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The estimation of reserves and performance prediction are two vital tasks for the development of gas reservoirs where the
evaluation of gas in place or well-controlled reserves, as the foundation of the performance analysis of gas wells, turns to be
exceedingly significant. Advanced production data analysis or modern rate transient analysis (RTA) methods mainly depend
on the iterative calculations of material balance quasitime (tca) and type curve fitting, the essence of which is to update the
average reservoir pressure data time and again. The traditional Arps’ decline models are of empirical nature despite the
convenience and applicability to the constant bottomhole pressure (BHP) condition. In order to avoid the implicit iteration,
this paper develops an explicit method for estimating the average reservoir pressure on the basis of dynamic material balance
equation (DMBE), termed “flow integral method,” which can be applied to various gas production systems under boundary-
dominated flow (BDF). Based on the flow integral method and the decline parameter evaluation, we employ the hyperbolic
decline model to model the gas well performance at a constant BHP. The analytical formulations of decline rate and decline
exponent are deduced from the DMBE and the static material balance equation (SMBE) considering the elastic
compressibilities of rock pore and bound water. The resulting decline parameter method for explicit estimation of gas reserves
boasts a solid and rigorous theory foundation that production rate, decline rate, and average reservoir pressure profiles have
reference to each other, and its implementation steps are explained in the paper. The SMBE can, combined with the estimated
pressure profile by the flow integral method, also be used to determine gas reserves which is not limited to the constant-BHP
condition and can calibrate the estimates of the decline parameter method. The proposed methods are proven effective and
reliable with several numerical cases at different BHPs and a field example.

1. Introduction

The production performance analysis of gas wells runs
through the gas reservoir development. The variations of
production rate, bottomhole pressure (BHP), cumulative
gas production, and average reservoir pressure with time
are the basic data for reservoir engineers to implement the
analysis and prediction of gas well performance, among
which measurements of average reservoir pressure, nonethe-
less, are far from easy. Therefore, the static material balance
relationship (g vs. pave) is generally used to correlate the
average reservoir pressure pave with the cumulative gas

production Gp by the use of reserves G. The determination
of average reservoir pressure, from a certain perspective, is
equivalent to the determination of gas reserves. The ways
of estimating gas in place or gas reserves [1–3] mainly
include analogy, volumetric method, material balance analy-
sis, pressure transient analysis (PTA), rate transient analysis
(RTA), history matching, and numerical simulation. The
volumetric method [4–6] is often used in geological model-
ing of gas reservoirs or gas fields, and the estimated reserves
by static data have relatively low accuracy. The traditional
material balance method [7–9] is widely used, but it requires
a certain number of measurement points of formation
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pressure. Nowadays, PTA and RTA have found their exten-
sive applications in determining the well-controlled reserves.
Well testing must be carried out to obtain the accurate pres-
sure data requisite for PTA [10–12] at the expense of pro-
duction. The daily production data necessary for RTA
[13–15], however, are convenient to glean and are analyzed
by rigorous theoretical models for which these cost-
effective methods have developed rapidly in recent years.

The research on RTA can be traced back to the statistical
law of rate data of oil and gas wells presented by Arps [16]
who empirically summarized the rate-time relationship into
three decline types, namely, exponential, hyperbolic, and
harmonic. The conventional hyperbolic decline model
(HDM) as a classical tool to analyze the production data of
constant-BHP cases is easy to apply, but its theoretical foun-
dation is not fully reckoned with.

Rate decline analysis came into widespread use during
the early 1980s when Fetkovich [17, 18] proved that dimen-
sionless rate qdD against time tdD for decline curve analysis
during late BDF is subject to the exponential decline law
under the constant-BHP condition. Fetkovich’s type curves,
composed of the dimensionless curves generated by the ana-
lytical solution in the transient flow period and Arps’ empir-
ical curves in the BDF stage, have created a new direction of
modern decline curve analysis where the analytical solution
to unsteady flow model and the log-log plot as used in well
test analysis are presented. Fetkovich’s approach removes
the empiricism of Arps’ models, but its application is still
confined to the slightly compressible fluid because it reckons
without the change in gas properties.

Following Fetkovich’s investigation, Carter [19, 20]
explained the variations of gas viscosity μ and compress-
ibility Cg with pressure by introducing the product ratio
λ ½λ = μiCgi/ðμCgÞ� and proposed a new set of type curves
for gas reservoir analysis. The approximate drawdown
parameter takes into account the effect of initial pressure
drawdown on the product of gas viscosity and compress-
ibility which enables Carter’s approach to be applied to
constant-BHP gas flow systems.

In order to address the influence of the changes in pro-
duction scenarios on data analysis, Blasingame et al. [21]
introduced an idea to analyze the production data for vari-
able rate/variable pressure drop systems by using the time
function of constant pressure analog which can be obtained
by the constant rate analog (or material balance pseudotime
tca) for variable-rate flow under BDF conditions. This
approach, for gas well analysis, entails the iterative calcula-
tions of tca to determine the parameters mbdf and b as shown
in Equation (4). After that, Palacio and Blasingame [22]
demonstrated that the relation of dimensionless rate qdD
vs. dimensionless time tdD for the decline curve analysis dur-
ing BDF coincides with Arps’ harmonic decline model based
on the material balance time (or pseudotime) function, and
then, a new kind of type curves was developed. The innova-
tion of Blasingame’s approach is that it not only considers
the changes in fluid properties but also fully explains the var-
iations of production schedules as long as the boundary
effect can dominate the fluid flow. In addition, other

advanced production decline analysis methods such as the
normalized pressure integral method (NPI) [23], Agarwal
and Gardner’s type curves [24, 25] are also applied to the
production data analysis of gas wells. The differences
between these approaches and Blasingame’s type curves
(the most representative RTA method) mainly lie in the plot
functions; hence, they, in essence, are all consistent with the
BDF solutions [26, 27] whether to place emphasis on pres-
sure analysis or rate analysis.

The type curve analysis approaches need an iterative
procedure for the determination of gas reserves or material
balance pseudotime before curve fitting and parameter inter-
pretation. In addition to type curve analysis, some
researchers also proposed other RTA methods to conduct
reserve estimation and performance prediction without
curve fitting. Blasingame and Lee [27], for instance, pre-
sented an iterative method for the determination of gas in
place, termed variable-rate reservoir limit testing (VRRLT)
of gas wells, where SMBE and iterations of average reservoir
pressure are combined to estimate reserves of the volumetric
gas reservoir. Zhang et al. [28] developed the VRRLT for
abnormally pressured gas reservoirs by considering the com-
pressibilities of rock pore and bound water in the mathemat-
ical model of gas flow and SMBE and proposed the selection
strategy of initial iteration value.

Mattar and McNeil [29, 30] put forward the “flowing”
material balance procedure only applicable to constant-rate
cases. This approach, however, may not apply to gas reser-
voirs because the variation of gas property parameters (such
as viscosity, deviation factor, and compressibility) with pres-
sure is not considered and its theoretical basis is not rigor-
ously demonstrated, too.

Mattar et al. [31, 32] developed the dynamic material
balance (DMB) procedure, an extension of the flowing mate-
rial balance, to cope with the rate fluctuations of the gas well.
This approach is derived from the “stabilized flow” solution
of the gas flow model and the material balance equation of
the volumetric gas reservoir. Mattar’s dynamic material bal-
ance procedure boasts a much stricter fundamental basis
than the previous flowing material balance by the use of
pseudovariables to tackle the changes in production rate
and gas properties. The dynamic material balance equation
(DMBE), afterwards, was strictly deduced by Zhang et al.
[33] who extended the DMB to abnormally pressured gas
reservoirs by incorporating the compressibility effects of
irreducible water and rock into SMBE and the gas flow
model. Similarly, SMBE, DMBE, and iterations of material
balance pseudotime or average reservoir pressure can be
combined to estimate gas reserves where the selection strat-
egy of the initial value can refer to Zhang et al. [28].

