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In this work, the capability of a multiphase lattice Boltzmann method (LBM) based on the pseudopotential Shan-Chen (S-C) model
is investigated for simulation of two-phase flows through porous media at high-density and high–viscosity ratios. The accuracy and
robustness of the S-C LBM are examined by the implementation of the single relaxation time (SRT) and multiple relaxation time
(MRT) collision operators with integrating the forcing schemes of the shifted velocity method (SVM) and the exact difference
method (EDM). Herein, two equations of state (EoS), namely, the standard Shan-Chen (SC) EoS and Carnahan-Starling (CS)
EoS, are implemented to assay the performance of the numerical technique employed for simulation of two-phase flows at high-
density ratios. An appropriate modification in the forcing schemes is also used to remove the thermodynamic inconsistency in
the simulation of two-phase flow problems studied at low reduced temperatures. The comparative study of these improvements
of the S-C LBM is performed by considering an equilibrium state of a droplet suspended in the vapor phase. The solver is
validated against the analytical coexistence curve for the liquid-vapor system and the surface tension estimation from the
Laplace Law. Then, according to the results obtained, a conclusion has been made to choose an efficient numerical algorithm,
including an appropriate collision operator, a realistic EoS, and an accurate forcing scheme, for simulation of multiphase flow
transport through a porous medium. The patterns of two-phase flow transport through the porous medium are predicted using
the present numerical scheme in different flow conditions defined by the capillary number and the dynamic viscosity ratio. The
results obtained for the nonwetting phase saturation, penetration structure of the invading fluid, and the displacement patterns
of two-phase flow in the porous medium are comparable with those reported in the literature. The present study demonstrates
that the S-C LBM with employing the MRT-EDM scheme, CS EoS, and the modified forcing scheme is efficient and accurate for
estimation of the two-phase flow characteristics through the porous medium.

1. Introduction

The lattice Boltzmann method (LBM) is known as a powerful
mesoscopic numerical scheme for simulation of the multi-
phase flows transport through the porous medium [1–4].
The kinetic nature of the LBM allows to model the phase sep-
aration, interparticle interactions, and interfacial phenomena
in multiphase flows [5, 6]. Due to these favorable features,
numerical solution methods based on the multiphase LBM
do not need an additional algorithm for tracking or capturing

the interfacial dynamics, in contrast with the Navier-Stokes-
based flow solvers. The efficiency and remarkable versatility
of multiphase LBM make this method widely used for simu-
lation of fluid flows in the applications involving interfacial
dynamics in porous geometry.

Several multiphase models developed in the LBM frame-
work [7–11]. Among the existing models, the pseudopoten-
tial Shan-Chen (S-C) model [8, 9] is still attractive due to
its capability for simulation of multicomponent multiphase
flows and simplicity in implementation with appropriate
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accuracy and performance [12]. The S-C model has the
ability to compute the phase transition [8] and predict
properties of multicomponent multiphase systems [9, 13,
14]. Despite the advantages of the S-C model, this scheme
suffers from spurious currents in the interfacial region of
two-phase flows at high-density ratios [15]. The unphysical
dependency of the magnitude of the density ratio to the
value of the viscosity ratio is another restriction of the stan-
dard S-C model for the simulation of multiphase flows [16].
To apply the S-C LBM for the simulation of multiphase
flow transport through porous media, it needs to review
the improvements made in this scheme to eliminate the
mentioned restrictions.

Several techniques have been proposed to improve the
stability and accuracy of the LBM incorporated with the
pseudopotential S-C model for studying multiphase flows
at high-density and –viscosity ratios. Implementation of dif-
ferent realistic equations of state (EoS) [16–18] and using
higher-order spatial and temporal discretization [19, 20]
are the attempts made for the numerical solution of multi-
phase flow problems at high-density ratios. Another cate-
gory includes the extension of multiple relaxation time
(MRT) technique for S-C LBM [21, 22] to eliminate the
numerical instability of this approach for simulation of flow
problems with high-viscosity ratios. The unphysical depen-
dency of the viscosity-ratio to the value of the density-ratio
in the S-C LBM is also resolved by employing appropriate
forcing schemes to compute the interparticle interaction
forces [23, 24]. More details of these improvements are pro-
vided below.

A review of the literature relevant to the S-C LBM shows
that the implementation of EoSs, e.g., Peng-Robinson (P-R)
and Carnahan-Starling (CS) EoSs instead of the standard
Shan-Chen (SC) EoS, is an attractive and efficient technique
to achieve higher density ratios by the elimination of spuri-
ous currents. Although, Ezzatneshan and Vaseghnia [18]
have recently represented that considering wall boundary
conditions with wettability effects impacts the performance
of the S-C LBM incorporated with the EoSs. A thermody-
namic inconsistency can also appear in the solutions based
on the standard S-C model at high-density ratios which leads
to a considerable deviation of numerical results from the the-
oretical data in the phase change diagram [25, 26]. To solve
this problem, Gong and Cheng [25] proposed a free parame-
ter that is added into the interaction force computed based on
the S-C model to control the strength of interparticle interac-
tions. This technique is employed by Stiles et al. [27] to com-
pute the coexistence curve for a realistic high-density ratio
two-phase system, including the air and water. Recently,
the method proposed by Gong and Cheng is also imple-
mented for simulation of complex bubble dynamics in a cav-
itating flow problem [28].

In the numerical solution of single-phase fluid flows at
high Reynolds numbers using the LBM, the MRT collision
operator is introduced as an efficient alternative approach
to the standard single relaxation time (SRT) technique [29,
30]. In the same way, the MRT scheme is also implemented
in the S-C LBM to eliminate the numerical instability of this
model for simulation of two-phase flows with high-viscosity

ratios. Kuzmin et al. [21] have investigated the advantages
of dealing with the MRT collision operator in the study of
capillary effects and the formation of the droplets. Yu and
Fan [31] have shown that using the MRT-LBM leads to a
considerable reduction in the spurious currents in the inter-
facial region of two-phase flows. Recently, the MRT S-C
LBM is also implemented for studying various flow prob-
lems, e.g., the simulation of two-phase flow through porous
media [32, 33], investigation of cavitation bubble dynamics
[18, 34], and studying the heat transfer in multiphase and
multicomponent fluid flows [34, 35]. Evaluation of the per-
formance of the S-C LBM with the implementation of the
MRT collision operator for simulation of multiphase flows
is an interesting subject which this article deals within differ-
ent flow conditions.

In addition to the aforementioned improvements made
for the development of high-density and -viscosity ratio S-
C model, some unphysical properties of this model are also
resolved by incorporating appropriate forcing schemes. The
calculation method of the interparticle interaction force in
the pseudopotential LBM has a significant effect on the accu-
racy and performance of the numerical solution of multi-
phase flows. A main restriction of the standard S-C LBM in
this category is the unphysical dependency of the magnitudes
of the density ratio and viscosity ratio of a multiphase system
which can be eliminated by the implementation of forcing
schemes. There are three well-known forcing schemes that
are widely used by the S-C model. The standard Shan-Chen
forcing scheme is known as shifted velocity method (SVM)
[8, 9], the Guo et al. method [23], and the exact difference
method (EDM) [24]. Evaluation of these schemes for the
simulation of multiphase flows by using the S-C LBM shows
that the EDM is numerically stable in a wide range of den-
sity ratios in comparison with the SVM and Guo schemes
[16]. It has also been shown that the EDM forcing scheme
gives more accurate predictions for high-density ratio mul-
tiphase flow characteristics with employing the Carnahan-
Starling EoS [36]. Recently, Peng et al. [37] have studied
the performance of the SVM, EDM, and Guo schemes for
the simulation of the phase separation phenomenon in a
two-phase flow system. They found that all these schemes
are consistent with the Laplace law; however, the maximum
density ratio which can be achieved by the EDM scheme is
greater than that of obtained by implementation of other
forcing schemes.

