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Relative density is an important index affecting the mechanical behaviors of calcareous sands. The dense sands present softening
strength, whereas the loose sands exhibit hardening strength. Furthermore, the relative density is determined based on the
maximum and minimum void ratios obtained by using the maximum and minimum dry density test. In this study, a series of
tests were carried out on various mixed graded sands to explore their material properties and the relationship between the limit
void ratio, considering the effects of test methods, equipment, and fine content. It is shown that a more accurate maximum void
ratio can be attained by using the 1000mL measuring cylinder with low rotation speed. In addition, in order to avoid particle
breakage of calcareous sands, it is suggested that the minimum void ratio should be obtained with the 1000mL compaction
cylinder combining vibration with hit. The results also show that a linear relationship exists among the limit void ratio of
various mixed graded sands. Besides, the void ratio is significantly affected by the fine content. 40% is the critical fine content
corresponding to the lowest value of the limit void ratio.

1. Introduction

Calcareous sands are special soils, which are biogenic sed-
iments and skeletal remains of marine organisms. The
main composition is calcium carbonate with a lower hard-
ness than silica sands [1–6]. They are widely distributed in
shallow, warm, and continental shelf seas. Calcareous
sands are characterized by high crushability, irregular par-
ticle shape, high intraparticle void, and complex micro-
structure. Therefore, their mechanical behaviors are quite
different from that of terrigenous sands [7–10]. With the
implementation of the Belt and Road Initiative, calcareous
sands have been a topic of interest among geotechnical
researchers recently. However, they tend to concern parti-
cle shape and breakage [11–13], biocementation [14–16],
and bearing capacity of pile foundations [17–19]. There

are few papers on maximum and minimum void ratios
and relative density of calcareous sands.

Relative density, Dr, is a crucial indicator reflecting the
compactness of noncohesive soil, which has been proposed
and widely used by domestic and foreign scholars since the
1940s [20]. It is a state parameter indicating how dense a
given sand sample or deposit is with respect to its range of
possible densities. It has a governing influence on strength
and stability of sand in filling engineering, such as embank-
ment, retaining wall, and ground improvement [21–23].
Nevertheless, the determination of the maximum and mini-
mum void ratios is the prerequisite for calculating the relative
density. Two parameters, emin and emax, cannot be directly
measured and must be determined by the maximum and
minimum dry densities of sand. Generally, the minimum
dry density ρdmin is often measured by the funnel methods
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or the measuring cylinder method, and the maximum dry
density ρdmax is usually measured by the vibration-hammer
method [24, 25].

Experimental research shows that the main factors
affecting the maximum and minimum dry densities of
sand are particle shape, uniformity coefficient, fine con-
tent, instrument size, test method, and so on. The formula
for calculating the maximum and minimum dry densities of
noncohesive soil is proposed, considering compaction power,
particle composition and shape, and particle filling [26–28].
Unfortunately, the result is far from satisfactory, because of
idealized assumptions. Meanwhile, some improved methods
are found to measure the maximum and minimum dry den-
sities of terrigenous sands [29, 30]. Previous researches
mainly focus on clean sand. In particular, characteristics of
emax and emin have been studied in the context of applicability
and accuracy of the relative density. Other studies have inves-
tigated the relation between the material properties and
emax or emin of sand. Recently, effects of fines on the limit void
ratio (emax and emin) have been a new theme to examine the
influence of fines on the physical and mechanical properties
of quartz sands among geotechnical scholars [31–34]. A large
number of test data on silty sand were examined, and a set of
empirical equations were proposed to show the effect of fine
content on the minimum void ratio [35]. Apart from these
studies, computer simulation analyses using the discrete ele-
ment method have also been carried out to study the charac-
teristics of the limit void ratio of particle mixtures. The trend
of computer simulation results resembles that obtained from
experimental tests [36–38].

Above all, compared to the number of studies on
mechanical behaviors of calcareous sands and influence fac-
tors of relative density, the impact on the relative density of
test methods and fine content of calcareous sands is rather
limited. In the present study, we aim to examine the void

ratio characteristics for calcareous sands including clean
sands and sands containing a small amount of fine-size par-
ticles (diameter < 0:075mm). Specifically, the study high-
lights the influence of test methods and equipment on
emax, emin, andDr. In what follows, binary relationships
between the maximum and minimum void ratios are
obtained. The results supplement the relevant provisions of
the national regulations, which can improve the availability
of the laboratory test.

