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Conventional triaxial loading and unloading tests were carried out on sandstone samples in the Zigong area, of Sichuan Province,
China. The changes in the elastic modulus of the unloading curves under different confining pressures were calculated, and the
evolution law of the nonlinear properties of rock was analyzed. The results show that the rock is subjected to nonlinear
damage during initial compaction, the elastic phase, destruction, and postpeak unloading. Moreover, the nonlinear behaviors of
rock are restrained by the confining pressures. On this basis, a nonlinear stress-strain relationship affected by the average stress
is proposed to describe nonlinear behaviors in the initial compaction stage. According to the test data, the evolution laws of
various energies inside the rock during loading and unloading cycles are obtained. The results show that the external work is
transformed into elastic energy and damage dissipated energy. Based on the energy analysis, the energy balance equation is
established according to the law of energy conservation. By deriving the energy balance equation, the damage evolution
equation of sandstone under triaxial loading is solved to establish a continuous constitutive model. The calculation results of
the model are compared with the test results from two aspects of loading and postpeak unloading. The comparison results
show that the proposed model, which reflects the whole stress-strain process and nonlinear properties of rock, could also
describe the stress-strain relationship at the postpeak unloading stage to some extent.

1. Introduction

In the process of underground mining, the surrounding rock
of the working space is always in a complex stress state. The
damage and destruction of surrounding rock directly threaten
the production efficiency and personnel safety of the working
space [1]. Rock is an elastic-plastic material with complex
mechanical properties. Research on the damage evolution,
stress-strain relationship, rock strength, postpeak bearing
capacity, nonlinear deformation characteristics, and rheologi-
cal properties of rock has always been an important explora-
tion direction in the field of rock mechanics [2–5]. The study
of the damage evolution model is mainly based on the theory
of continuum mechanics. The damage variable of rock is
defined by the weakening phenomenon of some mechanical

parameters in macromodeling ideas, and the damage
evolution model can be deduced [6–9]. Some studies from
the microscopic point of view do not build fracture models
to describe constitutive relationships for rock but rather define
damage variables based on microscopic parameters such as
fractures and defects inside the rock to characterize the
destruction process. At present, the establishment of a
damage evolution model is a widely used method to reflect
the mechanical behavior of rock to provide help for engi-
neering calculations.

Many scholars have done much work on damage evolu-
tion models [10–15]. Unteregger et al. [16] proposed a
damage-plastic coupling model based on continuum theory
to describe the damage process of intact rock and established
a constitutive model suitable for complex three-dimensional
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stress states. Yang et al. [17–20] introduced the concept of the
yield stress ratio and proposed a damage softening model that
combined the M-C yield criterion to describe the whole stress-
strain curve. Based on continuous damage mechanics, Poulet
et al. [21] established the damage model of a coupled thermal
field, fluid field, and stress field and implemented it with
numerical software. Ma et al. [22–25] studied the effect of
defects on the mechanical behaviors of rock under static or
dynamic loads and explored the effect of sample size on the
damage evolution of granite by acoustic emission tests and
suggested that the height/diameter ratio (H/D) determines
the failure form of rock samples. Some studies have analyzed
the damage mechanisms from the perspective of rock fracture
and proposed optimized rock damage models to provide a
basis for engineering calculations and disaster prevention
[22, 24, 26, 27]. Cao et al. [28–30] assumed that rock is com-
posed of voids, damaged structures, and undamaged struc-
tures. Based on the statistical damage method, a statistical
damage constitutive model that can reflect strain softening
and hardening behaviors under triaxial compression condi-
tions was established and compared with the experimental
observation results. Ma et al. [31] analyzed the mechanical
behaviors of porous rock during loading and unloading cycles
and established a Poisson’s ratio model for the unloading pro-
cess according to the evolution law of circumferential strain.
The D-P plastic model was introduced to describe the plastic
hardening characteristics of porous rock so that a damage
model related to equivalent plastic strain was established.
Zhang et al. [32] proposed associating the state functions of
elastic strain and plastic variables with damage. On this basis,
the elastic-plastic damage coupling model for brittle rock was
established to simulate specific engineering problems. Many
modeling ideas about damage evolution were put forward by
these studies, which are also of great significance for engineer-
ing calculations [33, 34]. However, from the following two
perspectives, there is still room for improvement and optimi-
zation in the study. In some models, the gradual evolution of
rock damage is ignored, and a two-point theory is adopted;
that is, yield or no yield. These models do not consider the
gradual damage process of intact rock from the undamaged
state to the damaged state. There may be some deficiencies
in analyzing the dynamic disasters of coal and rock masses
by these models. For example, some statistical damage models
describe the damage evolution process by a subsection func-
tion, which is equivalent to artificially adding a turning point
to define the evolution of rock from the undamaged state to
the damaged state. Using a segmented model, there may be
some limitations in describing the continuous process of rock
damage and failure. On the other hand, energy transformation
and dissipation are inevitable in rock damage and failure. Coal
and rock dynamic disasters can also be regarded as processes
of intense energy release. Therefore, establishing a rock
damage evolution model from the perspective of energy is
conducive to revealing the damage evolution mechanism in
essence, and the modeling idea around energy is more in line
with objective physical significance.

