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Particle size and shape distribution can be measured in great detail by dynamic image analysis (DIA). The narrow dispersion of
repeated experiment results indicates that the particle size distribution can be obtained with high reliability. Particle size
distribution can be better fitted to Rosin-Rammler equation than Gaudin-Schuhmann distribution and the lognormal
distribution. The spread parameter (m) and the location parameters (d0) of the Rosin-Rammler equation can be calculated
precisely. We analyzed the similarities and differences between the different particle shape distributions. The distributions of
form factor and circularity are right-skewed distributions, while the distributions of ellipse ratio, irregularity, and aspect ratio
obey a normal distribution. By studying the relation between particle size and shape, we find a linear relationship between the
ellipse ratio and the Legendre ellipse diameter on the logarithmic scale.

1. Introduction

Particle size is an important physicochemical parameter of
coal. The accurate measurement of particle size distribution
(PSD) of coal samples is significant to both scientific research
and engineering, such as coal combustion [1–5], coal chemi-
cal industry [6–9], adsorption and desorption [10–12], and
coal and gas outburst [13, 14]. There are more than one
hundred methods and instruments to measure particle size
distribution, including sieving, settling velocity measure-
ments, laser diffraction (LD), photon correlation spectros-
copy, sound spectrum method, dynamic light scattering
method, scanning electron microscope, and X-ray diffraction
[15–20]. Of these methods, sieving and LD particle analyzers
are widely used for measuring general coal particles (>10μm)
because of their high accuracy, simple operation, fast speed,
and high repeatability.

In sieving and LD methods, the shape of particles is usu-
ally ignored, and only the single diameter (sieving diameter
or sphere diameter) can be obtained. However, for nonspher-
ical particles, a single parameter cannot be used to describe
their particle size accurately. Dynamic image analysis (DIA)
is a particle size measurement that has been developed rap-
idly in recent years. Particle size and shape parameters can
be obtained precisely and meticulously by analyzing the
photos of sample particles by DIA [21–24], which provides
a feasible method for the in-depth study of particle size and
shape distribution.

As early as the 1980s, some research teams such as Lulea
University in Sweden and the University of Arizona in the
USA began to use the method of image analysis to measure
particle size [25, 26]. Due to the limitation of photography
technology and low computing power at that time, the initial
technologies of image analysis were generally inaccurate and
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it can just measure a small number of particles. With the
development of laser light sources, CCD (charge-coupled
device) cameras, computer processors, and other hardware
facilities, as well as the increasingly mature of the image pro-
cessing technology, image analysis has made a great progress
in the past decade. Now, the dynamic image analyzer is very
advanced, and image analysis method has been applied to
international technical standards [27]. And measuring parti-
cle size by DIA has been gradually applied to geology [28, 29],
pharmacy [30], agriculture science [31], mining science [32],
and chemistry [33] disciplines. The dynamic image analyzer
in this article can photograph millions of sample particles
in a few minutes and calculate particle size and shape param-
eters in several minutes.

2. Experiment

2.1. Samples and Experimental Scheme. The experimental
samples are coal drill cuttings from coal seams in Yunnan
Hexing Coal Mine of China. Sieve the original coal drill cut-
tings to 1~3mm, and then weigh each coal sample in five dif-
ferent masses (5 g, 10 g, 15 g, 20 g, and 25 g), respectively
(Figure 1). Then, the particle size and shape distribution of
each sample were measured by a dynamic image analyzer,
and each measurement was repeated for 8 times.

2.2. PSD Measurement. After the sample preparation, the
particle size distribution was measured by the OCCHIO
ZEPHYR ESR2 particle size analyzer. The basic principle of
dynamic image analysis is to continuously photograph the
sample particles in their process of motion. Photos are saved
in the computer, and an appointed algorithm is used to cal-
culate the specific diameter of each particle, and finally, we
can obtain the particle size and shape distribution of the
whole sample (Figure 2). We put the sample into the opening
funnel. As the feeding chute vibrates mechanically, sample
particles fall down from the chute edge. The falling particles
are photographed in real time by a CCD camera with tele-
centric lens, and the photos of all particles are obtained
(Figure 3). According to these photos, the particle size and
shape parameters are calculated by a specific algorithm, and
then, we get the size and shape distribution of coal sample.