2. Idealized Packing of Spherical Grains

Analyzing the idealized packing of spherical grains is an
effective way to understand the characteristics of soil. At
the same time, it is suitable for sand to build the physical
model based on spherical particles [39–43]. For convenience,
in theoretical calculation, it was assumed that the sand parti-
cle is completely incompressible.

2.1. Single-Size Spheres. For single-size spheres, the loosest
possible packing is shown in Figure 1(a), with the corre-
sponding maximum void ratio being calculated according
to the following equations:

V = 6D × 6D ×D = 36D3,

V s = 6 × 6 × 4
3π

D
2

� �3
= 6πD3 ≈ 18:85D3,

Vv =V −V s ≈ 17:15D3,

emax =
Vv
V s

= 0:9098,

ð1Þ

where D is the diameter of sand particles and V , V s, andVv
are the volume of sand, sand particles, and void.

(a) (b)

Figure 1: Schematic illustration of packing of single-size spheres: (a) loosest state and (b) densest state.
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On the other hand, Figure 1(b) displays the void ratio of
densest packing. The volume of sand is composed of 3 parts:
V s1 = the volume of complete sphere particles, V s2 = the vol-
ume of sand embedded in the pores above the first layer
and below the sixth layer, and V s3 = the volume of sand
embedded in the pores among three balls between the upper
and lower sides. The minimum void ratio is computed by
Equations (2)–(8). It is obvious from the above results that
the maximum and minimum void ratios are independent of
the size in the certain number of idealized single-sized
spheres:

V = 6D × 5
ffiffiffi
3

p

2 + 1
 !

D ×D = 31:98D3, ð2Þ

V s1 = 6 × 6 × 4
3π

D
2

� �3
= 6πD3 ≈ 18:85D3, ð3Þ

V s2 = 12 ×V s2 ′ = 12 × 1
4

× π

6 D
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D
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≈ 0:384D3,

ð4Þ

V s3 = 120 ×V s3 ′ = 120

× π

36D
3 −

1
3 × 0:471 ×

ffiffiffi
6

p

3 −
1
2

 !
D3

" #

≈ 4:51D3,

ð5Þ

V s =V s1 + V s2 +V s3 = 23:74D3, ð6Þ

Vv = V −V s = 8:24D3, ð7Þ

emin =
Vv
V s

= 0:347: ð8Þ

2.2. Mixtures of Two Grain Sizes.When mixing two spherical
particles of different sizes, the packing is influenced by the
proportion of large and small particles in the total volume
of solids as well as by the relative sizes of the large and small

spheres. Figure 2 schematically shows the corresponding
change in emin with the percentage of fine content.

The point L expresses the densest packing of the larger
spherical particles. At first, adding smaller-size spheres to
the densest packing of large spheres results in a decrease in
the volume of void for small particles fill in the void among
the large particles, which is denoted the filling-of-voids pro-
cess with the path L‐T in the diagram. When the content of
small spheres exceeds the threshold percentage correspond-
ing to point T , a reverse trend is evident in which the volume
of void increases with the percentage of the small-size con-
tent. Subsequently, in the so-called replacement-of-solids
phase, the large-size spheres are separated and increasingly
replaced by the small-size particles until the solid is com-
posed of the smaller particles (point S). So, we can see that
emin decreases during the filling-of-voids phase and reaches
its minimum value at a certain percentage T . Then, emin
steadily increases in the course of the replacement-of-solids
phase, with the path T‐S. In practice, the value of emin ðLÞ is
similar to that of emin ðSÞ since the voids have no concern with
the size of spherical particles.

Obviously, emax of mixtures of two grain sizes may
change with the fine content similar to emin in Figure 2. But
the value may be nearly constant or slightly increase with
an addition of a very small amount of fines because the small
particles do not fill the void formed by the large spheres yet.