In recent years, the exploration of rock constitutive
models and damage mechanisms from the perspective of
energy has been greatly developed, and researchers have

done much work [19, 20, 35–40]. Xie et al. [41, 42] explored
the energy mechanism in the process of rock deformation
and discussed the relationship between energy release and
rock failure. On this basis, energy dissipation and damage
variables were calculated, and a damage evolution equation
was established. Liu et al. [43] introduced reflecting the
influence of energy dissipation on the compaction process
by modifying the energy release rate. Combined with the
Weibull distribution model, a statistical damage model con-
sidering energy evolution under triaxial compression was
proposed by Liu. Based on thermodynamics theory, Qin
et al. [44, 45] interpreted the process of rock damage and
failure by an energy evolution mechanism. The process of
energy conversion and dissipation was derived under the
framework of irreversible thermodynamics, and a rock con-
stitutive model under uniaxial loading was established based
on the first law of thermodynamics. Liu et al. [46] carried out
a uniaxial cyclic loading test and proposed the concept of the
compaction coefficient to modify the damage equation. They
established an energy dissipation model of rock, and the
model results can reflect the loading and unloading stress-
strain curves before the peak stress. At present, there are still
some deficiencies in the study of constitutive models based
on energy, such as the nonlinear properties and the stress-
strain relationship under postpeak unloading, which are also
main objectives in this work [23, 25, 47].

In this work, the proposed model was established based
on the damage evolution constrained by the energy relation-
ship, which could reflect the irreversibility of energy dissipa-
tion and damage development. Nonlinear properties of rock
that were not considered in some previous models were
taken as the main research objective, and a model was pro-
posed to describe nonlinear mechanical behaviors. A contin-
uous constitutive equation that could represent the whole
stress-strain process was established. Finally, we explored
the simulation of postpeak unloading curves by the pro-
posed model.

2. Experimental Process

In this paper, sandstone samples were taken from the Zigong
area, Sichuan Province, China. Zigong is located in the east-
ern part of the Sichuan Basin, which belongs to the Yangzi
stratum of the South China stratum according to the litho-
stratigraphic division in 1997. The accumulation thickness
of sandstone in the Zigong area has reached 3000-4000
meters since the Mesozoic period. Zigong sandstone is com-
posed of silicate minerals, the main components of which
are feldspar and quartz. After cutting and grinding in the
laboratory, the samples were processed into standard cylin-
drical samples with a size of φ50 × 100mm according to
the Chinese standard “Standard Test Method for Engineer-
ing Rock” (GB/T 50266-2013), as shown in Figure 1. The
average density and porosity of the sandstone samples are
2.46 g cm-3 and 14.7%, respectively. In the test, all 36 sand-
stone samples were taken from the parts with good integrity
in the rock block. In the process of sample preparation,
intact samples were selected to ensure the quality of sand-
stone samples.
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The uniaxial compression test, conventional triaxial
compression test, and conventional triaxial cyclic loading
and unloading test were carried out with a RLJW-2000
electrohydraulic servo test system in the experiment. The
confining pressure was set to 5MPa, 10MPa, 20MPa, and
30MPa, and the loading and unloading rates of the test
system were 0.005mm/s. The test system is shown in
Figure 2(a), and the failure forms of some samples are shown
in Figure 2(b). First, the peak stress under different confining
pressures was obtained by a conventional triaxial compres-
sion test. Then, a cyclic loading test was carried out before
the peak stress was reached with unloading points at 20%,
30%, 40%, 50%, 60%, 70%, 80%, and 90% of the peak stress.
The postpeak unloading includes two unloading cycles dur-
ing the softening stage and no less than two unloading cycles
in the residual stage. To ensure the accuracy of the test, each
test was repeated multiple times.

The mechanical properties of sandstone under different
confining pressures obtained in the test are shown in
Table 1. In the table, the initial elastic modulus E0 can be
determined by calculating the tangent modulus of the elastic
stage of the outer contour line of the stress-strain curves.
The residual strength can be determined by averaging the
stress strength under the residual stage of the cyclic loading
and unloading curves. In this paper, triaxial cyclic loading
test data are mainly used. Because there is too much original
data, data smoothing was applied to reflect the evolution law
of the stress-strain curve more clearly. The stress-strain
curves under different confining pressures are shown in
Figure 3.