The use of a dynamic image analyzer mainly includes the
steps of feeding preparation, SOP (standard operation pro-
cess) setting, display setting, data analysis, and test report
exporting. At first, clean the equipment funnel, feeding chute,
and glass plate before the experiment to reduce the influence
of residue dust on the measurement results. Then, connect
the air bottle, vacuum cleaner, and computer workstation
to the dynamic image analyzer. Adjust the outlet pressure
of air bottle to 300~400 kPa. Pour the coal sample into the
funnel, and then turn on the power, open the software in
the workstation computer, and set SOP and display
parameters:

(1) SOP settings: the SOP settings usually include vibra-
tion amplitude, vibration time, photo pixel, photo
number, and FPS. In this experiment, we set SOP as
follows: the vibration amplitude at the time of pre-

feeding is 60% for 8 seconds, and the vibration ampli-
tude at the time of photograph is 50%. The number of
photos is 50000, and the upper limit of the number of
particles is 1500000; air-jet time is 5 s; image FPS is
25. The resolution is 21.8μm/pixel; frames per sec-
ond is 25

(2) Display settings: display setting refers to the display
content of experimental results, usually including
parameter selection of particle size or shape and
interval width of the distribution column graph. Dis-
play parameters can be adjusted at any time after
experiments. To compare the experimental samples
with the traditional particle size distribution model,
the particle size parameter selected in this experiment
is the equivalent volume distribution of the inner
diameter (the biggest circle inscribed into the projec-
tion area of the particle) [32]. The shape parameters
are form factor, ellipse ratio, etc.

After the measurement, the samples are collected for
backup. Then, analyze the photos by the software on the
workstation computer. When the projections of two or
more particles are crossed, manually filter out the “sticky”
particles in the photos to reduce the measurement error.
Particles in this situation result in the particle size value
calculated larger, so the particles can be quickly identified
by sorting them from the largest size to the smallest size.
A long period of continuous experiments will bring in many
micron-sized powder particles to the test system. Since the
sieving diameter of the samples in this experiment is
1~3mm, a funnel filter is added to the measurement soft-
ware to directly filter out the particles whose particle size
is much smaller than 1mm.

3. Experiment Results

3.1. Comparison of Coal Particle Size Measurement Results of
Different Masses. To research the influence of sample mass
on the experiment results, each coal sample was divided into
five groups according to the mass of 5 g, 10 g, 15 g, 20 g, and
25 g, and every PSD measurement was repeated for 8 times.

Figure 1: Experimental samples (coal particles with the sieving
diameter of 1~3mm).
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Figure 4 shows the particle size distribution curve measured
by 8 repeated experiments of coal samples with the mass of
5 g. It can be seen that the distribution trend of the 8 curves
is the same.

To analyze the degree of dispersion of the 8 times
repeated experiment results, we calculate the statistical
parameters (mean value, standard deviation, relative stan-
dard deviation, and 95% confidence interval width) of their
characteristic parameters of PSD (mean diameter (Mz),
median diameter (D50), and sorting coefficient (σ)).
Table 1 shows the calculation results of the coal samples with
the mass of 5 g. It can be seen that the mean particle size of
the repeated experiments is 1832μm, the standard deviation
is 45μm, and the relative standard deviation is as low as 2%.
The half-width of the confidence interval (95% confidence) is
as narrow as 38μm, which means that there is a 95% proba-
bility that the truth value of the mean particle size falls within
1831 ± 38μm.

Similarly, the relative standard deviations of median
diameter D50 and the sorting coefficient are also below 5%,
and the 95% confidence interval width is also narrow. The
small relative standard deviation and narrow 95% confidence
interval width mean that even for a small mass of samples
(5 g), the particle size distribution measured by the dynamic
image analysis method has a high reliability.