The VRRLT and DMB function well without type curve
fitting, but they still entail the iterations of material balance
pseudotime or average reservoir pressure for determination
of reserves in an implicit fashion. In order to avoid the iter-
ative procedure, some researchers began to attempt more
direct and explicit approaches for reserve estimation with
the unremitting application. Ye and Ayala [34] proposed a
method to linearize the gas diffusion equation by using den-
sity function (ρ) and pseudotime factor (i.e., depletion-
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driven time rescaling factor β). The density function, in
reality, ignores the viscosity term in pseudopressure, while
the treatment of pseudotime factor is consistent with the
traditional definition of pseudotime. They evade the itera-
tion of gas reserves for the first time and use the coinci-
dence of liquid solution and numerical simulation results
(or gas well data) in the early stage when changes in gas
properties are not obvious to select the dimensionless res-
ervoir radius in liquid-type curves, and then, the differ-
ences during BDF are employed to determine the λ and
β profiles. An approximate relation of λ to ρ is developed
to construct the material balance plot, namely, λ1/B vs. Gp,
for estimation of reserves where the slope of log-log plot
of μ · Cg vs. ρ is approximately reckoned a constant −B.
This approach is targeted at the rate-time analysis of the
gas well in the volumetric gas reservoir under a
constant-BHP specification.

Stumpf and Ayala [35] also presented an explicit method
for determining gas in place under constant-BHP conditions
by the use of q1−n vs. Gp

∗ straight line based on the hyper-
bolic window (hyperbolic decline period) identification.
They stated that the hyperbolic window only exists in the
early period of BDF when the decline exponent n can be
considered as a constant determined by the initial pseudo-
pressure drawdown ratio rmi and the integral mean value
of α with respect to pseudopressure mðpÞ so the rate data
conform to the hyperbolic decline law. The hyperbolic win-
dow can be determined by adjusting the rate and time mul-
tipliers via the hyperbolic type curve fitting. This approach,
however, seems little easy in terms of the whole analysis pro-
cess and inapplicable to geopressured gas reservoirs where
the elastic influences of irreducible water and rock are not
negligible.

Alom et al. [36] proposed a type curve fitting method to
analyze production data during BDF by using the modified
pseudotime function defined by the cumulative gas produc-
tion Gp. This approach, similar to Blasingame’s type curves

in principle, uses polynomials to match the relation of μi
Cgi/ðμCgÞ to Gp, but in fact, the relationship between μiCgi/
ðμCgÞ and time t is hard to determine because the profile

of average reservoir pressure pave and the relation of Gp vs.

pave are unknown.
Zhang et al. [37] developed the material balance-

quasipressure approximation condition method for deter-
mining gas reserves which combines the material balance
condition derived from the material-balance principle with
the quasipressure approximation condition obtained by
solving the mathematical model of gas flow through porous
media. This approach also circumvents the determination of
material balance pseudotime and works well for both gas
reservoirs with abnormal pressure and those with normal
pressure under BDF conditions.

Recently, Wang and Ayala [38] extended the hyperbolic
decline model under constant-BHP conditions presented by
Stumpf and Ayala [35] to the special variable-BHP condition
and deduced the decline exponent n for the volumetric gas
reservoir. Following the analysis steps of Stumpf and Ayala,

they also employed the type-curve fitting and q1−n~Gp
∗

straight-line relation to implement estimation of reserves.
It is worth noting that the ratio of pseudopressure at BHP
to that at average reservoir pressure is postulated constant.
Under this condition, the hyperbolic decline model can be
applied to all data during BDF rather than only the early
BDF. These approaches, however, reckoned without the
elastic effects of irreducible water and rock. Furthermore,
the decline exponent in the hyperbolic decline model
(Stumpf and Ayala; Wang and Ayala) is evaluated in terms
of variable α on average, that is, n is deemed the integral
mean of α with respect to pseudopressure mðpÞ from BHP
to initial pressure, but in reality, α is a function of average
reservoir pressure (larger than BHP).

Jongkittinarukorn et al. [39] presented a correlation
between production rate, decline rate, and decline exponent
that relates q vs. Dn · ½dðln λÞ/dpD�−1 curve to reserve estima-
tion, based on the viscosity-compressibility ratio λ defined by
Carter [20] and the stabilized gas flow equation proposed by
Ansah et al. [40, 41], where pD, a dimensionless pressure, is
defined as ðp/ZÞ/ðpi/ZiÞ; D denotes decline rate and n is
decline exponent. They considered the changes in decline
exponent for the volumetric gas reservoir at constant-BHP
conditions. The synthetic data for validation, nevertheless, is
generated by Ansah et al.’s model which is the rationale of
Jongkittinarukorn’s approach in the first place.

To sum up, the current rate transient analysis methods
can be roughly divided into five categories: (1) traditional
Arps’ decline curve analysis; (2) Fetkovich’s and Carter’s
type curves for constant-BHP production data analysis; (3)
modern decline curve analysis represented by Blasingame’s
type curves capable of analyzing the production system
under variable-rate/variable-BHP conditions; (4) the
variable-rate reservoir limits testing [27, 28] and dynamic
material balance method [31–33] based on the iterations of
material balance pseudotime tca without the curve fitting;
(5) some explicit methods [34, 35] to avoid pseudotime
calculations. The first method is simple to use, but the the-
oretical basis is not rigorous. The second is limited to
constant-BHP conditions, and curve fitting is complicated.
The third and fourth methods are effective in dealing with
the BDF data under various production conditions such as
constant rate, constant pressure, and even variable rate/
variable pressure, but the repeated iterations on average
reservoir pressure or pseudotime are indispensable. The
fifth category of methods can accomplish reserve estima-
tion in an iteration-free way which has gradually become
a research hotspot in the field of gas reservoir performance
analysis; however, their applicability to complicated pro-
duction schedules and abnormally pressured reservoirs
remains to be investigated.

Therefore, taking into consideration the compressibility
effects of rock and irreducible water, this article is aimed at
exploring the explicit methodologies for determining the
average reservoir pressure and reserves of a gas reservoir,
presenting the theoretical proof of the applicability of the
traditional hyperbolic decline model to the gas well with a
constant-BHP specification, and eliminating the empiricism
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of HDM and the defect that it fails to estimate gas in place.
These methodologies can evade the iteration calculations of
tca or pave and lay the foundation for the performance anal-
ysis of gas wells.

The overall layout of this paper is as follows. Firstly, the
variable-flowrate solutions (or correlations between rate and
pressure during BDF) are introduced. Secondly, the static
material balance equation is introduced to deduce the ana-
lytic expressions of decline rate and decline exponent; then,
we explain the rationales behind the traditional hyperbolic
model to characterize the production decline data of
constant-BHP gas well and the fundamentals of the decline
parameter method available for reserve estimation. Thirdly,
the flow integral method is presented for estimating the
average reservoir pressure by a reference point during BDF
based on the flow integral equation derived from the DMBE,
and the implementation steps of the decline parameter
method are described. Then, several case investigations from
both simulated and realistic data are presented to demon-
strate and validate the proposed methodologies. Finally, the
innovations of the article are outlined and the conclusions
are drawn.

