepage capacity in gas reservoirs. The paper presented a
new method to calculate β by performing gas and con-water flow simulations with random 3D micropore network model.
Firstly, a network model is established by random fractal method. Secondly, based on the network simulation method of non-
Darcy flow in the literature of Thauvin and Mohanty, a modified model is developed to describe gas non-Darcy flow with
irreducible water in the porous medium. The model was verified by our experimental measurements. Then, we investigated
the influence of different factors on the non-Darcy coefficient, including micropore structure (pore radius and fractal
dimension), irreducible water saturation (Swi), tortuosity, and other reservoir characteristics. The simulation results showed
that the value of the non-Darcy coefficient decreases with the increase in all: the average pore radius, fractal dimension,
irreducible water saturation, and tortuosity. The non-Darcy coefficients obtained by the fractal method of microparameters
are estimated more precisely than the conventional methods. The method provides theoretical support for the productivity
prediction of non-Darcy flow in gas reservoirs.

1. Introduction

The Darcy law describes the flow of the subsurface fluid and
shows the linear relationship between the pressure gradient
and the volume flow (Darcy’s velocity). However, Darcy’s
law only applies to laminar and viscous flows. At high veloc-
ities, such as high-velocity flows near the wellbore, fluid flow
behaves as an inertial flow, and Darcy’s law fails to follow this
high-velocity seepage law. Forchheimer proposed a classical
Forchheimer equation with a non-Darcy coefficient β to esti-
mate non-Darcy effects in Equation (1) and accounted for the
impact of both viscous and inertial effects.

ΔP
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= μ

K
U + βρU2: ð1Þ

Since then, the non-Darcy coefficient β has attracted a lot

of research. Coefficient β can be obtained from analytical
methods, physical experiments, and numerical simulations.
Geertsma [1] conducted an experiment to establish the quan-
titative relationship between non-Darcy coefficient and
porosity and permeability as well as influence of the immo-
bile fluids on non-Darcy coefficients. Frederick and Graves
[2] also studied experimentally the seepage process of gases
in porous media considering the influence of both mobile
and immobile water on nonlinear seepage of gases. Reid
et al. [3] researched high-speed non-Darcy flow process of
gas-water fluids in porous media and determined that the
presence of irreducible and mobile water affects the gas flow
in porous media, both of which reduce the gas permeability
and increase the non-Darcy coefficient. However, at the same
time, the effect of movable water on gas permeability and
non-Darcy coefficient was found to be more significant than
that of irreducible water.
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Thauvin andMohanty [4] reported the nonlinear seepage
phenomena of gas by establishing the pore structure model
considering the influence of pore characteristics on the
non-Darcy coefficient. Firoozabadi [5], Jones [6], and others
obtained the non-Darcy coefficient β for different rocks by
physical methods. A 2D random pore network developed
by Neeman et al. [7] was found that the porous medium
structure has a strong effect on the flow properties. Later,
Chukwudozie et al. [8] used LBM to estimate the permeabil-
ity, tortuosity, and β factor of porous rock.

Dou [9] used analytic methods and determined that non-
Darcy β coefficient is a function of pore size, permeability,
friction coefficient, and drag coefficient. Li [10] expanded
his analytical research and determined that the β is also
dependent on the fluid density and fluid viscosity. Wang
et al. [11] obtained the relationship between β, permeability,
and porosity in high-pressure gas reservoirs by statistical
analysis of data from multiple sets of rock samples under dif-
ferent overburden tests. Ren et al. [12] established the nonlin-
ear seepage law affected by irreducible water in low
permeability reservoirs based on the laboratory seepage
experiment results.

Thus, just from the short overview of the previous litera-
ture mentioned above, one can see that a lot of theoretical
and experimental work was conducted to obtain different
forms of non-Darcy coefficient expression, of which the main
form is the quantitative relationship between permeability,
porosity, and the non-Darcy coefficient. However, due to
the different methods applied as well as various porous media
and fluids, the non-Darcy coefficient expressions are quite
different [13–15]. There are two orders of magnitude differ-
ence in the results calculated by different expressions with
the same parameters. The fundamental cause of this differ-
ence is the intrinsic complexity of micropore structure.