3. Materials and Methods

3.1. Experimental Materials. The sand samples as shown in
Figure 3 are biogenic sediments and skeletal remains of
marine organisms retrieved from the reef reclamation site
in Nansha Island, South China Sea. The total area of coral
reef in the South China Sea is about 3:8 × 104 km2, account-
ing for 5% of the total amount all around the world [44].
Most of the coral reef is located in the region of Nansha
Island in our country. Figure 4 displays the grain size distri-
bution curve of calcareous sands collected from Nansha
Island. A natural grading with grain diameter less than 5.0
mm was retained for the test. The physical parameters are
shown in Table 1. According to the characteristics of particle
sizes, the investigated materials include coarse and medium

SL

T

0

Filling-of-
voids

emin

emin(T)

Replacement-of-solids

Percentage of fine content
100%

Figure 2: Effect of fines on binary packing of spherical particles in emin.
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sand without fine particles. The main reasons are sampling
location and construction characteristics of hydraulic filling.
In the process of reef reclamation, under the action of
hydraulic screening and particle gravity, the coarse sand par-
ticle tends to accumulate near the mouth of the reclamation
site, while the fine particle tends to accumulate downstream
with the flow of water, resulting in the uneven distribution.
The sand sample used in this experiment was taken from
the shallow surface upstream. Therefore, it is poor distribu-
tion without particles below 0.1mm.

3.2. The Minimum and Maximum Dry Density Test. As is
mentioned above, relative density is an important parameter
of sand, which is analyzed by Equation (9). Nevertheless, the

limit void ratio is difficult to measure directly and needs to be
computed using Equations (10) and (11). Namely, relative
density can be obtained by measuring the maximum and
minimum dry densities:

Dr =
emax − e

emax − emin
, ð9Þ

emax =
ρwGs
ρdmin

− 1, ð10Þ

emin =
ρwGs
ρdmax

− 1, ð11Þ

where ρw is the density of water (kg/m3), ρdmin is minimum
dry density, and ρdmax is maximum dry density.

The standard [24] suggests that the minimum dry density
should be obtained by the funnel method or the measuring
cylinder method. The volume of the measuring cylinder is
500mL or 1000mL, and the mass of sand samples is 700 g.
In order to study the influence of the volume of measuring
cylinder and test methods on the minimum dry density, 3
different volume ranges (250, 500, and 1000mL) were used
in the experiment. The sand samples were experimented with
by the funnel method (M1), fast measuring cylinder method
(M2), and slow measuring cylinder method (M3). The speed
of sand falling into the measuring cylinders through funnels
was approximately 5g/s. The inversion speeds of measuring
cylinders in M2 and M3 were, respectively, 30 s/180

° and 60
s/180°. Each group of tests was repeated 3 times, and the aver-
age value was taken as the final results.

On the other hand, for the determination of maximum
dry density, there is no internationally uniform method.
China geotechnical engineers often use the vibration-
hammer method. During the test, the sand samples were
compacted and hammered to obtain the idealized maximum
dry density. In order to analyze the influence of test equip-
ment on maximum dry density, the compaction cylinder

2-5 mm 1-2 mm 0.5-1 mm

0.25–0.5 mm 0.1–0.25 mm <0.075 mm

Figure 3: Sand samples of different grain sizes.

0
0.01 0.1

Grain size (mm)
1 10

20

40

60

80

100

Pe
rc

en
t fi

ne
r (

%
)

Figure 4: Grain size distribution curves of calcareous sands.

Table 1: Physical properties of calcareous sands.

GS d60 (mm) d30 (mm) d10 (mm) Cu Cc
2.79 2.60 0.88 0.38 6.84 0.78

Note. GS = specific gravity; d60 = limited particle size; d30 =median particle
size; d10 = effective particle size; Cu = coefficient of uniformity; Cc =
coefficient of curvature.
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with a volume of 250 and 1000mL was selected for layered
compaction. When sand samples reached a constant value,
the mass was weighed and the corresponding maximum
dry density was calculated. Similarly, every experiment was
conducted 3 times, and the average value was considered
the final results.

3.3. Test on the Relationship between the Maximum and
Minimum Void Ratios. It is well known that maximum and
minimum void ratios of sand are evaluated from laboratory
tests through two independent test methods for the mini-
mum and maximum dry densities, respectively. But previous
studies have reported that a linear correlation was derived to
express the relationship between emax and emin of terrigenous
sands [45]. For the sake of exploring the relationship of cal-
careous sands, the experimental sand samples of various dis-
tributions were mixed at random. 20 groups of sand with
diverse grading indexes shown in Figure 5 were configured.