2. Model Development

2.1. Correlations of Rate vs. Pressure during BDF. To linear-
ize the diffusivity equation of gas flow, it is usually necessary
to introduce pseudovariables such as

pp = pi +
μiZi
pi

ðp
pi

ξ

μ ξð ÞZ ξð Þ dξ, ð1Þ

ta = μiCti

ðt
0

1
μCt

dt, ð2Þ

Ct = eCϕ p−pið Þ Cϕ + 1 − Swcð ÞCg + SwcCw
� �

, ð3Þ

where pp (Pa) denotes pseudopressure, pi (Pa) is initial
reservoir pressure, μ (Pa·s) represents natural gas viscosity,
μi (Pa·s) denotes gas viscosity at pi, Z is gas deviation factor
or compressibility factor, Zi denotes gas compressibility
factor at pi, t (s) is time, ta (s) denotes pseudotime, Ct (Pa

-1)
represents system compressibility, Cti (Pa

-1) represents system
compressibility at pi, Swc represents irreducible water satura-
tion, Cg (Pa

-1) denotes gas compressibility, Cϕ (Pa-1) is rock
compressibility, and Cw (Pa-1) is water compressibility. All
the symbols in this paper are explained in international stan-
dard units (SI) for convenience.

By solving the mathematical model of gas flow with var-
iable rates for a gas well in the center of a closed reservoir,
one obtains the solution of boundary-dominated flow
(BDF) represented by

ppi − ppwf
q

=
Δpp
� �

i−wf
q

=mbdf ⋅ tca + b, ð4Þ

mbdf =
2παt
αp

⋅
Bgi

AhϕiCti
= 1
G

⋅
2παt
αp

⋅
1 − Swci
Cti

, ð5Þ

b =
μiBgi
αpKh

4reD4 ln reD − 3reD4 + 4reD2 − 1
4 reD2 − 1ð Þ2

+ 〠
m

i=1

qi − qi−1
qm

(

� 〠
∞

n=1

2
λn

2 ⋅ f ta, λnð Þ
" #)

,

ð6Þ

f ta, λnð Þ = e−λn
2· αtK/ϕiμiCtirw

2ð Þ ta−ta, i−1ð Þ J12 reDλnð Þ
J1

2 reDλnð Þ − J1
2 λnð Þ , ð7Þ

tca =
μiCti
q tð Þ

ðt
0

q tð Þ
μ paveð ÞCt paveð Þ dt, ð8Þ

where ppi or ppðpiÞ (Pa) denotes the pseudopressure at pi,
ppwf (Pa) denotes the pseudopressure at bottomhole pressure
(BHP) pwf , and q (m3/s) is the surface production rate of the
gas well; tca (s) represents material balance pseudotime, mbdf
(Pa/m3) denotes the slope of the ðΔppÞi−wf /q vs. tca straight
line, and b (Pa·s/m3) is its intercept which is generally reck-
oned a constant during BDF; G (m3) is gas in place or gas
reserves; αp = 2π and αt = 1 when the international system
of units is used.

The relation of pseudopressure at the average reservoir
pressure to pseudopressure at BHP under boundary-
dominated flow is subject to the dynamic material balance
equation [33] given by

ppave = ppwf + q ⋅ b, ð9Þ

where pave (Pa) is the average reservoir pressure, and ppave
(Pa) denotes the pseudopressure at pave.

According to the definition of pseudopressure, Equation
(1), we can rewrite Equation (9) as

q =
ppave − ppwf

b
= 1
b
⋅
μiZi
pi

ðpave
pi

ξ

μ ξð ÞZ ξð Þ dξ −
ðpwf
pi

ξ

μ ξð ÞZ ξð Þ dξ
 !

:

ð10Þ

Equation (10) has the same variable “b” as Equation (4).

2.2. Conventional Decline Parameters

2.2.1. Decline Rate. Taking the derivative of Equation (10)
with respect to time, we have

dq
dt

= 1
b
⋅
μiZi
pi

pave
μ paveð ÞZ paveð Þ ⋅

dpave
dt

−
pwf

μ pwfð ÞZ pwfð Þ ⋅
dpwf
dt

� �
:

ð11Þ

When a gas well operates at a constant BHP, dpwf /dt is
equal to 0; then, Equation (11) is transformed into
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dq
dt

= 1
b
⋅
μiZi
pi

⋅
pave

μ paveð ÞZ paveð Þ ⋅
dpave
dt

: ð12Þ

Taking into account the compressibilities of rock pore
and bound water, the static material balance equation
(SMBE) of gas reservoirs captures the intrinsic relationship
between average formation pressure and cumulative gas pro-
duction, which is given by

g paveð Þ = pi
Zi

1 −
Gp

G

� 	
, ð13Þ

g pð Þ = p
Z pð Þ ⋅

eCϕ p−pið Þ − Swcie
−Cw p−pið Þ

1 − Swci
, ð14Þ

where gðpÞ denotes the unified pressure function in the
SMBE, Pa; Gp is the cumulative gas production, m3; and
Swci represents the irreducible water saturation at pi.

Differentiating Equation (13) with respect to t gives

dg paveð Þ
dt

= −
pi
ZiG

dGp
dt

= −
pi
ZiG

⋅ q: ð15Þ

Differentiating Equation (14) with respect to p yields

dg pð Þ
dp

= C pð Þ
1 − Swci

⋅
p

Z pð Þ , ð16Þ

C pð Þ = eCϕ p−pið Þ Cg pð Þ + Cϕ

� �
+ Swcie

−Cw p−pið Þ Cw − Cg pð Þ� �
,
ð17Þ

where CðpÞ denotes the compressibility function dependent
on Cw, Cϕ, and Cg. Though CðpÞ defined in Equation (17)
is different from CtðpÞ defined in Equation (3) in form, they
are identical in essence and both can be transformed into
ð1 − SwcÞ · Cg when Cw and Cϕ approximate to 0.

According to the chain rule, the derivative of the average
reservoir pressure pave with respect to time t can be
expressed as

dpave
dt

= dpave
dg paveð Þ ⋅

dg paveð Þ
dt

= dg pð Þ
dp






p=pave

" #−1
⋅
dg paveð Þ

dt
:

ð18Þ

By substituting Equations (15) and (16) into Equation
(18), one obtains

dpave
dt

= 1 − Swci
C paveð Þ ⋅

Z paveð Þ
pave

� �
⋅ −

pi
ZiG

⋅ q
� 	

: ð19Þ

The decline rate D is defined as

D = −
1
q
dq
dt

: ð20Þ

Substituting Equations (12) and (19) into Equation (20)
gives

D = μi 1 − Swcið Þ
b ⋅G

⋅
1

μ paveð ÞC paveð Þ : ð21Þ

Equation (21) shows that the decline rate D dependent
upon μC is a function of pave and decreases with time
because 1/μC continues to fall with the falling formation
pressure.