3. Study on Nonlinear Behaviors

3.1. Analysis of Nonlinear Properties. To explore the nonlin-
ear properties of rock, the evolution law and elastic modulus
of unloading curves under different confining pressures were
analyzed and plotted in graphs, as shown in Figures 4–7. The
tangent modulus of the approximately straight line segment
in each unloading curve was calculated to characterize the

elastic modulus of rock. In each figure, the left subfigure
reflects the evolution of unloading curves. The black curve
represents the outer contour line of the stress-strain curve,
and the brown solid line and dotted line represent the prepeak
and postpeak unloading curves, respectively. The elastic mod-
ulus of the unloading curve is shown in the right subfigure, in
which the abscissa is the unloading order and the ordinate is
the elastic modulus. For example, it can be seen from
Figure 4 that under a confining pressure of 5MPa, a total of
11 loading and unloading cycles were carried out 8 times at
the prepeak stage and 3 times at the postpeak stage.

The evolution process of the elastic modulus during the
whole stress-strain process can be seen in Figures 4–7. In
the compression and elastic stages, the axial stress-strain
curve is concave. In this stage, the primary pores inside the
rock are gradually compacted, resulting in an increase in
the elastic modulus, which reaches the maximum value
before the yield stage. With gradual damage, plastic defor-
mation occurs inside the rock, and the stress-strain curve
gradually appears as a convex curve. In the postpeak stage,
the rock was destroyed, and the elastic modulus was signifi-
cantly reduced. In the residual stage, the elastic modulus of
unloading curves that slightly change is maintained at a con-
stant value. It can also be observed that each unloading curve
shows obvious nonlinear characteristics regardless of the
prepeak or postpeak stage. Specifically, the elastic modulus
of rock is not a constant. This is because the primary pores
inside the rock are compacted during the loading process,
which results in an increase in the elastic modulus. During
the unloading process, the primary pores gradually become
loose from the compaction state, decreasing the elastic mod-
ulus. Compared with the unloading curves in Figures 4–7,
we see that different confining pressure conditions will affect
the degree of nonlinear properties. With increasing confin-
ing pressure, the pore state of rock becomes more compact,
so the nonlinear properties become nonobvious. In contrast,
the pore state of rock becomes relatively loose with decreas-
ing confining pressure, which leads to a more apparent non-
linear property of rock.

Figure 1: Sandstone samples.
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The definitions of the following parameters are introduced.
The maximum value of the elastic modulus of the unloading
curve is defined as the peak elastic modulus. The physical
meaning of the peak elastic modulus is the maximum value of
the elastic modulus after the compaction stage under constant
confining pressure, which is represented by Em. The concept
of the residual elastic modulus is proposed to reflect the elastic
modulus of rock in the residual stage, which is represented by
Er. To reflect the relationship between the initial elastic modu-
lus and residual elasticmodulus of rock, the elasticmodulus loss
coefficient is introduced, which can be expressed as

α = E0 − Er

E0
, ð1Þ

where α is the elastic modulus loss coefficient, which represents
the loss rate of elastic modulus after complete damage of rock.
E0 is the initial elastic modulus. The value of elastic modulus
loss coefficient is between 0 and 1. The loss of elastic modulus
increases with α. The maximum value of α is 1, which means
the complete loss of elastic modulus. The minimum value of α
is 0, which means that elastic modulus of rock is still the initial
elastic modulus without any loss.

The values of these parameters can be obtained by exper-
iments, as shown in Table 2. It can be seen from the table
that the initial elastic modulus, peak elastic modulus, and
residual elastic modulus are all positively related to confin-
ing pressure. The elastic modulus loss coefficient is nega-
tively correlated with confining pressure. The larger the
confining pressure is, the smaller the loss of elastic modulus
in the residual stage. Therefore, the residual strength
increases with the confining pressure.

3.2. The Establishment of Nonlinear Model. According to the
previous analysis, nonlinear behaviors should be an inherent
property of rock and are related to the stress state. On this
assumption, the concept of average stress is introduced to
reflect the stress state of rock. The average stress is defined
as the average value of the axial pressure and the confining
pressures, which is an important indicator of the stress level
of the rock. For example, in the loading process, the average

Test system panorama Uniaxial compression

Triaxial compression

(a) (b)

Figure 2: (a) Test system and (b) failure form of sandstone samples.

Table 1: Mechanical properties of sandstone.