Identically, when the masses of coal samples are 10~25 g,
the mean value, standard deviation, relative standard devia-
tion, and 95% confidence interval width of the particle size
distribution characteristic parameters of 8 times repeated
experiments are calculated by the same method (Table 2). It
can be seen that as the sample mass changes, the mean parti-
cle size of the 8 repeated experiments ranges from 1818 to

Funnel

Feeding chute

CCD camera

Photos of particles Computer

Sample particles

Figure 2: The working principle of dynamic image analyzer.
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Figure 3: Coal particles photographed by a dynamic image analyzer.
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Figure 4: Particle size distribution curve of repeated measurement
for 8 times (coal sample mass = 5 g).
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1834μm, with a variation range of ð1834 − 1818Þ/1834 =
0:9%. It can be considered that there is little difference of
the mean particle size among the different masses. The mean
values of the D50 (median diameter) and sorting coefficient
of 8 repeated experiments also vary very little with sample
mass. As the coal sample mass increases, the relative standard
deviation of the repeated experiments of the particle size dis-
tribution characteristic parameters decreases slightly. The
half-width of the 95% confidence interval is between 32 and
38 um, no more than 1% of the mean value of mean diameter

and median diameter D50 (Figure 5). This indicates that
the particle size distribution can be precisely measured by
the dynamic image analysis method. Even if the mass of
the coal sample is small (5 g), the experiment results are
credible.

3.2. The PSD Model and Curve Fitting. The mathematical
models used to describe the particle size distribution of
broken coal samples commonly include the Gaudin-
Schuhmann distribution, the Rosin-Rammler distribution,

Table 1: Statistical parameters (mean, standard deviation, relative standard deviation, and half-width of the 95% confidence interval) of PSD
characteristics parameters of 8 times repeated experiments (mass = 5 g).

Measurement number or statistical parameters Mean diameter (μm) Median diameter D50 (μm) Sorting coefficient

1# 1930.09 1905.03 1.60

2# 1820.37 1748.47 1.67

3# 1802.98 1781.41 1.52

4# 1829.04 1746.32 1.69

5# 1829.64 1788.31 1.61

6# 1839.76 1810.73 1.68

7# 1831.06 1748.58 1.68

8# 1770.46 1701.43 1.55

Mean 1831.67 1778.78 1.63

Standard deviation 45.45 60.86 0.07

Relative standard deviation 0.02 0.03 0.04

Half-width of the confidence interval (95% confidence) 38.00 50.88 0.05

Table 2: Statistical parameters of the PSD characteristics of 8 times repeated experiments with different masses (coal sample C1, mass = 5
g~25 g).

Statistical parameters Sample mass (g) Mean diameter (μm) Median diameter D50 (μm) Sorting coefficient

Mean

5 1831.67 1778.78 1.63

10 1833.66 1778.66 1.64

15 1818.41 1749.28 1.67

20 1822.96 1764.33 1.67

25 1826.90 1754.92 1.65

Standard deviation

5 45.45 60.86 0.07

10 42.14 59.41 0.03

15 41.94 59.40 0.02

20 41.54 56.30 0.02

25 40.24 55.03 0.01

Relative standard deviation

5 0.02 0.03 0.04

10 0.02 0.03 0.02

15 0.02 0.03 0.01

20 0.01 0.02 0.01

25 0.01 0.02 0.01

Half-width of the confidence interval
(95% confidence)

5 38.00 50.88 0.05

10 33.56 52.17 0.02

15 35.90 59.69 0.02

20 33.83 54.49 0.02

25 32.00 54.20 0.01
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the lognormal distribution, and the fractal particle size
distribution [34–36]. The data measured from 8 repeated
experiment samples were averaged, and then, we get the
particle size distribution histogram of coal samples
(Figure 6). It can be seen that the coal sample approximately
conforms to the Rosin-Rammler distribution.

The mathematical expression of Rosin-Rammler distri-
bution is [34]

F dð Þ = 100 − 100 exp −
d
d0

� �m� �
, ð1Þ

where F ðdÞ is mass or volume fraction of particles with size
smaller than or equal to d (=undersize distribution), assum-
ing constant mass density of all particles (%); d is particle size
(μm); d0 is location parameter of the distribution, with parti-
cle size at a volume fraction of 36.8% oversize (μm); andm is
the spread parameter of the distribution (m > 0).