2.2.2. Decline Exponent. The decline exponent n is defined as

n = d D−1� �
dt

: ð22Þ

Substituting Equation (21) into Equation (22) yields

n = bG
μi 1 − Swcið Þ ⋅

d μ paveð ÞC paveð Þ½ �
dpave

⋅
dpave
dt

: ð23Þ

By putting Equation (19) into Equation (23), we obtain

n = −
pi
μiZi

⋅ qb ⋅
d μ paveð ÞC paveð Þ½ �

dpp paveð Þ
dpp paveð Þ
dpave

⋅
1

C paveð Þ ⋅
Z paveð Þ
pave

� �
:

ð24Þ

From Equation (1), it follows

d pp paveð Þ
h i
dpave

= μiZi
pi

⋅
pave

μ paveð ÞZ paveð Þ : ð25Þ

Substituting Equations (9) and (25) into Equation (24)
gives

n = −
d μ paveð ÞC paveð Þ½ �

dpp paveð Þ ⋅
ppave − ppwf

μ paveð ÞC paveð Þ
� �

= d ln μ ⋅ Cð Þ−1� �
d ln pp
� � ⋅

pp − ppwf
pp

2
4

3
5







p=pave

:

ð26Þ

The decline exponent n in Equation (26) is similar to the
formulations given by Chen and Teufel [42, 43] and the
difference lies in the new compressibility function CðpÞ in
the paper. Equation (26) can be further reduced to

n = s paveð Þ ⋅ γ paveð Þ, ð27Þ

s pð Þ = d

d ln pp
� � ln 1

μ ⋅ C

� 	
, ð28Þ

γ pð Þ =
pp − ppwf

pp
, ð29Þ

where sðpÞ denotes the derivative of the logarithm of 1/ðμ · CÞ

5Geofluids



with respect to the logarithm of pp, and γðpÞ represents the
instantaneous pseudopressure level.

It is found that the decline exponent is the product of s
ðpaveÞ and γðpaveÞ, all of which are dependent on pave which
decreases with time. With falling pave, γðpaveÞ falls; however,
sðpaveÞ tends to rise as a whole. Therefore, n changes slowly
with time during the depletion of formation energy and ulti-
mately approaches 0 when gas production is subject to the
exponential decline. An equivalent constant is employed to
replace the dynamic decline exponent given the slow change
in n, and the hyperbolic decline model is used to match the
production data of the gas well at a constant BHP in the
paper.

Note that b in Equation (9) is considered a constant in
the above derivation process and it indeed holds true for a
quite long time during BDF. In fact, the value of b, neverthe-
less, also varies slightly with time.

2.2.3. Estimation of Gas Reserves. The conventional hyper-
bolic decline model developed by Arps is delineated by three
parameters (qi, Di, and n), and the production rate and
decline rate are represented by

q = qi ⋅ 1 + nDi ⋅ tð Þ−1/n, ð30Þ

D tð Þ = Di
1 + nDi ⋅ t

, ð31Þ

where qi denotes the initial gas flowrate during BDF, m3/s;
Di is the initial decline rate, s

-1; and n represents the equiv-
alent decline exponent.

From Equation (21), it follows

Dj =
μi 1 − Swcið Þ

b ⋅G
⋅

1
μ pj
� �

C pj
� � : ð32Þ

According to Equation (10), it follows

qj =
pp pj
� �

− ppwf
b

, ð33Þ

Table 1: Reservoir and gas properties for numerical cases with normal pressure.

Property parameters Property values Property parameters Property values

Grid 300 × 120 × 1 h 12m

ϕi 0.18 rw 0.1m

Kr 9mD ρsc 0.750146 kg/m3

Kθ 9mD Mg 18 g/mol

Kz 0.9mD Zsc 0.997515

Swci 0.22 Zi 0.896867

dr 1.3m Cϕ 5:462 × 10−4 MPa−1

dθ 3° Cw 4:178 × 10−4 MPa−1

dz 12m μw 0.432089 cp

pi 25MPa μi 2:193343823 × 10−2 cp
T i 343.15K μsc 1:075008625 × 10−2 cp
Tsc 293.15K Cgi 3:152713092 × 10−2 MPa−1

psc 0.101325MPa Cti 2:522927812 × 10−2 MPa−1

Tpc 201.34K Bgi 4:265593097 × 10−3 m3/m3

ppc 4.60MPa Vpi 1 032 656m3

re 390m G 188 829 866m3
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Figure 1: Relation curves of p/ðμZÞ and μZ vs. pressure (p) for the
normal pressure cases.
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where pj is the average formation pressure at a certain time
t j, Pa; qj denotes the production rate at t j, m

3/s; and Dj is the
decline rate at t j, 1/s.

Based on Equations (32) and (33), qj/Dj can be written as

Dj

qj
= μi 1 − Swcið Þ

G
⋅

1
μ pj
� �

C pj
� � ⋅

1
pp pj
� �

− ppwf

: ð34Þ

From Equation (34), it follows

Gj =
qj
Dj

⋅
μi 1 − Swcið Þ
μ pj
� �

C pj
� � ⋅

1
pp pj
� �

− ppwf

, ð35Þ

where Gj denotes the calculated reserves from the production
data (rate, decline rate, and average reservoir pressure) at t j,
m3.

Equation (35) reveals that gas reserves can be estimated
according to the intrinsic relationship between production
rate, decline rate, and average reservoir pressure, but it needs
to know the relation of formation pressure to time. Measure-
ments of average reservoir pressure are expensive and time-
consuming so it is unrealistic to glean or record the whole
profile of pave. The lack of pave data prompts us to infer the
unknown data points from a limited number of measure-
ment points of average reservoir pressure. What follows in
the passage will introduce a method to determine the pave
profile merely based on a certain measurement point during
BDF.
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Figure 3: The relation curve of 1/ðμ · CÞ vs. p for the normal
pressure cases.

0

4

8

12

16

20

s(
p)

0 5 10 15 20 25 30
p (MPa)

Figure 4: The relation curve of sðpÞ vs. p for the normal pressure
cases.

0

5

10

15

20

25

30

35

0 5 10 15 20 25 30

(p
) (

M
Pa

)

p (MPa)

Figure 2: The relation curve of gðpÞ vs. p for the normal pressure
cases.

5

9

13

17

21

25

0 5 10 15 20 25

p p
 (M

Pa
)

p (MPa)

Figure 5: The relation curve of ppðpÞ vs. p for the normal pressure
cases.

7Geofluids



2.3. The Flow Integral Method for Determination of Average
Reservoir Pressure. From Equation (10), it follows

qj =
1
b
⋅
μiZi
pi

ðpj
pwf , j

ξ

μ ξð ÞZ ξð Þ dξ: ð36Þ

If the formation pressure at tk is known, then the pro-
duction rate at that time qk can be expressed as

qk =
1
b
⋅
μiZi
pi

ðpk
pwf,k

ξ

μ ξð ÞZ ξð Þ dξ: ð37Þ

Combining Equation (36) with Equation (37), we obtain

ðpj
pwf, j

ξ

μ ξð ÞZ ξð Þ dξ =
qj
qk

ðpk
pwf ,k

ξ

μ ξð ÞZ ξð Þ dξ, ð38Þ

where pk is the average reservoir pressure at t j, Pa; pwf,k
denotes the bottomhole pressure at t j, Pa.

Equation (38), termed “flow integral equation,” indi-
cates that the average reservoir pressure at t j (i.e., pj)
can be solved by the integral operation of p/μZ with
respect to p. To speed up the solution process, we utilize
the 6th-degree polynomial to approximate the nonlinear
function p/μZ, that is,

f int pð Þ = p
μ pð ÞZ pð Þ ≈ a6p

6 + a5p
5 + a4p

4 + a3p
3 + a2p

2 + a1p + a0:

ð39Þ
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Figure 6: The real production rate profile and the predicted profile
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for Case 1-1.