This wide range of improvements shows that it is crucial
to understand the capability and performance of the modi-
fied techniques of the S-C LBM, including the EoSs, collision
operators, and forcing schemes, to employ an efficient algo-
rithm for simulation of multiphase flow transport through
a porous medium. However, to the best knowledge of the
authors of this article, there is not a thorough comparative
study in the literature to simultaneously evaluate the SRT
and MRT collision operators incorporated with appropriate
forcing schemes and realistic EoSs for the numerical solution
of two-phase flows using the pseudopotential LBM. In this
paper, the accuracy and robustness of the S-C LBM are inves-
tigated by the implementation of the SRT and MRT collision
operators with integrating the SVM and EDM forcing
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schemes. The capability of the standard SC EoS for simula-
tion of two-phase flows at a high-density ratio is examined
in comparison with the CS EoS. In the present study, the
method proposed by Gong and Cheng is also used to remove
the thermodynamic inconsistency in the simulation of two-
phase flow problems studied. The comparative study of these
improvements of the S-C LBM is performed by considering
an equilibrium state of a droplet suspended in the vapor
phase. The numerical technique is validated against the analyt-
ical coexistence curve for the liquid-vapor system and the sur-
face tension estimation from the Laplace Law. Then, according
to the results obtained, a conclusion has been made to choose
an efficient numerical algorithm, including an appropriate
collision operator, a realistic EoS, and an accurate forcing
scheme, for simulation of multiphase flow transport through
the porous medium using the S-C LBM employed. Finally,
the characteristics of two-phase flow transport through a
porous medium are computed based on the present numerical
scheme in different flow conditions defined by the capillary
number and the dynamic viscosity ratio. The performance of
the implemented numerical method based on the S-C LBM
is also investigated by predicting the parameters of a flow
transport through the porous medium at high-density and
-viscosity ratios.

The present paper is organized as follows: In Section 2,
the LBM with SRT and MRT collision operators is briefly
presented. The pseudopotential multiphase LBM coupled
with the EoSs and the incorporating of forcing schemes for
computing the interparticle interaction forces are introduced
in this section. The numerical results obtained for different
liquid-vapor flow problems and the relevant discussions are
presented in Section 3. Finally, some conclusions are summa-
rized in Section 4.

2. Multiphase Lattice Boltzmann Method

In this section, the governing equations of LBM with SRT
and MRT collision operators are introduced. Then, the mul-
tiphase pseudopotential S-C model [8, 9] with the standard
formulation and its improved form with the realistic CS
EoS is presented. Two forcing schemes, including SVM and
EDM methods, are outlined for the incorporation of inter-
particle interaction force in the numerical solutions. The
modification proposed by Gong and Cheng [25] is also
reviewed to eliminate the thermodynamic inconsistency in
the present computations.

2.1. SRT- and MRT-LBM Equations. The governing equation
of the standard single relaxation time (SRT) LBM is given as
[38]:

f a x + eaDt, t +Dtð Þ − f a x, tð Þ
= −

Δt
τ

f a x, tð Þ − f eqa x, tð Þ½ �,
ð1Þ

where f aðx, tÞ is the particle distribution function which
demonstrates the distribution of particles with the velocity
ea in position x at time t. The lattice speed c = Δx/Δt is the

ratio of the lattice space Δx to the time step Δt, and τ is the
relaxation time which is related to the kinematic viscosity ν
= c2s ðτ − 0:5ΔtÞ [3]. The subscript a indicates the discrete
velocity directions. According to the two-dimensional (2D)
lattice structure D2Q9 employed in the present work, the
set of discrete velocities ea is defined as

ea =

0, 0ð Þ a = 0,

c cos a − 1½ �π2
� �

, sin a − 1ð Þπ2
h i

a = 1 − 4,
ffiffiffi
2

p
c cos 2a − 1ð Þπ4

h i
, sin 2a − 1ð Þπ4

h i� �
a = 5 − 8:

8>>>><
>>>>:

ð2Þ

The right-hand side of Eq. (1) represents the SRT colli-
sion operator which leads the system to the local Maxwellian
equilibrium on the time scale τ. The f eqa ðx, tÞ is the equilib-
rium distribution function which is defined as

f eqa x, tð Þ =waρ 1 + ea:u
c2s

+ ea:uð Þ2
2c4s

−
u2

2c2s

" #
: ð3Þ

The speed of sound cs for the LBM in D2Q9 framework is
equal to 1/

ffiffiffi
3

p
, and the weighting coefficient wa is given by

wα =
4/9 a = 0,
1/9 a = 1 − 4,
1/36 a = 5 − 8:

8>><
>>: ð4Þ

The macroscopic characteristics of the fluid flow then can
be computed as

ρ = 〠
a=1,9

f a, u =
1
r
〠
a=1,9

ea f a: ð5Þ

For the implementation of MRT collision operator in the
LBM presented in Eq. (1), the left-hand side of the equation is
rewritten as

f a x + eaΔt, t + Δtð Þ − f a x, tð Þ
= −M−1S ma x, tð Þ − ma x, tð Þ −meq

a x, tð Þ½ �ð :
ð6Þ

Herein, ma = f a ∗M and meq
a = f eqa ∗M are the distribu-

tion function and the equilibrium distribution function in
moment space, respectively. The transformation matrix M
and the relaxation matrix S can be defined as follows [39]:
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M =

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1

2
666666666666666666664

3
777777777777777777775

,

S = diag s1, s2, s3, s4, s5, s6, s7, s8, s9ð Þ,
ð7Þ

where the values of s1, s4, and s6 should be nonzero in order
to maintain the influence of the trapezoidal integration in Eq.
(6) [29]. In the present work, these parameters set to be s1
= s4 = s6 = 1, s2 = s3 = 0:8, s5 = s7 = 1:2, and s8 = s8 = 1/τ.

2.2. Pseudopotential Shan-Chen Model. Simulation of the
phase transition process and the interfacial dynamics in the
multiphase flows need to consider the adhesive and cohesive
forces between the fluid-fluid and solid-fluid particles. The S-
Cmodel is known as an efficient method for computing these
interparticle interaction forces in the multiphase LBM frame-
work. Herein, the standard S-C model proposed by Shan and
Chen [8, 9] and its improved form by incorporating the CS
EoS are presented. The numerical technique proposed by
Gong and Cheng [25] is also applied to remove the thermo-
dynamic inconsistency in the present solutions.

In the standard S-C LBM, the interaction and adhesive
forces are imposed by shifting the macroscopic velocity in
the equilibrium distribution function f eqa ðx, tÞ as

ueq = u + τΔtFtotal
ρ

, ð8Þ

where the total force Ftotal is a summation of the interaction
force Fint, adhesive force Fw, and external body force FB:

Ftotal = Fint + Fw + FB: ð9Þ

This form of incorporation of the forcing term into the S-
C LBM is known as the standard shifted velocity method
(SVM) which is discussed in Section 2.3.

Yuan and Schaefer [17] proposed the following relation
for the interaction force Fint:

Fint ≅ −c0gψ∇ψ, ð10Þ

where c0 is a constant parameter and equals to 6 for theD2Q9
lattice structure. Also, the interparticle interaction potential g
indicates the attractiveness (repulsiveness) of the interparti-

cle interaction force for g < 0 (g > 0). In the D2Q9 model,
the ∇ψ can be discretized as below:

∂ψ i, jð Þ
∂x

= c1 ψ i + 1, jð Þ − ψ i − 1, jð Þ½ �
+ c2 ψ i + 1, j + 1ð Þ + ψ i + 1, j − 1ð Þ½
− ψ i − 1, j + 1ð Þ − ψ i − 1, j − 1ð Þ�,

ð11Þ

where c1 and c2 are equal to 1/3 and 1/12, respectively. The
mean-field potential function ψ defines the relevance
between the interaction strength and the mass of particles.
In the S-C model, ψ depends on the local density ρ as [8].