Confining
pressures,
MPa

Initial elastic
modulus E0,

GPa

Peak
strength,
MPa

Residual
strength,
MPa

5 14.8 126 30.2

10 18.9 161.1 60.5

20 20.6 201.3 85.8

30 22.2 233.2 105.8
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stress increases gradually, and the rock becomes dense,
which leads to an increase in the elastic modulus. During
the unloading process, the average stress decreases gradually
such that the rock becomes relatively loose, so the elastic
modulus decreases gradually. For example, at the same stress
curve stage, the elastic modulus will increase with the con-
fining pressure condition. In other words, the elastic modu-
lus will increase with the average stress, which is consistent
with general physical laws. On this basis, an expression of
the elastic modulus is established to describe the nonlinear
properties of rock in this paper. It can be assumed that the
elastic modulus of rock is positively correlated with the
average stress, and the expression of the elastic modulus is
mainly based on the function y = −exp ð−kxÞ. Drawing on
previous studies and our conjecture [31], the expression of
the elastic modulus can be expressed as follows:

E = Em 1 − exp −kσmð Þ½ �, ð2Þ

where E represents elastic modulus of rock. k is the nonlin-
ear coefficient. σm is the average stress, which can be
expressed as σm = ðσ1 + σ2 + σ3Þ/3. σiði = 1, 2, 3Þ represents
the principal stress in three directions.

As shown in Equation (2), when σm approaches infinity,
the value of elastic modulus E approaches to peak elastic
modulus Em. The nonlinear coefficient k is a material param-
eter which does not change with the loading condition. The
value of k is 0.05, which directly affects the degree of nonlin-
ear properties. When the value of k is small, the nonlinear
behaviors of rock are significant. On the contrary, the
stress-strain curve tends to be linear.

Combining Equation (2), the incremental relationship of
axial stress and axial strain can be established:

dσ1 = Edε1 = Em 1 − exp −kσmð Þ½ �dε1, ð3Þ

where dσ1 is the increment of axial stress and dε1 is the
increment of axial strain.

According to Equation (3), the axial stress-strain rela-
tionship of rock under different confining pressures can be
calculated without considering the damage effect. In the
compression stage and elastic stage of the stress-strain curve,
rock damage is usually negligible. Therefore, the model cal-
culation results are compared with the test results under dif-
ferent confining pressures, as shown in Figure 8. It can be
seen from Figure 8 that the model results are roughly consis-
tent with the test results, and the rationality of the elastic
modulus expression has been preliminarily verified. The
model can reflect the nonlinear properties of rock.

4. Energy Balance Equation

In the energy analysis of the rock damage evolution process,
the rock can be regarded as a thermodynamic system, and
the rock surface can be regarded as the boundary of the ther-
modynamic system. According to the first law of thermody-
namics, which is the law of energy conservation, the energy
entering the rock system minus the dissipated energy of the
system is equal to the increase in the stored energy inside the
rock system. For the rock system, the energy input to rock is
external work. The consumed energy of the rock system is
the energy dissipated by the rock damage process. The dif-
ference between these two is converted into elastic energy
stored inside the rock. Figure 9 shows the energy relation-
ship during the loading and unloading cycle of rock. The
black curve represents the loading curve, and the red curve
represents the unloading curve. It can be seen from
Figure 9 that during the loading process, the test system
transmits energy to the rock sample by mechanical work,
and that the integral area OAC of the loading curve is the
energy input by external work. In the unloading process,
the elastic energy accumulated in the rock is released, so
the integral area ABC of the unloading curve represents
elastic energy. The damage dissipated energy is repre-
sented by the integral area OAB between the loading and
unloading curves.

In conclusion, the energy balance equation of rock can
be expressed as follows:

δW = d~E + δA, ð4Þ

where W represents the external work. ~E represents the
elastic energy of rock system. A represents the damage
dissipated energy. δ and d are differential operators of pro-
cess quantity and state quantity, respectively.

For the unit volume of rock, the energy balance equation
can be expressed as

δw = de + δa, ð5Þ

where δw represents the external work to unit volume rock,
de represents the increment of elastic energy, and δa repre-
sents the increment of damage dissipated energy.

As shown in Figure 9, the abscissa is the strain, the
ordinate is the stress, and the integral area of curve is the
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Figure 3: Stress-strain curves under cyclic loading and unloading
test.
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energy density. The integral area OAC of the loading curve
is input energy density of external work. The integral area
ABC of the unloading curve is the elastic energy density.
The integral area OAB between the loading and unloading
curves is the damage dissipated energy density. Therefore,

the elastic energy density and the damage dissipated energy
density at any unloading point can be obtained by the math-
ematical relationship between the integral area of the loading
and unloading curves. The input energy density of external
work, elastic energy density, and damage dissipated energy
density under each unloading point with different confining
pressures both can be obtained by calculating the integral
area of stress curve. With loading, the evolution of the
energy density is shown in Figure 10. The evolution curves
of the ratio of elastic energy and damage dissipated energy
to the input energy by external work are shown in Figure 11.