Table 2: Production schedules for the numerical cases with normal
pressure at constant BHPs.

t (d) Time step Δt (h) Δt (d) pwf (MPa)

1~2

1~12 1 0.041667

Constant:
Case 1-1: 20
Case 1-2: 15
Case 1-3: 10
Case 1-4: 05

13 3 0.125

14 9 0.375

15~16 12 0.5

3~300 17~314 24 1

301-1100 315~714 48 2

1101-2000 715~1014 72 3

2001~3000 1015~1264 96 4

3001~7000 1265~2064 120 5
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From Equation (39), it follows

Fint pð Þ =
ð

ξ

μ ξð ÞZ ξð Þ dξ ≈
a6
7 p7 + a5

6 p6 + a4
5 p5 + a3

4 p4

+ a2
3 p3 + a1

2 p2 + a0p + c,

ð40Þ

where FintðpÞ is the antiderivative of f intðpÞ with respect to
p, c is an arbitrary constant (for convenience, let c = 0 in
the paper), and ai (i = 0, 1, 2⋯ 6) denotes the coefficient
of the polynomial function used to approximate p/μZ.

Substituting Equation (40) into Equation (38), the rear-
ranged equation is represented by

Fint pj
� �

=
qj
qk

Fint pkð Þ − Fint pwf ,k
� �� �

+ Fint pwf ,j
� �

: ð41Þ

Equation (41) is applicable to all cases under BDF, not
limited to the constant-BHP condition. If the BHP remains
unchanged, then this equation collapses to

Fint pj
� �

=
qj
qk

Fint pkð Þ − Fint pwfð Þ½ � + Fint pwfð Þ: ð42Þ

22

23

24

25

26

27

28

0 1000 2000 3000 4000
Gp (104 m3)

(p
av

e) 
(M

Pa
) 

Figure 10: The static material balance relation of gðpaveÞ to Gp for
Case 1-1.
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The right-side terms of Equation (41) are known and its
left side is a 7th-degree polynomial; thus, pj can be easily
solved in the range of pwf ,j < pj < pi. The explicit method
for estimating the average reservoir pressure data, based on
the flow integral equation and one measure point during
BDF, is called the “flow integral method” in the paper.

2.4. The Decline Parameter Method for Determination of Gas
Reserves. The profile of average reservoir pressure can be
determined by the flow integral method so that the terms
related to pave in Equation (35) can also be determined.

The profiles of q, D, and pave can, therefore, be used to con-
duct the explicit estimation of gas reserves only based on
production data. The specific steps are as follows:

(1) Sort out the gas reservoir and fluid property param-
eters, and determine the multinomial coefficients a0
~ a6 in f intðpÞ

(2) Use the HDM to fit the rate-time data of gas well at a
constant BHP and determine three model parame-
ters (qi, Di, and n)

(3) Use Equation (31) to determine the decline rate D
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(4) Glean the available pave data and select a certain data
point at tk during BDF to calculate the values of
average reservoir pressure with time by the flow inte-
gral method

(5) Use qj, Dj, and pj to determine Gj based on Equation
(35). The average value of Gj is the estimated
reserves GHD given by

GHD = 1
N
〠
N

j=1
Gj, ð43Þ

where N denotes the number of data points.
The above iteration-free method, termed the “decline

parameter method,” can explicitly calculate gas reserves of
a constant-BHP system based on the hyperbolic decline
parameters and the flow integral equation. The static mate-
rial balance relationship can be also employed to estimate
gas in place after the profile of pave is obtained by the flow
integral method. The intercept of gðpaveÞ vs. Gp straight line
is pi/Zi, and its slope −m is related to gas reserves Gsmb
defined as

Gsmb =
pi
Zi

⋅
1
m
: ð44Þ

The value of Gsmb determined by the SMBE is compara-
ble to GHD estimated by the decline parameter method.

3. Model Validation

In this section, several synthetic cases with different BHPs
and a field case are used to illustrate the effectiveness and
applicability of the proposed methodologies above. Further-
more, the modified Stumpf method is also introduced for
comparison.

3.1. Synthetic Cases: Gas Reservoir with Normal Pressure. A
commercial numerical simulator generates the production
data of a gas well at constant BHPs centered in a circular res-
ervoir. The simulated gas reservoir has an original pressure
(pi) of 25MPa, a temperature (T i) of 70°C (or 343.15K),
and a reference depth of 2500m. The molar mass of natural
gas (Mg) is 18 g/mol, and the pseudocritical temperature and
pressure determined by Sutton’s correlations [44, 45] are
201.34K and 4.60MPa, respectively. Hall and Yarborough’s
approach [46] is used for calculations of Z-factor and gas
compressibility, and Londono et al.’s correlations [47, 48]
for gas viscosity. Other property parameters are shown in
Table 1.

Figure 1 illustrates the relationships of p/ðμ · ZÞ vs. p and
μ · Z vs. p for the simulated gas reservoir with normal pres-
sure, and their nonlinearities may result in large error when
real pressure or pressure-squared approach is adopted.
Equation (45), a 6th-degree polynomial as represented by
the dotted line in Figure 1, is used to approximate the rela-
tion of p/ðμ · ZÞ to p, and the polynomial boasts high preci-
sion within the range of 0.2 to 25MPa.

Table 3

(a) The analysis results of the decline parameter method for numerical cases with normal pressure

Normal pressure cases Case 1-1 Case 1-2 Case 1-3 Case 1-4

pwf (MPa) 20 15 10 5

qi (10
4m3/d) 1.165088 2.326642 3.486867 4.645448

Di (10
-4 d-1) 3.898168 4.040669 4.217685 4.402959

n 0.133561 0.254215 0.325809 0.331420

GHD (108m3) 1.907956937 1.906270758 1.897272945 1.915 021414

Error1 (%) 1.041 0.952 0.475 1.415

m (10-3MPa/104m3) 1.480821926 1.490280824 1.499442534 1.492784717

Gsmb (10
8m3) 1.882387122 1.870439503 1.859010973 1.867302158

Error2 (%) -0.313 -0.946 -1.551 -1.112

(b) The analysis results of the modified Stumpf method for numerical cases with normal pressure

Normal pressure cases Case 1-1 Case 1-2 Case 1-3 Case 1-4

pwf (MPa) 20 15 10 5

qi (10
4m3/d) 1.162916 2.319957 3.489227 4.705304

Di (10
-4 d-1) 3.852920 3.968173 4.228281 4.715305

na 0.115682 0.227445 0.325268 0.408158

Gm (108m3) 1.921676867 1.956024199 1.994686597 2.042141878

Error3 (%) 1.768 3.587 5.634 8.147
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p
μZ

= −3:854104 × 10−6p6 + 2:969799 × 10−4p5 − 6:396372

× 10−3p4 − 8:938681 × 10−3p3 − 1:885397 × 10−1p2

+ 8:271143 × 101p − 1:192612 × 10−1:
ð45Þ

The curve of gðpÞ vs. p shown in Figure 2 reveals the
static material balance relationship, and 1/ðμ · CÞ vs. p in
Figure 3 reflects the change in the decline rate to some
extent. The maximum value of the instantaneous decline
exponent sðpÞ dependent on p is displayed in Figure 4, and
the relationship between the pseudopressure pp and p is
shown in Figure 5.

There are 2064 time steps set in the numerical simula-
tion, and the gas well is produced under various constant-

BHP conditions for 7000 days (about 19.16 years). Four sim-
ulated production schedules correspond to four synthetic
cases as shown in Table 2.

3.1.1. Case 1-1. The decline parameter method is employed
to estimate the gas reserves for Case 1-1 with a BHP of
20MPa. The solution steps are as follows:

Step 1. Determination of property parameters.
Table 1, Figures 1–5, and Equation (45) display the cor-

responding results.
Step 2. Determination of hyperbolic decline model.
Equation (30) is used to match the rate-time data of the

first 6000 days, and three model parameters are determined
as follows: qi = 1:165088 × 104 m3/d, Di = 3:898168 × 10−4
d−1, and n = 0:133561. The production decline law
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Figure 17: Relation curves of p/ðμZÞ and μZ vs. pressure (p) for the
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characterized by the hyperbolic decline model almost coin-
cides with the actual production rate profile as shown in
Figure 6 where an equivalent decline exponent constant
could scarcely give rise to large error in the production rate.
The instantaneous decline exponent n would approximate to
0 only when the rate q is very low and close to 0 though it
varies slowly with time.

