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To describe the fracture width is crucial for the flow conductivity evaluation, which influences the exploitation efficiency of
unconventional oil and gas resources. Commonly, as the proppants fill in the fracture, the deformation will happen under the
closure pressure to resist the fracture width change. Therefore, it is significant to develop the theoretical model to predict the
variation. In this work, the mathematical model for the propping behavior of proppants in the fracture under closure pressure
is established based on the Hertz contact theory. Compared with the existing models, the developed model considers both the
proppant insertion and the elastic compression among the proppants, which is closer to the actual physical process.
Furthermore, the experimental cases with different proppant sizes are taken to verify the model, and the good conformity
presents its rationality. The parameter sensitivity analysis of this model shows that the fracture width change increases with the
increase of the average diameters of proppants (D) and it declines with the improving of proppant elasticity modulus (E1) and
Poisson’s ratio (v1).

1. Introduction

The hydrofracture technology is common during the devel-
opment of unconventional oil and gas reservoirs [1–4]. The
fracture net there will be formed after the hydrofracture pro-
cess to provide the seepage channel of fluids, composed by
the natural fracture and the induced fracture [5–9]. The
proppants will be transferred into the facture during this
stage [10, 11]. After soaking in the reservoir for a time, the
production follows from the same interval of the hydrofrac-
ture. Once the production starts, the pore pressure will
decline obviously, and the fracture width will decrease. As
the proppants partly remain in the fracture, the propping
effect is motivated to keep the fracture open, which is
expected [12–15]. The competition between the proppants

and the closure pressure influences the fracture width and
the flow conductivity there, which relates to the development
efficiency [16–18]. Thus, it is of great significance to study the
antipressure ability of proppants and to describe the fracture
width change under closure pressure.

Physically, the proppants in the fracture will be com-
pressed or embedded during the antipressure process that
leads to the change of fracture width. The relationship
between the embedded degree of proppants and the closure
pressure, proppant concentration, and mechanical proper-
ties of rock was studied early in 1998 by experiments [19].
Further, Guo and Zhang tested the influence of the proppant
types, proppant size, and its paved concentration to the
embedded degree in the fracture [20]. Li developed the flow
conductivity test instrument and investigated the mineral
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composition and mechanical parameter of the tight oil reser-
voir and reported the significant effect of brittle minerals and
argillaceous material on insertion [21]. Innovatively, the
backtracking method of proppants with nonradioactive
elements was used to estimate the fracture width by well
logging. However, this method requires high-quality well
cementation, which limited its application [22]. Further-
more, the conditions of high temperature and high pressure
were considered to analyze the influence of the fracturing
fluid on the fracture width and its flow conductivity [23].

For the theoretical researches, the mathematical model
for the proppants’ inserted value under the closure pressure
was established by microelement analysis, and the sensitivity
analyses of the proppant size and the Young modulus of
rock were discussed [24–26]. Zhao et al. derived the prop-
pant insert depth model by using the elastic theory and also
did the sensitivity analysis of basic parameters [27]. The
numerical method was taken to present the fracture flow
conductivity affected by the size and the layer number of
proppants [13, 28–30].

Although these studies discussed the insertion process of
proppants and the influence factors of flow conductivity,
they were mostly based on the assumption of a stiff ball
and ignore the deformation among the proppants. So the
change of fracture width under closure pressure could not
be described accurately. Specifically, the theoretical model
considering the elastic mechanics of proppants needs to be
developed.

In this paper, the theoretical model of fracture width
change under the closure pressure, considering the elastic
deformation among the proppants, will be established. Then,
the experimental cases will be provided to verify the ratio-
nality of this model. And finally, the parameter sensitivity,
such as proppant size, elasticity modulus, and Poisson’s
ratio, will be discussed.

2. Theoretical Model

In this section, a novel propped fracture width model for
proppants compressed in the fracture under closure pres-
sures is presented. In this work, the Hertz contact theory is
used to establish the forces relationship effectively.

