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To correctly obtain the spatial stress distribution and failure process of disc specimen in the Brazilian splitting test, an analytical
solution of three-dimensional stress is deduced. Then, the effects of height-diameter ratio and clamp radian on the spatial stress
distribution and failure process are analyzed and studied combined with numerical modelling. At last, the influence of spatial
effect on the tensile strength of disc specimen is discussed. The results show that the cracks firstly generate at the two ends of
the specimen in the axial direction and then extend due to the nonuniform distribution of tensile stress. The macrocracks
coalescence does not mean the capacity loss of radial bearing. The maximum radial bearing capacity of the disc specimen
decreases with the increase of height-diameter ratio due to the spatial effect. The tensile strength obtained by the two-
dimensional calculation formula is significantly smaller. Therefore, when the commonly-used height-diameter ratio of 0.5 is
used in the Brazilian splitting test, a correction factor k = 1:15 − 1:25 is suggested.

1. Introduction

The tensile strength of a rock is the ability of a rock speci-
men to resist damage under uniaxial tension, or ultimate
strength, which is equal to the maximum tensile stress at
failure in value. Tensile strength is an important mechanical
property of rock, and it is also a control parameter for the
safety and stability analysis of rock structure design, espe-
cially the surrounding rock mass in complex stress state in
underground engineering construction. Due to the fixation
difficulty and the end effect of specimen in the direct tensile
test, the tensile strength of rock is generally determined by
indirect methods, among which, Brazilian splitting test is
commonly-employed and is recommended by ISRM [1–3].
In the Brazilian splitting test, the disc specimen experiences
tensile failure because of the radial concentrating load, since
the tensile strength of rock is much lower than that of the
compressive strength. Besides, the tensile strength is calcu-

lated by the analytical equation based on the maximum load
[4]. In the test, the fact that disc specimen is subjected to
radial load can be generally be simplified into plane issue,
on which scholars have conducted lots of experimental and
theoretical studies [5–8].

In the middle of the 20th century, researchers used Bra-
zilian disc specimen to study the composite fracture problem
of brittle materials. When studying the stress distribution on
the disc surface, it is necessary to carry out power series
expansion of the stress components. After some scholar’s
research, a five-item and approximation formula for σθ
and τrθ has been obtained, but the expansion form is so
complex that the coefficient has no general solution, and
the power series expansion of σr is not obtained [9–11]. In
order to comprehensively obtain the power series expansion
of the Brazilian disc stress component and improve the
calculation accuracy of the power-series solution, Dong
et al. [12] put forward the power-series solution of the disc
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under concentrated load through mathematical analysis
based on the analytical solution of the Brazilian disc stress
component.

The main factors affecting Brazil’s tensile strength for-
mula are (1) the influence of stress space: Brazil’s test is
based on the analytical solution of plane elasticity stress,
but in fact, it is in a three-dimensional stress state. The two
can cause as much as the first principal stress. The error of
about 10% is one of the main reasons for the difference
between the Brazilian test and the uniaxial tensile strength
of rock. (2) The traditional formula does not reflect the
influence of material Poisson’s ratio and sample height-
diameter ratio on the tensile strength. In fact, Poisson’s ratio
and sample height-diameter ratio have a certain influence on
the stress distribution, which in turn affects the accuracy of
the obtained strength. (3) Arc loading in contact with the
rock will cause stress concentration in the loading area.
Excessive stress concentration will cause local damage in
the loading area, resulting in a big difference between the
strength of the Brazilian disc and the actual value.

The rock specimen in the splitting test is actually a three-
dimensional force entity. Considering the difficulty of
machining and the accuracy, the requirement of the height-
to-diameter ratio of the disc specimen is 0.5-1.5, which can
hardly satisfy the assumption of the plane problem. Chau
and Wei [13] conducted a theoretical study on the spatial
stress distribution of the Brazilian splitting test earlier and
derived the analytical solution of the spatial stress on the
two sides of the cylindrical specimen. The results show that
the maximum tensile stress at the two ends of the disc
exceeds 10% of the center point when the height-diameter
ratio is greater than 0.5. The specific difference increases with
the increase of the aspect ratio, and it is related to the material
Poisson’s ratio. Thuro et al. [14] conducted a Brazilian split-
ting test on different aspect ratios when studying the scale
effect on rock strength characteristics, and the results
reflected that the tensile strength of the specimen decreases
with increasing aspect ratio.