ψ = ρ0 1 − exp −ρ
ρ0

� �� �
: ð12Þ

The physical velocity of the multiphase flow is given by

ureal = u + ΔtFtotal
2ρ , ð13Þ

and the macroscopic pressure is expressed as

p = c2sρ +
g
2 c

2
sψ

2, ð14Þ

which is known as the standard SC EoS in this paper. For this
EoS, Tc = 4:5ρ0 and ρ0 = 1. To incorporate a realistic EoS in
the S-C model, Eq. (14) can be rewritten as

ψ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 p − ρc2s
� �
gc2s

s
: ð15Þ

Then, the pressure obtained from the EoS in the form of
p = pðρÞ can be used for computing the function ψ. For the
simulation of multiphase flows at high-density ratios by
using the S-C LBM, a variety of EoSs is proposed in the liter-
ature [18]. According to the recent studies in the literature
[16, 18], it is shown that the CS EoS provides more realistic
results, particularly when the two-phase flow problem
includes a wall boundary condition with wettability effects.
Also, it is reported that the CS EoS provides more numerical
stability by reducing spurious currents in the interfacial region
that leads to achieving higher density ratios. Herein, the non-
cubic CS EoS [40] is implemented to describe the relationship
between the fluid properties by the following equation:

p = ρRT
1 + bρ/4 + bρ/4ð Þ2 − bρ/4ð Þ3

1 − bρ/4ð Þ3 − aρ2: ð16Þ

In the CS EoS, a = 0:4963R2Tc
2/pc and b = 0:18727RTc/pc

are the attraction and repulsion parameters. The critical tem-
perature is equal to Tc = 0:3773ða/ðbRÞÞ, where R is the gas
constant. In the LBM framework, these parameters are set to
be a = 1, b = 4, and R = 1 [17]. Accordingly, the critical density
ρc and critical temperature Tc will be 0.13045 and 0.0943,
respectively.
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The S-C LBM coupled with any EoSs may lead to the
thermodynamic inconsistency in the simulation of multi-
phase flows at high-density ratios [41]. In order to eliminate
such a numerical problem, Gong and Cheng [25] have pro-
posed a modification in computing the interparticle interac-
tion force Fint based on Eq. (10). This equation can be
rewritten as follows:

Fint ≅ −c0g∇ψ
2/2: ð17Þ

In terms of the numerical implementation, the Fint com-
puted by Eq. (10) includes both the local and the nearest-
neighbor lattice points, while the present form based on Eq.
(17) only deals with the local lattice nodes. In the modifica-
tion technique proposed by Gong and Cheng, Fint is calcu-
lated by a combination of Eqs. (10) and (17) as

Fint ≅ −βc0gψ∇ψ − 1 − βð Þc0g∇ψ2/2, ð18Þ

where β is a weighting factor that controls the effectiveness of
each relation in the calculation of the interaction force. The
value of β depends on which EoS is employed in numerical
solutions [25]. In this paper, the effect of parameter β is
investigated on the accuracy and stability of the present
numerical scheme based on the S-C LBM coupled with the
CS EoS.

Finally, the adhesive force Fw between the two-phase
fluid particles and solid nodes is expressed as

Fw = −gψ i, jð Þψw c1 〠
a=1∼4

s x + eað Þ + c2 〠
a=5∼8

s x + eað Þ
 !

, ð19Þ

where ψw is calculated by considering a wall density ρw for
solid surface. The desired wettability characteristic of the sur-
face defines the value of ρw. A value of ρw close to the liquid
density ρl corresponds to the hydrophilic wall boundary and
consequently, the contact angle will be θw < 90∘. In contrast,
for a ρw value close to the vapor density ρv , the solid surface
acts as a hydrophobic surface with θw > 90∘. In Eq. (19), the
indicator s is used to turn the adhesion force on for the solid
nodes by s = 1 and turn it off on the fluid nodes by s = 0 in the
numerical solutions performed.

2.3. Forcing Schemes. The total force Ftotal, including the
interaction, adhesive, and body forces, is usually imple-
mented via forcing schemes to the pseudopotential S-C
LBM for simulation of multiphase flows. Therefore, employ-
ing a forcing scheme can affect the performance and numer-
ical stability of the S-C model. In the present study, the
standard SVM and the EDM approaches are considered to
evaluate the effects of the forcing term incorporation into
the S-C LBM.

In the SVM forcing scheme with both of the SRT and
MRT collision operators, the Ftotal is imposed on the velocity
field through Eq. (8). Then, the equilibrium distribution
function f eqa presented in Eq. (3) is computed by the ueq.
However, in the EDM approach, the force term is directly
added to the right-hand side of Eq. (1) as follows:

f a x + eaΔt, t + Δtð Þ = f a x, tð Þ − Δt
τ

f a x, tð Þ − f eqa ρ, uð Þ½ �
+ f eqa ρ, u + Ftotal:Δt/ρð Þ − f eqa ρ, uð Þ:

ð20Þ

To impose the forcing scheme based on the EDM with
MRT collision operator, the force term needs to define in
the moment space. Then, Eq. (20) is rewritten for MRT-
LBM with EDM scheme as

f a x + eaΔt, t + Δtð Þ =M−1 ma x, tð Þ − S ma x, tð Þ −meq
a ρ, uð Þ½ �ð

+meq
a ρ, u + Ftotal:Δt/ρð Þ −meq

a ρ, uð ÞÞ:
ð21Þ

In the present study, the effect of the implementation of
the EDM scheme for the incorporation of the force term in
the S-C LBM is investigated for simulation of multiphase
flows at high-density and -viscosity ratios. For the sake of
clarity, the flowchart of the present solution based on the
governing equations is presented in Figure 1.

3. Results and Discussions

In this section, the numerical algorithms presented based on
the standard and modified S-C LBM are evaluated for the
simulation of multiphase flows. For this comparison study,
a combination of numerical schemes with SRT andMRT col-
lision operators, SC and CS EoSs, SVM and EDM forcing
schemes, and also the effect of control parameter β is consid-
ered. At first, the accuracy and performance of different algo-
rithms applied based on the S-C LBM are investigated by the
simulation of two benchmark two-phase flow problems,
including the equilibrium state of a droplet suspended in
the vapor phase and equilibrium state of a droplet on a solid
wall with wettability effects. The results obtained based on
the present solutions are compared with the analytical and
available numerical results. According to this comparison
study, a numerical scheme is proposed for simulation of
two-phase flow problems at high-density and –viscosity
ratios. Then, the efficiency of the proposed solution tech-
nique is validated by the simulation of two-phase flow trans-
port through a duct. Finally, the numerical solution of the
two-phase flow transport through a porous medium is per-
formed by employing the proposed S-C LBM, and the flow
characteristics are studied in various flow conditions.

3.1. Study of Accuracy and Performance. For a 2D liquid
droplet suspended in the vapor phase, the surface tension σ
causes a pressure difference Δp between the outside and
inside of the droplet. The Laplace law [42] defines a linear
relation between σ and Δp for a certain droplet radius R as

Δp = pin − pout =
σ

R
: ð22Þ

In order to verify the present numerical results obtained
based on the S-C LBM by the Laplace law, a stationary drop-
let placed in a fully periodic square domain is considered, and
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simulations are performed for various droplet radiuses.
Herein, the droplet is initialized in the center of the flow field
ðx0, y0Þ, and the density distribution is defined by Eq. (23) to
preserve the stability of numerical solutions at the beginning
iterations [12].

ρ = ρl + ρv
2 −

ρl − ρv
2 tanh

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x − x0ð Þ2 + y − y0ð Þ2

q
− r0

w

0
@

1
A

2
4

3
5:

ð23Þ

Figure 2 illustrates the results obtained for Δp versus 1/R
by using the SRT-SVM, SRT-EDM, and MRT-EDM schemes
coupled with the SC EoS. The linear relation between these
two parameters in this figure shows that the present numer-
ical results based on all the mentioned schemes satisfy the
Laplace law. The slope of the line represents the value of
the surface tension of the liquid-vapor system studied which
is obtained σ = 0:05923, 0:06442, and 0:06292 by the SRT-
SVM, SRT-EDM, and MRT-EDM schemes, respectively.
The satisfaction of the Laplace law in this study demonstrates
the accuracy of the employed S-C LBM coupled with differ-
ent forcing schemes for predicting the characteristics of a sta-
tionary two-phase flow system. The slight difference between
the values obtained for the surface tension depends on the
efficiency and accuracy of these schemes which is discussed
below with more details.