The goal of our work is to obtain an inner relationship of
the non-Darcy flow in porous media by a random fractal
pore-scale network model. We carried out some flow experi-
ments at different pressure drops and showed the validity of
the Forchheimer’s equation. We vary certain pore-scale
parameters, study the way it affects various flow parameters,
and identify the correlation between different parameters.
The mathematical characterization was carried out to con-
firm the essence of the nonlinear flow. This study is limited
to single-phase flow in isotropic porous media.

2. Methodology

The section mainly presents the dynamic simulation method
of non-Darcy flow using random fractal network model.

2.1. Construction of Network Model by Random Fractal
Theory. Since the first pore network by Fatt [16], a pore
numerical model is a versatile studying platform for a variety
of subjects [17]. Piri and Blunt [18] developed a quasistatic
random network model for researching numerous fluid con-
figurations for two- and three-phase flow. Even since then,
the complex geometry of the pore space may be recon-
structed [19, 20]. Fang et al. [21] established a fundamental
network model, and Mohammadi et al. [22] modified the

model to calculate Scri. Consequently, the construction of
pore networks is extremely effective for the research of vari-
ous type of flowing process in porous medium [23–25].

The pore sizes and the throats in the pore network model
are also the key to be determined for researchers [26, 27]. It is
difficult to describe the irregular pores in traditional geome-
try. Various studies have shown that the intrinsic properties
of the pore meet the statistical significance of fractal distribu-
tion [28–31]. We have recently established a constructing
digital core method based on fractal theory [32]. The fractal
characteristics of pore size are calculated by capillary pres-
sure curve measured from the mercury injection experiment
[33]. We then developed a procedure for constructing a 3D
pore-throat structure.

Our last paper [27, 32] gives the detailed derivation
procedure for the fractal relationship between the pore
radius (r), fractal dimension (D), minimum pore radius
(rmin), and random number (ζ).

r = rmin
ξ1/D

: ð2Þ

Porous media are considered to be consisted of large
amounts of pore throats which interconnect large and
small pores and shrinkage intervals. These pores and pore
throats can be described as “points” and “edges” in a 3D
network model. The pore nodes are randomly distributed,
and the pore throats are connected with a pore as the
pore’s coordination number which is generally between 1
and 6. Based on the node position coordinates, the pore’s
coordination number, and the principle that the closest
pores should be priorly connected, one can first establish
the main structural framework of a 3D PNM by connect-
ing the “points” and “edges” and then obtain the geomet-
rical parameters of pores and throats including its radius
and length, shape factor, and volume to form a PNM with
the topology structure and geometric characteristics of
actual core pores.

2.2. Numerical Simulation of Gas Phase Non-Darcy Flow. The
dynamic model is adopted using the Matlab program. The
pore-throat structure shown in Figure 1 was used as a unit
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Figure 1: Dimension of the throat structure in the pores.
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to analyze the pressure drop caused by the fluid flowing into
the pores [34]. The fluid flow corresponds to the Hagen-
Poiseuille equation during the laminar flow in a porous
medium. Its pressure drop is a primary mechanism to over-
come the viscous drag. In our model, in addition to consider-
ing the viscous drag, the tortuosity and the pressure drop of
inertial resistance caused by the gradual pore-throat radius
gradient were taken into account.

Based on the pore level law presented by Thauvin and
Mohanty [4], the viscous pressure drop between the centers
of two adjacent pores can be described by the following equa-
tion in single-phase Darcy (slow or Stokes) flow,

Δpv =
8μLt
r2t

u: ð3Þ

In the near wellbore region, the velocity is higher, and
Reynolds number increases to the order of Re ~10 in typical
gas wells. In porous media, the inertial terms become so
important that it affect the additional pressure loss. It was
also taken into account:

Δpb = 0:9f ρu2: ð4Þ

The pressure drop resulting from the narrowing of the
tunnel can be expressed as:

Δpc = 1:45 − 0:45 rt
rb1

� �2
−
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ρu2

2 : ð5Þ

The pressure drop caused by widening of the tunnel is
expressed by the following equation:

Δpe = 1 − rt
rb2

� �2
" #
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rb2

� �2 ρu2

2 : ð6Þ

Based on the above equations, the total pressure drop
across the structural unit can be obtained as:

Δp = Δpv + Δpb + Δpc + Δpe: ð7Þ

The pressure and velocity relationship in pore level is
combined in the network model to calculate macroscopic
flow parameters.