The above theoretical analysis is just about stress state
analysis based on elastic deformation without considering
the plastic deformation before the rock failure and the entire
failure process. In view of that, Yu [15] found out that the
tensile stress on the end face is larger than that on the middle
after the three-dimensional finite element calculation, and
the maximum value is larger than the analytical value calcu-
lated by the two-dimensional disc. Therefore, it is considered
that the true tensile strength of the three-dimensional disc
specimen is greater than the two-dimensional analytical cal-
culation value. Zhu and Tang [16] obtained a stress-load
variation curve similar to the actual test through analyzing
the failure process of a two-dimensional disc with RFPA.
Meng et al. [17] have used PFC to simulate the Brazilian
splitting test on the two-dimensional platform disc while
the simulated damage and its shape distinct from the actual
one. Nevertheless, Wang et al. [18] used the CDEMmodel to
simulate Brazilian disc test on the two-dimensional plat-
form. The test indicated that both the process of crack prop-
agation and the relationship of deformation displacement
are close to the actual test.

The problem with the Brazilian test method is that the
formula for calculating the tensile strength comes from the
elasticity analytical solution of the plane stress problem,
while the force on the sample in the actual test is a three-
dimensional mechanical problem. Moreover, the commonly
used sample height to diameter ratio is 0.5 to 1.0, and it is
even more difficult to ensure that the stress state of the sam-
ple can be simplified into a plane stress or plane strain prob-
lem. The stress of the sample under three-dimensional
conditions is much more complicated than under two-
dimensional conditions. It can be inferred that the stress
distribution on different cross-sections of the sample varies
along the thickness direction. Therefore, it is untrue to calcu-
late the tensile strength of rock-like materials with the
formula of the plane condition, at least it is not accurate
enough. In fact, it has been pointed out in the literature that
the tensile strength of a material measured by the Brazilian
test method is not equal to the tensile strength of the same
material measured by the direct tensile method. However,
due to various reasons, no one has developed a traditional
tensile strength calculation formula. Therefore, it is very nec-
essary to use the three-dimensional elastic theory to derive
the three-dimensional stress distribution law of the Brazilian
test, but only a small number of scholars are conducting
exploratory research in this area. Fortunately, this funda-
mental subject can be studied with the aid of modern three-
dimensional finite element mechanical analysis.

In this paper, an analytical solution of three-dimensional
stress of the disc specimen is deduced. Then, the effects of
height-diameter ratio and clamp radian on the spatial stress
distribution and failure process are analyzed and studied
combined with numerical modelling. At last, the influence
of spatial effect on the tensile strength of disc specimen is
discussed, and a correction factor k in the Brazilian splitting
test is given.

2. Spatial Stress Distribution of Brazilian Disc

2.1. Numerical Simulation Results. The geometric model and
loading condition of the three-dimensional Brazilian disc are
shown in Figure 1. The three-dimensional stress distribution
of typical Brazilian disc is firstly simulated. The diameter
and thickness of the disc are 50mm and 25mm, respectively,
i.e., the height-diameter ratio is 0.5. The elastic modulus is
4.5GPa, the cohesion is 4.5MPa, the tensile strength is
10.5MPa, the position ratio is 0.25, and the density is
2250 kg/m3.

The stress distribution of the Brazilian disc in the three
directions is illustrated in Figure 2. As shown in Figure 2(a),
the stress becomes the largest in the center of the disc in the
horizontal direction where σy is three times of σx. As x
increases, the absolute values of σx and σy decrease until to
zero in the disc boundary. As shown in Figure 2(b), σx is
almost a constant while σy is a parabola in the vertical direc-
tion except the stress concentration at the disc boundary.
The results are similar to the theoretical analysis [19].