The accuracy of the present numerical schemes based on
the S-C LBM is evaluated by using SRT and MRT collision
operators, SC and CS EoSs, and SVM and EDM forcing
schemes with the simulation of the stationary droplet at
high-density and –viscosity ratios. Figure 3 demonstrates
the density of the coexisting phases calculated in the equilib-
rium state of the droplet at different values of reduced tem-
perature T/Tc with relaxation time τ = 1:0. It should be
noted that the parameter g defines the temperature effects
in the SC EoS by g = −1/T , which gives T/Tc = −4:5ρ0/g.
Herein, the analytical solution based on the theory of Max-
well equal-area construction [43] is used to verify the present
coexistence curves. Also, to consider the effect of the β
-modification to remove the thermodynamic inconsistency
in computing the interaction force by Eq. (18), this parameter
is set to be β = 1 for the standard calculations and β ≠ 1 for
the modified S-C LBM.

The numerical results presented in Figure 3 indicate that
all of the S-C LBM schemes applied based on both the SC and
CS EOSs accurately predicted the density of the liquid phase
in comparison with the analytical solution. Also, at higher
reduced temperatures correspond to the low-density ratios,
the numerical results for the vapor phase are in good agree-
ment with the analytical solution. However, the density
values computed for the vapor phase at higher density ratios
(low reduced temperatures) have a significant deviation from
the analytical solution by all the schemes coupled with the
standard interparticle interaction force (β = 1). The x − axis
of Figure 3 is plotted in a log scale to have a better view of
the difference between the results. It is obvious that below
the reduced temperature T/Tc = 0:85, the deviation between

the numerical results and the analytical solution becomes
substantial. Due to the higher value of the vapor density pre-
dicted by the SC EOS, the difference between the vapor den-
sity of this model with the analytical solution does not a
significant impact on the value of the density ratio of the
whole two-phase flow system. However, for the CS EOS, a
slight deviation of the vapor density from the analytical solu-
tion leads to a considerable variation of the flow density ratio
because of very small values computed for the density of the
vapor phase by this EOS. Therefore, it is crucial to improve

Set up geometry and input parameters

Impose boundary conditions

Compute the mean-field potential function 𝜓:
SC EoS by Eq. (13)
CS EoS by Eq. (16)

Compute the interaction force F :
Standard form by Eq. (11)
Modified form by Eq. (19)

Collision and streaming:
SRT-SVM Eq. (1)

SRT-EDM Eq. (21)
MRT-EDM Eq. (22)

Compute macroscopic properties 𝜌, u by
Eqs. (14) & (15)

No

Yes

End

Convergence
criteria

Compute feq by Eq. (3)

Initialize solution:
Macroscopic properties 𝜌, u.

Computer feq by Eq. (3)
f = feq

Figure 1: Flowchart of S-C LBM implemented in present study.
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the consistency of these EOSs with the analytical solutions for
accurate simulation of two-phase flow systems at high-
density ratios. As mentioned before, the β-modification is
considered in the present work to resolve this problem.

As shown in Figure 3, the results confirm that the
improved interaction forcing scheme by the β parameter
has a significant effect on the accuracy of the SC and CS
EOSs. In this case, the appropriate value obtained for β by
CS EOS is between 1.15 and 1.18 depending on the SRT
and MRT collision operators employed. Although, there is
no considerable difference between the numerical results
obtained based on these two β values. For the SC EoS, the
value of β = 0:886 is employed. Using different values for β
according to the type of EOSs is also reported by Ping and
Cheng [25]. By employing the β-modification, the density
values obtained by the present numerical simulations for
the vapor phase is in good agreement with those obtained
by the analytical solution in a wide range of reduced temper-
atures. Although, the results obtained by the SC EOS still
demonstrate some deviation below the T/Tc ≃ 0:55 which
can be due to the strong spurious currents in the interfa-
cial region at such density ratios [44]. It is worth to men-
tion that the SRT and MRT collision operators have not
significant effect on the accuracy of the results obtained
for the density ratio in comparison with the analytical
solution. However, the MRT collision operator influences
the numerical stability by decreasing the spurious currents
at low reduced temperatures.

For more detail discussions regarding to the unphysical
currents, the magnitude of maximum spurious velocity
jUsjmax obtained by the standard and modified interaction
forcing schemes based on the SC and CS EOSs is presented
in Figure 4 for the equilibrium state of a droplet at various
reduced temperatures. This figure indicates that with

employing both the SC and CS EoSs, the SRT-SVM and
SRT-EDM models lead to almost the same values for
jUsjmax with the implementation of both the standard and
improved interaction forces. However, with applying the
MRT collision operator, the computed values for jUsjmax
are lower than those of obtained by SRT collision operator
for all the schemes at various reduced temperatures. Incre-
ment of the magnitude of the maximum spurious velocity
with decreasing the reduced temperature is obvious in
Figure 4. The results presented in this figure also show that
by applying CS EoS for simulation of the droplet at high
reduced temperatures (low-density ratios), the parameter β
has no remarkable effect on the magnitude of spurious cur-
rents. In contrast, at high-density ratios, the jUsjmax is signif-
icantly decreased by using the improved interaction force,
particularly with employing the MRT-EDM model. This
result demonstrates that the CS EoS is more realistic and effi-
cient than SC EoS for simulation of two-phase flows at high-
density ratios due to producing less spurious currents at the
interfacial region.

As described in relation ν = c2s ðτ − 0:5Þ, the viscosity
value is determined by the value of relaxation time τ in
numerical solutions based on the LBM. Then, τ⟶ 0:5 cor-
responds to lower viscosity magnitudes which can be used for
simulation of two-phase flows at high Reynolds numbers.
However, in flow simulations based on the standard LBM,
serious numerical instabilities arise at the values of relaxation
time close to 0:5 [45]. It is expected that this numerical lim-
itation will be intensified when the two-phase flow simula-
tions are performed at high-density ratios. To study the
mentioned restriction and examine the capability of the pres-
ent numerical method based on the S-C LBM with SRT and
MRT collision operators, SC and CS EoSs and SVM and
EDM forcing schemes for the simulation of two-phase flows
at low viscosity magnitudes, the simulation of the stationary
droplet is considered at τ = 0:52. This value for τ is the min-
imum relaxation time that can be achieved a stable numerical
solution of the stationary droplet at reduced temperature T/
Tc = 0:5 by the present MRT-EDM model and CS EoS.

Figure 5 presents the coexistence curve for the station-
ary droplet simulations at τ = 0:52 by both the SC and CS
EOSs and implementation of the numerical schemes
employed. At the low viscosity magnitude considered
(τ = 0:52), it is obvious in Figure 5 that the MRT-EDM
scheme is more efficient than SRT-SVM and SRT-EDM
techniques to achieve lower reduced temperatures that lead
to the simulation of the two-phase flow at high-density
ratios. The obtained results show that the minimum achiev-
able reduced temperature is T/Tc = 0:6 by applying the SC
EOS with the MRT-EDM scheme. However, by employing
the CS EOS with MRT-EDM and modified interaction
force, this magnitude is T/Tc = 0:475, that consequents a
density ratio of 1597.8. To study the numerical stability of
the present methods, Figure 6 illustrates the spurious cur-
rents calculated in terms of the reduced temperature. It
can be seen that the MRT-EDM with the improved forcing
scheme produces minimum spurious currents among the
other methods. By considering the results presented in
Figures 5 and 6, the advantages of employing the MRT
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Figure 2: Verification of Laplace law for simulation of 2D droplet
by employing different S-C LBM schemes coupled with SC EoS.
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scheme with β − modification of the forcing scheme are
obvious for the simulation of a two-phase flow system at
low relaxation times (τ⟶ 0:5).

It should be noted that using the EDM scheme in the
present study eliminates the unphysical dependency of the
magnitudes of the density ratio and viscosity ratio of the
two-phase flow system considered. To demonstrate this fea-
ture, simulation of a droplet in the equilibrium state is per-
formed by the S-C LBM with SRT-SVM, SRT-EDM, and
MRT-EDM schemes at T/Tc = 0:8. Figure 7 shows the varia-
tion of the density ratio of each model at different relaxation
times. As can be seen, by using the SVM scheme, the den-
sity ratio is decreased by increasing the magnitude of the
relaxation time at a defined reduced temperature, which is
unphysical. However, by using the EDM scheme, the den-
sity ratio remains constant as the reduced temperature T/
Tc changes. The notable difference between the MRT-
EDM and SRT-EDM schemes is the minimum achievable
value of the relaxation time for the simulation of the two-
phase flow by using these techniques. As given in Table 1,

the present study shows that for simulation of a droplet
at the equilibrium state, the present numerical solution is
still stable at τ = 0:5001 (very low viscosity value) by using
the MRT-EDM scheme, which is more less than other two
methods considered.