Equation (7) is shown below:

Δp = au + bu2, ð8Þ

wherein a and b are shown, respectively:

a = 8μLt
r2t

,
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rp1

 !2

−
rt
rp1

 !4" #
ρ

2

+ 1 − rt
rp2

 !2" #
rt
rp2

 !2
ρ

2 :

ð9Þ

Mass balance is applied in one of the principal directions
of the pore. The relation between velocity, u in a throat, and
the pressure drop between the two adjacent body centers is
given by Equation (8). To solve this system of equations, we
used the Newton-Raphson method. The calculations are
repeated at several different pressure drops to verify the For-
chheimer equation. The calculations are also repeated for
pressure drops applied in each of the pore directions.

In this work, numerical simulations in pore scale are run
at specified pressure gradients; meanwhile, the boundary
conditions in the network consist of fixed inlet and outlet
pressures.

3. Model Validation

We designed six groups of non-Darcy experiments for low
permeability sandstone samples. To ensure that the experi-
ments are carried out in porous media, CT scanning was used
to scan the samples to avoid the existence of microfractures
in the stage of preparation and the end. Finally, two real cores
with #1 and #2 were selected.

3.1. Establishment of Pore Network Model. The original data
and calculated fractal feature parameters of the rock samples
in the certain gas reservoir are given in Table 1 by the capil-
lary pressure curve Figure 2. The first step gets the informa-
tion of the pore and throat size distribution using Equation
(2). Through the relationship between porosity and the pore
number, the porosity of rock samples #1 and #2 is 15.2% and
17.2%, respectively, so the corresponding pore numbers are
1053 and 1268. The second step is to generate a pore network
model that best fits the original shape of the rock sample, the
best model that accurately represents the true capillary pres-
sure characteristics of the core sample.

The size of the random fractal micropore network estab-
lished in this paper is 3:00mm × 3:00mm × 3:00mm, as
shown in Figure 3, in which the pore numbers are 1053 and
1268; the throat numbers are 2476 and 2982, respectively;
the average coordination numbers are 4.362 and 4.614; and
the tortuosities are 1.46 and 1.62. In this model, we assume

Table 1: Parameters of the cores.

Sample
Fractal regime

Porosity (%) Swi (%) Permeability (mD) �r (μm)
Dimension (D) rmin (μm) rmax (μm)

#1 2.5942 2.613 100.75 15.9 52.32 3.1 4.369

#2 2.6465 3.835 87.45 17.6 54.64 3.2 6.351
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that the shape of pore and throat is triangle, and the value
ranges from 0 to 0.0418. The shape factor of pore and throat
was given by the Weibull distribution.

3.2. Simulation of the Non-Darcy Experiment. Nitrogen and
distilled water corresponded to the gas and liquid phases,
respectively. The experiments were performed at room tem-
perature. The core was placed in a holder and fixed with a
pressure ring. The outlet pressure was fixed at a certain value.
Inlet pressure was regulated to change the pressure gradient
as needed. Gas flow was monitored and adjusted by flow
meters. The experimental results are shown in Table 2.

We proved the validity of the new method by compar-
ing it with the experiments result. The porous network in
our model was filled with water and gas as well as the
experiments. Water in the pores was in the film form;
thus, it did not participate in the flow. The irreducible
water in the network model was established according to
the principle of small channel occupancy. The gas state
was chosen to be constant because of the very small pres-
sure changes under the simulated conditions. The network
model had four closed sides and two open ones (the
entrance and exit sides). There was no fluid flow through
the four closed sides. The flow process was in quasisteady
state, and the flow parameters only changed with space
but not over time [35]. The model ambient conditions
were room temperature. The nitrogen viscosity is
0.011mPa·s, and the density is 150 kg/m3.