Step 3. Calculation of decline rate.
Equation (31) is employed to estimate the corresponding

decline rate DðtÞ at each time point t, as shown in Figure 7.
Step 4. Estimation of average reservoir pressure.

The flow integral method is utilized to determine the
average reservoir pressure profile. A reference point is neces-
sary for that method. Take tk = 1000 d as an example here.
Equation (42) is adopted to determine the average reservoir
pressure at each time point; then, the predicted pave profile is
shown in Figure 8.

Step 5. Estimation of gas reserves.
The value of Gj in Equation (35) can be calculated by the

decline rate in Step 3 and the average reservoir pressure in
Step 4. Figure 9 shows the profile of estimated reserves,
and the resulting GHD is 1:907956937 × 108 m3 with an error
of 1.041%.
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Figure 21: The relation curve of ppðpÞ vs. p for the high-pressure
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Step 6. Verification by the static material balance
equation.

The pave profile in Step 4 can also be used to draw gðpaveÞ
vs. Gp curve as shown in Figure 10 where pi/Zi =
27:874801234MPa and −m = −1:480821926 × 10−3MPa/
(104m3). The value of Gsmb calculated by Equation (44) is
1:882387122 × 108 m3 with an error of -0.313%. The small
difference between Gsmb and GHD validates the decline
parameter method.

3.1.2. Case 1-2. As previously mentioned, Equation (30) is
used to match the 6000 d rate profile for Case 2-1 with a

constant BHP of 15MPa, and three model parameters
are determined as follows: qi = 2:326642 × 104 m3/d, Di =
4:040669 × 10−4 d−1, and n = 0:254215. The production rate
predicted by the hyperbolic decline model is consistent
with the real production profile as shown in Figure 11.

Similarly, take the pave and q at 1000 d as the reference
data. Figure 12 displays the estimated reserve profile, and
the resulting value of GHD is 1:906270758 × 108 m3 with an
error of 0.952%. In addition, the straight line of gðpaveÞ vs.
Gp has a negative slope −m of −1:490280824 × 10−3MPa/
(104m3) and Gsmb determined by the SMBE is
1:870439503 × 108 m3 with an error of -0.946%.
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3.1.3. Case 1-3. Figure 13 shows the real and predicted pro-
files of production rate with a BHP of 10MPa where the
dashed line is obtained by the hyperbolic decline model with
qi = 3:486867 × 104 m3/d, Di = 4:217685 × 10−4 d−1, and n =
0:325809. The ultimate GHD of 1:897272945 × 108 m3 deter-
mined by the decline parameter method, as shown in
Figure 14, compares favourably with Gsmb of 1:859010973
× 108 m3 determined by the SMBE.

3.1.4. Case 1-4. The real and predicted profiles of production
rate for Case 1-4 with a BHP of 5MPa are exhibited in
Figure 15 where the dotted line derives from the hyperbolic

decline model with qi = 4:645448 × 104 m3/d, Di = 4:402959
× 10−4 d−1, and n = 0:331420. Figure 16 shows the estimated
profile of Gj. Similar to the previous cases, GHD of
1:915021414 × 108 m3 coincides with Gsmb of
1.867302158973×108m3.

Table 3(a) presents the calculation results of the decline
parameter method for the synthetic gas reservoir with nor-
mal pressure where Error1 denotes the calculation error of
GHD obtained by the decline parameter method and Error2
represents the corresponding error of Gsmb determined by
the static material balance equation.

For the sake of contrast, the modified Stumpf method is
developed in the appendix following the research of Stumpf
and Ayala [35]. It is necessary for this method to evaluate
the average decline exponent (na) on the basis of Equations
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Figure 31: Relation curves of p/ðμZÞ and μZ vs. pressure (p) for
Case 3.
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(28) and (29); then, the straight line of q1−na vs. Gp can be
drawn. Its slope and intercept can be used to estimate the
decline parameters such as qi, Di, and G (see Appendix).
The corresponding analysis results for numerical cases with
normal pressure are illustrated in Table 3(b) and Figures 33
and 34 (see Appendix), where Gm denotes the value of gas
reserves calculated by the modified Stumpf method and
Error3 represents its error of estimation.

It can be seen from Tables 3(a) and 3(b) that the decline
parameter method provides desirable estimations of gas
reserves and decline parameters though the results of the
modified Stumpf method are also acceptable except Case
1-4. The differences between two methods lie in the calcula-
tion approach of decline exponent and the processing of
production data. The former seems more effective in the per-
formance analysis of the relatively low-pressure gas reservoir
than the latter which is mainly applicable to early BDF
period.

3.2. Synthetic Cases: Gas Reservoir with High Pressure. The
gas reservoir with a high initial pressure of 80MPa is simu-

lated at the temperature of 120°C. Table 4 presents the reser-
voir and gas properties for the high-pressure cases. Four
constant-BHP schedules are generated as shown in Table 5.

Figures 17–21 exhibit the relation curves of p/ðμ · ZÞ and
μ · Z vs. p, gðpÞ vs. p, 1/ðμ · CÞ vs. p, sðpÞ vs. p, and pp vs. p
for the synthetic cases with high pressure, respectively. The
nonlinear relationship of p/ðμ · ZÞ vs. p within the range of
0:2 ≤ p ≤ 80MPa in Figure 17 can approximately be repre-
sented by the following polynomial:

p
μZ

= 7:003288 × 10−8p6 − 1:815134 × 10−5p5 + 1:719386

× 10−3p4 − 6:336605 × 10−2p3 − 2:343059 × 10−1p2

+ 7:586930 × 101p − 4:957952:
ð46Þ

3.2.1. Case 2-1. Figure 22 displays the simulated production
profile and the predicted profile by theHDMwith three param-
eters: qi = 2:027258 × 104 m3/d, Di = 6:193329 × 10−4 d−1, and
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Figure 33: Instantaneous decline exponent n vs. p for the simulated gas reservoir with normal pressure.
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n = 0:030078 for Case 2-1 with a BHP of 64MPa. The esti-
mated profile of Gj is shown in Figure 23, and GHD is
2:631125906 × 108 m3. The value of Gsmb estimated by the
SMBE is 2:596071194 × 108 m3 which compares well with
the result of the decline parameter method.

3.2.2. Case 2-2. The real and predicted profiles of production
rate for Case 2-2 with a BHP of 52MPa are illustrated in
Figure 24 where the dashed line is obtained by the hyper-
bolic decline model with qi = 3:548 412 × 104 m3/d, Di =
6:102 143 × 10−4 d−1, and n = 0:071877. Figure 25 shows the
estimated profile of Gj determined by Equation (35). Simi-
larly, GHD of 2:650991436 × 108 m3 coincides with Gsmb of
2:596831903 × 108 m3.

3.2.3. Case 2-3. Figure 26 shows the real and predicted pro-
files of production rate for Case 2-3 with a BHP of 40MPa
in which the dashed line represents the matched hyperbolic
decline model with qi = 5:073846 × 104 m3/d, Di = 6:059150
× 10−4 d−1, and n = 0:137588. Then, the ultimate GHD of

2:667464699 × 108 m3 determined by the decline parameter
method, as shown in Figure 27, is comparable with Gsmb of
2:596426085 × 108 m3 determined by the gðpaveÞ vs. Gp
curve.