Take the natural logarithm of equation (1) for two times;
we get

ln −ln 1 − F dð Þ½ �f g =m ln d −m ln d0: ð2Þ

It can be seen that there is a linear relationship between
ln f−ln ð1 − FðdÞÞg and ln d. And the spread parameter m
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Figure 5: The relationship between the 95% confidence interval width and the sample mass (mean diameter (a) and the median diameter D50
(b); the distance between the upper and lower curves represents the width of the 95% confidence interval).
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Figure 6: Histogram of coal particle size distribution of the coal
sample.
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and the location parameter d0 can be obtained according to
the slope and intercept of the line. Linear regression was per-
formed on the particle size distribution data obtained from
the experiment according to equation (2) (Figure 7). The
square of the linear regression correlation coefficient
R2 = 0:988, showing a high linear fitting degree. According
to the fitting results, the slope of the line (spread parameter
m) is 3.11, and the intercept is -23.41. Furthermore, we can
calculate the location parameter d0 = 1858μm.

So far, we obtain the cumulative distribution function of
coal particle size of the coal sample:

F dð Þ = 100 − 100 exp −
d

1858

� �3:11
 !

: ð3Þ

The experimental data and the fitting curve of Rosin-
Rammler distribution (equation (3)) are drawn in Figure 8.
We can see that the cumulative distribution (also called
undersize distribution) of the coal samples measured by the
experiment is in good agreement with the Rosin-Rammler
distribution.

By differentiating equation (3), the distribution density
curve function of the coal sample can be expressed as

f dð Þ = F dð Þ′ = 100 m
d0

d
d0

� �m−1
exp −

d
d0

� �m� �

= d2:11

1:44 × 10−8

 !
exp −

d
1858

� �3:11
 !

:

ð4Þ

In dynamic image analysis, the particle size is calculated
for each particle. Thus, the particle size distribution is much
more detailed and accurate than the sieve method. In theory,
the width of the PSD histogram can be as narrow as you
want. Therefore, the PSD function can be obtained accurately
by fitting the experiment data of DIA.

3.3. Particle Shape Distribution. In the previous calculation
related to particle size, we are usually forced to assume that
the particle is spherical. The dynamic image method provides
an image of each particle, which makes it possible to research
the particle shape quantitatively. The application of the par-
ticle shape distribution can make some calculations (such
as the surface area and the volume of particles) more accu-
rate. There are dozens of parameters to describe the particle
shape. In this paper, the form factor (FF) and ellipse ratio
(ER) are selected for discussion at first.

The form factor is defined as FF = 4πA/P2 (where A is the
particle projected area and P is the particle projected perim-
eter). The definition of form factor includes the projected
perimeter of the particle, so it reflects the irregularity of the
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particle edge and the circular degree of particles in a certain
extent. The ellipse ratio is defined as the ratio of Legendre
ellipse minimum to Legendre ellipse maximum, which
reflects that the particles are rounder or flatter in two dimen-
sions. Figure 9 is a coal particle photo with different form fac-
tors or ellipse ratios.

Figure 10 shows the form factor and ellipse ratio distribu-
tion histogram of the coal sample. The maximum (mini-
mum) value of the form factor is 0.83 (0.16) and the
average value of the form factor is 0.62, indicating that there
are no standard spherical particles among the tens of thou-
sands of coal sample particles. The P10 and P90 of the form
factor are 0.50 and 0.72 which demonstrates that the form
factor of 80% sample particles is between 0.50 and 0.72.
The ellipse ratio distribution of the sample is very different
from that of the form factor distribution. The ellipse ratio
distribution follows a normal distribution with an average
value of 0.59 and a variance of 0.029.

Some other commonly used particle shape parameters
such as circularity, irregularity, and aspect ratio are shown
in Table 3. Figure 11 is the distribution box diagram of those
different shape parameters, and each node represents the cor-
responding particle shape parameter value when the cumula-
tive amount is 10%, 25%, 50%, 75%, and 90%, respectively.
The box diagram shows the approximate interval and distri-
bution uniformity of the overall particle shape distribution of
the sample. We can see that the circularity distribution is in
accord with the form factor distribution, but the value of cir-
cularity is bigger (the mean circularity value is 0.79, but the
mean form factor is 0.62). The box diagram of circularity is
shorter than the form factor, which shows that the circularity
distribution is more concentrated than the form factor. The
irregularity and aspect ratio distributions are consistent with
the ellipse ratio distribution within their respective distribu-
tion intervals. They follow a normal distribution, with
slightly different mean and variance (the mean/variance of
irregularity and aspect ratio are 0.52/0.015 and 0.59/0.022).