Figures 10 and 11 show that the evolution trends of rock
energy density during cyclic loading and unloading cycles
are similar under different confining pressure conditions.
However, there are differences in the evolution law of the
energy density in different stages of the stress-strain curve.
During the compaction stage, the primary microcracks
inside the rock are compressed and closed, and the energy
inputted by external work and the elastic energy increase
slowly. In the elastic stage, the growth of these two types of
energy accelerates due to the increase in rock rigidity, result-
ing in the gradual increase in energy storage capacity. Dur-
ing the elastic stage, most of the energy inputted by
external work is transformed into elastic energy, which is
stored inside the rock. At this time, the damage dissipated
energy accounts for a small proportion. In the compaction
stage and elastic stage, the proportion of elastic energy is
relatively large, and some irregular data may be due to mea-
surement errors, which indicates that most of the inputted
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Figure 7: Unloading curves and evolution of elastic modulus under 30MPa confining pressure.

Table 2: Related parameters of elastic modulus.

Confining pressures,
MPa

Initial elastic modulus E0,
GPa

Peak elastic modulus Em,
GPa

Residual elastic modulus Er ,
GPa

Elastic modulus loss
coefficient α

5 14.8 19.2 9.1 0.38

10 17.7 23.7 12.6 0.29

20 20.1 25.2 16.2 0.19

30 22.2 29.1 20 0.09
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Figure 8: Comparison of model results and test results at initial stage
of axial stress-strain curves under different confining pressures.
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energy is converted into elastic energy and stored inside the
rock. Before the yield stage, the rock is roughly intact, so elas-
tic energy is dominant. When the rock yields, due to the
increase in damage, new cracks are produced inside the rock,
and the energy density of the damage dissipated energy
increases gradually. In general, the elastic energy density
reaches its maximum around the peak stress. During the yield
stage, the ratio of damage dissipated energy increases percep-
tibly, indicating that more energy inputted by external force is
dissipated by damage. In the residual stage, the rock is
destroyed, and the main fracture is formed. At this stage, the
dissipated energy density increases rapidly, and the elastic
energy density decreases rapidly and finally tends to be stable.

The characteristic values of rock energy under different
confining pressures are shown in Table 3. In the whole
stress-strain process, the maximum elastic energy density is
defined as the peak elastic energy density, and the average
elastic energy density in the residual stage is defined as the
residual elastic energy density. Table 3 shows that the four
energy eigenvalues in the table all show noticeable confining
pressure effects, which increase with increasing confining
pressure. According to the analysis of Figure 10 and
Table 2, the input energy required for rock failure increases
with increasing confining pressure, and the stored elastic
energy and damage dissipated energy also increase.

5. Study on Damage Evolution Model

5.1. Definition of Damage Variable. In damage mechanics,
rock can be regarded as a continuous medium. The evolu-
tion process of the mechanical properties of rock under var-
ious stress conditions can be studied by introducing damage
variables. In short, the damage variable can be understood as
a measure of the degree of decay of the mechanical proper-
ties. When the material is damaged, there will be a series
of changes. For rock, there will be a decrease in the elastic
modulus, generation of plastic strain, increase in volume,
decrease in density, generation of acoustic emission and
electromagnetic radiation, change in temperature, and so

on. Therefore, the damage variable can be defined by the
changes in these physical quantities. The damage variable
is usually defined as the decay of the elastic modulus for rock
in domestic and foreign studies, which can be expressed as

D = 1 − E
E0

, ð6Þ

where D is the damage variable of rock.
According to the definition of damage, elastic modulus

of damaged rock can be expressed as follows:

E = 1 −Dð ÞE0: ð7Þ

However, Equation (7) is more suitable for describing
the elastic damage behavior. To describe the rock damage
process with both elasticity and plasticity, the expression
needs to be modified. For example, the evolution process
of the elastic modulus in the whole stress-strain curve has
been analyzed in detail. It can be seen from Figure 7 that
in the residual stage, there is still a residual elastic modulus.
When the value of the damage variable is 1, the value of the
elastic modulus calculated according to Equation (7) is 0,
which does not conform to the test results. Therefore, the
expression of the elastic modulus needs to be modified:

E = 1 − αDð ÞE0, ð8Þ

where α is the elastic modulus loss coefficient. The physical
meaning and value selection of loss coefficient have been
introduced in Equation (1).

5.2. The Damage Energy Dissipation Rate. The concept of the
damage energy dissipation rate is proposed to establish the
mathematical relationship between the damage variable
and dissipated energy. In unit volume rock, the damage
energy dissipation rate is defined as the energy dissipated
to produce unit damage. According to the definition, the
expression of the damage energy dissipation rate can be
obtained by combining Equation (5), as follows:

Y = δa
dD

, ð9Þ

where Y is the damage energy dissipation rate (expressed in
MJm-3).