3.2. Model Validation. Predicting the interfacial dynamics by
considering wetting surfaces in a liquid-vapor system is
essential for simulation of multiphase flow transport through
porous media. In order to demonstrate the capability of the
S-C LBM employed for the numerical solution of such a flow
problem, the simulation results of the equilibrium state of a
droplet on a solid wall and a two-phase flow through a chan-
nel are verified with considering wettability effects. Accord-
ing to the accuracy and performance study of the different
techniques considered in the previous section, the MRT-
EDM scheme is used in this validation study by applying
the CS EoS and employing the modified interaction force
with the β parameter.
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Figure 3: Coexistence curves obtained by present S-C LBM with SC EoS (a, b) and CS EoS (c, d) in comparison with analytical solutions at
τ = 1 for different forcing schemes and β parameters.
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The simulation of the equilibrium state of a droplet on a
solid wall is performed in a square domain with the grid size
300 × 300, in which the periodic condition is considered in
the left and right sides, and the wall boundary condition is
imposed on the top and bottom of the flowfield. The study
is carried out for a droplet placed on the bottom wall with
radius 45 ðluÞ at different wetting conditions. To verify the
numerical scheme employed, the contact angle θw between
the droplet interface and the solid surface is computed for
different normalized density Dρ which is defined by

Dρ =
ρw − ρυ
ρl − ρυ

: ð24Þ

In Figure 8, the results obtained based on the present
solution algorithm are compared with those reported in
Ref. [12]. As shown in this figure, the wall surface becomes
hydrophilic by increasing the ρw, which leads to the lower
contact angle θw, and vice versa. It should be noted that the
linear dependency between the value ofDρ and the computed
contact angle is also reported in the literature [20, 46, 47]
which the present results show good agreement.

The second test case for model validation is the simula-
tion of the two-phase fluid flow through a duct which can
be considered as a simplified pore of a porous medium. The
transmitting of a two-phase flow within a channel causes
the wetting phase to flow near the hydrophilic wall which
forms a film of wetting fluid on the surface. Consequently,
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Figure 4: Spurious currents obtained by present S-C LBM with SC EoS (a) and CS EoS (b) at τ = 1 for different forcing schemes and β
parameters.
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Figure 5: Coexistence curves obtained by present S-C LBM with SC EoS (a) and CS EoS (b) in comparison with analytical solutions at τ
= 0:52 for different forcing schemes and β parameters.
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the nonwetting phase is forced to flow through the central
core of the channel. The schematic of the two-phase flow
inside a 2D channel is demonstrated in Figure 9. The param-
eters a and b in this figure indicate the height of the nonwet-
ting phase and the height of the channel from the centerline,
respectively. Herein, the periodic boundary condition is con-
sidered in the streamwise direction, and the bounce-back
boundary condition is imposed on the solid walls.

For this two-phase flow problem, the fully developed flow
condition is obtained by applying an external body force F.
Therefore, the analytical solution of the fully developed flow

velocity for the two-phase flow in the cross-section of the
channel is defined as follows [46]:

ux =
F

2υwρw
b2 − y2
� �

a < yj j < b

ux =
F

2υwρw
b2 − y2
� �

+ F
2υnwρnw

a2 − y2
� �

0 < yj j < a

8>>><
>>>:

,

ð25Þ

where υw, ρw, υnw, and ρnw are the kinematic viscosity and
density of the wetting and nonwetting phases. According to
Eq. (25), the velocity profile of the fully developed two-
phase flow in the channel is related to the dynamic viscosity
ratio M = μnw/μw and the saturation of each phase [46],
which can be defined as

Sw = b − að Þ/b,
Snw = a/b:

(
ð26Þ

In the present study, the fully developed velocity profile
of the two-phase flow through the channel obtained based
on the numerical solution is compared with the analytical
data in Figure 10 at the flow conditions sw = 0:33 and M ≈
0:1, 0:32. The velocity profile of the nonwetting phase
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Figure 6: Spurious currents obtained by present S-C LBM with SC EoS (a) and CS EoS (b) at τ = 0:52 for different forcing schemes and β
parameters.
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Table 1: Minimum achievable relaxation time by using different
forcing schemes for simulation of a 2D droplet.

Models τ υmin
SRT-SVM 0.6 0.034

SRT-EDM 0.515 0.005

MRT-EDM 0.5001 3:34 × 10−6
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predicted by the present MRT-EDM scheme has about 9.5%
and 6% deviation from the analytical profile at M = 0:1 and
M = 0:32, respectively. Huang and Lu [48] have reported
about 7% difference between their numerical solution and
the analytical data for the velocity profile of the two-phase
flow through the channel. This comparison shows that the
present numerical technique is accurate enough for the sim-
ulation of the two-phase flow pattern in 2D pore scales.

To assess the capability of the implemented S-C LBM for
computing the two-phase flow characteristics in the pore
scale, the relative permeability of the wetting and nonwetting
phases through the channel is computed at different flow

conditions. Herein, the definition proposed by Yiotis et al.
[46] is used for calculating the relative permeability of each
phase as

kr,w = 1
2 S

2
w 3 − Swð Þ,

kr,nw = Snw
3
2M + S2nw 1 − 3

2M
� �	 


8>><
>>: , ð27Þ

where kr,w and kr,nw denote relative permeability of wetting
and nonwetting phases, respectively. These relations define
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Figure 8: Comparison of wetting angle of a droplet on surface obtained by employing SVM-MRT scheme.
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that in a 2D channel, kr,w only depends on the saturation of
the wetting phase, while kr,nw is related to the saturation of
the nonwetting phase and the dynamic viscosity ratio.
Figure 11 illustrates that the relative permeability obtained
based on the present numerical scheme is in excellent agree-
ment with those computed with the analytical relations at
different wetting phase saturations. A similar study is per-
formed at different relative temperatures T/Tc to examine
the accuracy of the S-C LBM for predicting the relative per-
meability magnitude in various density ratios. Figure 12
shows the comparison of the relative permeability computed
by the present numerical scheme with those obtained by the
analytical solution as a function of the reduced temperature.

This study shows a very good agreement between the numer-
ical and analytical solutions with the implementation of the
modified interaction forcing scheme with the parameter β
= 1:18, while using the standard interaction force (β = 1)
causes a serious deviation between the results at the flow con-
ditions with T/Tc < 0:7, which corresponds to the high-
density ratios. Therefore, the choice of the interaction forcing
scheme becomes important for such flow conditions. This
validation study shows that the S-C LBM with employing
the MRT-EDM scheme, CS EoS, and the modified forcing
scheme with parameter β is efficient and accurate for estima-
tion of the two-phase flow structures, and characteristics
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Figure 10: Distribution of streamwise velocity component ux in a cross-section in the middle of 2D channel with flow condition F = 1:5
× 10−8 at Sw = 0:333 and (a) M = 0:1 and (b) M = 0:32.
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through the channel and can be used for simulation of such
flow problems in porous media.

3.3. Two-Phase Flow Transport through a Porous Medium.
The present numerical scheme developed based on the S-C
LBM with employing the CS EoS, MRT-EDM, and modified
forcing techniques is applied for studying the two-phase flow
transport through a porous medium. The capillary number C
a and the dynamic viscosity ratioM are considered as two effec-
tive parameters that characterize the two-phase flow structure
in this study [49]. Herein, the capillary number is defined by

Ca = unwμnw
σ cos θ , ð28Þ

where μnw and unw are the dynamic viscosity and velocity of
the advancing nonwetting fluid, respectively, and θ is the
fluid-fluid contact angle. Herein, a homogeneous porous
medium is generated by a distribution of obstacles in a flow
domain with 1000 × 300 grid points. The pore space area
and the height of the throat between the obstacles include 20
× 20 lattice and 4 ∼ 7 grid points, respectively. These consid-
ered grid points are required for the spatial discretization of
a pore to perform the solution accurately enough for capturing
the interfacial dynamics in the pore scale. Hence, the existence
of very small pores in the geometry of a porous medium needs
a high-resolution grid size and increases the computational
cost. The geometry of the porous medium and the boundary
conditions of the flow domain are shown in Figure 13. The
velocity inlet and pressure outlet boundary conditions are
imposed in the left and right boundaries, respectively, and

the top and bottom sides are considered periodic. The wetting
fluid is defined by the higher density (red color) which invades
the nonwetting fluid with lower density (blue color) in the flow
domain. Such an invasion produces some fingering regimes
that their origin can be the surface or geometrical characteris-
tics of a porous medium in nature, e.g., the nonuniform sur-
face wettability of a sandstone [50]. Herein, the fingering
regime during the two-phase flow simulations through the
considered porous medium is occurred due to the random
generation of the shape of obstacles and the wetting condition
of the solid surfaces.