As shown in Figure 2(c), the tensile stress and compres-
sive stress are not constant at the central z-axis. The two
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stresses are low in the middle while high at both ends, which
are symmetrically distributed. The tensile and compressive
stresses are the minimum at z = 0:5 L, while the maximum
at both ends, which means that the stress distribution of
the disc specimen has spatial effect. The results are the same
as those of analytical calculation and finite element model-
ling [20–22].

2.2. Calculation Verification of Analytical Solution. Accord-
ing to the three-dimensional liner elastic hypothesis of rock
mechanics, the spatial stress state of the Brazilian disc must
meet 21 basic control equations with equilibrium, deforma-

tion, coordination, and material constitution. The unknown
elastic field variables include 6 strain-displacement relation-
ships (Eq. (1)), 3 equilibrium equations (Eq. (2)), 6 compat-
ibility equations (Eq. (3)), and 6 material constitutive
equations (Eq. (4)) [23]. In this paper, when the above equa-
tions satisfy the small deformation, then

εij =
1
2 ui,j + uj,i
� �

, ð1Þ

σij,j + Fi = 0, ð2Þ
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Figure 1: Three-dimensional mechanical model of Brazilian disc.
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Figure 2: Stress distribution of the Brazilian disc in the three directions.
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eijkepqr
∂2εjq
∂xk∂xr

= 0, ð3Þ

σij = λδijεkk + 2μεij, ð4Þ
where ε is the strain; u is the displacement; ui,j is the

derivative of i with respect to j; σ is the stress; Fi is the phys-
ical component along i-axis; eij,k is the permutation symbol;
δij is the Kronecker function; μ and λ are Ramon constants.

To simplify the above equations and obtain the exact
solution of the basic elastic equation, the stress and stress
variables in the system are eliminated [24]. Homogeneous
isotropic elastic equation is reformed based on the displace-
ment component, which can be expressed as follows:

λ + μð Þ∇ ∇:μð Þ + μ∇2μ + F = 0: ð5Þ

According to the spatial stress theory [25], Eq. (5) can be
modified as follows:
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where r and θ are the coordinates of the disc surface; r0 is
the radius of the disc; P is the vertical loading force; L is the
thickness of the disc; α is the loading radian.

The above equations are the two-dimensional stress state
of the disc surface. To obtain the spatial stress distribution,
the series expansion and numerical integration of z-axis
stress are employed to get the following equations:
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where z is the coordinate of the spatial position; βn = n
π/4 L.

The spatial stress distribution of the Brazilian disc
(L/D = 0:5 and μ = 0:25) calculated by the above equations
is illustrated in Figure 3, which reveals that evolution law
of spatial stress distribution is similar to that of numerical
simulation. Thus, it can be concluded that the stress distri-
bution has spatial effect, and that it is also influenced by
the loading radian.

3. Effect of Height-Diameter Ratio on the
Spatial Stress Distribution

Due to the spatial effect of tensile stress in the Brazilian split-
ting test, the effect of height-diameter ratio cannot be
ignored. In this section, ANSYS is firstly adopted to establish
the three-dimensional Brazilian disc model with the loading
radian of 20°, and then it is imported into FALC3D for
numerical simulation analysis. The height-diameter ratios
are set as 0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0, and 2.25,
respectively. The origin of the coordinate is located at the
center of the disc.

Figure 4 illustrates the tensile stress distribution on the
central axis of the disc specimen through numerical simula-
tion, while Figure 5 shows the evolution law of the maxi-
mum and the minimum tensile stresses on the central axis
of the specimen with different height-diameter ratios by the-
oretical calculation.

As shown in Figure 4, the tensile stress distribution on
the central axis is closely related to the height-diameter ratio.
When the height-diameter ratio is less than 1.0, the tensile
stress on the specimen end increases with the increase of
height-diameter ratio, while the tensile stress at the center
shows an opposite trend. When the height-diameter ratio
exceeds 1.0, the increasing trend of tensile stress on the
end face and middle section slows down, and the position
of minimum tensile stress on the central axis experiences
offset to the end face. The effect of height-diameter ratio
on the tensile stress distribution on the central axis can be
summarized as follows. When the height-diameter ratio
increases from 0, the tensile stress of central axis is a curve
with low midpoint and high ends, where the maximum
stress increases while the minimum decreases. However,
when the height-diameter ratio increases to 1.0, the variation
rate of spatial effect reaches the maximum. As the height-
diameter ratio continues increasing, the varied range of the
maximum and the minimum tensile stresses decreases, at
which time the position of the minimum value changes
and approaches to the end face while the stress near the mid-
point experiences an increasing tendency.