3.2.4. Case 2-4. As mentioned earlier, Equation (30) is used
to match the rate profile of the first 6000 days for Case 2-4
with a constant BHP of 24MPa, and three model parameters
are determined as follows: qi = 7:120844 × 104 m3/d, Di =
6:082153 × 10−4 d−1, and n = 0:258 816. The production rate
predicted by the hyperbolic decline model is in line with the
real production profile as shown in Figure 28. The decline
parameter method is applied, and Figure 29 displays the esti-
mated reserve profile with the resulting GHD of
2:664141330 × 108 m3 in line with Gsmb of 2:596254338 ×
108 m3 determined by the SMBE.

The computation performance of the decline parameter
method for the synthetic gas reservoir with high pressure is
summarized in Table 6(a). The corresponding analysis
results of the modified Stumpf method are displayed in
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Figure 34: q1−n vs. Gp for the simulated gas reservoir with normal pressure.
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Table 6(b) and Figures 35 and 36 (see Appendix). Two
methods both give similar estimations of gas reserves, but
the latter shows an increasing error trend with a decrease
in pwf .

It is found, from the previous synthetic cases with
whether normal pressure or high pressure, that an equiva-
lent decline exponent n is capable of matching the produc-
tion decline data of the gas well with a constant BHP
though the instantaneous decline exponent n as a function
of pave changes slowly with time. The numerical cases fully
demonstrate that

(1) The decline parameters of HDM are affected by the
BHP of the gas well, and the initial production rate
during BDF qi and the equivalent decline exponent
n are more sensitive to BHP values than the initial

decline rate Di. The lower the bottomhole flowing
pressure the gas well is produced at, the greater qi
and n are, while the change in Di is little obvious

(2) The flow integral method, an explicit approach for
calculations of average reservoir pressure based on
the flow integral equation, can estimate the pave pro-
file effectively and conveniently because only one
data point during BDF is necessary, and in reality,
these estimations are not confined to the constant-
BHP situations

(3) The decline parameter method, an explicit technique
for calculations of gas in place (or gas reserves) based
on the conventional decline parameters in HDM can
reliably evaluate reserves of the production system
with a constant BHP. Furthermore, the value of gas

Table 4: Reservoir and gas properties for numerical cases with high pressure.

Property parameters Property values Property parameters Property values

Grid 300 × 120 × 1 h 12m

ϕi 0.15 rw 0.1m

Kr 5mD ρsc 0.750146 kg/m3

Kθ 5mD Mg 18 g/mol

Kz 0.5mD Zsc 0.997515

Swci 0.22 Zi 1.518784

dr 1.3m Cϕ 1:929 × 10−3 MPa−1

dθ 3° Cw 4:134 × 10−4 MPa−1

dz 12m μw 0.235499 cp

pi 80MPa μi 3:705514139 × 10−2 cp
T i 393.15K μsc 1:075008625 × 10−2 cp
Tsc 293.15K Cgi 5:088279959 × 10−3 MPa−1

psc 0.101325MPa Cti 5:988806368 × 10−3 MPa−1

Tpc 201.34K Bgi 2:586255933 × 10−3 m3/m3

ppc 4.60MPa Vpi 860 546m3

re 390m G 259 535 855m3

Table 5: Production schedules for the numerical cases with high pressure at constant BHPs.

t (d) TS Δt (h) Δt (d) pwf (MPa)

1~2

1 ~ 12 1 0.041667

Constant:
Case 2-1: 64
Case 2-2: 52
Case 2-3: 40
Case 2-4: 24

13 3 0.125

14 9 0.375

15~16 12 0.5

3~300 17~314 24 1

301-1100 315~714 48 2

1101-2000 715~1014 72 3

2001~3000 1015~1264 96 4

3001~7000 1265~2064 120 5
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reserves calculated by the static material balance
equation is available for the mutual verification with
the estimate of the decline parameter method

(4) The production data matching in the decline parame-
ter method could be superior to the analytic calcula-
tions of qi, Di, and na in the modified Stumpf
method based on the straight line of q1−na vs.Gp which
is only suitable for early BDF data. The former extends
the range of application of the latter. These approaches,
however, can be verified against each other

(5) The decline parameter method is valid for both high-
pressure and normal pressure gas reservoirs. The cal-
culation errors for the high-pressure system, however,
are slightly larger than those of the low-pressure sys-
tem which may be attributed to the more decrease in
formation pressure and a bit severer fluctuation in b
during BDF for high-pressure gas reservoirs

3.3. Field Case: Gas Well A in West Virginia. Case 3, a field
example provided by Fetkovich et al. [18], reflects the pro-
duction scenario of Gas Well A in West Virginia. Fraim
and Wattenbarger [49] also investigated this case and digi-
tized the raw rate-time data as shown in Figure 30. The
hyperbolic decline model is used to fit the rate profile, and
the resulting three parameters are as follows: qi = 6:509603
× 104 m3/d, Di = 2:534238 × 10−3 d−1, and n = 0:907 180.

Since the specific gravity of the natural gas is 0.57, we
obtain the pseudocritical temperature Tpc and pressure ppc

are 191.22K and 4.61MPa, respectively, according to Sutton
[44, 45]. Other property parameters are shown in Table 7.

As revealed by the dotted line in Figure 31, the relation
of p/ðμ · ZÞ to p for Case 3 can be represented by the follow-
ing polynomial in the pressure range of 0.2 to 30:

p
μZ

= −1:612592 × 10−6p6 + 1:292460 × 10−4p5 − 2:355782

× 10−3p4 − 3:709335 × 10−2p3 − 9:545551 × 10−2p2

+ 8:033991 × 101p + 9:824220 × 10−2:
ð47Þ

According to Fetkovich et al., the average reservoir
pressure at 200 days is 3268 psi (or 22.532067MPa), and
the corresponding production rate is estimated to be
4:289933 × 104 m3/d by the matched hyperbolic model.
Then, the formation pressure profile is determined by
the flow integral method. Figure 32 displays the estimated
reserve profile by implementing the above steps of the
decline parameter method.

The average value of Gj for Case 3 leads to a GHD of
0:857228 577 × 108 m3; however, Gsmb is not estimated
because of unavailable cumulative production. The negligi-
ble difference between GHD in the paper and the estimate
for gas in place of 0:303 451 × 107Mscf (or 0:859277542 ×
108 m3) predicted by Fraim and Wattenbarger [49] using
normalized time matching demonstrates the applicability
and feasibility of the decline parameter method.

Table 6

(a) The analysis results of the decline parameter method for numerical cases with high pressure

High-pressure cases Case 2-1 Case 2-2 Case 2-3 Case 2-4

pwf (MPa) 64 52 40 24

qi (10
4m3/d) 2.027258 3.548412 5.073846 7.120844

Di (10
-4 d-1) 6.193329 6.102143 6.059150 6.082153

n 0.030078 0.071877 0.137588 0.258816

GHD (108m3) 2.631125906 2.650991436 2.667464699 2.664141330

Error1 (%) 1.378 2.144 2.778 2.650

m (10-3MPa/104m3) 2.028978209 2.028383845 2.028700879 2.028835081

Gsmb (10
8m3) 2.596071194 2.596831903 2.596426085 2.596254338

Error2 (%) 0.027 0.057 0.041 0.035

(b) The analysis results of modified Stumpf method for numerical cases with high pressure

High-pressure cases Case 2-1 Case 2-2 Case 2-3 Case 2-4

pwf (MPa) 64 52 40 24

qi (10
4m3/d) 2.033103 3.563958 5.098227 7.158882

Di (10
-4 d-1) 6.280879 6.229761 6.194982 6.235047

na 0.042862 0.090699 0.157294 0.281530

Gm (108m3) 2.610138552 2.623031736 2.639488727 2.673866274

Error3 (%) 0.569 1.066 1.700 3.025
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4. Conclusions