Figure 14 demonstrates the two-phase flow patterns
obtained by the present numerical scheme based on the S-C
LBM at the dynamic viscosity ratio M = 1017 with different
capillary numbers. To define the capillary number, the sur-
face tension is calculated by using the Laplace law analysis,
which is obtained σ = 0:02316. Also, the fluid-fluid contact
angle is measured about 175∘ which shows fully hydropho-
bicity of the invading fluid. This study is performed at the
reduced temperature T/Tc = 0:482, and the parameter β is
set to be 1.241 to preserve the thermodynamic consistency
of the solutions. From the results presented in Figure 14, it
can be seen that the penetration of the invading fluid at a cer-
tain time t = 50000 is decreased by reducing the capillary
number. These patterns are discussed with more details along
with the explanations of Figures 15 and 16 at the end of this
section.

To compare the obtained results for the two-phase flow
characteristics through the porous medium in a similar situ-
ation, a normalized time T∗ is defined by division of the time
step to the total simulation time of each case. The total
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Figure 13: Geometry and boundary conditions of porous medium.
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simulation time is counted until the first finger of the invad-
ing fluid touches the outer side of the porous medium for
each case, which is called breakthrough [49]. Figure 17 illus-
trates the variation of the pressure difference Δp between the
inlet and outlet of the porous medium versus the normalized
time T∗ at different capillary numbers. As seen in this figure,
by increment of the capillary number in a constant dynamic
viscosity ratio, the invading fluid has enough pressure differ-
ence to overcome the throat threshold pressure pc presented
by Lenormand et al. [49], which is known as a resistance fac-
tor. The throat threshold pressure is defined by the following
relation:

pc =
2σ cos θ

r
, ð29Þ

where σ is the surface tension, θ is the fluid-fluid contact
angle, and r is the throat diameter. This parameter also affects
the nonwetting phase saturation. In the present study, by
considering the minimum and maximum throat radius, the
threshold pressure is altered between ‐0:006591 and ‐
0:011535 for r = 7 and r = 4, respectively. The negative sign
indicates the resistance pressure against the invading fluid.

Figure 18 shows the nonwetting phase saturation as a
function of the normalized time T∗. The results obtained
demonstrate that the saturation of the nonwetting fluid is
enhanced by increasing the capillary number, which is con-
sistent with the previous works [49–51]. The final values of
the nonwetting phase saturation and the pressure difference
at the breakthrough condition are illustrated in Figure 19 at
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Figure 16: Instantaneous displacement pattern of two-phase flow
through the porous medium obtained by present simulations for
flow condition log ðMÞ = 3:07 and log ðCaÞ = −1:85 at three
different times.
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different capillary numbers. It is obvious that the variation of
the nonwetting phase saturation is almost linear which is in
agreement with the results obtained by Zhang et al. [51]
and Liu et al. [50]. The agreement of the present results in
comparison with those reported in the literature confirms
that the implemented S-C LBM with the MRT-EDM scheme
besides the modified interaction forcing method and the CS
EoS is capable for simulation of two-phase flows at high-
density and -viscosity ratio through porous media at different
flow conditions.

The structure of the two-phase flow through the porous
medium is also investigated at different flow conditions.
The displacement pattern of the invading fluid is catego-
rized as the capillary fingering, viscous fingering, and stable
displacement, depending on the capillary number and the
viscosity ratio between two phases [52]. A phase diagram
is used to describe these flow structures by log ðCaÞ and
log ðMÞ for a gas-water flow system (see Figure 15). In the
present simulations based on the S-C LBM, the magnitude

of the viscosity ratio is set as log ðMÞ > 0. Therefore, the cap-
illary fingering and stable displacement patterns are expected
in the porous medium considered. As can be seen in
Figure 14, the two-phase flow pattern is altered from the sta-
ble displacement to the capillary fingering by a decrement of
the capillary number. Figure 16 demonstrates the present
results for instantaneous two-phase flow displacement at dif-
ferent times for log ðCaÞ = −1:85, in which the pattern
behavior is almost stable displacement. In this flow condi-
tion, the interface of the invading fluid penetrates into the
porous medium along a straight line, despite some
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Figure 20: Instantaneous displacement pattern of two-phase flow
through the porous medium obtained by present simulations for
flow condition log ðMÞ = 3:07 and log ðCaÞ = −3:5 at various times.
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Figure 21: Comparison of specific interfacial length as a function of
nonwetting phase saturation at different capillary numbers for flow
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irregularities due to the pore-scale geometry. This behavior
can be the result of the dominant effect of the viscous force
and the higher pressure difference that cause to fill the porous
medium uniformly and simultaneously. By decreasing the
capillary number, it is observed that the invading fluid is
extended in the shape of irregular fingers in the flow field
due to the dominant effects of the capillary force in compar-
ison with the viscous force. Such a capillary fingering of two-
phase flow through the porous medium is shown in Figure 20
at log ðCaÞ = −3:5. In this case, due to the uniform pressure
distribution throughout the domain, the nonwetting fluid
only penetrates the pore-scale area with a lower throat pres-
sure threshold. As a result, the direction of the flow displace-
ment in the porous medium is irregular. In Figure 20, it can
be seen that the capillary fingers of the nonwetting fluid form
several loops that trap some slugs of the wetting fluid among
the porous medium. These two-phase flow structures
obtained using the present numerical scheme are in consis-
tent with those reported in the literature [49, 50].

The interfacial area between two phases is quantified for
the two-phase flow through the porous medium at different
capillary numbers. This parameter is an important factor that
influences the mass and energy transfer among the phases
[50, 51]. In the present 2D studies, the interfacial length is
measured instead of the interfacial area. Herein, due to the
extreme hydrophilicity of the wetting fluid, the length of
the wetting films around the obstacles is also added to the
length of the measured interface between the phases for com-
puting the interfacial length. To have comparable results for
this parameter, a specific interfacial length is calculated as
the ratio of the measured interfacial length to the pore area
of the porous medium. Figure 21 shows the variation of the
specific interfacial length as a function of the nonwetting
phase saturation at different capillary numbers. The present
results demonstrate that there is a linear relation between
two parameters in all the capillary numbers considered
which is in good agreement with the previous experimental
finding of Zhang et al. [51].

4. Conclusion

In this work, several different combinations of collision oper-
ators, EoSs, and forcing schemes of the pseudopotential mul-
tiphase LBM are employed to investigate their performance
and capability for computing some two-phase flow charac-
teristics at high-density and –viscosity ratios with the aim
of applying for porous media applications. Herein, the SRT
and MRT collision models, Shan-Chen (SC) and Carnahan-
Starling (CS) EoSs, and SVM and EDM forcing schemes are
considered to study their accuracy and numerical stability.
An appropriate modification in the forcing schemes is also
used to remove the thermodynamic inconsistency in the sim-
ulation of two-phase flow problems studied at low reduced
temperatures. The simulation results obtained for the equi-
librium state of a droplet, the two-phase flow characteristics
in a channel, and through a porous medium are presented
and discussed. The conclusions and remarks regarding the
present study are as follows:

(1) The Laplace law is satisfied for simulation of the sta-
tionary droplet by using the S-C LBM coupled with
the SRT-SVM, SRT-EDM, and MRT-EDM schemes
which demonstrates the accuracy of the numerical
schemes employed for predicting the characteristics
of a stationary two-phase flow system