When the height-diameter ratio is small, the Brazilian
disc approximates the plane stress state in two-dimensional
analytical calculation. On the contrary, when the height-
diameter is large, the midsection of the specimen is close
to the plane strain state. However, when approaching to
the two end faces, it is a curve, as shown in Figure 5. Besides,
the maximum and minimum tensile stresses on the central
axis are also related to Poisson ratio [26, 27]. The influence
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of Poisson ratio on the spatial effect of tensile stress is not so
significant as that of height-diameter ratio since the Poisson
ratio of most rocks is 0.15-0.35 and floats around 0.25.
Therefore, the influence of Poisson can be ignored in most
cases.

4. Effect of Clamp Radian on the Spatial
Stress Distribution

To ensure the crack initiation at the center of the disc, load-
ing radian needs to satisfy α ≥ 10°. However, when the load-
ing radian is too large, the stress at the center not only
depends on the resultant force at the loading end. The failure
mode of the disc transforms from simple splitting to com-
plex fracture way. Thus, the selection of loading radian is
also the research priority [28–31]. The recommended values
in current studies are 10-30° despite the material properties
and boundary conditions are slightly different. In this sec-

tion, the three-dimensional Brazilian disc model is estab-
lished with the loading radians of 10°, 14°, 18°, 22°, 26°,
and 30°, respectively, by ANSYS, which is then imported
into FALC3D for numerical simulation analysis. The height
and diameter are set to be 50mm and 20mm, respectively.

The stress distribution is very complex for the three-
dimensional models. To clearly show the stress variation,
the central circular section (z = 0) and the specimen surface
(z = ±12:5mm) are selected for analysis. First, the disc spec-
imens with loading radians of 10°, 14°, and 18° are analyzed.
For the central circular section (z = 0), the equivalent
stresses on the compression plane (x = 0mm) and vertical
plane (x = ±5mm) are compared, as shown in Figure 6.
The equivalent stress on the compression plane gently varies
in the middle part, but the trend of the stress variation
changes at the position 3mm away from the platform with
the small variation amplitude and the low equivalent stress.
The maximum value exists in the central position. On the
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Figure 3: Numerical simulation of three-direction stress distribution of Brazilian disc specimen.
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other hand, the equivalent stress on the vertical plane also
varies slightly in the middle region although the stress level
is smaller than that of the compression plane. The stress
curve mutates at the position 5mm away from the specimen
edge, where the equivalent stress sharply increases, and the
maximum equivalent stress appears at the specimen edge.
The results above reveal the fact that the most likely crack
initiation point is the specimen edge, and the second possi-
ble position is the center of the compression plane.

For the specimen surface (z = ±12:5mm), the equivalent
stresses on the compression plane (x = 0mm) and on the
vertical plane (x = ±5mm) are compared, as shown in
Figure 7. The stress distribution shows M-shape on the com-
pression plane with the maximum equivalent stress located

about 10mm near the edge. In contrast, the equivalent stress
on the vertical plane in the middle part distributes uniformly
and the stress level is low. As near the specimen edge, the
stress sharply increases and induces a high stress concentra-
tion area, higher than that of other positions. The equivalent
stress here is the maximum in the disc. Additionally, the
equivalent stress on the specimen surface is larger than that
on the corresponding position of the central circular section.