Based on the two sets of network models established
earlier in the text, we simulated the single-phase nonlinear
gas flow and obtained the average gas flow rate under dif-
ferent pressure gradients. The relationship between gas
flow rate and pressure gradient was obtained. The experi-
mental results were compared with the simulated ones (see
Figure 4).

As can be seen from Figure 4, the flow rate gradually
increases with the pressure gradient increase, showing a sig-
nificant nonlinear relationship. The experimental results are
relatively close to the simulated ones.

According to Darcy’s law, the corresponding gas perme-
ability at each flow rate can be obtained using the following

equation:

‐ dp
dx

= μ

kg
v: ð10Þ

As the gas velocity increases, the gas permeability calcu-
lated from the Darcy’s formula decreases mainly because
the gas shows nonlinear seepage flow type, and the flow resis-
tance increases together with the flow rate. The calculated
permeability was less than the intrinsic absolute permeability
of the model.

According to the Forchheimer equation, the seepage
velocity and pressure gradient of a fluid can be expressed
as a binomial equation, in which the coefficient of the
binomial first power phase is the ratio of the fluid viscosity
μ to its permeability k. The quadratic phase coefficient is
the product of non-Darcy coefficient and fluid density.
The quantitative relationship between the pressure gradi-
ent and the flow rate can be determined using the above
equations. The pressure gradient and the flow rate are
obtained from the flow simulation.

1
kg

= 1
k
+ β

ρv
μ
, ð11Þ

where kg is the gas permeability for different gas velocities,
k is the absolute permeability of the network model, β is a
non-Darcy coefficient, ρ is the gas density, μ is the gas vis-
cosity, and v is the gas flow rate. The slope of the linear
relationship between 1/kg and ρv/μ in Cartesian coordi-
nates is the non-Darcy coefficient β. It was compared with
the calculated result of Geertsma formula, which is
expressed as:

β = 0:005
∅5:5 1 − Swið Þ5:5kg0:5
� � : ð12Þ

In the formula, Swi represents the irreducible water sat-
uration, and ∅ represents the porosity.

The non-Darcy coefficients calculated by the network
model and the experiments are shown in Table 3. However,
the results of the two samples calculated by the Geertsma for-
mula are close due to the similar values. The difference
between two samples in the internal microscopic structure
causes the different coefficients. The non-Darcy coefficients
obtained by the fractal method of microparameters are esti-
mated more precisely than the conventional methods. It
shows that the non-Darcy flow network model is effective.

4. Factors Affecting the Non-Darcy
Coefficient by the Fractal Method

The non-Darcy flow model in random fractal pore network
can effectively evaluate the non-Darcy flow coefficient. The
internal factors affecting the non-Darcy coefficient are
focused on in this section.
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Figure 2: Capillary pressure curves of the two groups of rock
samples.
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4.1. The Impact of Irreducible Water Saturation. To study the
influence of irreducible water saturation, we simulated the
nonlinear seepage flow under five irreducible water satura-
tion levels (Swi = 0, 0.1, 0.2, 0.35, and 0.5) with different frac-
tal dimensions and obtained the non-Darcy coefficients
under different conditions. Several data points from the liter-
ature [36] were added to the graph as well (see Figure 5).

Non-Darcy coefficient increased with irreducible water
saturation [37–39] was mainly because the irreducible water
filled the corners of the pores, only partially leaving the rest of
the space for the gas. The indirectly reduced throat radius
decreases the flow passage and aggravates the nonlinear flow
of gas. Gas flow radius has a quantitative relationship with
the gas saturation Sg. Since there are only gas and water
phases in the pores, Sg = 1 − Sw. We used the power function
to fit the relationship between non-Darcy coefficient and
irreducible water saturation:

β = a × 1‐Swið Þb, ð13Þ

where β is the non-Darcy coefficient in m-1; a and b are
parameters (b is ~-4.5 according to the fitting).