3.4. Test on the Influence of Fine Content on the Limit Void
Ratio. Fine contents are a critical factor affecting the void

ratio of sand. For a further study, calcareous sands were
mixed with 10%, 20%, 30%, 40%, 50%, 60%, 70%, 80%,
90%, and 100% of fine particles to produce 10 groups with
diverse grain compositions. The following was determining
the minimum and maximum dry densities and computing
the limit void ratio. Before the test, sand was washed with
clean water to remove fine and clay particles on the surface
and in the inner pore of large particles.

4. Results and Discussion

4.1. The Effects of Test Methods and Equipment on Maximum
and Minimum Void Ratios. Before exploring the maximum
and minimum void ratios of sand, it is necessary to address
several important issues related to the determination proce-
dures and applicability of minimum and maximum dry den-
sities. According to the funnel method and measuring
cylinder method to estimate minimum dry density of calcar-
eous sands, the maximum void ratio was acquired. The
results in Figure 6 indicate that the value of the funnel
method was the largest, followed by the fast measuring cylin-
der method, and the slowmeasuring cylinder method was the
smallest in the same volume of measuring cylinder. What is
more, the larger the volume, the smaller the void ratio in
the similar test method.

It can also be seen that the void ratio measured by the
funnel method (M1) was smaller than that of the measuring
cylinder methods (M2 and M3), which was caused by the dif-
ferent determination operations. In the process of M1, since
the particles dropping from the funnel had a certain falling
speed, the void between particles and between the particles
and measuring cylinder was small. In particular, due to the
limitation of the funnel size, the given large particles almost
slowly fall one by one, leading to a tight sand sample. For
M3, the entire operation being carried out slowly, it only
changed the relative position of particles inside the samples.
The void was more than that measured byM1. Besides, differ-
ent volumes of measuring cylinders had a certain impact on
the experimental results. When the volume was smaller, sand
particles were more likely to be arranged in layers, which
made a higher value of the maximum void ratio. Therefore,
we should choose the slow measuring cylinder method and a
large volume of measuring cylinder to evaluate the mini-
mum void ratio in the laboratory test. Strangely, the ideal-
ized value of the maximum void ratio was unexpectedly
lower than the measured one. The main reason is that the
natural sand particles are not regular spherical, and there
are arching and cavitation inside them during determination
procedures. And particles of calcareous sands are rich in the
inner pore, displayed in Figure 7 (50 and 2000 magnification
times, respectively), simultaneously resulting in the peculiar
phenomenon.

Table 2 presents the maximum dry density and mini-
mum void ratio of sand measured by the vibratory hammer
method using a compaction cylinder with a volume of 250
and 1000mL. It is found that under the same condition, the
measured minimum void ratio with a volume of 250mL is
significantly lower than that of the 1000mL compaction
cylinder.
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Figure 5: Grading indexes of experimental sands.
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The grain size distribution curves of calcareous sands
before and after vibration hammering are shown in
Figure 8. For the 250mL compaction cylinder, due to the
small inner diameter, the compaction energy was more likely
to accumulate, making the coarse particles easy to break,
which resulted in an increase in the maximum dry density
and a decrease in the minimum void ratio. Compaction
energy had a significant effect on the crushing of medium
and coarse particles. However, the grading curve did not
change significantly after being hammered in a compaction

cylinder with a volume of 1000mL. So, for the vibration-
hammer method to determine the maximum dry density of
sand, in order to be more similar to the given graded sand,
it is recommended that a 1000mL compaction cylinder
should be used. In addition, compared with the idealized
minimum void ratio, the experimental value converted from
the test on maximum dry density was different from the the-
oretical one. This is because the premise of theoretical calcu-
lation is that the sand particles are assumed to have a uniform
sphere. The shape of actual sand particles is irregular, and the
arrangement is also different.

In summary, the maximum and minimum void ratios of
a given sandy soil are not unique, but rather, they rest with
the test methods and equipment used to determine them.
For this reason, when comparing the limit void ratio of vari-
ous soils, it is an essential and prerequisite condition that
emax or emin of all soils are measured using the same test pro-
cedures (including methods, equipment, and experimental
steps) for ρdmin or ρdmax, respectively. Although these proce-
dures tend to identify the limited dry density of given sand, it
would be difficult to determine the minimum and maximum
densities in the true sense.