The flow integral equation during BDF is derived in the
paper from the dynamic material balance equation of the
gas reservoir; then, the flow integral method based on it is
proposed for explicit determination of the average reservoir
pressure profile. The decline parameter method, a novel
approach for explicit estimation of gas reserves, is developed
to evaluate the reserves of the gas well at a constant BHP on
the basis of the conventional hyperbolic decline model and
the predicted formation pressure data by the flow integral
method; and the static material balance equation, on the
other hand, can be used to verify the results. These methods
are suitable for both abnormally pressured gas reservoirs and
normal pressure systems because the compressibilities of
rock and bound water are considered in the rationales. The
following conclusions are drawn:

(i) The hyperbolic decline model with a constant
decline exponent n can accurately delineate the pro-

duction rate data of the gas well at a constant BHP,
although the actual value n varies slowly with time

(ii) The values of BHP influence the decline parameters
(qi, Di, and n) in HDM, and the initial decline rate
Di is relatively insensitive to BHPs compared to
the other two parameters. The smaller the BHP is,
the larger qi and n are

(iii) The flow integral method, not limited to the
constant-BHP conditions, is effective in estimating
the profile of average reservoir pressure for various
gas production systems during BDF in an explicit
fashion

(iv) The decline parameter method, capturing the intrin-
sic correlation between production rate, decline rate,
formation pressure, and gas reserves, is mainly appli-
cable to the production well with a constant BHP and
can also provide results of reference for those gas
wells with slight fluctuations in BHP
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Figure 35: Instantaneous decline exponent n vs. p for the simulated gas reservoir with high pressure.
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Table 7: Reservoir and gas properties for Case 3.

Property parameters Property values Property parameters Property values

pi 28.785612MPa h 21.336m

T i 344.26K rw 0.1079m

pwf 3.447379MPa ρsc 0.687754 kg/m3

ϕi 0.06 Mg 16.509480 g/mol

Swci 0.35 Zsc 0.997913

Tsc 293.15K Zi 0.952170

psc 0.101325MPa μi 2:209414019 × 10−2 cp
Tpc 191.218772K μsc 1:100728475 × 10−2 cp
ppc 4.605256MPa Cgi 2:589484787 × 10−2 MPa−1

Cϕ 8:816 × 10−4 MPa−1 Cti 1:785752111 × 10−2 MPa−1

Cw 4:122 × 10−4 MPa−1 Bgi 3:944216913 × 10−3 m3/m3
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Figure 36: q1−n vs. Gp for the simulated gas reservoir with high pressure.

21Geofluids



(v) The production data matching in the decline
parameter method could be superior to the analytic
calculations of qi, Di, and na in the modified Stumpf
method based on the straight line of q1−na vs. Gp
which is limited to relatively early BDF period.
These approaches, nonetheless, can be verified
against each other

(vi) The static material balance equation, combined with
the estimated formation pressure data by the flow
integral method, is also capable of determining the
reserves accurately, which can also be employed to
verify the decline parameter method

Appendix

Modified Stumpf Method

Both Stumpf and Ayala [35] and Wang and Ayala [38] used
the linear relationship between q1−n and Gp

∗ to determine
gas reserves. Considering the different pseudopressure defi-
nition in this paper from Stumpf and Ayala and Wang and
Ayala, we need to rederive the expressions of initial produc-
tion rate (qi), initial decline rate (Di), pressure-averaged
decline exponent (na), and gas in place (G).

Similar to the average value of n presented by Stumpf
and Ayala, we introduce a pressure-averaged decline expo-
nent (na) given by

na =
1

ξ1 − ξ0

ðξ1
ξ0

s ξð Þγ ξð Þdξ ≈ 1
pi − pwf

ðpi
pwf

s ξð Þγ ξð Þdξ: ðA:1Þ

The relation of cumulative gas production (Gp) to time
(t) in the hyperbolic decline model can be written as

Gp =
qi

na − 1ð ÞDi
1 + naDi ⋅ tð Þ −1/nað Þ 1−nað Þ − 1

h i
na > 0, n ≠ 1ð Þ:

ðA:2Þ

Due to

q
qi

= 1 + naDi ⋅ tð Þ−1/na , ðA:3Þ

Equation (A.2) is transformed into

Gp =
qi

1 − nað ÞDi
1 − q

qi

� 	
1−na

� �
: ðA:4Þ

From Equation (A.4), it follows

q
qi

� 	1−na
= 1 − 1 − nað ÞDi

qi
Gp: ðA:5Þ

According to Equations (9) and (21), the initial pro-
duction rate (qi) and the initial decline rate (Di) can be
expressed as

qi =
pp pbdf ,i
� �

− ppwf
b

, ðA:6Þ

Di =
μi 1 − Swcið Þ

b ⋅G
⋅

1
μ pbdf ,i
� �

C pbdf ,i
� � , ðA:7Þ

where pbdf ,i denotes the reservoir pressure at the start of
BDF.

Then, Di/qi is given by

Di
qi

= μi 1 − Swcið Þ
G

⋅
1

μ pbdf ,i
� �

C pbdf ,i
� � ⋅ 1

pp pbdf ,i
� �

− ppwf
:

ðA:8Þ

Substituting Equation (A.8) into Equation (A.5) gives

q1−na = qi
1−na −

μi 1 − Swcið Þ
G

⋅
1 − na

μ pbdf ,i
� �

C pbdf ,i
� � ⋅

qi
1−na

pp pbdf ,i
� �

− ppwf
Gp

ðA:9Þ

We denote the slope and the intercept of q1−na vs. Gp
straight line by mh and bh, respectively, that is,

mh = −
μi 1 − Swcið Þ

G
⋅

1 − na
μ pbdf ,i
� �

C pbdf ,i
� � ⋅ qi

1−na

pp pbdf ,i
� �

− ppwf
,

ðA:10Þ

bh = qi
1−na : ðA:11Þ

So mh divided by bh is equal to

mh
bh

= −
μi 1 − Swcið Þ

G
⋅

1 − na
μ pbdf ,i
� �

C pbdf ,i
� � ⋅ 1

pp pbdf ,i
� �

− ppwf
:

ðA:12Þ

From Equation (A.12), it follows

G = −
bh
mh

⋅
μi 1 − Swcið Þ

μ pbdf ,i
� �

C pbdf ,i
� � ⋅ 1 − na

pp pbdf ,i
� �

− ppwf
: ðA:13Þ

From Equation (A.11), it follows

qi = bh
1/ 1−nað Þ: ðA:14Þ

Substituting Equations (A.13) and (A.14) into Equation
(A.8) yields

Di =
−mh
1 − na

⋅ bh
na/ 1−nað Þ: ðA:15Þ

As Stumpf and Ayala [35] mentioned, pbdf ,i approximate
to pi during early BDF, therefore, Equation (A.13) can be
rewritten as
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G ≈ −
bh
mh

⋅
1 − Swci
C pið Þ ⋅

1 − na
ppi − ppwf

: ðA:16Þ

The above discussion on decline parameters follows the
idea of Stumpf and Ayala; however, the q1−na vs. Gp straight
line is employed instead of q1−n vs. Gp

∗. Equations (A.14)
through (A.16) underlie the “modified Stumpf and Ayala
method.”

The analysis results of the modified Stumpf method for
numerical examples are illustrated in Table 3(b),
Table 6(b), and Figures 33–36.
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