To obtain the damage energy dissipation rate, the
relationship between the damage dissipated energy and
damage variable at unloading points in cyclic loading tests
is analyzed. According to the test data, the statistical results
are drawn into a scatter diagram, as shown in Figure 12. In
the figure, the abscissa represents the damage variable, and
the ordinate represents the damage dissipated energy. It
can be seen from the test results that the relationship
between the two is approximately linear. The linear model
is used for fitting, and the correlation coefficients under dif-
ferent confining pressures are all greater than 0.9. Therefore,
it is considered that the relationship between the damage
dissipated energy and the damage variable is linear.
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According to the definition, the slopes of the fitting lines are
the values of the damage energy dissipation rate. From this,
we can obtain parameter values at 5MPa–30MPa, which are
0.86, 1.34, 2.18, and 2.46, respectively.

5.3. Establishment of Damage Evolution Model for Sandstone
under Triaxial Loading. Because the tests designed in this
paper are conventional triaxial loading tests of sandstone,
the damage evolution model is suitable for conventional tri-
axial loading condition. Therefore, suppose first

σ2 = σ3: ð10Þ

The constitutive relationship of sandstone under triaxial
loading can be expressed as

σ = 1 − αDð ÞM0εe, ð11Þ

where σ is the stress tensor, εe is the elastic strain tensor,
and M0 is the initial stiffness matrix of rock in the
undamaged state.

The above formula can be rewritten as

σ1

σ2

σ3

2
6664

3
7775 = E 1 − μð Þ 1 − αDð Þ

1 + μð Þ 1 − 2μð Þ

1 μ

1 − μ

μ

1 − μ

1 μ

1 − μ

sym 1

2
666664

3
777775

ε1e

ε2e

ε3e

2
6664

3
7775,

ð12Þ

where εieði = 1, 2, 3Þ represents elastic strain in three direc-
tions, respectively.

Under triaxial loading conditions, the bearing capacity in
the direction of maximum principal stress should take into
account the effect of residual strength. Therefore, referring
to previous studies [5, 29], the expression of residual
strength is as follows:

R = 2cr cos φr + σ3 1 + sin φrð Þ
1 − sin φr

, ð13Þ
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Figure 10: Energy evolution curves under different confining pressures ((a) 5MPa, (b) 10MPa, (c) 20MPa, and (d) 30MPa).
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where R is the residual strength and cr and φr are the cohe-
sion and the internal friction angle of rock, respectively,
which can be obtained by test data.

Combining Equations (12) and (13), the constitutive
relationship of rock can be expressed as

σ1 = ηε1e + 2βε3e +DR

σ2 = σ3 = βε1e + η + βð Þε3e,

(
ð14Þ

where η = ðEð1 − μÞð1 − αDÞÞ/ðð1 + μÞð1 − 2μÞÞ and β =
ðEμð1 − αDÞÞ/ðð1 + μÞð1 − 2μÞÞ.

Based on energy balance equation (Equation (5)),
taking unit volume rock as the object of study, three parts
of energy calculation are involved in the process of infini-
tesimal work. The three parts of energy are expressed in
incremental form:

(1) Energy inputted by external work
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Figure 11: Energy ratio evolution curves of elastic energy and damage dissipated energy under different confining pressures ((a) 5MPa, (b)
10MPa, (c) 20MPa, and (d) 30MPa).

Table 3: Characteristic values of rock energy under different confining pressures.

Confining
pressures, MPa

Peak elastic energy
density, MJm-3

Residual elastic energy
density, MJm-3

Dissipated energy density at
peak stress, MJm-3

Inputted energy density at peak
stress, MJm-3

5 0.32 0.09 0.22 0.55

10 0.44 0.13 0.48 0.93

20 0.56 0.17 0.69 1.15

30 0.88 0.22 0.88 1.75

10 Geofluids



Under triaxial loading, the differential form of external
work can be expressed as follows:

δw = σdε, ð15Þ

where dε is the increment of strain tensor

(2) Elastic energy

The elastic energy stored inside rock can be expressed as

~E = 1
2 εeMεe, ð16Þ

whereM is the stiffness matrix after damage,M = ð1 − αDÞM0.
By calculating the differential of Equation (16), we yield

de = σdεe −
1
2 αεeM0εedD ð17Þ

(3) Damage dissipated energy

Damage dissipated energy can be expressed as the prod-
uct of damage energy dissipation rate and damage variable,
as follows:

δa = YdD: ð18Þ

According to the law of energy conservation, substitut-
ing Equations (15), (17), and (18) into Equation (5) yields

dD =
2σdεp

2Y − αεeM0εe
, ð19Þ

where εp is the plastic strain tensor and εipði = 1, 2, 3Þ repre-
sents the plastic strain in three directions, respectively.