2.1. Model Assumptions. The proppants in the fracture are
compressed, which cause the decrease of the fracture width.
In order to describe the deformation under the closure
pressure, some assumptions are put forward as follows:

(1) The proppants in the fracture are assumed to be
spherical with the radius of “R1.” The proppants are distrib-
uted by connecting with each other (Figure 1). And the com-
paction of proppants due to the closure pressures is treated
as a grain elastic deformation in this paper, which fits for
the Hertz contact theory.

(2) The material properties of proppants keep stable
during the deformation process. The compaction is contrib-
uted from two parts, the fracture wall layers (proppants A in
Figure 1(c)) and the interlayers (proppants B in Figure 1(c)).
The stable shape of proppants is modeled as the hexagon
after compression (seen in Figure 1).

(3) Under the action of fracture closing, proppants will
be compressed and deformed. The forces affecting the com-
pressed proppants are in equilibrium. The closure pressure
“Pc” affects the fracture walls, which is equal to the differ-
ence between the overburden pressure “Po” and the pore
pressure “Pp.” The compressed force among proppants “N”
keeps balance with the closure pressure “Pc.” The gravity
and buoyancy on the proppants are ignored in the fracture
during the compaction.

2.2. Fracture Width Change Modeling

2.2.1. The Proppant Insertion Is Not Considered. For the
layer A, the proppants make contact with the fracture wall
directly. According to the Hertz contact theory [31–33],
the normal force can be expressed as follows:

N = 4
3

E1E2
E2 1 − ν21
� �

+ E1 1 − ν22
� � R1R2

R1 + R2

� �1/2
α1

3/2, ð1Þ

where “R1” and “R2” are the radii of the proppant and the
fracture wall, respectively; “E1” and “E2” are the elasticity
moduli of the proppant and the fracture wall, respectively;
“ν1” and “ν2” are Poisson’s ratios of the proppant and the
fracture wall, respectively; and “α1” is the compaction value.

As the conditions, R2 ⟶∞, E2 ≫ E1, Equation (1) can
be simplified as

N = 4
3

E1
1 − ν21

� �
R1

1/2α1
3/2: ð2Þ

Based on research [34], the normal force “N” can also be
expressed as

F = 2
ffiffiffi
3

p
PcD

2 = 8
ffiffiffi
3

p
PcR1

2, ð3Þ

where “F” is the compress force on the proppants, “Pc” is the
fracture closure pressure, and “D” is the diameter of proppants.

For the proppants A, the compress force “F” is equal to
the normal force:

F =N: ð4Þ

According to the force analysis, the fracture closure pres-
sure “Pc” is equal to

Pc = Po − Pp, ð5Þ

where the “Po” is the overburden pressure and “Pp” is
the pore pressure.

Combining Equations (2), (3), (4), and (5), the compac-
tion value “α1” can be expressed as

α1 = 6
ffiffiffi
3

p
Po − Pp
� � 1 − ν21

E1

� �� �2/3
R1: ð6Þ

The number of proppant layers contacting with the frac-
ture walls is 2 (the top layer and the bottom layer), so the
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compaction caused by the proppants A is

h1 = 2α1 = 9:532 Po − Pp
� � 1 − ν21

E1

� �� �2/3
R1: ð7Þ

For the layer B, the proppants are in contact with the
other proppants. So the conditions are,R2 = R1, E2 = E1,
and ν2 = ν1. And the normal force can be expressed as
follows:

N ′ = 2
3

E1
1 − ν21
� � R1

2

� �1/2
α2

3/2: ð8Þ

According to the force analysis in Figure 1(d),

N ′ = 2Fffiffiffi
3

p : ð9Þ

Combining Equations (3), (8), and (9), the compaction
value “α2” can be expressed as

α2 = 24
ffiffiffi
2

p
Pc

1 − ν21
E1

� �� �2/3
R1: ð10Þ

If the number of proppant layers is “n,” the compaction
value for this part is

h2 = n − 1ð Þα2 = 10:494 n − 1ð Þ Po − Pp
� � 1 − ν21

E1

� �� �2/3
R1:

ð11Þ

So the total compaction degree can be established as

h = h1 + h2 = 9:532 + 10:494 n − 1ð Þ½ � Po − Pp
� � 1 − ν21

E1

� �� �2/3
R1:

ð12Þ

2.2.2. The Proppant Insertion Is Considered. If the insertion
for the proppants is considered, the conditions turn to
R2 ⟶∞ and Equation (1) can be simplified as

N = 4
3

E1E2
E2 1 − ν21
� �

+ E1 1 − ν22
� �R1

1/2α1
3/2: ð13Þ

The compaction between the proppant A and the frac-
ture wall should be adjusted as

α1 = 6
ffiffiffi
3

p
Po − Pp
� � 1 − ν21

E1
+ 1 − ν22

E2

� �� �2/3
R1: ð14Þ

The compaction value for the proppant B part is the
same. And the total compaction degree is

h = 2α1 + n − 1ð Þα2

= 9:532 1 − ν21
E1

+ 1 − ν22
E2

� �2/3
+ 10:494 n − 1ð Þ 1 − ν21

E1

� �2/3" #

� Po − Pp
� �2/3R1:

ð15Þ

3. Results and Discussion

3.1. Model Verification. To invest the influence factors of
hydraulic propped fracture conductivity in shale reservoir,

Po
Po

Pf Pf

(a) (b) (c) (d)

A
A

B

B

Nʹ

NʹNʹ

Nʹ Nʹ

N(F)

Figure 1: Compression model of proppants in fracture under closure pressures: (a) proppant heap without compaction; (b) proppant
deformation under compaction; (c) model of compressed proppants; (d) force analysis for different proppants.
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Figure 2: Experimental data of Liu [35] versus predicted results
from our derived model in Equation (15) with different closure
pressure conditions.
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Liu [35] took the proppant type, particle size, sand concen-
tration, cyclic stress, and fracturing fluid backflow into con-
sideration, and the laboratory experiments on the effects of
these factors were carried out. The proppants with the sizes
of 20-40 mesh, 40-60 mesh, and 70-100 mesh were used, and
the changes of fracture width under the closure pressure
were discussed in research [35].

Figure 2 compares the experimental data of fracture
width change under the closure pressure with different prop-
pant sizes from Liu [35] and our predictions from Equation
(15). The type of proppants is ceramsite proppants, which
has the elasticity modulus “E1” and the Poisson’s ratio “ν1”
of 11306MPa and 0.2, respectively. The average proppant
diameters are 0.55mm (20-40mesh), 0.27mm (40-60mesh),
and 0.17mm (70-100mesh). What is more, the elasticity
modulus “E2” and the Poisson’s ratio “ν2” of the fracture
matrix are 8000MPa and 0.25, respectively. The closure
pressure changes from 0 to 70MPa.

It can be seen that, for different ceramsite proppant sizes,
the change of fracture width under different closure pres-
sures predicted from the derived model keeps consistent
with the one from experimental data [35]. The deviation
between the experimental data and the theoretical model is
shown in Table 1. The deviation is relatively high in the
low closure pressure, and it is because the contact is not
sufficient, while the residual in the high closure pressure is
very small. As a consequence, the proposed model in this
paper is accurate, which conforms to the physical mecha-
nism of proppants propping in the fracture, and benefits
for the prediction of fracture width under the closure pres-
sure condition.

3.2. Parameter Sensitivity Analysis. In this section, we will
use this derived model for the sensitivity analysis of different
conditions on the change of the fracture width under closure
pressure.

Figure 3 shows the change of the fracture width versus
the closure pressure with different parameter values D (the
elasticity modulus “E1” is 11306MPa and the Poisson’s ratio
“ν1” is 0.2). The results reveals that, for a given closure pres-
sure, the fracture width change enlarges with the increase of
average diameters of proppants D. The main reason is that a
larger value of proppant diameters can cause more deforma-
tion. Moreover, as depicted in Figure 3, the curve of the frac-
ture width change varies more severely for the higher value
of D. So the larger diameter proppants have less compressed
resistance, which is not expected.

Figure 4 shows the influence of different values of elastic-
ity modulus E1 on the fracture width change curve. The
parameter values are given (the average proppant diameter

D is 0.55mm and the Poisson’s ratio v1 is 0.2). As we can
see from the figure, under a specific closure pressure, the
fracture width change decreases with the increase of the elas-
ticity modulus E1. The main reason is that the elasticity
modulus E1 has the negative relationship with the deforma-
tion degree. So a larger value of E1 means more deformation
of the fracture. Meanwhile, the curve varies more severely
for the smaller value of E1. So the proppants with the larger
value of E1 have more propping stability under different clo-
sure pressures.