4. Discussion

4.1. Comparison of Mathematical Model of Particle Size
Distribution. The mathematical models used to describe the
particle size distribution of broken coal samples commonly

include the Gaudin-Schuhmann distribution, the lognormal
distribution, the fractal particle size distribution, and the
Rosin-Rammler distribution [34, 37–42].

4.1.1. Gaudin-Schuhmann (GS) Distribution. Assume that
the fracture surfaces are completely random by the sight of
a straight line starting from a point. The probability of
fracture surface numbers within a given distance obeys the
Poisson distribution, and then, Gaudin-Schuhmann distribu-
tion can be derived as follows [37]:

Table 3: The definitions of some commonly used particle shape parameters.

Parameter Definition Formula

Circularity The ratio of area-equivalent diameter to the perimeter-equivalent diameter
xA
xP

Form factor The ratio of 4π times the projection area to the square of perimeter
4πA
P2

Ellipse ratio The ratio of Legendre ellipse minimum to Legendre ellipse maximum
xLmin
xLmax

Aspect ratio The ratio of Feret minimum to Feret maximum
xFmin
xFmax

Irregularity The ratio of max-inscribed circle diameter to min-circumscribed circle diameter
dimax
dcmin
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Figure 11: Box diagram of different particle shape distributions
(circularity, form factor, irregularity, aspect ratio, and ellipse ratio)

Table 4: Fitted results of different PSD models.

PSD model Fitted parameters R2

Gaudin-Schuhmann α = 3:58, k = 748 0.85

The lognormal distribution σ = 0:45, xa = 1743 0.90

Rosin-Rammler m = 3:11, d0 = 1858 0.99
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y = 100 x
k

� �α
, ð5Þ

where y is mass or volume fraction of particles with size
smaller than or equal to x (=undersize distribution), assum-
ing constant mass density of all particles (%); x is particle size
(μm); k is the distribution characteristic parameter of granu-
larity (μm); and α is the particle size distribution index,
dimensionless.

4.1.2. The Lognormal Distribution. Suppose that the breaking
probability of any piece in any step is constant when coals are
broken and has no concern with the size of the block, the
existence of other blocks, or the previous breaking times.
And assume that the particle size distribution obtained by
simple fragmentation is independent of original size of the
block. All fragmentation will be ground into a number nor-
mal distribution [38]:

φ ln xð Þ = 1ffiffiffiffiffiffi
2π

p
σ
exp −

ln x − ln xað Þ
2σ2

� �
, ð6Þ

where φ is the distribution probability of granularity in the
logarithmic abscissa; x is particle size, (μm); xa is characteris-
tics of particle size (μm); and σ is a dimensionless distribu-
tion characteristic parameter of granularity, dimensionless.

4.1.3. The Fractal Distribution. Fractal distribution can be
considered as the result of scale invariance in an abrupt coal
broken process of transition from solid state to fragile state.
Turcotte [41] used the renormalization group theory and
assumed that the breakage probability of each stage was the
same to prove that the fractal breakage was generated at sim-
ilar fracture scales:

y = x
xm

� �3−Dt

, ð7Þ

where y is mass or volume fraction of particles with size
smaller than or equal to x (=undersize distribution); x is par-
ticle size (μm); and xm is characteristics of particle size (μm).

4.1.4. Rosin-Rammler (RR) Distribution. The Rosin-Rammler
distribution is an empirical formula to describe the crushing
size of coal samples. In 1933, Rosin and Rammler derived a
formula to express the particle size distribution of sieved coal
dust in Germany [34]. At this time, stimulated by the find-
ings of Rosin and Rammler, Sperling also was working on
this subject and derived a similar equation. Next, Bennett
examined the correctness of the empirical equation by ana-
lyzing many broken coal particles from British mines. The
equation of Rosin-Rammler (also called Rosin-Rammler-
Sperling-Bennett (RRSB) distribution) is

F dð Þ = 100 − 100 exp −
d
d0

� �m� �
, ð8Þ

where F (d) is mass or volume fraction of particles with size
smaller than or equal to d (=undersize distribution), assum-
ing constant mass density of all particles (%); d is particle size
(μm); d0 is location parameter of the distribution, with parti-
cle size at a volume fraction of 36.8% oversize (μm); andm is
the spread parameter of the distribution (m > 0).

