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Rock resistant coefficient is a key parameter in rock engineering and can reflect the resistance of surrounding rocks. According to
the load-structure method, there are many different formulas in the determination of rock resistant coefficient using elasticity or
plasticity theory. Based on the generalized Hoek-Brown failure criterion, this paper develops a closed-form formula for
calculating the rock resistant coefficient. The sensibility of different parameters on the rock resistant coefficient is also analyzed.
The fact shows that the formula is sensitive to a, σc, and Kd comparing with mb and s especially when they are in a low value,
laying a foundation for the determination of rock resistant coefficient in similar lining tunnels.

1. Introduction

Geomaterials have an inherent ability of resisting load, and
the ability can be quantified by a coefficient named as sub-
grade reaction coefficient in soil mechanics or rock resistant
coefficient in rock mechanics. Rock resistant coefficient can
reflect the physical and mechanical properties of surrounding
rock, and it is a key parameter in the design of tunnel lining.
During the designing of a project, there are many different
methods in the determination of rock resistant coefficient
[1–5]. Xu (1993) and Qian (1955) proposed their formulas
using the elasticity theory [6, 7]. Tu et al. (2008) develops a
formula for calculating rock resistant coefficient for under-
water tunnel based on Mohr-Column yield criterion [8].
Cai et al. (2007) gave a common method to calculate the
resistance coefficient of adjoining rock for pressure tunnels
by use of the unified strength theory [9]. Zhu et al. (2011)
proposed a formula for calculating rock resistant coefficient
based on SMP failure criteria [10].

However, there is not a formula based on the generalized
Hoek-Brown failure criterion which has been widely used in
rock engineering as a semiempirical method. Hoek and

Brown (1980) pointed out that the most commonly used
criteria may not be valid for many types of rock, particularly
for a jointed rock mass [11], For such rock, the Hoek-Brown
failure criterion has been proved to be more suitable. For this
consideration, an analytical solution of calculating the rock
resistant coefficient with the generalized Hoek-Brown failure
criterion is proposed in this paper.

2. Generalized Hoek-Brown Criterion

The Hoek-Brown failure criterion for rock masses is widely
accepted and has been applied in a large number of rock engi-
neering projects around the world. Hoek and Brown (1980)
introduced their failure criterion in an attempt to provide
input data for the analyses required for the design of under-
ground excavations in hard rock [12–14]. The criterion was
derived from the results of research on the brittle failure of
intact rock by Hoek (1968) and on the modeling of jointed
rock mass behaviour by Brown (1980). According to the latest
modification, the generalized Hoek-Brown failure criterion is
expressed as follows by Hoek et al. (2002) [15]:
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σ1 = σ3 + σci mb
σ3
σci

+ s
� �a

, ð1Þ

where σ1 and σ3 are the major and minor principal stresses,
respectively; σci is the uniaxial compressive strength of the
intact rock; mb is a reduced value of the material constant mi
and is given by

mb =mi
GSI − 100
28 − 14D

� �
, ð2Þ

where s and a are constants for the rock mass given by the
following relationships:

s = exp GSI − 100
9 − 3D

� �
,

a = 1
2 + 1

6 e‐GSI/15 − e−20/3
� �

:

ð3Þ

In the equations above, mi is a material constant for the
intact rock, GSI is the Geological Strength Index of the rock
mass, and D is a rock mass disturbance factor. The ranges of
GSI and D are normally as follows: 10 ≤GSI ≤ 100 and 0 ≤D
≤ 1. The value ofGSI = 10 represents an extremely poor qual-
ity of rock mass, and D = 1 corresponds to a highly disturbed
rock mass. For GSI = 100, the value of the constant a is equal
to 0.5. In this case, the generalized failure criterion can degen-
erate to the original Hoek-Brown failure criterion.

3. Analytical Solution for Rock
Resistant Coefficient

In order to obtain the rock resistant coefficient, a simplified
model is shown in Figure 1. A circular opening excavated
in a continuous, homogeneous, isotropic, initially elastic rock
mass subjected to a hydrostatic stress p0. The opening surface
is subjected to an internal pressure p, and the material behav-
ior used in this study is Hoek-Brown failure criterion. Under
normal circumstances, there is a plastic zone surrounded by
an elastic zone. For some special cases, there is a loose zone
close to the lining, which can only transfer radial stress. In
this paper, considering the timely support in most of practi-
cal engineering, the loose zone is neglected.

Assuming that the displacement of tunnel surface is u0,
according to the Winkler hypothesis, the rock resistant
coefficient can be expressed as

K = p
u0

: ð4Þ

3.1. Analytical Solutions of Stresses and the Radius of Plastic
Zone. It is assumed that rock resistance is of radial uniform
distribution around the tunnel. For the tunnel is long
enough, it can be considered as an axisymmetric, plane strain
problem. σ1 and σ3 are equal to circumferential and radial
stresses σθ and σr , respectively. According to the generalized
Hoek-Brown failure criterion, relationship between σr and σθ
can be written as follows:

σθ = σr + σci mb
σr
σci

+ s
� �a

: ð5Þ

The radial stress σR at the interface of elastic and plastic
zone may be obtained by combining the relationship between
σr and σθ in elastic and plastic state.