Figure 5 presents the relationship between the fracture
width change and closure pressure with different values of
Poisson’s ratio v1. Setting the value of basic parameter D as
0.55mm, and the E1 as 11306MPa, the values of Poisson’s

Table 1: Deviation between the experimental data and the theoretical model.

Mesh
Deviation ratio (%)

10MPa 20MPa 30MPa 40MPa 50MPa 60MPa 70MPa

20-40 66.62 1.75 1.97 5.01 5.97 2.57 0.79

40-60 18.20 13.42 8.00 1.81 7.96 8.39 3.38

70-100 48.50 22.12 10.69 16.24 20.70 14.92 10.20
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Figure 3: Fracture width change versus closure pressure with
different parameter values D.
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ratio v1 change from 0.1 to 0.8. It can be seen that, under
certain values of basic parameters, the change of fracture
width has the negative relationship with Poisson’s ratio v1,
which means a lower Poisson’s ratio v1 has the larger frac-
ture width change under the closure pressure. And also,
the curve for the lower value of Poisson’s ratio v1 varies
more seriously with the change of closure pressure.

3.3. Model Advantages and Limitations. The proposed model
is established according to the actual physical background,
which is the propping process for the proppants in the frac-
ture under the closure pressure. It is common for the uncon-
ventional oil and gas exploitation. Besides, the model
considers the different compressures between the boundary
proppants and the interlayer proppants. With our derived
model, the change of fracture width can be obtained, which
can be used to explore the fracture conductivity further.

However, it should be also noted that the model has its
limitations. The compressure process of proppants in the
fracture, physically, can be divided into three stages with
the increase of closure pressure, which are the elastic defor-
mation stage, elastoplastic deformation stage, and fully plas-
tic deformation stage. Our model focuses on the elastic
deformation stage, which is the main factor for the fracture
width change. However, the other two stages followed by
the elastic deformation stage can also influence the prop-
pants’ deformation and fracture width. The corresponding
works still need to be explored.

4. Conclusions

In this paper, a theoretical model is derived to predict the
width change of the fracture, filled with proppants, under
closure pressure by using the Hertz contact theory. It is ver-
ified by the experimental data of 3 different ceramsite prop-
pant sizes, and the model result presents good consistency
with the experimental finding. The proposed model con-
siders the compressure of both the boundary proppants
and the interlayer proppants under closure pressure, and
the fracture width change is described conforming to the
actual physical process.

The results of parameter sensitivity analysis in this model
show that a positive relationship exists between the fracture
width change and the closure pressure. Also, the basic param-
eters, such as the average diameters of proppantsD, the elastic-
ity modulus E1, and the Poisson’s ratio v1, influence the value
of the fracture width change. For a given closure pressure, the
change of the fracture width enlarges with the increase of D
and declines with the improvement of E1 (or v1). As the derived
model mainly focuses on the elastic deformation of proppants
and ignores the elastoplastic deformation and fully plastic
deformation of proppants in the fracture under closure pres-
sure, one should be cautious when using the model for analyz-
ing the fracture conductivity.

Nomenclature

N : Normal force for Hertz contact (MPa)
R1: Proppant radius (mm)
D: Proppant diameter (mm)
R2: Radius of fracture boundary (mm)
E1: Elasticity modulus of proppant (MPa)
E2: Elasticity modulus of fracture wall (MPa)
v1: Poisson’s ratio of proppant (dimensionless)
v2: Poisson’s ratio of fracture wall (dimensionless)
α1: Compaction value of boundary proppants (mm)
α2: Compaction value of interlayer proppants (mm)
F: Compression force on the proppants (MPa)
Pc: Closure pressure (MPa)
Po: Overburden pressure (MPa)
Pp: Pore pressure (MPa)
n: Number of proppants layer (dimensionless)
h: Fracture width change (mm)
h1: Fracture width change contributed by boundary prop-

pants (mm).
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