5.4. Solution of Damage Evolution Model. According to the
above derivation, Equation (19) is the damage evolution
equation. Taking the axial strain increment dε1 as the inde-
pendent variable, it is necessary to solve the axial elastic
strain increment dε1e, the axial plastic strain increment d
ε1p, the circumferential elastic strain increment dε3e, the cir-
cumferential plastic strain increment dε3p, and the damage
variable dD. Therefore, we solve the following differential
equations simultaneously:

(1) The axial strain increment is the sum of the axial
elastic strain increment and the axial plastic strain
increment, which can be expressed as

dε1 = dε1e + dε1p ð20Þ

(2) The increment of axial plastic strain can be
expressed as

dε1p =Ddε1 ð21Þ

(3) The increment of circumferential plastic strain can
be expressed as

dε3p =Ddε3 ð22Þ

(4) The increment of circumferential stress is 0, dσ3 = 0.
According to Equation (14) yields

η + βð Þdε3e + βdε1e − ηε3e + β ε1e + ε3eð Þ½ �αdD = 0: ð23Þ

The above equations are combined with the damage evo-
lution equation Equation (19), which can be expressed by a
matrix as follows:

1 1 0 0 0
1 −D −D 0 0 0
1 −D −D 0 0 0
0 β 0 η + β −α ηε3e + β ε1e + ε3eð Þ½ �

−σ1 0 −2σ3 0 Y −
1
2 αεeM0εe

� �

2
66666666664

3
77777777775

dε1p

dε1e

dε3p

dε3e

dD

2
666666664

3
777777775
=

dε1

0
0
0
0

2
666666664

3
777777775
:

ð24Þ

By solving Equation (24), the damage evolution and
stress-strain curves of sandstone under triaxial loading can
be obtained.
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Figure 12: Relationship between damage dissipated energy and
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Figure 14: Axial stress-strain curve and damage curve under confining pressure of 10MPa.
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6. Model Result and Discussion

6.1. Parameters of Model. The parameters involved in the
damage evolution model proposed in this paper can basi-
cally be obtained through experiments. The initial elastic
modulus E0 and Poisson’s ratio μ can be determined exper-
imentally, and the values are shown in Table 1. The elastic
modulus loss coefficient α can be obtained by calculating
the ratio of the residual elastic modulus to the initial elastic
modulus, as shown in Table 2. The nonlinear coefficient k
is a material parameter that will not change with loading
conditions. The nonlinear coefficient is 0.05 by the least-
squares method. The damage energy dissipation rate Y can
also be determined through experiments, and the specific
method is described in Section 5.2.

6.2. Results and Discussion. The damage curves and axial
stress-strain curves predicted by the damage evolution
model under different confining pressure conditions are
shown in Figures 13–16 and compared with the test results
and the previous models proposed by Cao et al. and Zhu
et al. [10, 11, 48].

The damage evolutionmodel proposed by [48] is as follows:

R dð Þ = 4rc d/dcð Þ
1 + d/dcð Þ2 ,

ε1 =
1
E′

σ1 −
2ν0
E′

σ3 −
2ffiffiffi
6

p −
η′
3

 !
d

ffiffiffiffiffiffiffiffiffiffiffiffi
2R dð Þ
χ

s

ε2 =
1 − ν0
E′

σ3 −
ν0
E′

σ1 +
1ffiffiffi
6

p + η′
3

 !
d

ffiffiffiffiffiffiffiffiffiffiffiffi
2R dð Þ
χ

s

ε3 =
1 − ν0
E′

σ3 −
ν0
E′

σ1 +
1ffiffiffi
6

p + η′
3

 !
d

ffiffiffiffiffiffiffiffiffiffiffiffi
2R dð Þ
χ

s
:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð25Þ

The model parameters are shown in Table 4.
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Figure 16: Axial stress-strain curve and damage curve under confining pressure of 30MPa.

Table 4: The parameters of [48].

ν0 E′, GPa η′ rc, J m
-2 dc

0.25 25 1.5 0.08 2

Table 5: The parameters of [10, 11].