4.2. The Impact of Fractal Dimension. To analyze the influ-
ence of fractal dimension on non-Darcy coefficients, the
value of fractal dimension D was changed during the recon-
struction of the rock sample data by the random fractal
method. All other parameters were unchanged. Five groups

of three-dimensional network models with D = 2:4, D = 2:5,
D = 2:6, D = 2:7, and D = 2:8 were established. The simula-
tion of nonlinear gas flow in the presence of irreducible water
was carried out, and the non-Darcy coefficients under differ-
ent fractal dimensions are shown in Figure 6.

The fractal dimension reflects the complexity of pore
radius distribution. The larger the fractal dimension, the
greater the heterogeneity of pore radii and the larger the
non-Darcy coefficients are. The relationship between the
non-Darcy coefficient and the fractal dimension can be fitted
using exponential function:

β = a ×Db, ð14Þ

where β is the non-Darcy coefficient in m-1; a and b are the
parameters (the value of b obtained from the fitting was
~4.5).

4.3. The Impact of Average Pore Size. To analyze the effect of
pore size on non-Darcy coefficients, the value of rmin was
changed during the reconstruction of the rock sample data
by using the random fractal method. Five three-
dimensional network models with average pore radii of r =
1, 3, 5, 7, and 9μm were established. The simulation of non-
linear seepage of gas under different irreducible water condi-
tions was carried. The corresponding non-Darcy coefficients
are shown in Figure 7.
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Figure 3: The microcosmic network models of rock sample #1 (a) and rock sample #2 (b).

Table 2: Gas flow velocity under different pressure gradients.

Inlet pressure (MPa) Outlet pressure (MPa)
Pressure gradient

(MPa·m-1)
Flow velocity
(cm·min-1)

#1 #2 #1 #2

12.1 12 1.78 1.31 2.265 0.82

12.3 12 5.33 3.39 8.765 1.84

12.5 12 8.89 6.56 12.03 2.35

12.7 12 12.44 9.18 16.01 3.65

12.9 12 16.00 11.80 20.56 4.46
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The relationships of non-Darcy coefficient and the aver-
age pore radius are consistent under different irreducible
water saturations (see Figure 7): the non-Darcy coefficient
decreases with the increase of the average pore radius, which
agrees with the literature data [36]. This relationship can be
fitted using the following power function:

β = a × rb, ð15Þ

where β is non-Darcy coefficient in m-1; a and b are param-
eters (the value of b obtained from the fitting was ~-4.5).

4.4. The Impact of Tortuosity. To analyze the effect of tortuos-
ity on non-Darcy coefficients, the value of tortuosity was
changed, while the other parameters remained unchanged.
Five sets of three-dimensional network models with tortuos-
ity of τ = 1, τ = 1:3, τ = 1:5, τ = 2:0, and τ = 2:5 were estab-
lished and obtained non-Darcy coefficients are shown in
Figure 8.

The relationship between the non-Darcy coefficient and
the tortuosity behaves similarly, and the non-Darcy coeffi-
cient increased with the increase of the tortuosity. We fitted
this relationship using the following power function:

β = a × τb, ð16Þ

where β is non-Darcy coefficient in m-1; a and b are param-
eters (the value of b obtained from the fitting was ~1.52).

4.5. Fractal Characterization of Non-Darcy Coefficients.
According to the analysis in the previous section, the non-
Darcy coefficient can be characterized as a function of the
average pore radius, fractal dimension, tortuosity, and irre-
ducible water saturation. The mathematical characterization
form is shown below.

β = αD4:5τ1:52

r4:5 1‐Swð Þ4:5 , ð17Þ

where α is the proportionality constant, and its value depends
on the fluid properties (viscosity, density) as well as other
parameters. Non-Darcy coefficients and their related param-
eters were inserted into Equation (17) to obtain α for differ-
ent conditions. The value of α was calculated to be equal to
3 × 108 through trial and error calculations. Therefore, the
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Figure 4: Gas velocity and pressure gradient curves of rock sample #1 (a) and rock sample #2 (b).

Table 3: Comparison of the β by the different method.