2 σ0 − σRð Þ = σci mb
σR
σci

+ s
� �a

: ð6Þ

For generalized Hoek-Brown failure criterion, it is
impossible to give analytical solutions of Equation (6). Thus,
an approximate closed-form solution for σR can be obtained
by the Newton-Raphson method. When f ðxÞ = 0, the corre-
sponding formula is

xk+1 = xk −
f xkð Þ
f ′ xkð Þ

: ð7Þ

The initial value for σR0 is determined when a = 0:5.

σR0 = σ0 +
1
8 mbσci −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σci mb

2σci + 16σ0mb + 16sσcið Þ
ph i

:

ð8Þ

According Equation (5), the resulting solution σR can be
expressed as

σR = σR0 +
2 σ0 − σR0ð Þ − σciC1

a

2 + ambC1
a−1 , ð9Þ

where C1 =mbðσR0/σciÞ + s.
In fact, the above approximate solution has been devel-

oped by Sofianos (2003).
In plastic zone, the stresses are governed by failure

criterion. According to the equation of equilibrium in polar
coordinates,

dσr
dr

+ σr − σθ
r

= 0: ð10Þ

Plastic zone

p r0

R0

𝜎0

Elastic zone

Figure 1: A simple calculation model of a tunnel.
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Substitution of Equation (5) in Equation (10) leads to the
following equation:

dσr
dr

= σci

r
mb

σr

σci
+ s

� �a

: ð11Þ

This is a simple differential equation with an initial
condition of σr ∣r=r0

= p, the result solution may be expressed

as follows:

σr =
mb/σcið Þp + sð Þ1−a + 1 − að Þmb ln r/r0ð Þ� �1/ 1−að Þ − s

mb/σci
:

ð12Þ

The circumferential σθ can be given by substituting
Equation (12) in Equation (5).

The radius of plastic zones can be deprived by solving the
equation obtained by substituting r = R0 and σr = σR in
Equation (12). The solution is expressed as

R0 = r0 exp
mb/σcið ÞσR + sð Þ1−a − mb/σcið Þp + sð Þ1−a

1 − að Þmb

" #
:

ð13Þ

3.2. Analytical Solutions of Displacement. In the plastic
region, total radial and tangential strains, εr and εθ, can be
decomposed into elastic and plastic parts.

εr = εer + εpr , ð14Þ

εθ = εeθ + εpθ: ð15Þ
The strains can be expressed in terms of inward radial

displacement u by Kyung and Yong (2006) et al. [16].

εr =
du
dr

, ð16Þ

εθ =
u
r
: ð17Þ

By using the small deformation theory and a linear flow
rule, the plastic parts of radial and tangential strains may be
related for the plane strain condition as

εpr + Kdεθ
p = 0: ð18Þ

For the Hoek-Brown failure criterion, the minimum of
the dilation parameter is Kd = 1 corresponding to a nondilat-
ing rock, while the maximum practical value is assumed to be
equal to Kd

assoc which corresponding to the associated plas-
ticity at r = R0, the expression is given by Brown et al.
(1983) [17].

Kd
assoc = 1 + mb

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbσR/σcið Þ + s

p : ð19Þ

Combing Equations (14)–(17) to Equation (18), the
following differential equation can be expressed as

du
dr

+ Kd
u
r
= εer + Kdε

e
θ: ð20Þ

Equation (20) can be solved by using the following
boundary condition for the radial displacement uR at the
elastic plastic interface:

uR = R0
1 + ν

E

� �
σ0 − σRð Þ, ð21Þ

where E is Young’s modulus and ν is Poisson’s ratio of the
rock mass.

The solution of Equation (20) can be expressed as follows
by Sharan (2008) [18]:

u = r−Kd

ðr
R
r−Kd εer + Kdε

e
θð Þdr + uR

R0
r

� �Kd

, ð22Þ

and εer and εeθ are expressed as

εer =
1 + ν

E
1 − 2νð ÞC + D

r2

	 

,

εeθ =
1 + ν

E
1 − 2νð ÞC −

D
r2

	 

,

ð23Þ

where

C = σR − σ0ð ÞR2
0 − p − σ0ð Þr20

R2
0 − r20

,

D = R0r0 p − σRð Þ
R0

2 − r02
:

ð24Þ

The integration of Equation (22) can lead to an expres-
sion for the radial displacement in the plastic region as

u = 1 + ν

E
r−Kd C 1 − 2νð Þ R0

Kd+1 − rKd+1� �
−D R0

Kd−1 − rKd−1� �� �
+ uR

R0
r

� �Kd

:

ð25Þ

3.3. Determination of Rock Resistant Coefficient. The radial
displacement at the tunnel surface can be given when r = r0.

u0 =
1 + ν

E
r0

−Kd C 1 − 2νð Þ R0
Kd+1 − r0

Kd+1� �
−D R0

Kd−1 − r0
Kd−1� �� �

+ uR
R0
r0

� �Kd

:

ð26Þ

Substituting Equation (26) into Equation (4), the rock
resistant coefficient can be expressed as
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Table 1: Basic parameters of the generalized Hoek-Brown criterion used for example study.