Similarly, for the disc specimens with the loading radians
of 22°, 26°, and 30°, the equivalent stresses on the compres-
sion plane (x = 0mm) are shown in Figure 8. The equivalent
stress is the largest at the central position and uniformly
decreases from the central to the edge. At the position
9mm away from the edge, the variation rate experiences
great change indicating that the direction of the main stress
may vary. On the vertical plane (x = ±6:47mm), the equiva-
lent stress in the middle region decreases from midpoint to
the two sides, and the value is less than that of the corre-
sponding position on the compression plane. The stress cure
mutates 13mm away from the platform, which is followed
by a rapid increase. The maximum equivalent stress appears
on the disc edge. Although the maximum equivalent stress is
located in the specimen center, the equivalent stress on the
edge is almost equal to it, which means the disc edge is also
likely to crack.

For the specimen surface (z = ±12:5mm), the equivalent
stress distributions are illustrated in Figure 9. Different from
the cases where the loading radians are 10°, 14°, or 18°, the
stress distribution on the compression plane is not M-shape,
but convex-shape. The equivalent stress decreases gradually
from the center to the two sides. Its value is larger than that
of the corresponding position in the central circular section.
On the vertical plane (x = ±6:47mm), the equivalent stress is
not high in the middle, but increases sharply near the spec-
imen edge. Thus, high-stress concentration area forms. Such
a phenomenon reveals that the crack may also start from the
disc edge.
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5. Influence of Spatial Stress Effect on the
Disc Failure

Since the ratio of compressive strength to tensile strength of
rock material is much larger than 3, it is considered that the
failure of the disc specimen is caused by the tensile stress in
the specimen center. The tensile strength can be calculated
as follows:

σt′= k
2P

πDH
= 0:637 P

DH
, ð10Þ

According to the spatial stress analysis, it is concluded
that the distribution of tensile stress on the central axis is
closely related to the height-diameter ratio. When the
height-diameter ratio is less than 1.0, the tensile stress on
the disc edge increases with the increase of height-
diameter ratio. The maximum value exceeds 1.25 times of
that calculated by Eq. (10). On contrast, the tensile stress
on the specimen center decreases as increasing the height-
diameter ratio. When the height-diameter ratio is 1.0, the
tensile stress is only 0.9 times of the calculated value. When
the height-diameter ratio exceeds 1.0, the tensile stress on
the edge no longer increases but remains at about 1.2 times.
However, the tensile stress on the center shows a rising
trend with the minimum tensile stress on the central axis
offset to the end face. The minimum tensile stress is still
about 0.9 times.

When the height-diameter ratio is small, the Brazilian
disc approximates the plane stress state indicating that the
tensile stress on the central axis is close to the calculation
results of Eq. (10). When the height-diameter ratio is rela-
tively large, the tensile stress on the middle section of the
specimen is also close to that of the plane, which is basically
consistent with the calculation results. However, the stress
is a curve near the two face ends, as shown in Figure 10.
The above spatial stress analysis reveals that when the
height-diameter ratio is 0.5-1.0, the maximum error is over
20% compared with the two-dimensional analytical value.
In other words, the calculated strength obtained by Eq.
(10) is small, and minimum is only 0.8 times of the actual
strength.

Therefore, the spatial effect of three-dimensional disc
specimens cannot be ignored. As a comparison, Figure 11
illustrates the curves of central point stress σx and loading
point stress σy of the two-dimensional Brazilian disc
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specimens. In the two-dimensional state, the maximum
loading stress is obviously larger than that under three-
dimensional condition. Another interesting phenomenon is
that the maximum tensile stress and the compressive stress
nearly simultaneously appear on the two-dimensional disc,
that is, the generation and propagation of macroscopic
cracks instantly complete. Besides, the macroscopic failure
of the three-dimensional specimen is progressive. The spa-
tial distribution of the tensile stress further extends the crack
propagation process, leading to the lag of the peak compres-
sive stress. Consequently, the tensile strength calculated with
the maximum load is larger than that of the actual splitting
state of the Brazilian specimen.

Although the tensile strength is overestimated due to the
lag of the peak compressive stress, the maximum loading
stress of the three-dimensional disc is still smaller than that
of the two-dimensional disc, as shown in Figure 12. When
the height-diameter ratio is larger than 0.5, the maximum
vertical stress remains steady. For the commonly used
height-diameter ratio of 0.5-1.0, the tensile strength of the
three-dimensional disc calculated with the maximum load-
ing is 0.82 times of the value calculated by Eq. (10).