γ0 E1, GPa E2, GPa μ1 μ2
0.0004 14.9 25 0.4 0.25
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Figure 17: Damage-axial stress curves under different confining
pressures.
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The damage evolution model proposed by [10, 11] is as
follows:

D =
1 − exp − F/F0ð Þm½ � F ≥ 0
0 F < 0,

(

εi =
γ0 1 − exp −

σi − μ1 σ j + σk

� �
E1

" #( )
+

1 − γ0ð Þ σi − μ2 σj + σk
� �� �

E2 exp − F/F0ð Þm½ � F ≥ 0

γ0 1 − exp −
σi − μ1 σ j + σk

� �
E1

" #( )
+

1 − γ0ð Þ σi − μ2 σj + σk
� �� �

E2
F < 0:

8>>>>><
>>>>>:

ð26Þ

The model parameters are shown in Table 5.
The nonlinear characteristics of the initial compaction

stage are not considered in the previous model, so the mechan-
ical behaviors of rock in the compaction stage cannot be well
described by Zhu et al. The previous model established by
Cao could represent nonlinear characteristics, but the residual
strength is not considered in the model. It can be seen from
the comparison results that the damage evolution model pro-

posed in this paper can reflect the whole axial loading process
and describe the peak strength and residual strength of rock.
The model shows that with increasing confining pressure, the
rock strength increases, and the mechanical properties of rock
change from brittleness to ductility. It can also be found from
the comparison results that the theoretical model can reflect
the nonlinear properties of rock, and the nonlinear behaviors
gradually change to linear with increasing confining pressure.

The relationships between the damage variable and axial
strain are shown in Figures 13–16. The relationships
between the damage variable and axial stress are shown in
Figure 17. The damage variable has different evolution laws
at different stress stages under constant confining pressure.
In the initial stage, the evolution rate of damage is relatively
slow. With increasing axial strain, the evolution rate of dam-
age increases. As shown in Figure 17, damage evolution
enters the rapid evolution stage from the yield stage. In the
residual stage, the damage evolution rate decreases as the
damage variable approaches 1. The above theoretical calcu-
lation results are consistent with objective physical laws,
and the rationality of the model is verified.
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Figure 18: Comparison of test results and model results of postpeak unloading under different confining pressures ((a) 5MPa, (b) 10MPa,
(c) 20MPa, and (d) 30MPa).
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It can also be seen from the comparison results that the
model errors mainly occur in the postpeak softening stage.
Under different confining pressures, there will be different
degrees of errors. From the comparison results, when the
confining pressure condition is larger, the model errors are
relatively small. Damage evolution is the main factor affect-
ing the stress-strain relationship in the postpeak softening
stage. In the softening stage, when the damage evolution rate
increases rapidly, the stress curve decreases rapidly. When
the damage evolution rate is relatively gentle, the stress curve
decreases slowly.

The damage evolution model is used to simulate the post-
peak unloading process under different confining pressures.
The comparison between the model results and test results is
shown in Figure 18. In the figure, the red curves represent the
model results, and scattered points represent the test results.
It can be seen from the comparison results that the model
results can reflect the postpeak unloading behaviors of rock
to a certain extent and can describe nonlinear properties during
the postpeak unloading process. The nonlinear characteristics
during the unloading process will also be affected by confining
pressures. The smaller the confining pressure is, the more pro-
nounced the nonlinear relationship between stress and strain.

It can be seen from Figure 18 that there are some errors in
themodel curves, and the more obvious errors in the figure are
marked out. Through analysis, we find that the errors of the
unloading model mainly exist in two stages. At the beginning
of unloading, as the load is gradually unloaded, the strain does
not immediately recover but first evolves very slowly and then
rebounds gradually. The hysteresis of strain cannot be
reflected by the damage evolution model. On the other hand,
at the stage after complete unloading, there are also significant
errors in the model curves, and the strain values calculated by
the model are often smaller than the test results. Specifically,
after unloading the load, the theoretically calculated plastic
strain is slightly smaller than the test result. During the test,
after the load is removed, it is possible that the rock strain does
not have enough time to recover before the next loading and
unloading. If the specimen can be allowed to stand for a long
enough time after each unloading, the strain should rebound
further. In addition, the damage evolution model in this paper
can only simulate the postpeak unloading process and cannot
reflect the stress-strain relationship during prepeak unloading.
In the prepeak unloading process, the change in elastic modu-
lus is more complex, i.e., increasing first and then decreasing.
We will study this further in future work.

7. Conclusion

Based on cyclic loading and unloading tests of sandstone
samples, the evolution process of the elastic modulus and
the energy evolution of the rock system are analyzed. A
damage evolution model of sandstone under triaxial loading
is established. Compared with the test results, the following
conclusions can be obtained:

(1) An elastic modulus model with the average stress as
the influencing factor is established to describe the
nonlinear behaviors during loading

(2) According to the law of energy conservation, an
energy balance equation is established, which can
be simply expressed as the energy inputted by exter-
nal work being transformed into elastic energy and
damage dissipated energy

(3) The comparison results show that the model can
reflect the axial stress-strain relationship and damage
the evolution process and nonlinear behaviors of rock

(4) The nonlinear behaviors and stress-strain curve in
the postpeak unloading process can be described by
the model to a certain extent.
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