Fitting the experimental data by origin mathematical
analysis tools, the particle size distribution of coal samples
can be well fitted by RR, GS, and lognormal distribution.
The fitted results and correlation coefficients R2 of different
PSD models are shown in Table 4. The fitted curves of the
undersize cumulative distribution (or distribution density)
are shown in Figure 12. It can be seen that when the particle
size distribution is fitted into GS, lognormal, and RR distribu-
tion, the correlation coefficients R2 are 0.85, 0.90, and 0.99,
respectively. Therefore, it can be considered that the particle
size distribution of broken coal is more consistent with the
empirical formula RR distribution.
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4.2. The Relationship between Particle Size Distribution and
Particle Shape Distribution. When analyzing the particle
shape of the sample, the authors found that there is a linear
relationship between the ellipse ratio and the logarithm of
the Legendre ellipse diameter (XL). The experimental data
of the Legendre ellipse minimum (maximum) diameter
XLmin/ðXLmaxÞ and ellipse ratio can be fitted with straight
lines on the logarithmic scale (Figure 13), and the correlation
coefficient squares R2 are 0.97 and 0.99.

ER = 27:7 ln XL min − 140:1,
ER = −25:7 ln XL max + 258:0:

(
ð9Þ

The ellipse ratio is defined as the ratio of Legendre ellipse
minimum diameter to Legendre ellipse maximum diameter
(ER = XLmin/XLmax), which reflects that the particles are
rounder or flatter in two dimensions. As the Legendre ellipse
minimum diameter increases, the ellipse ratio increases (the
molecule increases in the formula), and the projection of
the particle on the two-dimensional plane is more similar
to a circle. As the Legendre ellipse maximum diameter
increases, the ellipse ratio decreases (the denominator
increases in the formula), and the projection of the particle
on a two-dimensional surface is closer to an ellipse. The the-
oretical mechanism of this rule is not clear at present, but we
can use this linear rule to calculate the surface area and
volume of nonspherical particles, which can make the calcu-
lation results more accurate.

5. Conclusion

Comparing with different particle size measurement
methods, the dynamic image method has the advantages of

wide measurement range and good repeatability of measure-
ment results. What is more, the distribution of particle shape
distribution can be also obtained during one experiment by
DIA. The particle size distribution of the coal sample mea-
sured by the dynamic image method is very detailed, and
the measured results can be well fitted to the mathematical
distribution model. In this paper, the authors use the
dynamic image analyzer to measure the particle size and
shape distribution of coal drill cuttings and obtain the follow-
ing conclusions:

(1) The relative standard deviation and 95% confidence
interval of PSD characteristic parameters (mean
diameter, median diameter, and sorting coefficient)
of 8 times repeated experiment results are small and
narrow in all different sample mass conditions, which
indicates that it is credible for the experimental
results measured by dynamic image analysis even
though the mass of the experimental sample is small
(5 g)

(2) The particle size distribution of coal drill cuttings
from coal seams follows the Rosin-Rammler distribu-
tion. Taking double logarithms of the cumulative dis-
tribution function of the particle size distribution of
the coal samples, a straight line can be obtained in
the log-abscissa condition of diameter. The square
of linear regression correlation coefficient R2 is
0.988. The spread parameter m = 3:11 and the loca-
tion parameter d0 = 1858μm can be calculated by
the slope and intercept of the line

(3) There are no standard spherical particles among the
tens of thousands of coal samples by observing the
photos of coal sample particles. The particle shape
distribution varies with different shape parameters.
The circularity and form factor distribution is a
right-skewed distribution. However, the irregularity,
aspect ratio, and ellipse ratio distribution obey a
normal distribution. There is a linear relationship
between the ellipse ratio and the Legendre ellipse
diameter (XL) on the logarithmic scale
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