6. Discussions

The Brazilian disc is in a three-dimensional state in the
actual test. There is no pure tensile stress when subjected
to radial loading because of the complicated stress distribu-
tion. The elements in the middle of the specimen are under
the three-dimensional stress state, but those near the two
ends are under the two-dimensional stress state. Thus, stress
concentration inevitably appears near the ends under elastic
equilibrium condition. Fortunately, the concentration only
reaches a certain degree, which means that the spatial effect
has the upper limit.

The commonly used height-diameter ratio is 0.5. The σ’
t

indicates the modified Brazilian disc tensile strength. The
variation of Poisson ratio is small. Thus, a correction factor
k considering the spatial effect can be introduced to modify
the test results. According to the above analysis, k can be
taken within the range of 1.15-1.25 (Note: when the Poisson
ratio is small, the small value is chosen; when the Poisson
ratio is large, the large value is chosen.). Equation (10) can
be rewritten as follows:

σt′= k
2P

πDH
: ð11Þ

As an indirect method to measure the tensile strength,
the accuracy of Brazilian splitting test is also affected by
other factors. From the point of stress state analysis, the exis-
tence of compressive stress leads to easier tensile failure. The
Brazilian splitting strength is lower than the uniaxial tensile
strength. From the point of heterogeneity, the failure always
occurs in the desired location and not necessarily in the
weakest part. This phenomenon will cause a large test result.

Additionally, different loading methods also lead to dif-
ferent load distributions, which means the loading mode is
another essential factor on the results of Brazilian splitting
test. Plate loading belongs to linear load. This loading
method can easily induce stress concentration of the loading
end. The disc specimen ends will first fail due to compres-
sion. This result violates the basic hypothesis of two-
dimensional elastic mechanics theory. The specimen failure
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Figure 10: The distribution of the tensile stress on the central axis
when the height-diameter ratio L/D is large enough.
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is not caused by the tensile stress in the disc center. There are
some differences between the test value and real value. The
tensile strength obtained by the arc indenter loading is larger
than or equal to the direct tensile strength [32], while the
tensile strength measured by the rigid plate loading is less
than the direct tensile strength [33].

Arc indenter loading is widely used. Such a loading
method can improve the stress concentration of the load-
ing end, avoiding the compression failure of the specimen
end. The effectiveness of the Brazilian splitting test is
therefore guaranteed. Although the tension-compression
ratio measured by the plate loading is in the reasonable
range. The specimen failure due to end pressure always
appear [34]. Therefore, the uniform loading can be
ensured using arch indenter loading, improving the stress
concentration.

7. Conclusions

This paper first gives an analytical solution of the three-
dimensional stress of disc specimen, and then the effects of
height-diameter ratio and clamp radian on the spatial stress
distribution and failure process are analyzed and studied
combined with numerical modelling. The main conclusions
are as follows:

(1) The stress distribution law on the cross-section per-
pendicular to the central axis is similar to the results
of the two-dimensional analytical method. However,
the tensile stress on the central axis is not constant
and an obvious spatial effect exists, that is, the tensile
stress is high in the ends but low in the middle

(2) When the height-diameter ratio is less than 1.0, the
maximum tensile stress on the two ends of the disc
specimen increases with increasing the height-
diameter ratio, while decreases in the middle part.
When the height-diameter ratio is larger than 1.0,
the maximum and minimum tensile stresses keep
steady, indicating that the influence of spatial effect
reaches the upper limit. The maximum increasing
range is nearly 20%. Thus, when the commonly-
used height-diameter ratio of 0.5 is used in the Bra-
zilian splitting test, a correction factor k = 1:15 −
1:25 is suggested

(3) The increase of arc loading angle can significantly
improve the stress concentration of the loading point
and reduce the possibility of compression failure.
However, the tensile stress and the tensile zone will
gradually decrease, which is unfavorably guaranteed
for the crack initiation in the center of the Brazilian
disc. The optimal arc loading angle is 20-30°
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