(2) The results obtained for the stationary droplet at low-
density ratios (high reduced temperatures) by the
SRT-SVM, SRT-EDM, andMRT-EDM schemes with
employing both the SC and CS EoSs are in good
agreement with the analytical solution on the coexist-
ing curve. However, at high-density ratios (low
reduced temperatures), the results have a significant
deviation from the analytical solutions with the
implementation of the forcing schemes in the stan-
dard form. By employing the β-modification in the
forcing schemes, the density values obtained by the
present numerical simulations are in good agreement
with those obtained by the analytical solution in a
wide range of reduced temperatures

(3) The results presented in this study show that with
applying the CS EoS for simulation of considered
two-phase flow problems at high-density ratios, the
spurious velocity is significantly decreased in the flow-
field. This result demonstrates that the CS EoS is more
realistic and efficient than SC EoS for simulation of
two-phase flows at high-density ratios due to produc-
ing less spurious currents at the interfacial region

(4) It is shown that the MRT-EDM with the improved
forcing scheme produces minimum spurious cur-
rents among the other methods. By considering the
results presented in this study, the advantages of
employing the MRT scheme with β − modification
of forcing schemes are obvious for simulation of a
two-phase flow system at low relaxation times
(τ⟶ 0:5)

(5) According to the previous remarks, the present study
demonstrates that the S-C LBM with employing the
MRT-EDM scheme, CS EoS, and the modified forcing
scheme is efficient and accurate for estimation of the
two-phase flow characteristics. Therefore, this combi-
nation of the implemented numerical techniques is
recommended and applied for studying two-phase
flows through the channel and porous medium

(6) The validation study of two-phase flow through the
channel shows that the S-C LBM with employing
the MRT-EDM scheme, CS EoS, and the modified
forcing scheme with parameter β is efficient and
accurate for estimation of the two-phase flow struc-
tures and characteristics in pore scales

(7) The agreement of the present results obtained for the
simulation of two-phase flow through the porous
medium at different conditions in comparison with
those reported in the literature confirms that the sug-
gested S-C LBM is capable for predicting the
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displacement patterns, the nonwetting phase satura-
tion, and the penetration structure of the invading
fluid in porous media applications. The extension of
the present method in the three-dimensional frame-
work is straightforward and will be presented in future
works

Data Availability

The data of this work are available by the request of
researchers via email to the corresponding author.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The authors would like to thank Shahid Beheshti University
for the intangible support of this research.

References

[1] L. Hao and P. Cheng, “Pore-scale simulations on relative per-
meabilities of porous media by lattice Boltzmann method,”
International Journal of Heat and Mass Transfer, vol. 53,
no. 9-10, pp. 1908–1913, 2010.

[2] G. R. Kefayati, H. Tang, A. Chan, and X. Wang, “A lattice
Boltzmann model for thermal non-Newtonian fluid flows
through porous media,” Computers & Fluids, vol. 176,
pp. 226–244, 2018.

[3] A. Parmigiani, P. R. di Palma, S. Leclaire, F. Habib, and X. Z.
Kong, “Characterization of transport-enhanced phase separa-
tion in porous media using a lattice-Boltzmann method,” Geo-
fluids, vol. 2019, 13 pages, 2019.

[4] G. Zhang, B. Liu, A. Xu, Y. Shan, and Y. Li, “Morphology effect
of surface structures on microchannel flow using lattice Boltz-
mann method,” Geofluids, vol. 2019, Article ID 3475872, 14
pages, 2019.

[5] Y.-B. Gan, A. G. Xu, G. C. Zhang, and Y. J. Li, “FFT-LB model-
ing of thermal liquid-vapor system,” Communications in The-
oretical Physics, vol. 57, no. 4, pp. 681–694, 2012.

[6] S. Liu, S. Tang, J. Huang, M. Lv, and Y. Li, “Simulation of
particle-fluid interaction in fractal fractures based on the
immersed boundary-lattice Boltzmann method,” Geofluids,
vol. 2020, Article ID 6695623, 13 pages, 2020.

[7] A. K. Gunstensen, D. H. Rothman, S. Zaleski, and G. Zanetti,
“Lattice Boltzmann model of immiscible fluids,” Physical
Review A, vol. 43, no. 8, pp. 4320–4327, 1991.

[8] X. Shan and H. Chen, “Simulation of nonideal gases and
liquid-gas phase transitions by the lattice Boltzmann equa-
tion,” Physical Review. E, Statistical Physics, Plasmas, Fluids,
and Related Interdisciplinary Topics, vol. 49, no. 4, pp. 2941–
2948, 1994.

[9] X. Shan and H. Chen, “Lattice Boltzmann model for simulat-
ing flows with multiple phases and components,” Physical
Review. E, Statistical Physics, Plasmas, Fluids, and Related
Interdisciplinary Topics, vol. 47, no. 3, pp. 1815–1819, 1993.

[10] M. R. Swift, W. R. Osborn, and J. M. Yeomans, “Lattice Boltz-
mann simulation of nonideal fluids,” Physical Review Letters,
vol. 75, no. 5, pp. 830–833, 1995.

[11] X. He, S. Chen, and R. Zhang, “A lattice Boltzmann scheme
for incompressible multiphase flow and its application in
simulation of Rayleigh-Taylor instability,” Journal of Com-
putational Physics, vol. 152, no. 2, pp. 642–663, 1999.

[12] E. Ezzatneshan, “Study of surface wettability effect on cavita-
tion inception by implementation of the lattice Boltzmann
method,” Physics of Fluids, vol. 29, no. 11, 2017.

[13] B. Ahrenholz, Massively parallel simulations of multiphase-
and multicomponent flows using lattice Boltzmann methods,
der Technischen Universität Carolo-Wilhelmina, Braun-
schweig, Germany, 2009.

[14] M. L. Porter, E. T. Coon, Q. Kang, J. D. Moulton, and J. W.
Carey, “Multicomponent interparticle-potential lattice Boltz-
mann model for fluids with large viscosity ratios,” Physical
Review. E, Statistical, Nonlinear, and Soft Matter Physics,
vol. 86, no. 3, article 036701, 2012.

[15] S. Chen and G. D. Doolen, “Lattice Boltzmann method for
fluid flows,” Annual Review of Fluid Mechanics, vol. 30,
no. 1, pp. 329–364, 2002.

[16] A. L. Kupershtokh, D. A. Medvedev, and D. I. Karpov, “On
equations of state in a lattice Boltzmann method,” Computers
and Mathematics with Applications, vol. 58, no. 5, pp. 965–
974, 2009.

[17] P. Yuan and L. Schaefer, “Equations of state in a lattice Boltz-
mann model,” Physics of Fluids, vol. 18, no. 4, 2006.

[18] E. Ezzatneshan and H. Vaseghnia, “Evaluation of equations of
state in multiphase lattice Boltzmannmethod with considering
surface wettability effects,” Physica A: Statistical Mechanics
and its Applications, vol. 541, 2020.

[19] M. Sbragaglia, R. Benzi, L. Biferale, S. Succi, K. Sugiyama, and
F. Toschi, “Generalized lattice Boltzmann method with multi-
range pseudopotential,” Physical Review E, vol. 75, no. 2, arti-
cle 026702, 2007.

[20] K. Hejranfar and E. Ezzatneshan, “Simulation of two-phase
liquid-vapor flows using a high-order compact finite-
difference lattice Boltzmann method,” Physical Review. E, Sta-
tistical, Nonlinear, and Soft Matter Physics, vol. 92, no. 5, arti-
cle 053305, 2015.

[21] A. Kuzmin, A. A. Mohamad, and S. Succi, “Multi-relaxation
time lattice Boltzmann model for multiphase flows,” Interna-
tional Journal of Modern Physics C, vol. 19, no. 6, pp. 875–
902, 2008.

[22] A. Kuzmin and A. A. Mohamad, “Multirange multi-relaxation
time Shan-Chen model with extended equilibrium,” Com-
puters & Mathematics with Applications, vol. 59, no. 7,
pp. 2260–2270, 2010.

[23] Z. Guo, C. Zheng, and B. Shi, “Discrete lattice effects on the
forcing term in the lattice Boltzmann method,” Physical
Review E, vol. 65, no. 4, article 046308, 2002.