4.2. A Linear Relationship between Maximum and Minimum
Void Ratios. The maximum and minimum dry density test
was carried out on these 20 groups of sands. Even though
the limit void ratio was obtained from two independent tests
that have opposite targets, namely, to produce the loosest
state and the densest state of a sand sample, respectively,
yet Figure 9 indicates that there is a linear relationship
between emax and emin of the compiled sands evidently. How-
ever, when the value of emin was in a lower range of 0.6 to
0.75, the distribution of emax was relatively discrete, which
made the linear relationship between the maximum and
minimum void ratios a little weaker. As the range of emin
increases, emax of the sand samples became a more and more
well-defined relationship. This is consistent with the results
of Cubrinovski and Ishihara, Yilmaz, and Muszynaki [35,
41, 46].

4.3. Discussion on Influence of Fine Content on Limit Void
Ratio. For each type of composite sands, the maximum and
minimum void ratios have been determined according to
the above laboratory procedures. Therefore, it is possible to
plot the values of emax and emin as a function of the fine

15.0 kV 11.4 mm ×2.00 k SE (M) 20.0 𝜇m15.0 kV 11.7 mm ×50 SE (U) 1.00 mm

Figure 7: SEM scanning images of calcareous sands.

Table 2: Maximum dry density and minimum void ratio under the
volume of 250 and 1000mL.

V (mL) ms (g) ρdmax (g/cm
3) ρdmax′ (g/cm3) emin emin Ið Þ

250

389.5 1.558

1.561 0.78

0.347

392.5 1.570

388.7 1.555

1000

1503.2 1.503

1.493 0.871485.1 1.485

1491.4 1.491

Note.V = volume of compaction cylinder;ms =mass of sand; ρdmax′ = average
value of maximum dry density; emin ðIÞ =minimum void ratio of idealized
single-size spheres.
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Figure 8: Grain size distribution curves for 250 and 1000mL
compaction cylinders.
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content for each of the composite soils, as shown in
Figure 10. It is observed that both emax and emin initially
decreased as the fine content increased from 0% to about
30%. Within the range of 30 to 50% fines, the correlations
presented a change of form indicating a transition from the
filling-of-voids to the replacement-of-solids process. Above
60% fines, the maximum and minimum void ratios were seen
to steadily increase until they eventually reached 100% fine
content. It is indicated that the variation of emax and emin with
the fine content in Figure 10 closely resembled that of the
spherical particles shown in Figure 2. But emax and emin of
the nature sands without fines were higher than that with
100% fine content, which differed from the idealized values
and previous studies [47]. Maybe there are 2 main reasons.
On the one hand, the original sands are full of void among
particles, leading to poor distribution. Besides, compared
with fine fractions, the nature sands without fines are rich
in intraparticle voids.

5. Conclusions

A series of data were acquired by themaximum andminimum
dry density test on various mixed sand. The main conclusions
drawn from this study can be summarized as follows.

(1) The maximum and minimum dry density test should
adopt the vibration-hammer method and slow mea-
suring cylinder methods, respectively. To avoid the
influence of equipment on experimental results, mea-
suring cylinder and compaction cylinder with a vol-
ume of 1000mL should be used

(2) An almost linear relationship exists between the
maximum and minimum void ratios of various
mixed graded sand. The relationship has a high cor-
relation coefficient of 0.9 and can be used to approx-
imately evaluate emax from emin and vice versa

(3) The maximum and minimum void ratios are signifi-
cantly affected by the fine content in a way that the
limit void ratio decreases from 0% to 30% during
the filling-of-voids phase and increases within the
range of 50% to 100% in the course of the
replacement-of-solids phase. Near 40% is a certain
percentage showing a change of pattern indicating
the transition

(4) The maximum and minimum void ratios of a given
sandy soil are not unique, but rather they rest with
the test methods and equipment used to determine
them. Therefore, when comparing the limit void ratio
of various soil, it is an essential and prerequisite con-
dition that emax or emin of all soil are measured using
the same test procedures. Besides, the void ratio char-
acteristics should not be regarded as an isolated fea-
ture of the packing of sand, but rather, they should
be looked upon as the fact that the particle structure
is directly reflected in the mechanical properties of
sand
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