Rock type Quality of rock mass GSI σc(MPa) E (GPa) v a m s

A Very good 75 150 42 0.2 0.5 10.2 0.062

B Average 50 80 9 0.25 0.51 2.01 0.0039

C Very poor 30 20 1.4 0.3 0.52 0.657 0.0004

D Very poor — 30 38.0 0.3 0.3 — 0.55

E Very poor 10 5 0.224 0.3 0.585 0.402 0.0000454

Table 2: The parameters of reference state.

E(GPa) v σ0(MPa) p(MPa) r0(m) σc(MPa) Kd mb s a K(MPa/m)

9 0.25 20 2 3 80 1.2 2 0.003 0.5 245.8
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Figure 2: Sensitivity of mechanical parameters on rock resistant coefficient.
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4. Parameter Sensitivity Analysis

In order to illustrate the effects of different rock parameters
of the generalized Hoek-Brown failure criterion on the rock
resistant coefficient K , the sensibility study will be presented.
Zhang and Zhu (1993) presented a method in sensitivity
analysis [19]. There is a system F = f ðx1, x2,⋯⋯ , xnÞ,
where xiði = 1, 2,⋯⋯ , nÞ is the parameter of this system.
Considering a reference state X∗ = ðx1∗, x2∗,⋯⋯ , xn∗Þ,
with a character of F∗ = f ðX∗Þ, let each parameter changed
in its range, the tendency, and degree of the difference
between F and F∗ is sensitivity analysis. For a parameter
xi

∗, the sensitivity function can be written as

a xi
∗, Δxið Þ = ΔF/F∗j j

Δxi/xi∗j j : ð28Þ

According to the properties, data of rocks in underground
opening mostly taken from the literatures by Sofianos (2003),
Hoek and Brown (1997), and Canranza (2004) [20–22], the
adopted parameters for the example study cover a wide range,
and they are presented in Table 1.

According to Table 1, the ranges of different parameters
are E = 0:22 − 42GPa, ν = 0:2 − 0:3, σc = 5 − 150MPa, mb =
0:5 − 16, s = 0:0000454 − 0:062, and a = 0:5 − 0:585. In order
to analyze the sensitivity of different parameters, reference
parameters can be assumed in Table 2.

In fact, the sensitivity of σ0, p, E, r0, and v is simple and is
of no difference comparing to other failure criterions such as
Mohr-Column. In this paper, we focus on the characteristics
of parameters in generalized Hoek-Brown failure criterion.

For the dilation parameter Kd , it ranges from 1 to Kd
assoc.

In the reference state, the maximum of Kd can be calculated
as 3.72. Then, the relationship of dilation parameter Kd and
rock resistant coefficientK can be seen in Figure 2. According
to Equation (27), the sensitivity function of dilation parame-
ter Kd was drawn in Figure 2. Using the similar method,
sensitivity factors of other parameters mb, s, and a can be
obtained.

Figure 2 shows the effects of different parameters on rock
resistant coefficient K , the results show that rock resistant
coefficient K increases withmb and σc, while decreasing with
a and Kd . For parameters s, the range of rock resistant coef-
ficient is very small. It changes a little big with a fluctuation
of parameters Kd and a. The relation between K and Kd is
homogeneous; however, the relation between K and σc is
heterogeneous. In the design of a tunnel, we need to pay more
attention to a, Kd , σc, and mb; also, it is very important to
determine the range of different parameters. According to
the equations of different parameters in the generalized
Hoek-Brown failure criterion, it can be concluded that the
sensitivity of rock resistant coefficient has close relationship

with rock quality [23–25]. When the rock quality is good,
the variability of rock resistant coefficient is small. On the
contrary, it is very sensitive when the rock quality is poor,
which means that a more accurate geology analysis is in
demand. This is consistent with the engineering practice.

5. Conclusions

Rock resistant coefficient is a key parameter in the design of
underground structures. Based on the generalized Hoek-
Brown failure criterion, this paper develops a closed-form
formula for calculating the rock resistant coefficient, and
some useful conclusions are drawn as follows:

(1) A new formula of rock resistant coefficient is
proposed in closed form, and this formula is more
suitable for a jointed rock mass than other formulas

(2) According to the sensibility study of parameters, it
can be concluded that the sensitivity factor of a, σc,
and Kd is bigger than m and s

(3) Sensitivity of rock resistant coefficient has close rela-
tionship with rock quality; all these parameters
except s are highly sensitive when the rock quality is
poor, which lays a foundation for the determination
of rock resistant coefficient in similar lining tunnels
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K = p

1 + νð Þ/Eð Þr0−Kd C 1 − 2νð Þ R0
Kd+1 − r0Kd+1

� �
−D R0

Kd−1 − r0Kd−1
� �� �

+ uR R0/r0ð ÞKd
� � : ð27Þ
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