[24] A. L. Kuperstokh, “New method of incorporating a body
force term into the lattice Boltzmann equation,” Proeedings
of the 5th International EDH Workshop, vol. 4, pp. 241–
246, 2004.

[25] S. Gong and P. Cheng, “Numerical investigation of droplet
motion and coalescence by an improved lattice Boltzmann
model for phase transitions and multiphase flows,” Com-
puters & Fluids, vol. 53, no. December 2017, pp. 93–104,
2012.

[26] D. Lycett-Brown and K. H. Luo, “Improved forcing scheme in
pseudopotential lattice Boltzmann methods for multiphase
flow at arbitrarily high density ratios,” Physical Review. E,

17Geofluids



Statistical, Nonlinear, and Soft Matter Physics, vol. 91, no. 2,
article 023305, 2015.

[27] C. D. Stiles and Y. Xue, “High density ratio lattice Boltzmann
method simulations of multicomponent multiphase transport
of H2O in air,” Computers & Fluids, vol. 131, pp. 81–90, 2016.

[28] G. Saritha and R. Banerjee, “Development and application of a
high density ratio pseudopotential based two- phase LBM
solver to study cavitating bubble dynamics in pressure driven
channel flow at low Reynolds number,” European Journal of
Mechanics - B/Fluids, vol. 75, pp. 83–96, 2019.

[29] M. E. McCracken and J. Abraham, “Multiple-relaxation-time
lattice-Boltzmannmodel for multiphase flow,” Physical Review
E, vol. 71, no. 3, article 036701, 2005.

[30] E. Ezzatneshan, “Comparative study of the lattice Boltzmann
collision models for simulation of incompressible fluid flows,”
Mathematics and Computers in Simulation, vol. 156, pp. 158–
177, 2019.

[31] Z. Yu and L. S. Fan, “Multirelaxation-time interaction-
potential-based lattice Boltzmann model for two-phase flow,”
Physical Review. E, Statistical, Nonlinear, and Soft Matter
Physics, vol. 82, no. 4, article 046708, 2010.

[32] D. Zhang, K. Papadikis, and S. Gu, “A lattice Boltzmann study
on the impact of the geometrical properties of porous media
on the steady state relative permeabilities on two-phase immis-
cible flows,” Advances in Water Resources, vol. 95, pp. 61–79,
2016.

[33] S. Bakhshian, S. A. Hosseini, and N. Shokri, “Pore-scale char-
acteristics of multiphase flow in heterogeneous porous media
using the lattice Boltzmann method,” Scientific Reports,
vol. 9, no. 1, p. 3377, 2019.

[34] T. Sun, N. Gui, X. Yang, J. Tu, and S. Jiang, “Effect of contact
angle on flow boiling in vertical ducts: a pseudo-potential
MRT-thermal LB coupled study,” International Journal of
Heat and Mass Transfer, vol. 121, pp. 1229–1233, 2018.

[35] W. Zhu, M. Wang, and H. Chen, “Study on multicomponent
pseudo-potential model with large density ratio and heat
transfer,” International Communications in Heat and Mass
Transfer, vol. 87, no. August, pp. 183–191, 2017.

[36] D. Lycett-Brown and K. H. Luo, “Multiphase cascaded lattice
Boltzmann method,” Computers and Mathematics with Appli-
cations, vol. 67, no. 2, pp. 350–362, 2014.

[37] Y. Peng, B. Wang, and Y. Mao, “Study on force schemes in
pseudopotential lattice Boltzmann model for two- phase
flows,”Mathematical Problems in Engineering, vol. 2018, Arti-
cle ID 6496379, 9 pages, 2018.

[38] Y. H. Qian, D. D'Humières, and P. Lallemand, “Lattice BGK
models for Navier-Stokes equation,” Europhysics Letters
(EPL), vol. 17, no. 6, pp. 479–484, 1992.

[39] P. Lallemand and L. S. Luo, “Theory of the lattice boltzmann
method: dispersion, dissipation, isotropy, galilean invariance,
and stability,” Physical Review E, vol. 61, no. 6, pp. 6546–
6562, 2000.

[40] N. F. Carnahan and K. E. Starling, “Equation of state for non-
attracting rigid spheres,” The Journal of Chemical Physics,
vol. 51, no. 2, pp. 635-636, 1969.

[41] Q. Li, K. H. Luo, and X. J. Li, “Lattice Boltzmann modeling of
multiphase flows at large density ratio with an improved pseu-
dopotential model,” Physical Review. E, Statistical, Nonlinear,
and Soft Matter Physics, vol. 87, no. 5, article 053301, 2013.

[42] K. G. Weil, “J. S. Rowlinson and B. Widom: Molecular theory
of capillarity, Clarendon Press, Oxford 1982. 327 Seiten, Preis:

£ 30,-,” Berichte der Bunsengesellschaft für physikalische Che-
mie, vol. 88, no. 6, pp. 586–586, 1984.

[43] J. Clerk-Maxwell, “On the Dynamical Evidence of the Molecu-
lar Constitution of Bodies,” Nature, vol. 11, no. 279, pp. 357–
359, 1875.

[44] K. Connington and T. Lee, “A review of spurious currents in
the lattice Boltzmann method for multiphase flows,” Journal
of Mechanical Science and Technology, vol. 26, no. 12,
pp. 3857–3863, 2012.

[45] R. A. Worthing, J. Mozer, and G. Seeley, “Stability of lattice
Boltzmann methods in hydrodynamic regimes,” Physical
Review E, vol. 56, no. 2, pp. 2243–2253, 1997.

[46] A. G. Yiotis, J. Psihogios, M. E. Kainourgiakis,
A. Papaioannou, and A. K. Stubos, “A lattice Boltzmann study
of viscous coupling effects in immiscible two-phase flow in
porous media,” Colloids and Surfaces A: Physicochemical and
Engineering Aspects, vol. 300, no. 1-2, pp. 35–49, 2007.

[47] C. L. Lin, A. R. Videla, and J. D. Miller, “Advanced three-
dimensional multiphase flow simulation in porous media
reconstructed from X-ray microtomography using the He-
Chen-Zhang lattice Boltzmann model,” Flow Measurement
and Instrumentation, vol. 21, no. 3, pp. 255–261, 2010.

[48] H. Huang and X.-y. Lu, “Relative permeabilities and coupling
effects in steady-state gas-liquid flow in porous media: a lattice
Boltzmann study,” Physics of Fluids, vol. 21, no. 9, 2009.

[49] R. Lenormand, E. Touboul, and C. Zarcone, “Numerical
models and experiments on immiscible displacements in
porous media,” Journal of Fluid Mechanics, vol. 189,
no. 1988, pp. 165–187, 1988.

[50] H. Liu, Y. Zhang, and A. J. Valocchi, “Lattice Boltzmann sim-
ulation of immiscible fluid displacement in porous media:
homogeneous versus heterogeneous pore network,” Physics
of Fluids, vol. 27, no. 5, 2015.

[51] C. Zhang, M. Oostrom, T. W. Wietsma, J. W. Grate, and M. G.
Warner, “Influence of viscous and capillary forces on immisci-
ble fluid displacement: pore-scale experimental study in a
water-wet micromodel demonstrating viscous and capillary
fingering,” Energy & Fuels, vol. 25, no. 8, pp. 3493–3505, 2011.

[52] R. Lenormand, “Different mechanisms of capillary and viscous
displacements in porous media: phase diagram,” Comptes
rendus de l'Académie des sciences. Série 2, Mécanique, Phy-
sique, Chimie, Sciences de l'univers, Sciences de la Terre,
vol. 301, no. 5, pp. 247–250, 1985.

18 Geofluids


	A Pseudopotential Lattice Boltzmann Method for Simulation of Two-Phase Flow Transport in Porous Medium at High-Density and High–Viscosity Ratios
	1. Introduction
	2. Multiphase Lattice Boltzmann Method
	2.1. SRT- and MRT-LBM Equations
	2.2. Pseudopotential Shan-Chen Model
	2.3. Forcing Schemes

	3. Results and Discussions
	3.1. Study of Accuracy and Performance
	3.2. Model Validation
	3.3. Two-Phase Flow Transport through a Porous Medium

	4. Conclusion
	Data Availability
	Conflicts of Interest
	Acknowledgments