Sample number
Calculated from the
experiments (m-1)

β (m-1)
In network model By Geertsma In Equation (18)

#1 1.78E9 1.99E9 5.76E10 1.49E9

#2 7.21E8 6.66E8 2.08E10 3.79E8

Irreducible water saturation
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Figure 5: Curves of non-Darcy coefficient and irreducible water
saturation at different fractal dimension.
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mathematical expression of non-Darcy coefficient of this
model is:

β = 3 × 108 × D4:5τ1:52

r4:5 1‐Swð Þ4:5 : ð18Þ

The non-Darcy coefficient calculated by Equation (18)
and the corresponding experimental results are shown in
Table 3. We can see that the order of magnitude of non-
Darcy coefficient calculated by the experimental data was
similar to Equation (18). Equation (18) we conducted by
the fractal method of microparameters reflects the influence
of rock internal structure on seepage flow. It is more precise
than the conventional methods that are obtained by the
physical parameters of porosity and permeability. The math-
ematical characterization was carried out to confirm the

essence of the nonlinear flow. This study is limited to
single-phase flow in isotropic porous media.

5. Conclusion

(1) Fractal theory was used to analyze the microscopic
pore size distribution obtained by two sets of real core
mercury injection methods to determine the fractal
dimensions and pore sizes. The constructed pore net-
work models are in good agreement with real cores

(2) The gas single-phase nonlinear seepage model was
established. Besides the viscous resistance, both the
tortuosity and the gradual change of the pore-throat
radius can produce extraresistance. Based on the
three-dimensional network model, the relation curve
of flow rate and pressure gradient was obtained by
the simulation of the single-phase seepage with irre-
ducible water, and these results were compared with
the non-Darcy tests. The validity of the model was
confirmed by the good agreement between the
obtained non-Darcy coefficient with the calculated
results of non-Darcy experiments

(3) The sensitivity analysis demonstrated that the value
of the non-Darcy coefficient decreases with the
increase in all parameters: the average pore radius,
fractal dimension, irreducible water saturation, and
tortuosity. A quantitative relationship between the
non-Darcy coefficients of gas nonlinear seepage and
these factors was established. We demonstrated
non-Darcy flow characteristics by the fractal method

Nomenclature

f : Fraction of the fluid from a throat that bends at the
next body

F: Fraction of the pore throats closed
k: Permeability (Darcy)
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Figure 6: Curves of non-Darcy coefficient and fractal dimension at
different irreducible water saturation.
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Figure 7: Curves of non-Darcy coefficient and average pore radius
at different irreducible water saturation.

Experimental data
Swi = 0
Swi = 0.1

Swi = 0.2
Swi = 0.35
Swi = 0.5

Tortuosity of the pore network model
1.0 1.5 2.0 2.5 3.0

N
on

-D
ar

cy
 fl

ow
 co

effi
ci

en
t (

1/
m

)

1e+7

1e+8

1e+9

1e+10

1e+11
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kg: The gas permeability
K : Permeability tensor (Darcy)
L: Path length from one body center to another (cm)
Lt: Pore-throat length (cm)
Δp: Pressure drop (atm)
Δpb: Pressure drop due to bending in the path (atm)
Δpc: Pressure drop due to contraction (atm)
Δpe: Pressure drop due to expansion (atm)
Δps: Pressure drop for Stokes’ flow (atm)
P: Pressure (atm)
q: Flow rate (cm3/s)
rb: Body radius (cm), rb1 is the radius of pore 1, rb2 is the

radius of pore 2
rt: Throat radius (cm)
rmin: Minimum value of the radius (cm)
rmax: Maximum value of the radius (cm)
r: The pore radius (cm)
D: Fractal dimension
ζ: Random number
u: Interstitial velocity (cm/s)
υ: Superficial velocity (cm/s)
β: Non-Darcy coefficient (cm-1)
μ: Viscosity (g·cm-1·s-1)
φ: Porosity (%)
ρ: Density (g·cm-3)
τ: Tortuousity.
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The data used to support the findings of this study are avail-
able from the corresponding author upon request.
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